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Abstract

The tilt or fold test in paleomagnetism is used to infer whether paleomagnetic remanence was acquired before or
after tectonic tilting. While several tilt test formulations have been proposed, none fully satisfies the requirements of
statistical validity, applicability to all bedding geometries, and ease of use. This paper introduces the direction^
correction (DC) test, which examines the relationship between the paleomagnetic site mean directions and their
corresponding bedding tilt corrections. The DC test is similar to McFadden’s correlation test because both test
whether or not the site directions contain information about the bedding tilts, however the DC test gives greater
weight to sites with greater counter-bedding. The DC test is similar to Watson’s numerical tilt tests because they
determine the degree of untilting which gives optimal concentration of site directions, however the DC test uses
analytical rather than numerical methods. Graphical output aids the researcher in recognizing problem sites. Using
both real and simulated data, the DC test is demonstrated to be more discriminating than other tilt test formulations
for all bedding geometries. The simulations show that the power of the tilt test is inversely proportional to the 95%
confidence interval (K95) of the overall mean. As a rule of thumb, paleomagnetists should attempt to sample sufficient
sites to obtain an K95 less than 1/6 of the bedding attitude difference.
Crown Copyright 9 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Paleomagnetists often collect their samples
from tilted strata and apply the ‘fold test’ (or
more generally the ‘tilt test’) to determine the
age of magnetic remanence acquisition relative

to tectonic deformation. The idea was developed
by Graham [1], who recognized that if rocks were
magnetized before tilting, then ‘restoring the beds
to the horizontal causes the magnetizations to
move towards parallelism with one another’.

A number of statistical formulations have been
proposed to analyze the tilt test, however none
is entirely satisfactory. A good formulation is
(1) statistically valid, (2) applicable to the range
of geological situations paleomagnetists encoun-
ter, and (3) easy to use. This paper introduces
the direction^correction (DC) tilt test, which is a
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powerful yet simple method which should meet
the requirements of paleomagnetists.

1.1. Nomenclature

Paleomagnetic directions determined in ‘geo-
graphic coordinates’ are calculated relative to geo-
graphic north and the present horizontal plane.
These directions are transformed to ‘stratigraphic
coordinates’ (relative to bedding planes of strata
or paleohorizontal) by rotation about the hori-
zontal strike axis of the strata. A ‘positive tilt
test’ concludes that paleomagnetic remanence
was acquired before tilting, while a ‘negative tilt
test’ concludes acquisition after tilting. If the tilt
test renders an intermediate result between posi-
tive and negative conclusions, the remanence is
often concluded to have been acquired ‘syn-tilt-
ing’ (noting however that other mechanisms can
lead to this conclusion).

2. The DC test

The DC test involves a graph showing whether
or not the geographic site mean directions are
correlated to their corresponding bedding tilt cor-
rections. It is based on the reasoning proposed by
McFadden [2] for his correlation test. If the pa-

leomagnetic remanence is acquired before tilting,
then the site directions in stratigraphic coordi-
nates are independent of the bedding attitudes,
while the site directions in geographic coordinates
contain information about both the initial direc-
tion distribution and the tilt rotations which bring
the strata to their present attitudes. In contrast, if
remanence acquisition followed tilting, the site di-
rections in geographic coordinates contain no in-
formation on the tilt rotations.

The DC test also follows Watson and Enkin’s
[3] method of determining the degree of untilting
required to give optimal concentration of site di-
rections. If the best clustering occurs on either 0
or 100% untilting, then the tilt test is negative or
positive, respectively. Intermediate results lead to
a syn-tilting conclusion. The DC test o¡ers an
analytical rather than a numerical method of de-
termining the optimal degree of untilting, so it is
easy and e⁄cient to use, and it is simple enough
to require only V50 lines of computer code (e.g.,
Appendix 1).

The DC test is best introduced with an example
data set. Consider a study (Table 1) in which the
paleomagnetic remanences were acquired before
tilting so that site directions in stratigraphic coor-
dinates (si) are tightly clustered, but not in geo-
graphic coordinates (gi) (Fig. 1a) (the subscript i
refers to the ith site). A tectonic correction brings
a site direction in geographic coordinates to strati-
graphic coordinates (i.e., the small circle segment
which brings each gi to its corresponding si) (Fig.
1b). These same rotations can be applied to the
mean in geographic coordinates (G) to produce
‘forward corrections of the mean’ (fi) (Fig. 1c).
Inversely, backward corrections of the strati-
graphic mean (S) give ‘back corrections of the
mean’ (bi) (Fig. 1d).

Since the same rotation which transforms gi to
si is used to transform G to fi and bi to S (Fig.
1b), the arc separations siS are the same as gibi,
and giG are the same as sifi. In this example, the si
are tightly clustered so the gi and bi are close to
(i.e., correlated to) each other (Fig. 1d). Con-
versely, the si and fi are not correlated since the
gi are dispersed (i.e., not close to their mean, G)
(Fig. 1c).

Table 1
Example data used to construct Fig. 1

Site DG IG DS IS k K95 N Strike Dip
(‡) (‡) (‡) (‡) (‡) (‡) (‡)

1 332.0 24.0 249.8 46.1 48.4 13.3 4 102.0 87.0
2 310.0 25.0 241.2 46.9 48.4 13.3 4 84.0 77.0
3 291.0 65.0 240.9 37.7 48.4 13.3 4 119.0 44.0
4 277.0 7.0 249.2 39.7 48.4 13.3 4 56.0 64.0

KR: kS/kG =30.2s [4.26], KR tilt test inferred positive;
AC1: hG =1.986 [2.34], hS = 0.756 [2.34], AC1 tilt test inde-
terminate; AC2: hG =3.81s [2.34], hS = M31.36M6 [2.34],
AC2 tilt test inferred positive; OC: max k at 108.4P
16.2%V100%, OC tilt test inferred positive; DC: max k at
108.0P 19.9%V100%, DC tilt test inferred positive.
Note: D, declination; I, inclination; subscript G, geographic
coordinates; subscript S, stratigraphic coordinates; k, Fisher
concentration; K95, 95% con¢dence interval; N, number of
specimens in site mean; strike, dip, bedding attitude using
right-hand rule. In the tilt test summaries, the critical values
for 95% con¢dence are given in square brackets.
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2.1. Construction of the DC plot

This correlation can be quanti¢ed with a DC
plot (Fig. 1f) using values illustrated in Fig. 1e.
On the horizontal axis is plotted ci, the angular
distance between unit vectors G and bi :

ci ¼ cos31ðGWbiÞ ð1Þ

The vertical axis represents the projection of arc
Ggi onto Gbi (i.e., the angular distance, di, from G
to the intersection of the Gbi great circle with the
perpendicular great circle which goes through gi).
If dPi is the angular distance between G and gi,
and Bi is the angle between Ggi and Gbi, then
spherical trigonometry on the right triangle gives:

di ¼ tan31ðtanðd 0
iÞcosðB iÞÞ ð2Þ

which is very similar to the planar projection
d= dPcos(B) if B or dP is small (which is usually
the case). Noting that B is the angle between the
normals to the great circles Ggi and Gbi, one ob-
tains:

di ¼ tan31 sinðd 0
iÞcosðB iÞsinðciÞ

cosðd 0
iÞsinðciÞ

� �

¼ tan31 ðGUgiÞWðGUbiÞ
ðGWgiÞMGUbiM

� �
ð3Þ

The value di is taken instead of the value dPi
because if Bi is large, dPi could be similar in size
to ci even when gi and bi are not at all correlated.
Care must be taken in choosing the correct
quadrant for di. Usually the range is from 390‡
to +90‡ except when the bed is overturned
(dip s 90‡) in which case GWgi may be less than
0 and then di is s 90‡.

2.2. Determining the DC slope

When the remanence acquisition predates tilt-
ing, the arc lengths ci and di are similar for each
site and the slope of the line passing through the
origin is approximately 1 (i.e., ci and di are corre-
lated). However, if one does the equivalent calcu-
lation comparing arc lengths Ssi and Sfi (Fig. 1c)
the ci values are identical but the di values would

all be close to zero leading to a slope of approx-
imately 0 (i.e., no correlation).

The slope, s (with its associated standard error,
c), of the line passing through the origin can be
determined by least squares (e.g., [4], ch. 12). Ap-
pendix 2 outlines the assumptions implicit in us-
ing least squares linear regression and their justi-
¢cation for the DC test.

s ¼
P

dici=
P

c2i ; ð4Þ

c
2 ¼

P
d2
iP

c2i
3
ð
P

diciÞ2
ð
P

c2i Þ2

� �
=ðN32Þ ð5Þ

where the summations are from 1 to N (the num-
ber of sites). There are N32 rather than the N31
degrees of freedom usually used in linear regres-
sion since two degrees of freedom are taken by
estimating the means in geographic and strati-
graphic coordinates (see Appendix 2).

Using the approximation that the data are
Gaussian-distributed about their true values (see
Appendix 2), the estimate of the slope is distrib-
uted as Student’s t with (N32) degrees of free-
dom. Thus the uncertainty of the slope is given
by:

vs ¼ tð13K=2Þ
ðN32Þ c ; ð6Þ

where the K is set to some acceptable small quan-
tity, usually 5%. The value of t0:975ðN32Þ (found in
standard statistical tables) is usually between 2
and 3.

2.3. The DC slope is the optimal degree of untilting

The concentration or clustering of site direc-
tions can be calculated as a function of the degree
of untilting, assuming the same proportion of tilt
correction is applied to each site. This value is
greatest at the ‘optimal degree of untilting’, Qmax.
If the best clustering occurs in stratigraphic coor-
dinates, the Qmax is 100%. Until now, Qmax could
only be determined numerically by calculating
concentration at a series of untilting proportions.
However, the analytically determined DC slope is
equivalent to Qmax. This equivalence can be shown
to be exactly true for the analogous one-dimen-
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sional geometry (see Appendix 3). On a sphere, it
is also exactly true for the special case of zero
dispersion at a given degree of untilting. There
are slight variations due to spherical distortion
when there is some scatter to the directions at
optimal untilting, but the di¡erences are almost
always below 1%. Larger di¡erences are observed
when dispersion is high (e.g., Fisher concentration
k6 10) or the structural di¡erences small (e.g.,
bedding di¡erences 6 10‡).

It is useful to multiply the DC slope by 100%
when reporting the results of the DC test. In the
example, instead of reporting that the DC slope is
1.080P 0.199, it is more physically intuitive to
state that the optimal clustering is at 108.0 P
19.9% untilting. Numerical determination of Qmax

gives 108.4%.

2.4. Hypothesis testing with the DC plot

The statistical signi¢cance tests for the DC test
are similar to those used for other formulations of
the tilt test. If s is signi¢cantly di¡erent from 0 but
not signi¢cantly di¡erent from 1, that is, if we
have at the same time:

MsMsvs ½i:e:; s ¼ 0 rejected�; ð7Þ

and

Ms31M9vs ½i:e:; s ¼ 1 not rejected�; ð8Þ

then the optimal degree of untilting is about 100%
and the remanence is most likely pre-tilting. In
Fig. 1f we see that the shaded 95% con¢dence
region of the best ¢tting line brackets slope 1
but not slope 0, so the directions are correlated
to the corrections and the tilt test is positive.

If the contrary unequalities hold:

Ms31Msvs ½i:e:; s ¼ 1 rejected�; ð9Þ

and

MsM9vs ½i:e:; s ¼ 0 not rejected�; ð10Þ

then the remanence directions in geographic coor-
dinates are not correlated to the bedding correc-
tions, optimal untilting is about 0%, and we can
infer that the remanence was acquired after tilt-
ing.

If neither of these combinations is fully satis-

¢ed, then the tilt test renders an ambiguous result.
If the optimal degree of untilting lies between 0
and 100% then the remanence is often inferred to
have been acquired syn-tilting, but it can also
mean that the remanence is an unresolved combi-

Fig. 1. Example of the DC tilt test using pre-tilting rema-
nence (data from Table 1). See text for explanation. (a) The
site directions and their means in geographic and stratigraph-
ic coordinates. (b) The de¢nition of the forward correction
of the geographic mean and the back correction of the strati-
graphic mean for site 1. (c) Forward corrections of the mean
are separate from their corresponding site directions in strati-
graphic coordinates. (d) Back corrections of the mean are
close to their corresponding site directions in geographic co-
ordinates. (e) De¢nitions of d and c for site 1. (f) The DC
plot, showing how the DC slope is not signi¢cantly di¡erent
from 1, but it is signi¢cantly di¡erent from 0, indicating a
pre-tilting remanence.
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nation of pre- and post-tilting components or that
pre-tilting remanence has been strain-deformed. If
s is not signi¢cantly distinguishable from both 0
and 1, then the bedding attitudes are not su⁄-
ciently di¡erent for a successful tilt test.

3. Comparison with other tilt test formulations

3.1. Hypothesis testing: Type I and Type II errors

Each tilt test is based on statistical inference
using hypothesis testing. A null hypothesis is pro-
posed for which the distribution of some test
statistic derived from the data can be estimated
either analytically or numerically. A range of val-
ues, or con¢dence interval, is established based on
assuming that the null hypothesis is true. If the
observed test statistic lies outside that con¢dence
interval, the probability that the null hypothesis is
true is small and thus the null hypothesis is in-
ferred to be false at whatever arbitrary con¢dence
level was chosen. The paleomagnetic community
usually considers 95% as an appropriate level of
con¢dence.

When testing a null hypothesis such as x= y,
the probability of rejecting the hypothesis when
it is true (Type I error, probability K) can be set
to any value (given a model probability distribu-
tion), but the probability of accepting the hypoth-
esis when it is in fact incorrect (Type II error,
probability L) depends on the true values of x
and y and is therefore unknown (Fig. 2). L de-
creases as the di¡erence between the true x and y
increases. The probability that the test infers that
x= y (i.e., x not signi¢cantly di¡erent from y) is
low if their di¡erence is large. For the tilt test this
means that a signi¢cant result will be inferred
only if the di¡erences in bedding attitudes are
large enough. The larger the bedding tilt di¡er-
ences, the lower the probability of Type II errors
and thus the more predictive the tilt test will be.

While one cannot know L without knowing the
true amount by which the null hypothesis is
wrong, there is a tradeo¡ between K and L ; L is
large when a small value of K is chosen. Thus
when one wants to test if two things are equal,
the signi¢cance level should not be set too high.

One might recommend, for example, using a 99%
signi¢cance level (K=0.01) when testing whether
the paleomagnetic directions are distinct in geo-
graphic coordinates, but only a 90% signi¢cance
level (K=0.1) when testing whether the directions
are the same in stratigraphic coordinates. There
are several instances in the paleomagnetic litera-
ture of tilt tests passing at the 99% level, which is
actually a weaker test than passing at the 95%
con¢dence level because the directions are more
likely to be within 3c (99% signi¢cance) of each
other than within 2c (95% signi¢cance) of each
other. In practice, a compromise of 95% signi¢-
cance for both tests is usually reasonable, but one
must be aware of the possibility and implications
of a Type II error.

3.2. The kappa ratio (KR) test

McElhinny [5] introduced a formulation (desig-
nated the KR test) which checks whether the con-
centration of site directions is signi¢cantly better

Fig. 2. Simple case of testing the hypothesis x= y and the
probability of Type II errors. (a) When the true separation
between x and y is small, there is a high probability of the
test failing to discriminate the di¡erence. (b) The probability
of failing to discriminate this di¡erence decreases as the dif-
ference increases. (c) The four possibilities for a hypothesis
test.
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in stratigraphic than in geographic coordinates.
Speci¢cally, it tests the null hypothesis that the
dispersion of directions as measured by the Fisher
concentration parameter, k, is the same in both
coordinate systems. If the ratio of concentrations
in stratigraphic and geographic coordinates,
kS/kG, is signi¢cantly greater than 1, then the
null hypothesis is rejected and one interprets
that the magnetization is pre-tilting.

The KR test is easy to implement, so the test
has been widely used in paleomagnetism. Never-
theless, McFadden and Jones [6] showed that the
statistical inference is meaningless. While the ratio
kS/kG is useful for qualitative analysis, it is incor-
rect to claim that any value is statistically signi¢-
cantly greater than 1, because kS and kG are not
independent statistical quantities. Rather they are
geometrically related through the measured bed-
ding attitudes. It is incorrect to claim 95% con¢-
dence when a pre-tilting remanence passes the test
100% of the time, given su⁄ciently large di¡er-
ences in bedding dips. When bedding variations
are small relative to the paleomagnetic dispersion,
the KR test always fails. In the language of hy-
pothesis testing, the KR test statistic has the char-
acteristics of Type II errors rather than Type I
errors, proving that it is statistically ill-posed.
Furthermore, the KR test often infers a signi¢-
cantly positive or negative conclusion when a
syn-tilting conclusion is more appropriate [3].

3.3. The multiple sites per limb (MSL) test

McFadden and Jones [6] proposed a tilt test for
the special case of multiple sites available from
each limb of a fold. Re¢nements of this formula-
tion were presented by McFadden [2,7] and Fisher
and Hall [8,9]. First one tests whether the Fisher
distributions of site directions from each limb are
compatible. If so, one then tests whether the aver-
age directions from each limb are di¡erent in both
geographic and stratigraphic coordinates. If the
directions are signi¢cantly di¡erent in geographic
coordinates but not in stratigraphic coordinates,
then the remanence is interpreted to predate tilt-
ing. The MSL formulation is statistically valid,
however it requires several sites from each homo-
clinal limb, which is rare in paleomagnetic studies.

3.4. The isolated observation (IO) test

The IO test [2] is applicable when all sites have
the same bedding attitude except one, the isolated
observation. If the magnetization is pre-tilting,
then the direction of the isolated observation in
geographic coordinates should be further away
from the other remanence directions than can be
reasonably expected if they follow a Fisher distri-
bution. However, the isolated observation should
be compatible with the other sites in stratigraphic
coordinates.

3.5. The azimuth correlation (AC1 and AC2) tests

A substantially di¡erent way of regarding the
tilt test problem is considered in McFadden’s [2]
two correlation tests (AC1 and AC2, abbreviating
azimuth correlation). The AC tests were the ¢rst
to consider the orientations of the bedding planes
as well as the remanence directions. If the rema-
nence is pre-tilting, the site directions in strati-
graphic coordinates contain no information con-
cerning the subsequent tectonic deformation.
Thus there should be no correlation between the
bedding dip directions and the site directions in
stratigraphic coordinates. On the other hand, in
geographic coordinates one expects to see the site
directions correlated to the bedding directions
since both the magnetic vectors and the bedding
normals rotated the same way during tilting.

In these tests, the azimuthal distribution of the
remanence and dip directions around the mean
direction are considered with no reference to the
magnitude of the angular di¡erences from the
mean. All sites, regardless of their bedding dip,
are given equal weight.

For both AC tests, the structural correction is
applied to the mean direction to produce what
McFadden calls a ‘shifted-mean’ (in this paper
called a ‘correction of the mean’) corresponding
to each site. In the ¢rst de¢nition (AC1), the cor-
relation of the azimuths of the site directions and
the corrections of the mean around the mean di-
rection is tested for each coordinate system sepa-
rately. For AC2, the same correlation is tested but
the corrected means come from the alternate co-
ordinate system. The two de¢nitions are almost
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identical if the mean directions are not very di¡er-
ent in the two coordinate systems, but only the
second is appropriate when tectonic corrections
pull the mean signi¢cantly in one direction.

3.6. Relation of the DC test to the AC test

The test statistic for the AC tests is the sum of
cos(Bi) while the DC test statistic is related to the
sum of diWdPicos(Bi). This means the AC tests
give equal weight to all sites when testing the
correlation between the site mean directions and
the bedding attitudes, while the DC test gives
higher weight to the sites which have more diver-
gent bedding attitudes and thus higher dP. When
the tectonic structure is symmetrical (for example,
a two-limb geometry where each limb has the
same number of sites), the ci and dPi values are
nearly identical, in which case the DC slope (Eq.
4) is proportional to the sum of cos(Bi), meaning
that there is no practical di¡erence between the
AC and DC tests. However when the number of
sites with divergent beddings are unbalanced, the
AC tests lose their ability to identify the correla-
tion. It was this observation which originally led
to the development of the DC test.

The IO test was introduced in [2] to avoid this
weakness in the AC tests. A single site with coun-
ter-bedding (the isolated observation) is swamped
in the noise of the other sites when only azimuths
are considered, but that site will have a large d
giving it great weight in the DC test. To avoid this
problem McFadden [2] recommended averaging
the site directions of a limb together before apply-
ing the AC tilt test when one limb has many more
sites than the others, otherwise the ‘site means
from the one limb will completely swamp the
others, and it is unlikely that any correlation
will be discernible’.

3.7. The optimal concentration (OC) test

Watson [3,10] reasoned that the tilt test in pa-
leomagnetism should be implemented as a param-
eter estimation problem. The important aspect of
the tilt test is not the degree of parallelism of the
site directions, but rather how the rocks were ori-
ented at the time of magnetization. Site directions

are most concentrated when the beds are in (or
not signi¢cantly di¡erent from) the attitudes they
had at the time of remanence acquisition. There-
fore, paleomagnetists should determine the degree
of untilting, Qmax, which leads to optimal concen-
tration. For example, if Qmax is not signi¢cantly
di¡erent than 100%, then one can conclude that
remanence was acquired while the beds were £at-
lying. Since analytical estimates of Qmax and its
con¢dence interval were not available, a paramet-
ric resampling strategy was proposed.

McFadden [7] questioned ‘the validity of the
basic assumption that the magnetization was ac-
quired where the magnetic directions cluster most
tightly’. He was correct in that maximum concen-
tration of a primary remanence will not be found
on exactly 100% untilting because of ordinary sta-
tistical variations. However, when bedding correc-
tions are larger than the site direction dispersion,
the bedding corrections always disrupt the distri-
bution leading to lower concentration. (If the dif-
ference in bedding attitudes is smaller than the
dispersion of magnetization directions, then no
tilt test formulation can be e¡ective.)

3.8. Relation of the DC test to the OC test

Since the DC slope is an analytical calculation
of Qmax, the interpretation of the DC and OC tests
is identical. Note that the DC method treats
poorly de¢ned sites the same as well-de¢ned sites,
whereas the OC method recognizes that sites have
di¡erent con¢dence intervals. It is possible to in-
clude site weights in the least squares estimates,
however that goes counter to general paleomag-
netism practice of using all sites which pass cer-
tain minimum acceptability criteria, such as site
K95 6 15‡.

It is quite common for the OC con¢dence in-
terval for Qmax to be smaller than the DC con¢-
dence interval. Implicit in the OC tests is the ques-
tionable assumption that all sites share a common
true direction and that all sources of dispersion
are included in the within-site scatter. If, for ex-
ample, each site is a lava £ow, then the within-site
scatter is typically much smaller than the between-
site scatter because of secular variation. The OC
numerical simulations estimate a too-small con¢-
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dence interval for the optimal degree of untilting,
and the tilt test often concludes that optimal un-
tilting is ‘signi¢cantly di¡erent’ than 100% even
though the remanence is primary. In contrast,
the DC test uses the between-site dispersion to
estimate the con¢dence interval.

Numerical simulations show that the OC and
DC tests render the same con¢dence interval for
Qmax when the individual sites have kwNw = kB
(where kB is the between-site precision, kw is the
within-site precision, and Nw is the number of
specimens within a site mean). When kwNw s kB,
there must be a between-site contribution to dis-
persion which is not sampled within-site, and the
OC method can not be expected to provide cor-
rect inference.

4. Comparison of tilt test formulations with real
and simulated data

To compare the DC tilt test formulation
against the others, real data and simulations of
random data were subjected to all applicable tests.
The advantage of simulated data is that we are
privy to the ‘truth’. The remanence is known to
predate tilting, since it is constructed to be so. By
choosing thousands of random samples, one can
determine the validity of the hypothesis tests and
the critical values they use. The frequency of Type
I errors should equal the K probability. The fre-
quency of Type II errors should decrease as the
di¡erences in bedding dips increase, and their
measured probability L gives an indication of
the power of the tilt test formulation.

The simplest situation is the two-limb geome-
try, and most of the characteristics and behaviors
of the tilt test can be explored with it. For each
trial, a sample of N site directions is chosen from
a Fisher distribution with vertical mean and pre-
cision k. (With the mean 90‡ from the horizontal
strike axis, each degree of dip correction leads to
a degree of remanence direction rotation. A di¡er-
ent mean would lead to a smaller rotation but the
characteristics of the tilt test would be the same.)
One limb with N1 sites is tilted, arbitrarily to the
west, by a chosen dip. For each set of these four
variables N, N1, k, and dip, 1000 trials were per-

formed. The random number generator seed was
also noted so that the data could be recon-
structed. Hypothesis tests were applied using a
95% con¢dence interval.

The KR, AC1, AC2, and DC tests can be ap-
plied to all situations. If N1= 1, then the IO test
can be applied, otherwise the MSL test was used.
The OC test, being equivalent to but slower than
the DC test, was not included.

Typical results are illustrated in Fig. 3, for
N=15 sites, k=30, where the dip was varied
from 1 to 90‡. Open symbols indicate the number
of times per 1000 trials that Type I errors oc-
curred (i.e., MSL: a signi¢cant di¡erence in the
two limb directions was incorrectly inferred in
stratigraphic coordinates; AC2: a signi¢cant cor-
relation between beddings and directions was in-
correctly inferred in stratigraphic coordinates ;
DC: Qmax was incorrectly found to be signi¢cantly
di¡erent from 100%). Type I errors for the KR
test, where kG was incorrectly found to be signi¢-
cantly greater than kS, never occurred. Closed
symbols indicate the frequency of correct infer-
ences, or equivalently the lack of Type II errors
(i.e., KR: kS/kG was signi¢cantly greater than 1;
MSL: the two limb directions were signi¢cantly
di¡erent in geographic coordinates; AC2: the di-
rections and beddings were signi¢cant correlated
in geographic coordinates ; DC: Qmax was signi¢-
cantly di¡erent than 0%).

After 1000 trials, a well-behaved test will have
V50 Type I errors, regardless of the simulation
parameters. When the dip is only 1‡, Type II er-
rors occur almost every trial. With a 90‡ dip, most
tests have no Type II errors. A measure of the
power of a test is the dip beyond which Type II
errors are rare. The more powerful the test, the
lower this dip will be.

Results for the AC1 test are not illustrated in
Fig. 3 because it requires the mean direction to be
the same before and after tectonic correction,
which is not generally the case. The simulations
show that when the two limbs have the same
number of sites and are given equal and opposite
dips, the AC1 and AC2 tests give identical results.
But with unbalanced structures, the mean in geo-
graphic coordinates is di¡erent from that in strati-
graphic coordinates, which makes a proportion
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(about 3%) of trials fail the AC1 test regardless of
the dip (Type II errors, which should go to zero
frequency).

4.1. Two limbs with equal numbers of sites

When N=15, N1= 7, the two limbs have about
equal weight (Fig. 3a). The AC2, DC and MSL
tests all perform well when the dip is greater than
V20‡, in that there are few Type II errors. The
KR test requires steeper dip of about 40‡.

Note how all the tilt tests except AC2 have
Type I errors about 50 times or 5% as expected.
The AC2 test fails about 10% of the time, because
the tabulated critical values [2] mistakenly corre-
spond to 90% rather than 95% con¢dence. The
AC test statistic, h=gcos(Bi), is a measure of
the correlation between bedding corrections and
site directions. Recognizing that anticorrelation
(i.e., h signi¢cantly less than 0) is as important
as correlation (i.e., h signi¢cantly greater than
0), MhM rather than h is compared to the critical
value, thus doubling the null hypothesis rejection
region. Numerical simulations con¢rm the anom-
alous rejection rate. If a true 95% con¢dence limit
was used, the number of Type II errors would go
up, and the AC2 test would be seen to be less
powerful than the DC test.

4.2. Two limbs with unbalanced sites; isolated
observation

Simulations were also done for unbalanced
two-limb geometries, speci¢cally N1= 0.2N (e.g.,
Fig. 3b) and N1= 1 (e.g., Fig. 3c). In the ¢rst case,
the MSL test can still be applied, however for the
latter case the IO test is substituted. The substan-
tial di¡erence in comparison to the balanced
limbs trials is that a greater dip is necessary to

6

Fig. 3. Comparison of tilt tests using simulations of two-limb
geometry (N=15, k=30) as described in the text. For each
dip, 1000 trials were performed. Open symbols shows the fre-
quency of Type I errors (expected to occur 50/1000 times),
and closed symbols shows 1000 minus the number of Type
II errors. (a) Balanced limbs geometry (N1= 7). (b) Unbal-
anced limbs geometry (N1= 3). (c) Isolated observation ge-
ometry (N1= 1).
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avoid Type II errors. This e¡ect is most pro-
nounced with the AC2 test.

Note that the frequency of Type I errors with
the AC2 test goes down the more unbalanced the
structure becomes. In principal, Type I errors
should always occur with the arbitrarily chosen
probability, and should not be dependent on the
bedding geometry. With unbalanced bedding ge-
ometries, the mean direction is dominated by the
site directions from the main limb, and thus most
of the Bi azimuths remain similar in geographic
and stratigraphic coordinates. By not giving
added weight to the sites with counter-bedding,
the AC tests obtain too few Type I errors and
too many Type II errors.

4.3. Relationship between bedding dip di¡erence
and tilt test power

Many simulations with di¡erent combinations
of N, N1, k, and dip were done. To ¢rst order, the
results always look similar to those illustrated in
Fig. 3. When the bedding dip di¡erence, dip, is
small, tilt tests almost always fail because Type II
errors are very common. With large dip, there are
no Type II errors, so the tilt test only fails because
of Type I errors. One measure of the power of a
tilt test is the dip0 at which the test usually ren-
ders the correct result, say 900 correct inferences
from 1000 trials (i.e., L=10%); the smaller the
dip0, the more powerful the test.

The DC test always performs well, followed

closely by the MSL or IO test, with the KR test
worst of all. The AC2 test apparently is the most
powerful when the limbs are balanced, however
the con¢dence level is mistakenly set at 90% in-
stead of the stated 95%. Larger dip0 is needed
when the structure is less balanced, with the
AC2 test becoming the worst with decreasing
N1/N.

For a given tilt test and bedding structure (i.e.,
the proportion N1/N), dip0 is found to be propor-
tional to 1/k(kN). Since the con¢dence interval of
the mean of site directions, K95, is approximately
140‡/k(kN), this relationship implies that there is a
minimum bedding dip di¡erence which should be
sampled proportional to the anticipated K95. For
a balanced structure, the DC test is useful
(L6 10%) with dip di¡erences 3.4K95 ; for unbal-
anced limbs (N1/N=0.2), dip0 = 3.7K95 ; and for
isolated observation geometry, dip0 = 5.8K95.

This analysis leads to a simple rule for paleo-
magnetists in the ¢eld. Remembering that the sim-
ulations were done with the mean direction 90‡
from the bedding strike, a typical real study will
require even greater dip di¡erence to render a
positive tilt test. I recommend looking for beds
with di¡erences of greater than six times the an-
ticipated K95 value. If the rock types being studied
typically render a ¢nal K95 of V5‡, then one
should search for sites with counter-bedding of
at least 30‡. If the tectonic structures are not steep
enough, then the paleomagnetist must take more
sites to try to reduce K95.

Table 2
Example data for MSL: Lupata Volcanics [11]

Site DG IG DS IS k K95 N Strike Dip
(‡) (‡) (‡) (‡) (‡) (‡) (‡)

1 346.7 360.9 337.6 353.5 667 2.0 9 35 10
2 346.2 360.3 337.0 352.9 941 1.6 9 35 10
3 338.2 364.6 329.5 356.1 544 2.2 9 35 10
4 332.2 359.5 326.8 350.3 137 5.2 7 35 10
5 356.3 364.7 343.9 358.0 1800 1.2 9 35 10
6 344.8 354.9 339.0 356.7 222 3.7 8 320 5
7 344.8 350.2 339.0 352.6 49.3 6.9 10 320 5

KR: kS/kG =2.096 [2.69], KR tilt test indeterminate; MSL: t.s.G = 1.24s [0.82], t.s.S = 0.0726 [0.82], MSL tilt test inferred posi-
tive; AC1: hG = M33.99Ms [3.09], hS = 0.176 [3.09], AC1 tilt test inferred positive; AC2: hG =5.12s [3.09], hS = 1.206 [3.09], AC2
tilt test inferred positive; OC: max k at 94.0P 30.3%V100%, OC tilt test inferred positive; DC: max k at 95.0P 63.9%V100%,
DC tilt test inferred positive.
Note: see Table 1.
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4.4. Application to real data

Real data are used to illustrate how the di¡er-
ent tests behave in di¡erent settings, and the data
are tabulated to help programmers verify their
calculations. As an example of a two-limb study,
consider the Lupata Volcanics [11] which was
used by McElhinny [5] as a data set which the
KR test infers does not pass the tilt test. With
an interlimb angle of only V15‡, the study pro-
vides a marginal application of the fold test.
However the dispersion is so low that the tilt

test is able to discern between pre- and post-tilting
remanence. As Table 2 shows, only the KR test
fails to infer a positive tilt test with these data.

In the study of Cretaceous remagnetizations in
the southern Canadian Rockies [12], the Crows-
nest Transect provided an isolated observation
bedding geometry. Only one site had counter-bed-
ding from a small drag fold in an otherwise
monoclinal sequence. In this case, the AC2 test
and the OC tilt tests are indeterminate (Table
3). The AC2 test fails because the single NE-dip-
ping site is swamped by the SW-dipping sites. The

Table 3
Example data for isolated observation: paleozoic carbonates, Crowsnest Transect, Canadian Rockies front ranges [12]

Site DG IG DS IS k K95 N Strike Dip
(‡) (‡) (‡) (‡) (‡) (‡) (‡)

DKK01 74.5 47.8 278.2 74.2 40.3 9.6 7 171.3 57.1
DKK73 46.4 50.1 330.7 73.9 141.6 4.1 10 161.5 40.2
DKK74 44.4 43.8 319.1 72.7 220.3 5.2 5 157.4 49.4
DKK77 48.6 57.0 0.4 64.5 26.5 9.6 10 189.8 26.6
OSF63 45.7 56.8 313.8 77.0 49.2 13.2 4 157.8 36.6
OSF64 257.3 47.2 3.3 80.6 77.1 9.0 5 335.1 46.6
OSG30 44.1 56.3 302.0 71.6 65.0 4.6 8 160.5 42.6
OSG31 45.0 46.7 313.0 65.0 147.7 7.9 11 166.1 53.2

KR: kS/kG =7.95s [2.48], KR tilt test inferred positive; IO: QG =78.4‡s [18.8‡], QS = 12.3‡6 [20.0‡], IO tilt test inferred positive;
AC1: hG = M37.22Ms [3.30], hS = M32.80M6 [3.30], AC1 tilt test inferred positive; AC2: hG =6.04s [3.30], hS = 4.40s [3.30], AC2
tilt test indeterminate; OC: max k at 83.8P 7.6% di¡erent from 100%, OC tilt test indeterminate; DC: max k at
85.0P 19.3%V100%, DC tilt test inferred positive.
Note: see Table 1. The critical value for the IO test is the angular distance from the mean beyond which the isolated observation
has a 6 5% chance of being found if the directions are Fisher-distributed.

Table 4
Example data for syn-tilting remanence acquisition: Cretaceous Ventura member in Manning Park, southern Canadian Cordillera
[13]

Site DG IG DS IS k K95 N Strike Dip
(‡) (‡) (‡) (‡) (‡) (‡) (‡)

01 48.0 54.1 354.7 63.6 85.0 5.0 11 186.0 31.4
02 41.8 59.0 341.6 62.7 68.6 5.9 10 186.0 31.4
03 38.9 51.4 350.4 61.5 56.4 6.1 11 178.1 31.7
04 38.4 52.1 358.7 64.4 140.2 3.9 12 172.9 26.2
05 24.9 67.1 13.1 52.1 70.7 4.4 16 264.4 16.4
06 43.2 64.1 37.5 53.0 135.2 3.4 14 293.0 11.6
07 23.4 63.0 9.2 49.9 71.8 6.1 10 250.6 16.0
08 39.6 63.8 20.8 52.8 106.3 4.2 12 253.8 15.8

KR: kG/kS = 2.346 [2.48], KR tilt test indeterminate; MSL: t.s.G = 2.13s [0.65], t.s.S = 3.05s [0.65], MSL tilt test indeterminate;
AC1: hG =5.11s [3.30], hS = 6.52s [3.30], AC1 tilt test indeterminate (AC1 hS = 0 at 40.5% untilting); AC2:
hG = M35.57Ms [3.30], hS = 7.57s [3.30], AC2 tilt test indeterminate (AC2 hS = 0 at 41.6% untilting); OC: max k at 35.4P 8.1%
di¡erent from 0% and 100%, OC tilt test indeterminate (syn-tilting conclusion); DC: max k at 36.2P 18.6% di¡erent from 0%
and 100%, DC tilt test indeterminate (syn-tilting conclusion).
Note: see Table 1.
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OC test fails because the individual sites do not
include all sources of dispersion.

Finally, the Ventura member red beds of the
Methow Basin of British Columbia and Washing-
ton hold a syn-tilting magnetization at several lo-
calities [13]. In Manning Park, a two-limb fold
was sampled (Table 4). All the tests reveal inde-
terminate results between positive and negative
tilt tests, leading to a syn-tilting interpretation.
The Qmax determined numerically (OC) and ana-
lytically (DC) are almost identical, but quite dif-
ferent from the zero-correlation point for the AC
tests. The OC con¢dence interval is about half the
DC con¢dence interval, but the latter is preferred
because it accounts for all sources of dispersion.

5. Conclusion

The DC tilt test formulation provides an ana-
lytical method of calculating the degree of bed-
ding correction which renders the least dispersion
of site mean directions. It also tests whether or
not the site directions are correlated to the bed-
ding corrections. Thus it combines and improves
aspects of both Watson’s OC and McFadden’s
AC tests.

The arithmetic for the DC test is not di⁄cult to
program (Appendix 1). Graphical output provides
the researcher with a view of which sites are the
most important for the tilt test, and which sites
may be outliers, making this test less of a ‘black
box’ method. Paleomagnetism analysis programs
which include the DC test can be downloaded:
http://www.pgc.nrcan.gc.ca/tectonic/enkin.htm.

Simulations show that the DC test is statistical-
ly valid, and it is applicable to all bedding geom-
etries. It is the most powerful of all tilt test for-
mulations, in that it requires the least bedding
structure to succesfully infer a positive (or nega-
tive) tilt test. Thus the DC tilt test could come
into general use as an all-purpose tilt test for pa-
leomagnetic studies.
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Appendix 1. Example computer code

The following subroutine, written in BASIC,
calculates the DC slope and tests it against slopes
1 and 0. For N sites, the unit vector remanence
direction in geographic coordinates is given by
GX(I), GY(I) and GZ(I), and the bedding atti-
tude is given by Strike(I), Dip(I). The unit vector
means in geographic and stratigraphic coordinates
are given by GMeanX, GMeanY, GMeanZ and
SMeanX, SMeanY, SMeanZ.
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Appendix 2. Statistical assumptions and
justi¢cations

Least squares linear regression is based on sev-
eral statistical assumptions. In the DC test, some
assumptions are not perfectly ful¢lled, however
these problems are here shown to be negligible.

A2.1. The linear model

The test assumes that the DC data follow the
model of straight line passing through the origin;
that is di = sci+ei, where the ei are errors in the
data. Examination of Fig. 1 (especially data for
site 2) shows that ciW0 occurs when the corre-
sponding site direction is close to the mean direc-
tions in both geographic and stratigraphic coor-
dinates and thus the di will be close to 0. If the
paleomagnetic dispersion is small and the rema-
nence predates tilting, then the di and ci will be
almost identical, so the DC plot will be linear
through the origin. A problem arises when the
paleomagnetic dispersion is greater than the dif-
ferences in the bedding attitudes, in which case
the the proportionality is not apparent. This oc-
curs when there are insu⁄cient bedding attitude
di¡erences between sites, thus making the study
inappropriate for application of the tilt test.

A2.2. All dispersion is in the dependent variable

The least squares estimate of slope (Eq. 4) as-
sumes that there is an independent variable with
no uncertainty, and that all scatter is found in the
dependent variable. For the DC test, d is put on
the vertical axis because there is usually more
scatter in the remanent directions than in the mea-
surement of the bedding orientations.

While this is usually the case, sometimes paleo-
horizontal is di⁄cult to measure. In such a case,
the tilt test is compromised. In the extreme case of
paleohorizontal di¡erences being smaller than the
uncertainty in the bedding measurements, a pos-
itive tilt test would appear negative. The appendix
to the study of the Spences Bridge volcanics [14]
demonstrates a case where uncertainty in bedding

measurements in volcanic £ows leads to an am-
biguous tilt test in a paleomagnetic data set, while
conglomerate and contact tests indicate primary
(pre-tilting) remanence acquisition. The conclu-
sion is that large bedding uncertainties tend to
make a pre-tilting remanence appear to be syn-
tilting in age.

A2.3. Uniformity and Gaussian distribution of
residuals

Residuals are the di¡erences between the data
and the mathematical model. They are uniform if
their mean is zero and their scatter is the same for

Fig. 4. Demonstration that the DC plot is linear through the
origin, with Gaussian-distributed residuals. (a) DC plot for a
sample of 300 sites with random bedding dips from 0 to 90‡.
(b) Studentized residuals about the best ¢tting line through
the origin. (c) Quantile^quantile plot shows the goodness of
¢t to a Gaussian distribution.

EPSL 6672 19-6-03

R.J. Enkin / Earth and Planetary Science Letters 212 (2003) 151^166 163



any subsample of observations (no heteroscedas-
city). The principal of least squares does not re-
quire that the residuals be Gaussian-distributed,
but this approximation underlies the con¢dence
interval estimate. These characteristics are prob-
ably impossible to derive analytically, however
they are very clear in simulations with large num-
bers of sites. Consider Fig. 4, simulated using
300 sites. A Fisher distribution (k=30) was given
random bedding tilts up to 90‡. By inspection, the
data on the DC plot (Fig. 4a) follow a band of
constant width above and below the line d= c.
Studentized residuals (Fig. 4b) measure how
many standard deviations each point is away
from the line when that line is ¢t without that
point. In this example, 14 of 300 data are greater
than two standard deviations from the mean, as
expected for a Gaussian distribution. There is no
evidence of serial correlations within the data set.
The ¢t to the Gaussian distribution is made
clear using a quantile^quantile plot (Fig. 4c)
that compares the sorted Studentized residuals
with Gaussian deviates (the expected position of
the N data where they are perfectly Gaussian-dis-
tributed).

When dispersion is high, the assumptions do
not hold. In the extreme case of site directions
uniformly distributed over the sphere, no correla-
tion will be seen with the bedding. But for ks 3,
all large N simulations have an apparently Gaus-
sian distribution of residuals on the DC plot.
With real data, it is always a good idea to inspect
the Studentized residuals and Q^Q plot to verify
that the model is well-followed.

A2.4. Independence of observations and number of
degrees of freedom

Independence means that the plotted data in-
clude no information about each other. The DC
plot uses quantities derived from the N site direc-
tions, however it is ¢rst necessary to determine the
means of site directions in geographic and strati-
graphic coordinates. If a site direction is changed,
these means change, and thus the points on the
DC plot change. This lack of independence does
not invalidate the least squares estimates, but it

must be included in the calculation of the con¢-
dence interval around the estimated DC slope.

This is analogous to the calculation of variance
which ¢rst requires an estimate of the average.
The variance is underestimated if the sum of
square deviation is divided by N rather than the
correct N31 because one degree of freedom is
taken before variance can be calculated. The de-
gree of freedom is the total number of indepen-
dent measures of errors in the residuals.

Standard least squares regression of a line pass-
ing through the origin uses N31 degrees of free-
dom when calculating the con¢dence interval of
the slope. In the DC test, calculating two means
leaves N32 degrees of freedom, leading to slightly
larger con¢dence intervals. The resulting con-
¢dence intervals have been con¢rmed numeri-
cally.

Appendix 3. A one-dimensional analog of the
DC test

The relation between the DC test and Watson’s
OC test is best explained using a one-dimensional
analog. Consider two collections of points on an
axis, analogous to the site directions on a sphere
in geographic coordinates (0% untilting) and
stratigraphic coordinates (100% untilting). In
Fig. 5, the 0% axis is plotted vertically on the
left and the 100% axis on the right. By connecting
the corresponding points, each point traces out a
line analogous to the small circle on the sphere
traced out by a site direction during incremental
bedding correction. The slopes of these lines are
analogous to the bedding dips in the spherical
case.

The distance from the mean to the ith point on
the 0% axis corresponds to di de¢ned above. In
order to construct ci, we take the mean on the
100% axis and track back to the 0% axis using a
line with the ith slope. The distance from the 0%
mean to the back correction of the 100% mean
forms ci (Fig. 5).

If the degree of untilting is x and the position
along the line is y, then for each site we have:

yi ¼ mixþ gi; ðA1Þ
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where gi is the value of yi at x=0 (i.e., the site
direction in geographic coordinates) and mi is the
slope of the line corresponding to the bedding dip.
The distance from the mean in geographic coor-
dinates, G=ggj/N, to the individual site directions
bi is :

di ¼ gi3ð
P

gj=NÞ: ðA2Þ

Since the mean in stratigraphic coordinates is
S=g(mj+gj)/N, the distance from G to the back
correction of the mean is:

ci ¼ S3mi3G ¼ ð
P

mj=NÞ3mi: ðA3Þ

On the DC plot, the slope of the least squares line
passing through the origin is :

s ¼
P

dici=
P

c2i

¼ 3ð
P

migi3
P

mi
P

gi=NÞ
ð
P

m2
i 3ð

P
miÞ2=NÞ

ðA4Þ

For the OC test, one must ¢nd the degree of

untilting which provides maximum concentration,
or equivalently minimum variance. For a degree
of untilting x, the variance is given by:

varðyÞ ¼
P

ðyiyÞ2=ðN31Þ

¼ fx2ð
P

m2
i3ð

P
miÞ2=NÞþ

2xð
P

migi3
P

mi
P

gi=NÞþ

ð
P

g2i3ð
P

giÞ2=NÞg=ðN31Þ; ðA5Þ

where y(x) = (gmi/N)x+ggi/N. The minimum var-
iance is found at xŒ0 when:

dðvarðyÞÞ=dx ¼ f2xð
P

m2
i3ð

P
miÞ2=NÞþ

2ð
P

migi3
P

mi
P

gi=NÞg=ðN31Þ ¼ 0: ðA6Þ

Therefore:

x̂x0 ¼
3ð

P
migi3

P
mi

P
gi=NÞ

ð
P

m2
i3ð

P
miÞ2=NÞ

ðA7Þ

which is identical to s (Eq. A4). Thus the degree
of untilting which renders optimal concentration
is equivalent to the slope of the DC plot.
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