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The mathematical model of liquid hydrogen sulfide injection into the semi-infinite
porous layer saturated with the oil and water accompanied by HaS gas hydrate formation
is presented here. We considered the case when the hydrate formation occurs at the frontal
border and the oil displacement’s front by hydrogen sulfide is ahead of this boundary.
Solutions for pressure and temperature in every layer’s area are built by help of the self-
similar variable formation method. The values of the parameters of the moving interphase
boundaries are found as the result of the iteration procedure. The coordinate dependence
of phase boundaries on the injection pressure was studied on the basis of the obtained
solutions. We have established that for the existence of solution with two different interphase
boundaries, the injection pressure must be above a certain limiting value. The dependence of
the limiting value of pressure on the initial temperature of the layer at different temperatures
of the injected hydrogen sulphide is constructed. The results of the calculations showed that
the constructed mathematical model with three areas in the reservoir gives an adequate
description of the process at high injection pressures, the temperature of the injected
hydrogen sulfide and the initial temperature of the layer.

Keywords: mathematical model; self-similar variable solution; porous medium;
filtration; gas hydrates; hydrogen sulfide.

Introduction

One of the methods for the emission’s reducing of hydrogen sulfide generated by
industrial facilities into the atmosphere is its underground disposal in the exhausted
hydrocarbon deposits [1, 2|. As there is a risk of the leaking of the recyclable gases in
the form of a fluid to the surface at their long-term underground storage we consider the
possibility of their transformation into the gas hydrate state which allows the storing of
the same gas number at much lower pressures compared to its free state [3, 4].

As any technological ideas need to be backed up by the relevant calculations based on
the theoretical models, the construction of the adequate mathematical models of hydrate
formation in the natural layers is an actual task. The mathematical models of hydrate
formation in the porous layers saturated with methane and water are represented in the
works [5-8]. The mathematical model of HyS hydrate formation in the layers saturated
with oil and water during injection of fluid hydrogen sulfide are represented in the work
[9]. But in the above mentioned works the task is achieved due to its simple determination
when the gas hydrate formation occurs at the border coinciding with the oil replacement’s
border by hydrogen sulfide. The mathematical model of HyS gas hydrate formation is
represented in this work the hydrate formation at the front border that doesn’t coincide
with the oil replacement’s border by the fluid hydrogen sulfide.
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1. Problem Statement

The conditions of gas hydrate of hydrogen sulfide existence are represented in the
phase diagram (Fig. 1) [6]. The curve line gh determines in this diagram the three-phase
balancing of water, gas hydrogen sulfide and its gas hydrate, the curve line [h shows the
balancing of water, fluid hydrogen sulfide and its gas hydrate, the curve line lg represents
two-phase balancing of fluid and gas hydrogen sulfide. Suitably the gas hydrate of hydrogen
sulfide is to the left of the curve lines gh and [h. All four indicated phases are balanced in
the quadrupole point Q (7(=302,6 K and pg=2,24 MPa).
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Fig. 1. Phase diagram of HyS-H50 system

Imagine the semi-finite horizontal porous layer (occupied semi-areas x>>0) is saturated
with water source saturation S,o and oil in the initial moment. We assume that the
initial temperature of the layer 7; is higher than the temperature 7y of the accordance
quadrupole point. Therefore the problem in question the initial position of the layer doesn’t
meet the formation conditions of the gas hydrate of hydrogen sulfide. Suppose that the
fluid hydrogen sulfide is pumped through the border (z=0) and the pe pressure as well as
the T, temperature are in accordance with the conditions of the gas hydrate of hydrogen
sulfide.

The initial and border conditions are S,, = Sy, T = Tp, p = po (x > 0) when ¢t =0,
and the border conditions are T'=T,, p = p. (t > 0) when x = 0.

We consider the model with the oil piston displacement by hydrogen sulfide as well as
the case when the value of the initial water saturation of the layer isn’t higher than 0,2
(i.e. the water is immobile) in the work. Also we consider the time scales that are much
higher than the characteristic time of the process of hydrate formation kinetics. So we can
suppose that hydrate formation occurs at the front border which doesn’t coincide with
the oil displacement border by the hydrogen sulfide. Therefore three characteristic areas
appear in the layer in accordance with this case. The pores are saturated with hydrogen
sulfide and its hydrate in the first (nearest) area, the water and the hydrogen sulfide are
in the second (intermediate) area, the pores saturated with oil and water are in the third
(remote) one. Accordingly, there are two movable interfacial surfaces: between the first and
the second areas where the water transforms into the gas hydrate state completely (front
hydrate formation) and between the second and the third areas where the oil displacement
by hydrogen sulfide occurs (displacement front).
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2. Basic Equations

Let’s assume the following simplifying assumptions: the porosity of the layer m
is constant, the body of the porous medium, gas hydrate as well as the water are
incompressible and immobile. HyS gas hydrate is a double-component system with G' mass
concentration of the hydrogen sulfide. We assume that the fluid hydrogen sulfide and the
oil are weakly compressible fluids. Basic equation system describing in the one-dimensional
case the filtration and heat transfer process in the porous medium represents the laws of
mass energy conservation, Darcy law and equation of state [10]:
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Where t is time; x is coordinate; m is porosity; p is pressure; T' -is temperature; low indexes
1=s,l refer respectively to the parameters of hydrogen sulfide and oil; p; is density; k; is
phase permeability; v; is actual average speed; ¢; is specific heat capacity; p; is dynamic
viscosity; (; is compressibility factor; pc u A are effective values of the volumetric heat
capacity and thermal conductivity of the layer saturated. Since the main contribution to
the value pc and X includes the corresponding parameters of the rock we assume them as
the constant values.

The phase coefficient dependence of the k; permeability on the S(;) saturation and
absolute permeability ko we define as follows: k; = koS, (i = s,1).

The total transition of the water into the hydrate state takes place on the surface
T = I(y) dividing the first and the second areas. Therefore, according to the conditions of
the mass heat balance at this boundary we have:
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where the value z(,) is the front motion speed of the gas hydrate formation H,S, G is
mass concentration of the hydrogen sulfide in the hydrate, L, is specific heat of HyS gas
hydrate formation, Sy, is initial water saturation, p,, is water density. Low index n refers
to the parameters at the border, dividing the first and the second areas, the low indexes 1
and 2 refer to the parameters of the first and the second areas accordingly. We assume the
temperature at this border as continuous and equal to the temperature of the quadrupole
point Tj,.

The oil displacement by the hydrogen sulfide takes place on the surface r = ()
dividing the second and the third areas. Therefore we have the subject to the conditions
of the oil and the hydrogen sulfide mass balance as well as the heat’s one at this border:

ks(2) Op(2) .
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1, Oz ( w0) (d)> (5)
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where the value :'E(d) is the front motion speed of the oil by the hydrogen sulfide. Low index
d refers to the parameters at the border, dividing the second and the third areas and the
low index 3 refers to the parameters of the third area.
The pressure and temperature will be considered continuous variables at both borders.
On the basis of the system’s equations (1), the equations for the piezoconductivity
and the temperature conductivity will be written in the form:
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3. Self-Similar Solution
We introduce self-similar variable: £ = x / v XDt. For this variable the equations (8),

(9) for the piezoconductivity and temperature conductivity will take the form in every

area.
de — T'Wae d§
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where 7 p)/X(T)

After mtegratlng the solutions (10), (11) the solutions for the pressure and temperature
distribution in every area can be written in the form:
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On the basis of the ratios (2), (4) taking into account the decisions (12), (13) we get the
equations for coordinate’s determining for the hydrate formation’s front §(,) and parameter
values on it:

o r)or () (oo
Py = Pm) ) XP | T 1, . Pny = Pe ) EXP \ ~ x5,
— ky

ks .
(2) £ o ( € .
S exp (_4’1<2>>dg | exp <_4n<1))df
&) 0
&n) e,
(T(n)*Te)eXp *T*X(l)p(m (T<d)7T<n))exp 7T7X(2)p(n)
S(n) e - £ B =
/ exp (=5 —Xp) )¢ J exp(— 5 ~Xo)p(p) ) € (16)
£(n)
mppLy
= Sn€n)
2pc nE(n)
Tny = To, (17)
where K = quSX(T) (l;h_f + Ph(;;G) _ 1)

Similarly, on the basis of the ratios (5) to (7) taking into account the decisions (13)
and (14) we get the equations system to determine the oil displacement front’s coordinate
by hydrogen sulfide {4y and parameter values on it:

Py = Pray ) SXP T3y,
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The system of boundary equations (15) to (20) is presented in the work as following.
At the beginning the zero approximation of the desired values at the front of hydrate
formation is given. Further, solving the equation (18), we find the p(q) value (as a function
§(a)), substituting that into equation (19) we get the transcendental equation for finding
&(a)- Have solved this equation (by the half division method) we determine the value )
(and respectively p(q)), then from (20) we define T(q). Further, substituting (17) into the
equation (16) we get the transcendental equation for finding &(,). Solving this equation
(by the method of half-division), we determine new approximation of value ). Then,
solving equation (15), we find a new approximation of value p(,y. As the result of cyclic
repetition of the described iterative procedure we obtain a sequence of approximate values
which converges to the target values of the boundary parameters. As a result of cyclic
repetition of the described iterative procedure, we obtain a sequence of approximate values
Yy = (§n)> &(d)s Pn)s P(d)» T(ay)- This sequence converges within the metric:
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To establish the time of the termination of the iterations, the following condition was
used:
p (Y*D Yy ®)) < 0,001.

4. Result of Calculation

The Fig. 2 shows the dependence of the coordinate fronts of the hydrate formation HsS
(curve linel) and the oil displacement by the liquid hydrogen sulfide (curve line2) on the
injection pressure. Hereinafter, unless otherwise specified for the parameters characterizing
the system, the following values are adopted: m = 0,1, Sy = 0,2, pp= 8 MPa,
T.,—290 K, Ty—305 K, kg— 107! m?, G = 0,24, B, — 3- 107° Pa™!, 5, = 1:107° Pa™!,
A=2w/(mK), pc =2-10°J /(K-kg), s = 2:107* Pa-s, yy = 2:1073 Pa- s, pj, = 1003 kg/m?,
pw = 1000 kg/m?, pos =890 kg/m? pp;=900 kg/m?, ¢, = 1800 J/(K-kg), ¢; = 1900 J/(K-kg),
Ly = 4,1-10° J /kg.

According to the Fig. 2 the speed of the first front is almost independent on the
injection pressure and the speed of the second front increases with its growth. This is due
to the fact that the front speed of the oil displacement by hydrogen sulfide is limited by
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Fig. 2. Dependence of the border coordinates of hydrate formation HsS (curve line 1) and
oil displacement by hydrogen sulfide (curve line 2) on the injection pressure
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Fig. 3. The dependence of the limiting pressure on the initial temperature in the layer at
T.=290 K (curve line 1) and 285 K (curve line 2)

the intensity of mass transfer in the layer that is proportional to the generated in the layer
pressure drop according to Darcy’s law. And the front speed of the hydrate formation is
limited primarily by the dissipation of heat released during the phase transition, i.e. the
intensity of heat transfer in the layer.

It is also seen that for the sufficiently low values of injection pressure the coordinates of
both fronts are aligned, i.e. the front speed of the oil displacement by the liquid hydrogen
sulfide is reduced to the speed of the hydrate formation front. Because the original hydrogen
sulfide in the layer was absent, that in this mode, the speed of movement of united fronts
will be limited by the supply of hydrogen sulfide, i.e. by the injection pressure.

Thus, there is some value of pressure (called limiting pressure) above which the mode
with two different interfacial borders is implemented under consideration in this work.
There are given in the Fig. 3 the dependences of the injection pressure corresponding to
the alignment of the coordinates of both fronts, on the initial layer temperature at different
injection temperatures 7,=290 K (curve line 1) u 285 K (curve line 2). According to the
Fig. 3 the given pressure value decreases while increasing the initial layer’s temperature
and temperature of hydrogen sulfide injected. In other words, the mode with two different
interphase bounders is realized at sufficiently high layer’s temperatures and the hydrogen
sulfide injected. This is due to the fact that the intensity of heat removal at the border
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of hydrate formation decreases with an increase layer’s temperature and the injection
and, accordingly, the rate of hydrate formation front decreases. Thus, the front of oil
displacement by hydrogen sulfide outpaces the front of HyS gas hydrate formation even
at low values of injection pressure at high temperatures of the layer and hydrogen sulfide
injected.
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MATEMATHUYECKA I MOJIEJTb OBPA3OBAHUA TA3OTUIPATA
CEPOBO/IOPOJIA ITPU ETO MHYKEKIINU B ITPUPOIHBII IIJIACT
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Uncrutyt Mexanuku uM. P.P. MapmoToBa — 060c061eHHOE CTPYKTYPHO®
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[Ipencrasiena MareMaTniecKas MOJIETb HHKEKIIMH KHIKOTO CEPOBO/IOPO/IA B HoJybec-
KOHEYHBIH MOPHUCTHII IITACT, HACHIEHHBIH HEMTHIO W BOHOMH, COMPOBOXKIAIOIIEHCa obpa3o-
BanmeMm razorugpara HoS. Pacemorpen caydail, Korga ruaparoobpa3oBaHue MPOUCXOIUT HA,
dpoHTANBHOI TpaHuUIlEe, a (PPOHT BLITECHEHUsI HEPTH CEPOBOIOPOIOM OTEPEKAET JAHHYIO
rpauuiy. MeTomoMm cBeieHUs K aBTOMOMETHLHON TepeMeHHOM TTOCTPOEHBI PENTeHNsT JJIsT TaB-
JIEHUsI ¥ TEMTIEPATyPhI B KaXKA0H n3 obsacTeil miacta. SHAYEHN TapaMeTPOB TOIBUKHBIX
Mezk((ha3HBIX TPAHUI] HAMIEHBI KAK PE3YIBTAT HUTePaIrmonnoil mponeaypol. Ha ocnose moy-
YeHHBIX PEIeHn NCCIEI0BAHA 3aBUCUMOCTh KOODINHAT MeK(MA3HBIX TPAHUIL OT JTABJIEHUSI
nrkekiuu. [lokazano, 4To [urs CyIIecTBOBAHUS PEIIEHUH C JBYMs Pa3J/iudHbIMU MeKpa3-
HBIMW TDAHWIIAMHU BEJIMYWHA, TABJIEHUS] WHIKEKIMH JOJIKHA OBITH BBINIE HEKOTOPOrO Mpe-
JenbHOro 3HadeHus. [locTpoeHa 3aBUCUMOCTD TIPEIEIHHOTO 3HAUEHUS JABJICHUST MHKEKITAN
OT HAYAJIBHONW TEMITEPATYPHI IJIACTA MPU PAHBIX 3HAYEHUSAX TEMIIEPATYDPHI WHKEKTUPYe-
MOTO CEPOBOIOPOA. Pe3ynprarsl pacyeToB moka3asid, YTO MOCTPOEHHAA MATEMATHYECKAd
MOJIEJIb C TpeMs ODJIACTAMU B IJIACTE JAET AJEKBATHOE OIMCAHUE MIPOIECCA IPH BBICOKUX
3HAYEHUSX JABIECHUS HHKEKITUN, TEMIIEPATYPHI 3aKaTNBAEMOT0 CEPOBOAOPOIA W HAYATHLHON

TeMIEPATYPHI ILJIACTA.

Karouesvie cao8a: mMamemamuieckos Modem;; asmomodesvroe pewenue; nopucmasn

cpeda; Puasvmpoyus; 2a302udpamot; ceposodopoo.

Paboma ewvinosrena npu dunarncosoti noddepocke POOU u Pecnybaruku Bawxopmo-

cman (npoexm N 17-48-020123 p_a).
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