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Summary

Attenuation and dispersion of elastic waves in °uid-
saturated rocks due to the pore °uid viscosity is
investigated using an idealized exactly solvable example
of a system of alternating solid and viscous °uid layers.
Waves in periodic layered systems at low frequencies
can be studied using an asymptotic analysis of the
Rytov's exact dispersion equations. Since the wavelength
of the shear wave in the °uid (viscous skin depth) is
much smaller than the wavelength of the shear wave in
the solid, the presence of viscous °uid layers requires
a consideration of higher terms in the asymptotic
expansions. For a shear wave with the directions of
propagation and of particle motion in the bedding plane,
the attenuation (inverse Q) obtained by this procedure
is Q¡1 = !´Á=¹s(1 ¡ Á) + !Á½2fh

2
f=12½´ + o(!), where

! is frequency, ½ is weighted average density of the
solid/°uid system, hf is the thickness of °uid layers,
Á is °uid volume fraction, i.e., the \porosity", ¹s is
solid shear modulus, and ½f and ´ are the density and
viscosity of the °uid, respectively. The term proportional
to ´ is responsible for the viscous shear relaxation,
while the term proportional to ´¡1 accounts for the
visco-inertial (poroelastic) attenuation of Biot's type.
This result shows that the characteristic frequencies of
visco-elastic !V E , poroelastic !B, and scattering !R
attenuation mechanisms obey the relation !V E!B = !2

R,
which explains why the visco-elastic and poroelas-
tic mechanisms are usually treated separately in the
context of macroscopic theories that imply ! ¿ !R.
The poroelastic mechanism dominates over the visco-
elastic one when the frequency-indepenent parameter
B = !B=!V E = 12´2=¹½fh

2
f ¿ 1, and vice versa.

Introduction

It is generally believed that the phenomena associated
with the viscosity of the pore °uid are one of the main
causes of the attenuation of elastic waves in reservoir rocks
and other °uid-saturated porous materials. However, de-
spite decades of theoretical as well experimental research
in this area, there is still some confusion as to the depen-
dency of the attenuation on °uid viscosity at low frequen-
cies. Indeed, according to Biot's theory of poroelasticity,
dimensionless attenuation (inverse quality factor) in the
low-frequency limit is proportional to frequency and to
the inverse of viscosity (Biot, 1956a). On the other hand,
the attenuation due to the local °ow (squirt) mechanism
is proportional to the product of frequency and viscos-
ity (Mavko and Nur, 1975; O'Connell and Budiansky,
1977). Despite the fact that the two mechanisms have
the same basic physical cause (viscosity), there is as yet

no sound theory that provides a comprehensive model for
both mechanisms. In this paper we investigate the e®ect
of pore °uid viscosity on elastic wave propagation using
an idealized exactly solvable example.

One example which proved particularly useful in various
studies of porous media is a medium consisting of peri-
odically alternating °uid and solid layers (Rytov, 1956;
Brekhovskikh, 1981; Schoenberg, 1984; Bedford, 1986).
However, most of the research has been focused on ideal
and low viscosity °uids and relatively high frequencies
when the layered system exhibits behavior typical of °uid-
saturated media as described by high-frequency Biot's
theory of poroelasticity (Schoenberg, 1984; Schoenberg
and Sen, 1986; Molotkov and Bakulin, 1999; Molotkov
and Khilo, 1990). In this paper we focus on low frequen-
cies and relatively high viscosity °uids.

The properties of waves in periodic layered systems at low
frequencies can be studied using a low-frequency asymp-
totic analysis of the known exact dispersion equations
(Rytov, 1956; Brekhovskikh, 1981). For the asymptotic
analysis to be valid, the wavelengths of all the waves in-
volved must be larger than the spatial period of the pe-
riodic system. Since the wavelength of the shear wave in
the °uid (viscous skin depth) is much smaller than the
wavelength of the shear wave in the solid or of the acous-
tic wave in the °uid, the presence of viscous °uid layers
requires a consideration of higher terms in the asymptotic
expansions. The procedure is exactly the same for shear
waves with the directions of propagation and of particle
motion in the bedding plane, and for extensional waves
propagating parallel to layering. In this paper we show
how this can be done for shear waves.

Low-frequency dispersion equation

Consider a system of periodically alternating solid and
°uid layers of period d. The elastic solid is character-
ized by density ½s, bulk modulus Ks and shear modulus
¹s. The viscous °uid is characterized by density ½f , bulk
modulus (inverse compressibility) Kf , and dynamic vis-
cosity ´. The solid and °uid layer thicknesses are hs and
hf = d¡ hs, respectively.

We consider propagation of a shear wave in the direction x
parallel to layering with the displacement in the direction
y normal to x but also parallel to the bedding (SH wave).
For a given frequency ! the solution of the mechanical
problem can be looked for in the form

uy = uy0e
i(ax¡!t):

We want to obtain low-frequency asymptotic of the
wavenumber a or the phase velocity c = !=a as a func-
tion of !. To employ the known results for solid layered
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E®ect of °uid viscosity on attenuation

systems, we can regard the °uid as another solid with a
complex shear modulus ¹f = ¡i!´. SH wave propagation
in a periodic system of solid layers of two types s and f is
governed by an exact dispersion equation (Rytov, 1956;
Brekhovskikh, 1981)

p

·³
tan

¯shs
2

´2

+
³
tan

¯fhf
2

´2
¸

+(1 + p2) tan
¯shs
2

tan
¯fhf
2

= 0: (1)

Here ¯2s = !2
¡
1=c2s ¡ 1=c2

¢
; ¯2f = !2

¡
1=c2f ¡ 1=c2

¢
,

where cs = (¹s=½s)
1=2 ; and cf = (¹f=½f )

1=2 are shear
velocities in the materials s and f , respectively, and p is
given by

p =
¹f¯f
¹s¯s

:

For su±ciently long waves or low frequencies the argu-
ments of the tangents are small. Thus, the tangents in
eq. (1) can be replaced by their respective arguments.
The so simpli¯ed equation can be solved analytically to
give

c2 =
hs¹s + hf¹f
hs½s + hf½f

; (2)

or

c2 =
(1¡ Á)¹s + Á¹f

½
;

where Á = hf=d is the volume fraction of the °uid layers
(porosity), and ½ = (1¡Á)½s+Á½f is the average density
of the saturated rock. For the °uid layers the substitution

¹f = ¡i!´ (3)

yields the following expression for the velocity c2

c2 =
(1¡ Á)¹s

½

µ
1¡

Á

1¡ Á

i!´

¹s

¶
: (4)

Due to the e®ect of viscosity the velocity is now complex,
implying the presence of attenuation.

Eq. (4) is the result given in literature as a low-frequency
or long-wavelength approximation (see e.g. Brekhovskikh
(1981), Molotkov and Khilo (1990)) with an obvious re-
quirement that ¯shs and ¯fhf must be small. However,
at low frequencies the wavelength of the viscous wave in
the °uid is much smaller than that of the shear wave in
the solid. Thus, the decrease of frequency ! also increases
the relative magnitude of the terms containing ¯f , so that
higher terms in the power series expansion of tan(¯fhf=2)
may become signi¯cant. To analyze this phenomenon in
a greater detail, we must retain the second term in this
expansion, i.e.

tan
¯fhf
2

'

¯fhf
2

µ
1+

1

12

i!h2f½f

´

¶
: (5)

Substituting this approximation for tan (¯fhf=2) while
still replacing tan (¯shs=2) by its argument and again
solving for c2 yields

c2 =
(1¡ Á)¹s

½

µ
1¡

i!´

¹s

Á

1¡ Á
¡

1

12

i!

´

Á½2fh
2

f

½

¶
: (6)

The imaginary terms indicate the presence of dissipa-
tion. The corresponding dimensionless attenuation (in-
verse quality factor) can be written

Q¡1 =
Im c2

Re c2
=

!´

¹s

Á

1¡ Á
+

1

12

!

´

Á½2fh
2

f

½
: (7)

Equations (6) and (7) are the central results of this pa-
per. The most interesting feature of these equations is the
presence of two dissipative terms with the same frequency
dependency but di®erent dependencies on °uid viscosity.
In fact, both terms are familiar ones. The ¯rst term (pro-
portional to ´) is the same as in eq. (4) and accounts for
the contribution of the complex shear modulus of the °uid
to the overall complex shear modulus of the layered sys-
tem (viscous shear relaxation). The second term which
scales with ´¡1 can be identi¯ed with the visco-inertial
attenuation in a porous medium as described by Biot's
theory of poroelasticity (Biot, 1956a). In Biot's theory
the shear wave attenuation in the low frequency limit is
given by

Q¡1B =
!

´

½2f·

½
; (8)

where · denotes permeability. The permeability of a sys-
tem of plain slits is (Bedford, 1986; Biot, 1956b)

· =
Áh2f
12

: (9)

Substitution of eq. (9) into eq. (8) yields an expression
identical to the second term in the right hand side of eq.
(7).

One can see that both terms in eq. (7) are related to the
well known mechanisms of wave attenuation in porous
media: viscoelastic mechanism (viscous shear relaxation)
(Mavko and Nur, 1975; O'Connell and Budiansky, 1977)
and visco-inertial Biot's mechanism (Biot, 1956a; Biot,
1956b). In our treatment both terms have been derived,
for an idealized porous medium, from the same stand-
point.

Figure 1 shows the result expressed by equation (7)
against the numerical solution of the exact dispersion
equation (1). The parameters of the medium were cho-
sen such that the attenuation factors caused by the two
mechanisms are of the same order of magnitude. One
can see that the combined e®ect of the two mechanisms,
as expressed by eq. (7), does, indeed, represent the low
frequency asymptotic to the exact solution.
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E®ect of °uid viscosity on attenuation
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Fig. 1: Viscosity-related attenuation as a function of frequency:
Numerical solution of eq. (1) (large dots) versus low-frequency
asymptotics. One can observe a perfect agreement between
the numerical solution and the compound e®ect (eq. (7), solid
line) of viscoelastic (dash-dotted line) and Biot's visco-inertial
(dashed line) mechanisms.

Discussion

To further analyze these results, we rewrite eq. (7) in
the form

Q¡1 =
!

!V E

Á

1¡ Á
+

!

!B

Á½f
½

: (10)

Here !V E = ¹s=´ is the characteristic frequency of the
viscoelastic mechanism. At this frequency the absolute
value of the complex shear modulus of the viscous °uid
equals the solid shear modulus. In turn, !B = ´Á=·½f is
the Biot's characteristic frequency (Biot, 1956b), at which
the wavelength of the shear wave (viscous skin depth in
the °uid) equals the thickness of the °uid layers hf : The
expressions for the two characteristic frequencies may be
multiplied to give

!V E!B =
¹sÁ

·½f
=

12¹s
h2
f
½f

= A
³
2¼c0
d

´2
= A!2

R; (11)

where

c0 = lim
!!0

c =

r
(1¡ Á)¹s

½

is the static shear velocity in the system,

A =
3½

¼2Á2(1¡ Á)½f

is a dimensionless parameter of order 1 depending only on
the porosity and the ratio of solid-to-°uid densities, and
!R is approximately the resonant frequency of the layered

periodic system, at which the wavelength of the shear
wave equals the period of the system. For a disordered
(non-periodic) system of layers !R corresponds to the
characteristic scattering frequency. Equation (11) partly
explains why the viscoelastic and visco-inertial mecha-
nisms of attenuation are usually treated separately. In-
deed, from eq. (11) it follows that either

!V E <
p
A!R < !B

or
!B <

p
A!R < !V E :

In other words, if one of the characteristic frequencies
is smaller than the resonant (scattering) frequency !R,
the other one is bound to be larger than !R. But any
theory that aims at describing the macroscopic e®ects
can, by de¯nition, describe only the behavior of the me-
dia on spatial scales much larger than the grain or pore
size (or period for periodic media), i.e. for frequencies
much smaller than !R. Thus any macroscopic poroe-
lastic theory can describe either the viscoelastic or the
visco-inertial (Biot's) mechanism of attenuation in our
idealized example of a porous medium. For a general
three-dimensional periodic porous medium with a single
characteristic pore size, this fact was proved mathemati-
cally by Boutin and Auriault (1990) in the context of the
theory of asymptotic homogenization of periodic struc-
tures, the theory that explicitly employs the ratio !=!R
as a small parameter. In our analysis we have managed
to obtain both terms together only because our approach
is based not on any macroscopic theory, but on the dis-
persion equation (1) which is exact for all frequencies.

Furthermore, we can de¯ne a fundamental parameter of
a layered system or a porous medium

B =
!B
!V E

=
´2Á

¹s·½f

that shows which of the two viscosity-related dissipation
mechanisms dominates at frequencies ! ¿ !R when the
macroscopic description makes sense. We emphasize that
the parameter B does not depend on the frequency, but
only on the physical and geometrical properties of the lay-
ered system (or a porous rock). If B < 1, the Biot's poroe-
lastic mechanism is the primary mechanism, whereas for
B > 1 the viscoelastic mechanism dominates. For the
permeability of 1 Darcy and viscosity of water, the pa-
rameter B is about 10¡4; but it may be larger for more
viscous °uids (heavy oil, bitumen) and/or lower perme-
abilities. Also observe that the closer the parameter B to
1, the closer both characteristic frequencies to each other
and to the resonant (scattering) frequency !R, resulting
in very small attenuation at frequencies ! ¿ !R where
macroscopic description makes sense.

The three characteristic frequencies !V E ; !R; and !B in-
troduce three dimensionless frequencies: V = !=!V E =
!´=¹s;  = !=!R = !d=c0; and l = !=!B =
!·½f=´Á. Equation (11) shows that V=l = A¡1 (=l)2 =

A (V=)2 = B; and 2 = AV l. The parameters L =
p
l
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E®ect of °uid viscosity on attenuation

and  were introduced by Schoenberg and Sen (1986).
Their work focused on the \low frequency" (¿ 1) but
\small viscous skin depth" (l À 1) regime, i.e. on fre-
quencies ! that are in the interval

!B ¿ ! ¿ !R;

which implies the medium with B < 1. On the other
hand, our asymptotic low frequency relations (6) and (7)
are valid when V ¿ 1, and l ¿ 1 at the same time,
i.e., when frequency is small compared with any of the
characteristic frequencies

! ¿ !B; !¿ !V E :

As mentioned above, the viscoelastic and visco-inertial
mechanisms of attenuation in porous media are usually
treated separately. In particular, the viscoelastic phe-
nomenon is ignored in Biot's theory by simply neglecting
the shear stress in the °uid in the microscopic (pore-scale)
constitutive equations. Pride et al. (1992) analyzed the
e®ect of this approximation and showed that it requires
that the parameter V = !´=¹s be small. Indeed, if V is
very small, the viscoelastic attenuation is also very small,
see eq. (10). However, if at the same time the parameter
l is even smaller than V , i.e., l < V ¿ 1, the poroelastic
e®ects would be even less pronounced than the viscoelas-
tic ones. The condition for neglecting the viscoelastic
e®ects relative to the poroelastic ones is B = V=l ¿ 1.
And, most importantly, this condition involves medium
parameters only and is independent of frequency. Thus if
this condition holds for a particular medium, Biot's the-
ory would apply for all frequencies below the resonant
frequency of individual pores. This is consistent with ob-
servations of Bedford (1986), who compared numerically
the solutions of the exact dispersion equation for a lay-
ered solid/°uid system (with very small parameter B)
with the prediction of Biot's theory and found an excel-
lent agreement in a wide frequency range. This is not
surprising in light of the results of Schoenberg and Sen
(1986) and Molotkov and Bakulin (1999) who showed an-
alytically that in the case of low viscosity B = V=l ¿ 1
the exact constitutive equations for a solid/°uid layered
medium represent a partial case of the anisotropic Biot's
equations.

Conclusions

For a shear wave with the directions of propagation and of
particle motion in the bedding plane, the attenuation (in-
verse Q) of an elastic wave in a layered viscous °uid/solid
medium is a sum of two terms: one proportional to vis-
cosity ´ and one proportional to ´¡1: The term propor-
tional to ´ corresponds to the viscoelastic mechanism (vis-
cous shear relaxation), while the term proportional to ´¡1

accounts for the visco-inertial (poroelastic) attenuation
of Biot's type. The characteristic frequencies of visco-
elastic !V E , poroelastic !B, and scattering !R attenua-
tion mechanisms obey the relation !V E!B = !2

R, which
explains why the visco-elastic and poroelastic mechanisms

are usually treated separately in the context of macro-
scopic theories that imply ! ¿ !R. The poroelastic
mechanism dominates over the visco-elastic one when
the frequency-indepenent parameter B = !B=!V E =
12´2=¹½fh

2

f ¿ 1, and vice versa.
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