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Abstract

High-frequency (z 2 Hz) Rayleigh wave phase velocities can be inverted to shear (S)-wave velocities for a layered earth

model up to 30 m below the ground surface in many settings. Given S-wave velocity (VS), compressional (P)-wave velocity

(VP), and Rayleigh wave phase velocities, it is feasible to solve for P-wave quality factor QP and S-wave quality factor QS in a

layered earth model by inverting Rayleigh wave attenuation coefficients. Model results demonstrate the plausibility of inverting

QS from Rayleigh wave attenuation coefficients. Contributions to the Rayleigh wave attenuation coefficients from QP cannot be

ignored when Vs/VP reaches 0.45, which is not uncommon in near-surface settings. It is possible to invert QP from Rayleigh

wave attenuation coefficients in some geological setting, a concept that differs from the common perception that Rayleigh wave

attenuation coefficients are always far less sensitive to QP than to QS. Sixty-channel surface wave data were acquired in an

Arizona desert. For a 10-layer model with a thickness of over 20 m, the data were first inverted to obtain S-wave velocities by

the multichannel analysis of surface waves (MASW) method and then quality factors were determined by inverting attenuation

coefficients.
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1. Introduction

The most common measure of seismic wave at-

tenuation is the dimensionless quality factor Q and its

inverse (dissipation factor) Q� 1. The quality factor as

a function of depth is of fundamental interest in

groundwater, engineering, and environmental studies,

as well as in oil exploration and earthquake seismol-

ogy. A desire to understand the attenuative properties

of the earth are based on the observations that seismic

wave amplitudes are reduced as waves propagates

through an elastic medium. This reduction is generally

frequency-dependent and, more importantly, attenua-

tion characteristics can reveal unique information

about lithology, physical state, and degree of rock

saturation (Toksöz and Johnston, 1981). To fully

understand seismic wave propagation in the earth,

the quality factors are parameters that must be known.

High-frequency Rayleigh waves possesses informa-

tion of the shear (S)-wave velocity (VS) and the

quality factors of near-surface materials.
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Rayleigh waves travel along or near the ground

surface and are usually characterized by relatively low

velocity, low frequency, and high amplitude energy

(Sheriff, 1991, p. 143). Estimates of the S-wave

velocity from Rayleigh waves and applications to

real-world problems have been extensively investi-

gated (Dorman and Ewing, 1962; Aki and Richards,

1980; Stokoe and Nazarian, 1983; Nazarian et al.,

1983; Xia et al., 1997, 1998, 1999, 2000a, 2002a,b;

Park et al., 1996, 1998, 1999a,b; Miller et al., 1999).

Based on the assumption of a layered earth model

(Fig. 1), a three-phase research project, multichannel

analysis of surface waves (MASW), undertaken by

the Kansas Geological Survey (KGS) was designed to

estimate near-surface S-wave velocities from high-

frequency Rayleigh waves (Fig. 2): (1) acquisition

of multichannel high-frequency (z 2 Hz) broad band

Rayleigh waves; (2) creation of efficient and accurate

algorithms organized in a basic data processing

sequence designed to extract Rayleigh wave disper-

sion curves from Rayleigh waves (Park et al., 1999a);

and (3) development of stable, robust, and efficient

inversion algorithms for inverting phase velocities of

Rayleigh waves for near-surface S-wave velocity

profiles (Xia et al., 1999).

Based on documented experiences (e.g., Xia et al.,

1999, 2000a, 2002b), when the fundamental-mode

phase velocities are calculated with a high degree of

accuracy, reliable S-wave velocities (F 15%) can be

estimated. Incorporating higher mode data into the

surface wave analysis increases the resolution (or

accuracy) of the inverted S-wave velocities (Xia et

al., 2000b). After successfully determining a near-

Fig. 1. A layered earth model with parameters of shear-wave

velocity (VS), compressional wave velocity (VP), density (q), and
thickness (h).

Fig. 2. A diagram of the MASW method. Multichannel raw field data, which contain enhanced Rayleigh wave signals, are acquired. Rayleigh

wave phase velocities are extracted from the field data through a direct wavefield transformation method by Park et al. (1998). The phase

velocity, finally, is inverted for a shear-wave velocity profile (VS vs. depth).
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surface VS profile from Rayleigh waves, the feasibility

of calculating near-surface Q from high-frequency

Rayleigh wave attenuation coefficients can be ana-

lyzed.

Laboratory experiments (Johnston et al., 1979)

show that Q may be independent of frequency over

a broad bandwidth (10� 2–107 Hz), especially for

some dry rocks. Q� 1 in liquids, however, is propor-

tional to frequency so that in some highly porous and

permeable rocks Q� 1 may contain a frequency-

dependent component. This component may be negli-

gible at seismic frequency, even in unconsolidated

marine sediments (Johnston et al., 1979). Mitchell

(1975) investigated Q structure of the upper crust in

the North America by inverting Rayleigh wave attenu-

ation coefficients in a layered earth model. In his

work, Q was independent of frequency. Although

some authors suggest that near-surface Q may be

frequency dependent (Jeng et al., 1999), we will

follow the laboratory results (Johnston, 1981) and

Mitchell’s (1975) work that Q is independent of

frequency, allowing determination of Q as a function

of depth based on amplitude attenuation of Rayleigh

wave data. In this paper, we will examine the relation-

ship between Rayleigh wave attenuation coefficients

and compressional P-wave and S-wave quality factors

(QP and QS) through forward modeling. The model-

ing will be used to develop a quantitative description

of the contributions to Rayleigh wave attenuation

coefficients from QP and QS.

2. Basic equations

For a plane wave traveling in a homogeneous

medium, the quality factor Q is determined by (John-

ston and Toksöz, 1981)

Q ¼ pf
av

; ð1Þ

where v, f, and a are the velocity, the frequency, and

the attenuation coefficient of the plane wave, respec-

tively. To determine Q as a function of depth in near-

surface materials (up to 30 m), the assumption of

homogeneity is no longer valid because of complexity

of the near-surface geology. Utilization of high-fre-

quency Rayleigh waves (z 2 Hz) is essential in

finding the quality factors of near-surface materials.

The relationship between Rayleigh wave attenuation

coefficients and the quality factors for P- and S-waves

of a layered model were given by Anderson et al.

(1965) as:

aRð f Þ ¼
pf

C2
Rð f Þ

�
Xn
i¼1

Pið f ÞQ�1
Pi þ

Xn
i¼1

Sið f ÞQ�1
Si

" #
; ð2Þ

where

Pið f Þ ¼ VPi

BCRð f Þ
BVPi

; ð3Þ

Sið f Þ ¼ VSi

BCRð f Þ
BVSi

; ð4Þ

aR( f ) is Rayleigh wave attenuation coefficients in

1/length, and f is frequency in Hz. QPi and QSi are the

quality factors for P- and S-waves of the ith layer,

respectively; VPi and VSi are the P-wave velocity and S-

wave velocity of the ith layer, respectively; CR( f ) is

Rayleigh wave phase velocity; and n is the number of

layers of a layered earth model.

We adopted Kudo and Shima’s (1970) work to

calculate the attenuation coefficients. The attenuation

coefficient is defined by

Aðxþ dxÞ ¼ AðxÞe�adx; ð5Þ
where A is Rayleigh wave amplitude, a is a Rayleigh

wave attenuation coefficient, and x and dx are the

nearest source-geophone offset and a geophone inter-

val, respectively. After the Fourier transform with

respect to time, we obtain

aRð f Þ ¼ �
ln

W ðxþdx;f Þ
W ðx;f Þ

��� ��� ffiffiffiffiffiffiffiffi
xþdx
x

qh i
dx

; ð6Þ

where aR( f) is the Rayleigh wave attenuation coef-

ficient as a function of frequency f, W is the amplitude

of a specific frequency, and

ffiffiffiffiffiffiffiffiffiffi
ðxþdxÞ

x

q
is a scaling factor

in calculating the attenuation coefficient.

In the following section, contributions of QP and

QS to attenuation coefficients of Rayleigh waves will

be analyzed by forward modeling. The sensitivity of

Rayleigh wave attenuation coefficients with respect to
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the dissipation factors, QP
� 1 and QS

� 1 will also be

examined.

3. Modeling results

Eqs. (3) and (4) represent the rate of change of

Rayleigh wave attenuation coefficients aR( f ) to dis-

sipation factors QP
� 1 and QS

� 1 of the ith layer,

respectively. Pi is the product of the P-wave velocity

of the ith layer and the partial derivative of Rayleigh

wave phase velocities with respect to P-wave velocity

of the ith layer. Si is the product of the S-wave

velocity of the ith layer and the partial derivative of

Rayleigh wave phase velocities with respect to S-

wave velocity of the ith layer. Pi and Si totally control

the sensitivity of Rayleigh wave attenuation coeffi-

cients to QP
� 1 and QS

� 1.

A six-layer model (Xia et al., 1999) is employed to

analyze contributions to Rayleigh wave attenuation

coefficients from QP and QS (Fig. 3). Letting VS

change from 25% to 50% of VP, contributions of QP

to Rayleigh wave attenuation coefficients increase

with increasing VS/VP, while QS contributions to

Rayleigh wave attenuation coefficients decrease as

VS/VP increases (Fig. 4). QP contributions become

significant for most frequencies when VS/VP appro-

aches 0.45. For example, for the 30 Hz component,

when VS/VP is 0.5, QP contributions dominate and

reach more than 70% while QS contributions fall to

less than 30%. Roughly speaking, when VS is about

one half VP, overall contributions of QP to Rayleigh

wave attenuation coefficients may reach more than

30%. This suggests it may be possible to invert QP

from Rayleigh wave attenuation coefficients when VS

is approximately one half of VP.

Sensitivity of Rayleigh wave attenuation coeffi-

cients to QP and QS is analyzed for the layered model

(Fig. 3) when VS is replaced by 50% of VP. For a dry

sandstone, QP/QS is almost equal to one (Johnston,

1981), making QP and QS equal (5, 10, 12, 15, 20, and

25 from the top layer to the half space). A 25%

reduction in QP and/or QS (3.75, 7.5, 9.0, 11.25,

Fig. 3. A layered earth model (Xia et al., 1999) is used to analyze

the relationship between attenuation coefficients and quality factors

shown in Eq. (2).

Fig. 4. QP contributions to Raleigh wave attenuation coefficients (a)

and QS contributions to Raleigh wave attenuation coefficients (b).

QP contributions become significant when VS/VP is about 0.5.
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15.0, and 18.75 from the top layer to the half space)

results in the relationship shown in Fig. 5. With a 25%

reduction in QP, the relative increases in Rayleigh

wave attenuation coefficients are in the range of 4–

20%, averaging 12% from 5 to 35 Hz. For the same

reductions in QS, the relative increases in Rayleigh

wave attenuation coefficients are in the range of 9–

23% with an average of 17% from 5 to 35 Hz. The

overall relative increases in Rayleigh wave attenuation

coefficients due to a 25% reduction in both QP and QS

are almost the same at 28% in relative change within

the frequency range of 5–35 Hz. For a water saturated

sandstone, QP/QS may reach 2 (Johnston, 1981). In

that case, the contributions to Rayleigh wave attenu-

ation coefficients due to QP may surpass those due to

QS.

4. Inversion system

Eq. (2) manifests the linear relationship between

Rayleigh wave attenuation coefficients and the dis-

sipation factors for P- and S-waves (QP
� 1 and QS

� 1).

Theoretically, after determining S-wave velocities by

inverting Rayleigh wave phase velocities (Xia et al.,

1999) and finding near-surface P-wave velocities by

other seismic methods, such as reflection (Hunter et

al., 1984; Steeples and Miller, 1990), refraction

(Palmer, 1980), and/or tomography methods (Zhang

and Toksöz, 1998; Ivanov et al., 2000), the dissipation

factors (QP
� 1 and QS

� 1) can be inverted directly for

noise-free data using Eq. (2). Practically, however, our

modeling results indicate that surface wave attenua-

tion is sensitive enough to QP when VS/VP is over

0.45. Otherwise, surface wave attenuation is far less

sensitive to QP than to QS, and only QS can be

inverted from Rayleigh wave attenuation coefficients.

Because Eq. (2) is a linear system, the same

method used in Xia et al. (1999) can be employed

directly to solve QP and/or QS from Rayleigh wave

attenuation coefficients. In many cases, only a single

iteration is necessary to obtain quality factors. Here

we discuss an algorithm from Menke (1984) including

our introduction of a damping factor. Our inversion

problem can be described by the following system:

A
!
X ¼ !

B ðxi > 0Þ; ð7Þ

where
!
X is an inverse of quality factors (a model

vector 1/Q) with xi as the ith component,
!
B is

attenuation coefficients (a data vector), and A is a

data kernel matrix (Menke, 1984) determined by Eq.

(2).

Eq. (7) will provide accurate QP and QS if attenu-

ation coefficients contain no error as a synthetic

example shows in the following section. Solutions

of Eq. (7) are not guaranteed to exist or solutions may

possess an unacceptable error when attenuation coef-

ficients possess errors. Mitchell (1973, 1975) dis-

cussed the method of solving the inverse problem

presented in Eq. (7). A damping factor k is introduced.

ðAþ kIÞ !X ¼ !
B ðxi > 0Þ; ð8Þ

where I is the unit matrix. k is set to be a small value

(say 10� 7) at the beginning of the inversion. Based on

inverted results of QP and/or QS, k will be systemati-

cally increased until smooth solutions are obtained.

5. A synthetic example

The purpose of this example is to show the

inversion system (Eq. 8) working properly. With a

six-layer model, this example assumes known P-wave

and S-wave velocities (Fig. 6a), error-free attenuation

coefficients (labeled ‘‘Measured’’ in Fig. 6b), QS (5,

10, 12, 15, 20, and 25 for layer one to the half space,

respectively), and QP (twice of QS). Attenuation

coefficients (labeled ‘‘Measured’’ in Fig. 6b) were

inverted to quality factors. Fig. 6c shows inverted QP

Fig. 5. Sensitivity of Rayleigh wave attenuation coefficients to QP

and QS with VS/VP being equal to 0.5.
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and QS that are exactly equal to values of the known

model and attenuation coefficients calculated from

inverted QP and QS (labeled ‘‘Final’’ in Fig. 6b).

6. A real-world example

Sixty-channel surface wave data were acquired

using 4.5 Hz vertical geophones in an Arizona desert

(Fig. 7). Geophones were deployed at 1.2-m intervals

with a nearest offset of 4.8 m. The seismic source was

an accelerated weight drop designed and built by the

KGS. A record length of 1024 ms at a 1-ms sample

interval was selected.

The number of layers of a model should be deter-

mined by the quality of data (Xia et al., 2000b). A

layer in a model is usually not a geological layer. In

most case, we choose 10 to 15 layers in a model to

obtain certain resolution for an inverted model. For

this particular data, a 10-layer model with a total

thickness of 20 m was used to invert Rayleigh wave

phase velocities to S-wave velocities (Fig. 8a) by the

MASW method (Xia et al., 1999; Park et al., 1999a).

Fig. 7. Sixty-channel raw field data acquired in an Arizona desert.

See the text for details.

Fig. 6. A synthetic example. (a) P-wave and S-wave velocities of a

six-layer model. (b) Input data: assumed known attenuation

coefficients labeled ‘‘Measured’’ and calculated attenuation coef-

ficients labeled ‘‘Final’’ based on inverted quality factors in (c).
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P-wave velocities of the model were determined by

the first arrivals of the data (Fig. 7). Attenuation

coefficients of Rayleigh waves (labeled ‘‘Measured’’

in Fig. 8b) were calculated by using Eq. (6). Because

an average ratio of VS/VP for the model is approx-

imately 0.4, only QS can be confidently inverted from

attenuation coefficients. Under the assumption that QP

was equal to twice QS, we inverted attenuation coef-

ficients to obtain QS (Fig. 8c). Attenuation coeffi-

cients calculated from inverted quality factors QS

were labeled ‘‘Final’’ in Fig. 8b. Inverted QS results

suggested that there is a highly attenuating layer at a

depth of 12.5 m.

7. Discussion and conclusions

Modeling results and the real-world example dem-

onstrated a feasibility of inversion of attenuation

coefficients of Rayleigh waves for quality factors.

Modeling analysis also showed that QP may be

inverted when VS/VP is greater than 0.45, a situation

which is common in oil industry and crust seismology

studies, and which is not also uncommon in near-

surface materials. Modeling results also suggested that

most contributions to Rayleigh wave attenuation coef-

ficients from QP are in a relatively higher frequency

range, while contributions from QS are in a lower

frequency range. Using different weighting, therefore,

on QP and QS in different frequency ranges may

increase the possibility of obtaining QP.

In the synthetic and real examples, we assumed

QP= 2QS to obtain information of QP. Inverted results

will be changed if a different relationship between QP

and QS is assumed. The relationship between QP and

QS could vary in a wide range for near-surface materi-

als so it may be necessary to use some other methods

to find QP or provide a crosscheck.

Based on the sensitivity analysis, errors in inverted

quality factors can reach 1 to 1.5 times the error in

attenuation coefficients. Compared to the inversion

system that Xia et al. (1999) developed to invert S-

wave velocities from Rayleigh wave phase velocities

(10% error in surface wave phase velocity will result

in 6% error in S-wave velocity), Eq. (8) has less

stability. Hence, accurate calculation of Rayleigh

wave attenuation coefficients is critical. On the other

hand, the inversion system (Eq. (8)) is more stable

Fig. 8. Inversion results from data in Fig. 7. (a) Inverted S-wave

velocities of a 10-layer model by using the MASW method with P-

wave velocities determined based on the first arrivals of the input

data. (b) Attenuation coefficients labeled ‘‘Measured’’ were

calculated by Eq. (6) and those labeled ‘‘Final’’ were calculated

based on the inverted quality factor model (c).
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than AVO (amplitude versus offset) analysis studied

and practiced in the oil industry for the last 20 years

(Hilterman, 2001). Jin et al. (2000) concluded that in

AVO analysis, a 10% error in incident angles could

result in a 40% error in reflection coefficients.

Because our geophysical community accepts AVO

practices, we should be more comfortable with quality

factors that are inverted from Rayleigh wave attenu-

ation coefficients.
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