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Abstract—Dynamic partial melting model has recently drawn considerable attention because this model may
explain the fractionation of some strongly incompatible nuclides in the uranium decay series (McKenzie,
1985; Beattie, 1993) and may account for ultra-depleted melt inclusions in olivine grains from mid-ocean
ridge basalts (Sobolev and Shimizu, 1993) and Icelandic picrites (Eggins, 1992). There are three subsystems
for dynamic melting model: the residual melt, the extracted melt, and the residual solid. This paper
systematically derives consistent equations for the residual melt, the extracted melt, and the residual solid in
the context of both modal and nonmodal dynamic melting models. Previous available equations are also
evaluated. The keys for the derivation or evaluation of equations for dynamic melting models are (1) the exact
relationship between the melting rate and the melt extraction rate, (2) the exact relationship between the total
melting degree and the fraction of extracted melt relative to the initial amount of source before melting, and
(3) clear concepts of physical parameters.

In addition, the equation for the residual melt during open-system (nonmodal dynamic) melting (Ozawa and
Shimizu, 1995) with material influx in the melting region is corrected and an equation for the extracted melt
in the context of open-system melting is proposed here. Since melting and melt extraction processes are often
coupled with slab-derived material influx in the melting region in the arc environments, these two new
equations for the residual melt and the extracted melt during open-system melting are very useful in modeling

arc magmatism. Copyright © /1998 Elsevier Science Ltd

L. INTRODUCTION

Mantle partial meiting is a fundamental process for the differ-
entiation and evolution of the Earth. Modeling of partial melt-
ing using trace element concentrations is often required to
understand the melt generation and segregation process and to
interpret the chemical composition of primary melts. There are
three general models: batch, fractional (Schilling and Winches-
ter, 1967; Gast, 1968; Shaw, 1970), and dynamic melting
(Langmuir et al., 1977; McKenzie, 1985). Another model is
called continuous melting (Williams and Gill, 1989; Albaréde,
1995) or critical melting (Maalge, 1982; Sobolev and Shimizu,
1992). Although continuous melting is commonly distin-
guished from dynamic melting in that in the former an excess
melt is removed from a static column whereas in the latter the
entire melting region migrates and new fertile material is added
to the column, the real difference between them is only the
aggregation time required to produce the magmas. The differ-
ence in aggregation time certainly affects the activity of a
short-lived radioactive nuclide in magmas, however, it will not
affect the concentration of stable trace elements (Williams and
Gill, 1989). Therefore, although continuous melting and dy-
namic melting appear different conceptually, for the purpose of
mathematical treatment of stable trace element fractionation,
they are mathematically identical.

Among the three general models, the batch melting model
assumes that melt remains in equilibrium with the solid
throughout the melting event whereas the fractional melting
model assumes that (1) the melt is removed from the initial
source as it is formed, (2) only the last drop of melt is in
equilibrium with the residue, and (3) there is no residual melt.
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Dynamic melting involves the retention of a critical fraction of
melt in the mantle residue. During dynamic melting, when the
melt mass fraction in the residue (or the mass porosity of the
residue, W) is less than the critical value for melt separation (or
the critical mass porosity of the residue, ®), there is no melt
extraction (as in batch melting); when the melt fraction in the
residue is greater than ®, any infinitesimal excess melt will be
extracted from the matrix. The difference between the three
basic models can be illustrated in the mass porosity of the
melting residue (W) vs. the total partial melting degree (F)
diagram (Fig. 1). For batch melting, the mass porosity is equal
to the partial melting degree until extraction of melt begins, that
is, ¥ = F before melt extraction begins and ¥ = 0 after melt
extraction takes place; for (perfect) fractional melting, ¥ = 0
during the whole melting process; for dynamic melting, W = F
when F = @; ¥ = ® when F = &

As our understanding of the physics of the melting process
has evolved, it is generally agreed that dynamic melting is a
more realistic scenario when considering fusion during decom-
pression (Richter and McKenzie, 1984; Ribe, 1988; Williams
and Gill, 1989; Hemond et al., 1994; Zou and Zindler, 1996).
Dynamic melting model is consistent with extreme depletion of
incompatible elements in clinopyroxenes from abyssal perido-
tites (Johnson et al., 1990) and oceanic cumulates (Ross and
Elthon, 1993), uranium-series disequilibrium data of mid-ocean
ridge basalts (MORBSs) and oceanic island basalts (McKenzie,
1985; Beattie, 1993; Richarson and McKenzie, 1994; Chabaux
and Allegre, 1994), and major element (iron) data of MORBs
(Langmuir et al., 1992). Clear evidence of dynamic melting
processes has recently been found in the form of ultra-depleted
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Fig. 1. Mass porosity of melting residue (¥) vs. the total partial
melting degree (F) diagram. The long heavy arrow shows that the mass
porosity for batch melting drops to zero after melt extraction begins.

melt inclusions in olivine grains from MORBs (Sobolev and
Shimizu, 1993) and Icelandic picrites (Eggins, 1992).

A dynamic melting model is consisted of three subsystems:
the residual solid undergoing partial melting, the residual melt
which remains in equilibrium with the residual solid, and the
extracted melt which is formed by continuous extraction of the
residual melt and is isolated from the residual solid. As for the
extracted melt, only its last drop (increment) is in equilibrium
with the residual solid and has the same composition as the
residual melt. A dynamic melting process keeping a constant
fraction of each solid phase and a constant bulk distribution
coefficient is called modal dynamic melting and nonmodal
dynamic melting, otherwise. As for modal dynamic melting,
the two published equations for residual melt (McKenzie, 1985;
Albarede, 1995) differ from each other and the reason has not
been investigated. As for nonmodal dynamic melting, only the
equations for residual melt and extracted melt are available
(Pedersen and Hertogen, 1990; Sobolev and Shimizu, 1992)
and the derivation processes have not been shown or evaluated.
Applications of all these equations for both dynamic melting
models have been found in recent literature (e.g., Williams and
Gill, 1989; Eggins, 1992; Sobolev and Shimizu, 1993; Gurenko
and Chaussidon, 1995; Feigenson et al., 1996; Zou and Zindler,
1996; Arndt et al., 1997; Caroff et al., 1997). Considering the
importance of the dynamic melting model and some inconsis-
tency or incompleteness of previous equations, it is the main
purpose of this paper to systematically derive consistent equa-
tions for the residual melt, the extracted melt, and the residual
solid in terms of both dynamic melting models. In addition, the
equations for open-system melting are also investigated here.

2. MODAL DYNAMIC MELTING

2.1. Derivation

During partial melting, the conservation law which is con-
cerned with the concentration of a trace element in the solid and
melt is given by McKenzie (1984) as
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ac,

aC,
(1= Glpigy + prbg + (1= B)psV = VCy + prv + VC,

=p,V e $KVC,; + (C;~ CoM (1)

where Cg and C; are the concentrations of an element in the
solid and melt, respectively; pg is the density of solid (3300
kg/m?), p, is the density of melt (2800 kg/m?), ¢ is the volume
porosity of the mantle, V is the moving velocity of the solid, v
is the moving velocity of the residual melt, K is the diffusion
coefficient, M is the melting rate (the rate of mass transfer /unit
volume from the residual solid to the residual melt, and its
dimension is mass/volume/time) (complete list of symbols is
summarized in Appendix).

If the solid and the melt are in equilibrium (Cy = D,Cy,
where D, is the bulk solid/liquid distribution coefficient) and
Cy and C; are functions of time only (i. e., setting the space
variables VC and VC, to be zero), Eqn. 1 can be simplified as

) oC f
[(1 = $)psDy + pf¢]*m:“’ =(Dg~ 1)C;M (2)

For dynamic melting, the melting rate (M) is constant in the
upwelling material, and the melt volume fraction (¢) in equi-
librium with the matrix remains constant (as the critical volume
porosity) because additional melt is drained into a melt channel
(the details of the model are shown in Fig. 3 in McKenzie,
1985). In this case, both M and ¢ are independent of time, and
Eqn. 2 with initial condition C((0) = C (} (the concentration of
the first drop of extracted melt when melt fraction in the residue
reaches to its critical mass porosity) has analytical solution:

J

Equations 1-3 are the same as those in McKenzie (1985), but
the following steps are necessary to derive the exact equation
for C;. Let X be the mass fraction of extracted melt relative to
the total amount of melt and solid in the residue before melt
extraction begins which is also the initial amount of the solid
source before melting. The mass traction of the residue relative
to the initial amount of the source 1s thus (1 — X), and the
specific variation rate of the residue is 1/(1 — X) d(1 — X)/dt.
Let M, be the melt extraction rate which is defined as the rate
of mass transfer/unit volume trom the residue to the extracted
melt and has the same dimension with the melting rate (M). The
density of the residue (the mass of the residue per unit volume)
is [p;® + pof1 — &)] and thus M /p,b + pe(l — $)]is the
melt extraction percentage per unit time from the residue.
Therefore, we have

(Dy— 1M

Ci= C? exp 3)

1 d(1l~-X) M,

[=X di potall-d) @
The solution to Eqn. 4 with initial condition X(0) = 0 is
X=1- exp[ ............ :.:._“_‘_{f_:__z] (5)
pid + pstl — @)
Substitution of Eqn. § into Eqn. 3 yields
C;= C(f)(l — X)C0-D MM (6)

where
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psd + ps(l — @)
G =t 7
b6 + o1 - $)D; @
We need to find the relationship between Cy and C, (initial
source concentration before melting) and that between M and
M,. The constant ¢ in the melting matrix requires constant
melt/solid mass ratio in the residue (residual solid + residual
melt) during dynamic melting:
prd + Mt~ Mt Ps¢

ol = &) =Mt ps(1— $) ®)

and, therefore
M p{1-¢)
A Y (e ®

where f is the mass fraction of the residual solid relative to the
whole residue. The relationship between C? and C, can be
obtained from mass balance when the melting degree reaches
the critical mass porosity ($)

Y + (1 = @) DCy = C (10)
where

b
psd + ps(1 — @)

is the critical mass porosity of the residue. The solution to Eqn.
10 is

an

i

0 __
CG=CgTi-a)D, a2

Substitute Eqns. 7, 9, 11, and 12 into Egn. 6 and we have

C (1- X)u/[m(l—cbwo])—l (13)

= Cy 77— —
f °® + (1 — ®)D,
For the extracted dynamic melt, the concentration can be ob-
tained by integrating Eqn. 13 from 0 to X and then dividing by
X,

1

— 1
C. = ifofo(x)dx =5

CO{I -(1- X)"[‘"*““’”"’J} (14)
The residual solid concentration in equilibrium with the resid-
ual melt is

DO P+~ -
Cy=DyC; = Cy ST -9)D, (1 = X)Me+0-010)-1

(15)

Then the concentration in the residue (residual solid + residual
melt) is

Crg = Ci + C(1 = @) = Co(1 — X)!MeH=®nb=1 (16

If a set of equations is correct for modal dynamic melting, the
whole system (the residual melt, the extracted melt, and the
residual solid) must satisfy mass balance requirements. It can
be easily shown that, for a given element in the whole system
during modal dynamic melting, Eqns. 13~15 satisfy the follow-
ing mass balance requirement,

XC,+ (1 = X)[C® + Cs(1 = ®)] = C, 17)

2.2. Comparison of the Equation for C,
By substituting Eqn. 11 (the relationship between ® and ¢)
into Eqn. 13, we have
peb + ps(1 — &)

e e Y oSt = )1~ Do) Y ps b+ pst) - &) Do)
d psd + ps(1 — @)Dy Gl = X)
(18)

which would be the same as the equation of Albaréde (1995)
obtained from a different approach except that the term p,¢ in
the power part of Eqn. 9.3.23 of Albaréde (1995) (or Eqn. 3 in
Feigenson et al., 1996) should be replaced by p;o.

The concentration of a trace element in the residual melt of
the modal dynamic melting model is given by McKenzie
(1985) as

Ci= GCyfl ~ XG0 (19)

Substitute Eqn. 7 into Eqn. 19 and we obtain

psd + ps(1 — &)

= et L Co(1 = X)prétedl ~ 81K -Doillerd+pd) - ) Dol
T AL
(20)

which is different from Eqn. 18 in the power part. The deriva-
tion method here is similar to that in McKenzie (1985). The
difference is that M/M, = f. is used here while M = M, is
assumed in McKenzie (1985). It can be seen that if M = M,
Eqn. 8 can not be satisfied. In addition, if M = M,, the porosity
of the residue actually increases (Fig. 2); to keep an constant
mass porosity, a small extra amount of residual melt has to be
extracted during melting. When M = M,, we can not obtain
Eqn. 3 from Eqn. 2 because in this case porosity is also a
function of time and Eqn. 2 has to be solved numerically.

According to Eqn. 19, the concentration of the element in the
extracted dynamic melt is

_ 1 1 — (1 - X)G(l"Du)H
€, = 2GCy @n

and the concentration in the residual solid is
C, = DyC; = DyGCyf1 — X)e-2 (22)

It can be easily shown that Eqns. 19, 21, and 22 do not satisfy
the mass balance Eqn. 17 for the whole system. However, by
replacing G(1—Dg) with G(1—D,) fs in Eqns. 19, 21, and 22,
they will become Eqns. 13, 14, and 15, respectively. The
difference between Eqn. 13 and Eqn. 19 and that between Eqn.
14 and 21 and that between Eqn. 15 and 22 are all small if f,
is close to unity, which is generally the case. Since the volume
porosity of the residual mantle is usually less than 1% for the
formation of basalts (Riley and Kohlstedt, 1991; LaTourrette et
al., 1993), the mass fraction of solid in the residue f is between
0.992 to 1 (see Eqn. 11) . Therefore, previous modeling using
Eqns. 19, 21, and 22 is still a good approximation.

3. NONMODAL DYNAMIC MELTING
3.1. Derivation

During partial melting both clinopyroxene and garnet, the
major repositories of incompatible trace elements in peridotites,
will play a diminishing roles as residual phases because they
are consumed preferentially by partial melting. As a result, the
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Fig. 2. A cartoon showing that if the melting extraction rate (M,) is equal to the melting rate (M), the porosity of the
residue actually increases; to keep a constant porosity, the melting extraction rate is actually greater than the melting rate
(ie., M/M, = fg). The solid circles represents the amount of residual melt. The solid rectangle on the left-hand side
represents the total amount of melt and solid before melt extraction begins, which is equal to the total amount of solid before
melting. The two dashed rectangles on the right-hand side also indicate the total amount of solid and melt before melt
extraction begins for comparison. The two smaller solid rectangles inside two dashed rectangles represent the amount of

residue after a certain amount of melt extraction.

bulk distribution coefficients of many trace elements are likely
to change as melting progresses and the nonmodal dynamic
partial melting might take place.

The relationship between the concentration in the residue
and the mass fraction of extracted melt relative to the initial
source is given by Albaréde (1995) as

D,

dinC,, = D'vdln(l - X) (23)
where D, is the ratio of the concentration of an element in the
residue to the concentration of the element in the last increment
of extracted melt. To solve this differential equation, we need
to express D; as a function of X.

For dynamic melting, D, is the effective distribution coeffi-
cient (Albaréde, 1976) between the residue and the last incre-

ment of melt that is extracted, we have

Di=®+(1-®)D,; (24)

because the last drop of extracted melt has the same composi-
tion with the residual melt and thus the melt proportion ® has
a partition coefficient of 1. D, is the bulk distribution coeffi-
cient during partial melting. Although there is not a unique
nonmodal melting model to describe the variation of D, the
model of Shaw (1970) has been widely accepted and is thus
used here. The variation of Dy, as a function of total melting
degree (F) is given by Shaw (1970) as

D, — FP
Dy = T-F

1 (25)

where D, is the initial bulk distribution coefficient of the source

and P is a constant whose value is determined by the propor-

tions in which the minerals contribute to the melt.
Combining Eqn. 24 and Eqn. 25, we have

Dy~ FP
D, =&+ (1 “@)-']'T

(26)

The key in the derivation is the exact relationship between F
and X. During partial melting, when the total partial melting
degree is F and the extracted melt fraction relative to the initial
source is X, the amount of residual melt is (F — X) and the
amount of residual solid is (1 — F). The constant mass porosity
requires constant mass ratio of residual melt over residual solid
in the residue

(27)
therefore, the relationship between F and X during partial
melting is

F=®+ (I -®)X (28)

Equation 28 suggests that additional melting degree beyond &,
which is (F — &), is equal to the product of the total fraction
of extracted melt (X) and the fraction of residual solid in the
residue (1 — ®) in order to keep constant critical mass porosity.

The following relationship between F and X has been as-
sumed (e.g., Eggins, 1992) for dynamic melting

F=X+d® (29)
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which does not satisfy the requirement of Egn. 27.
Substituting Eqn. 28 into Eqn. 26, we obtain D, as a function
of X

p _ Do+ @0 = P)] — X[P + ®(1 - P)]

i =% (30)
Substituting Eqn. 30 into Eqn. 23, we get
dinC,, _ 1-X -
din(l —X) ~ [Dy+ ®(1 — P)] - X[P + ®&(1 — P)] ,
9]

The solution to Eqn. 31 with initial condition C,,(0) = C, is

X[P + (b(] -~ P}]}l/[d>+u—anJ

D+ (1 = P) (32)

1
Cre = Co] - X{] -
The concentration of residual melt is the same as the concen-
tration of the last increment of extracted melt,

Cres |
D, "D re1 P~
X[P + (I)(l - P)] {UP+(1—D) Pl 1

CO{‘ T Dy T ®(1 = P) }

Ci=
(33)
For the extracted melt, we have

- 1. G X[P + O(1 — P)]] Me+-0)]
C.= )?focj(x)dx =¥ 1- - -—l-)-o—+—d)(_1..:_P~)_

(34)
For the residual solid,
Dy—[® + (1 — ®)X]P 1
Cs=CDss = T[T (1 = D) X] D+ B1 =B *
X[P + ¢(1 - P)] {UAS+(1-d) PR-1
00{ T —P)"} (33

Equations 32, 33, and 35 satisfy the following relationship in
the residue

C, + (1 = B)Cs= C,., (36)

If P = D, Eqns. 33-35 become Eqns. 13-15, respectively, for
modal dynamic melting. If & = 0 (i.e., fractional melting),
Egns. 33-35 become those for nonmodal fractional melting
model of Shaw (1970). It is easy to show that Eqns. 33-35
satisfy the mass balance Eqn. 17 for the whole system.

It is noted that the relationship between X and F is also
important to distinguish the dynamic melting model from both
the batch melting and the fractional melting models (Fig. 3).
For batch melting, X = 0 before melt extraction begins and
X = F after melt extraction takes place; for fractional melting,
X = F; and for dynamic melting, X = 0, when F < ® and,
according to Eqn. 28,

!
X=+——F

=% when F > ¢. (37)

@
1@

The slope in the X vs. F diagram for dynamic melting is
1/(1—®) and is greater than 1 because 0 < & < 1.

(59)
—{3— fractional

~—O——  batch

-+=-O----  dynamic

0 (D) (5P)

Fig. 3. The fraction of extracted melt relative to the initial solid
before melting starts (X) vs. the total partial melting degree (F) dia-
gram. The long heavy arrow shows that the mass fraction of extracted
melt (X) for batch melting increases from zero to F after melt extraction
begins.

3.2. Comparison of the Equations for C; and C_L

The concentrations in the residual melt and in the extracted
melt are given by Sobolev and Shimizu (1992) as

1 Dyt a) = (P+a)F |I-Prree
Ci= Cy
o ‘ !
D()+(1“P)m (D0+G)”(P+G)a+l
(38)
(D + “
_ (Do + ) = (P @) i
C =~ p ) a Co
(F - [D0+ (- Prozi|le+ D
e+ D P+a}

N (Dog+a)— (P+ a)F (39)

(Dy+ @) = (P + @)

where F is the total melting degree and « is the mass ratio of
the residual melt over residual solid in the residue. ® and « are
related by the following relationship according to definitions,

& = af(a + 1) (40)

The key to compare Eqns. 38-39 with Eqns. 33-34 is the
exact relationship between X and F. Using Eqn. 28 derived here
for the relationship between X and F, Eqns. 38-39 will become
Eqgns. 33-34. Note that the term

[(Do+a)—-(P+a)ai1~:|/{(F—;%)

a
X [DU-F(I —P)——~a+ ljl(a*‘- l)}

in Eqn. 39 is simply equal to 1/X in Eqn. 34. However, if we
use Eqn. 29 for the relationship between X and F, Eqns. 38-39
would be different from Eqns. 33-34,
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The concentrations in the residual melt (C;) and in the
extracted melt (C,) for nonmodal dynamic melting are given by
Pedersen and Hertogen (1990) as

1+2Z { P+2Z
=G 1- X
(1+2D,+Z1—-P\' (1 +2)D,+Z(1—P)

[(1+24P+2)]-1
G )

41

_ 1 P + Z X)I'I+Z]/\'P+Z)
C“Cﬁlul'u+am+ﬂh¢)

(42)

Z is the fraction of melt trapped in the residue. The key to
compare Eqns. 41-42 with Eqns. 33-34 is the meaning of Z.
When Z is the mass ratio of the residual melt over the residual
solid, that is Z = «, Eqns. 41-42 become Eqns. 33-34 in this
paper (note that if we use Z = @, the two sets of equations
would not be equivalent).

In summary, due to different derivation methods, C; and C,
in the equations of Sobolev and Shimizu (1992) are expressed
as a function of F and a; C;and C, in the equations of Pedersen
and Hertogen (1990) are expressed as a function of X and a;
and C; and C, in the equations of this paper are expressed as
a function of X and ®. All three sets of equations for the
residual melt and the extracted melt are sound. Possible advan-
tages of expressing C; and C, as a function of X and @ in this
paper are (1) the equations are simpler; (2) ® is a conventional
parameter compared with «; and (3) it is easy to use mass
balance calculation in the residue (Egn. 36) and in the whole
system (Eqn. 17). In addition to giving simpler equations for
the residual melt and the extracted melt, this paper also presents
the equation for the residual solid and the whole residue in the
context of nonmodal dynamic melting, which is helpful for
modeling residual peridotites and clinopyroxenes (Zou, 1997).

4. OPEN-SYSTEM MELTING WITH MATERIAL INFLUX

Nonmodal dynamic melting only considers melting and melt
extraction (output) processes. A more complex system includes
material influx (input) in the melting region, which might be the
case in the arc environment. Ozawa and Shimizu (1995) pro-
posed an open-system melting model and gave the equation for
the residual melt. By setting the mass influx rate (8) to be zero
in Eqn. A3 of Ozawa and Shimizu (1995), we can obtain the
equation for residual melt during nonmodal dynamic melting as

C.— Co Do+ a — F(P + a) |0-PF+a
= a a
D()+m(l - P) Dn+m(l - P)

(43)

which is different from Eqn. 38, suggesting that their Eqn. A3
is not correct. The solution to their open-system melting model

&_C_f(P—B_])+CAB

dF ~ a+ Dy~ (a+ P)F (44)
with initial condition
Cy + C,BF
c® 0 ABF¢ (45)

/" Do+ F(l+ B—P)
should be

CuBDy+ C(P-B-1)
Do+ FA1+ B~ P)

Cs —~ CuB +

T

Do+ a — F(P + ) (U+B-PHP+a)
[ ] (46)

Do+ a— FdP+ a)

which becomes Eqn. 38 for the residual melt during nonmodal
dynamic melting when 8 = 0. C, is the concentration of the
element in influxing material and F. = afa + B + I).

The relationship between C; and C, for open-system melting
model is

1 .
C, = FTF‘;I;CCf(f)df (47)

therefore, combining Eqn. 46 with Eqn. 47, we can obtain the
equation for the extracted melt during open-system melting as

— 1 1
CL:F"‘FCXP_B—’I CAﬁ(FC“F)

[CAﬁDo + Co(P — B - 1)][1)0 +a— Fla+ P)]
[Dy+ F(1+ 8- P){a + B+1)

Do+ a — F(a + p) JL1+#-Plarrl+i
{1_[D0+a—FC(a+P)} }

(48)

which becomes Eqn. 39 for the extracted melt during nonmodal
dynamic melting when 8 = 0. Equations 46 and 48 are very
useful in modeling arc magmatism because melting and melt
extraction processes in the arc environments are often coupled
with slab-derived material influx in the melting region. Since
the open-system melting model involves more parameters, suc-
cessful modeling using Eqns. 46 and 48 requires that at least
part of related parameters are reasonably well-constrained. This
requirement might be satisfied for some well-studied magmatic
arcs.

S. DISCUSSION AND SUMMARY

All the equations for stable trace elements derived here are
suitable for dynamic melting models with constant critical mass
porosity, where the melt fraction in chemical equilibrium with
the solid residue remains constant as melting proceeds, and any
melt that is produced in excess of this critical porosity is
extracted into a network of veins or dykes in which the melt
does not re-equilibrium with the residual solid. However, the
critical melt porosity might change during melting (in the range
of 0 to F). This additional complexity can be approximately
quantified by simply extending the single-porosity melting cal-
culation to a multiple-porosity model using step-wise numeri-
cal method. For a more rigorous approach, the relationship
between the critical porosity and time (or F, or X) must be
known or assumed and the related differential equations have to
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Fig. 4. A cartoon showing the relationships between different melt-
ing models.

be solved by numerical methods. Although Spiegelman and
Elliott (1993) have used variable porosity in a melting column
to study the uranium-series isotope disequilibrium in young
lavas during melt percolation at chemical equilibrium, their
Eqn. 10 for radioactive nuclides simply becomes modal batch
melting equation for stable trace elements (Ribe, 1985;
Spiegelman and Elliott, 1993).

The derivation of all the equations here does not take into
account of the microscopic process of chemical diffusion
within individual mineral grains, otherwise the related differ-
ential equations can not be solved analytically. Qin (1992) and
Iwamori (1993) have theoretically modeled the chemical dif-
fusion process that controls the disequilibrium melting. Both
studies made the following assumptions: (1) the solid is com-
posed of spherical grains where the surface of each grain is in
chemical equilibrium with the melt phase but the interior can
only equilibrate with the melt by chemical diffusion, and (2)
bulk solid/melt partition coefficients are constant during melt-
ing. Qin (1992) also ignored the density difference between
solid and melt for simplicity. It has been concluded that the
principle effect of disequilibrium melting controlled by solid
state diffusion is simply to lower the incompatibility of an
incompatible element (i.e., to raise the effective partition coef-
ficient of the incompatible element).

Hofmann and Hart (1978) and Hart (1993) have given quan-
titative arguments to show that trace element equilibration
between melt and crystalline phases is highly likely during
mantle melting except for extreme situations. When solid grain
size is very large and diffusivities are very small and mantle
upwelling is very rapid, disequilibrium melting may be of
significance. Even in this case, if higher partition coefficients
for incompatible elements than equilibrium values are used, the
treatment using equilibrium melting will still be a good approx-
imation, as has been suggested by Qin (1993).

In summary, this paper systematically derives the equations
for the residual melt, the extracted melt, and the residual solid
in the context of both modal and nonmodal dynamic melting
models and evaluates previous available equations. In addition,
the equations for residual melt and the extracted melt for
open-system melting model with material influx in the melting
region are also provided. The relationships among sets of
consistent equations for modal and nonmodal dynamic melting,
open-system melting, and the classic modal and nonmodal
batch melting and modal and nonmodal fractional melting can
be shown in Fig. 4.

The general equations for modal and nonmodal dynamic
melting models are summarized in Table 1. The corresponding
equations for classic fractional melting and batch melting mod-
els of Shaw (1970) are also included for comparison. In gen-
eral, the equations for residual melts (Eqns. 13, 33, 46) are
suitable for modeling the trace element concentrations in in-
clusions trapped in olivine while the equations for extracted
melts (Eqns. 14, 34, 48) are suitable for modeling trace element
concentrations in primary basalts. To model the variation of
trace elements in the whole residue, we need to use Eqn. 16 or
Eqn. 32.
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Table 1. Summary of the equations for three general melting models

‘models [ C, 3
[ D+(1-®)Dy]}-1 C AVD+H1-D) D)
dynamic  modal ¢+(l_1°”_£60"‘x){] (D+(1-®)Dy ]} DyCr %Cﬂ{]_(l")‘) [D+{1-D) Dy }
melting {11®+(1-2)PT}-t . 1] @+{1- )P}
modal X[P+(1-P) X[P+o(1-P)
e E+$(T-—Picﬂ{“7%6—?‘l+ (=F) } DasCy E')f‘{“[‘ - } ][
fctional  modal ﬂ;fn(l* Xy Pp)-1 DoCr %Co[ _(]_X)JIDO]
melting Pl -Xxp \p
nonmodal %CO{]‘ an;} %TC/ %’-{l—[l—g] }
batch modal Q DoCy [
melting Dy+F(1-Dg) : ’
nonmodal G Dy~-FP ¢ [of}
Do+ F(1-P) F -f ‘

Notations are the same as those in the text. The equations for fractional melting und batch mcllmg models are from Shaw (1970).

Note that when @ =0, the equations for dynamic melting become the ¢

for ional melting; when

P = Dy, the equations for nonmodal meiting become the corresponding equ;nons for modal melting. As for dynamic melting, the
concentration in the residue ( Cy,, ) is related to the concentration in the residual solid and the concentration in the residual melt by
Creg = Cy®+ Cg(1 - @), which is equivalent to Eqn. 16 for modal dynamic melting or Eqn. 32 for nonmodal dynamic melting;

but for fractional melting and batch melting. Cys = C
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participants of 1997 Fall AGU meeting for their discussions. The
derivation of the equations in this paper is built upon previous
studies listed in the reference, particularly the works of Shaw
(1970), McKenzie (1985), Albaréde (1995), and Ozawa and
Shimizu (1995).
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APPENDIX

List of Symbols

€. the concentration of a trace element in the residual melt, or the
concentration of the incremental melt

Cs  the concentration of a trace element in the residual solid

the concentration of a trace element in the residue (residual

solid + residual mek)

C,  the concentration of a trace element in the source before

__ melting

C,  the concentration of a trace element in the extracted melt

C’,’ the concentration of the residual melt when the melting degree
reaches its critical value, or the concentration of the first drop of
the extracted melt

¢ the critical volume porosity of the residue

& the critical mass porosity of the residue

¥ the mass porosity of the residue

D,  bulk distribution coefficient of the source

fy  defined in Egn. 8, the mass fraction of residual solid relative to
the residue when the volume porosity of the residue reaches its
critical value ¢.

M melting rate, the rate of mass transfer/unit volume from the
residual solid to the residual melt (mass/volume/time)

M, melt extraction rate, the rate of mass transfer/unit volume from
the residue to the extracted melt (mass/volume/time)

X the fraction of extracted melt relative to the initial amount of
solid source before melting

F the total partial melting degree of the source

G defined in Eqn. 7



Ps
Ps

Dy
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density of melt

density of solid

diffusion coefficient

bulk solid-melt distribution coefficient during nonmodal partial
melting

effective distribution coefficient

the mass ratio of the residual melt over the residual solid in the
residue

mass influx rate (influxing mass fraction of the solid mass
divided by degree of melting)

defined as a/(a + B +1)

the concentration of a trace element in influxing material
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