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Is It Possible to Characterize the Geometry of a Real
Porous Medium by a Direct Measurement on a Finite
Section? 1: The Phase-Retrieval Problem

Yannick Anguy,? Robert Ehrlich, ® and Cédric Mercet?

Macroscopic transport properties of natural porous media, such as the permeability ténsce the

sum of uncountable microscopic events. Understanding how these microscopic events come together
to yield adescriptiveproperty, such a, is facilitated if a set of porous descnptors‘ EN can be
measured that synthesize all the critical microscopic properties of a real porous medium and that can
be related to the computeld. The main difficulty lies in choosing the corregt_Py,. A description

of the microgeometry of a porous medium by a set. 'of_L R will be declared adequate if synthetic
numerical porous media generated from th'ele possess the sani¢as the real medium. This paper

is another step for creating such synthetic porous media. The “candidate geometrical desctiptor P
considered herein is the autocorrelation function (ACF) measured directly on a sample of finite size
included in a porous medium of siZe V > v. Capitalizing on the phase retrieval problem (retrieving

an object from knowledge of its Fourier modulus) encountered in general imaging, it is shown that
there exists a one-to-one relation between a digital thin section and its ACF. This is demonstrated using
an iterative procedure, thError Reduction/Hybrid Input Outpatigorithm, that allows one to recover
uniquely, to within a pixel, a finite image from its ACF. A theoretical implication of this is that a direct
measurement on a finite image cannot characterize the geometry of a porous medium. Yet, in stochastic
modeling, quasi-infinite numerical porous media are commonly generated from acquired ACF. Such
guasi-infinite stochastic porous media must include a structural noise as a practical consequence of
the unicity of the relation between an image and its ACF. To correctly interpret the relation belveen

and the microgeometry, it becomes necessary to verify that this nonimposed structural noise does not
control the outputK of the numerical simulations.
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NOMENCLATURE

Roman Letters

Agos Interfacial area of th@-o interface associated with the
closure problem (Eqg. (4)), e.g., contained within the
REV, n?

Ag, Interfacial area of th@-o interface contained within the
macroscopic system,im

Age Area of entrances and exits for tiephase contained
within the macroscopic system?m

d Vector field, m. The closure variableig related in the

B-phase to the microscopic spatial deviation pressure
pg according tops = d - (V<ps>’ — pgg) (Quintard
and Whitaker, 1994c). The spatial deviation pressure
pg is defined according to Gray’s decomposition of
length scalespg = <ps>* + pg (Gray, 1975).

Second-order tensor field,2niThe closure variabl® is
related to the microscopic velocity\according to
Vg =1/1p D -(VP<ps>F — psg) (Barrere,
Gipouloux, and Whitaker, 1992; Quintard and
Whitaker, 1994c)

Gravity vector, ms 2

Unit tensor

Traditional DARCY's law permeability tensor, m

Lattice vector for a unit cell, m

Characteristic length-scale for tifephase at the
microscopic scale, m

Characteristic length-scale for thephase at the
microscopic scale, m

Characteristic length-scale for the volume averaged
pressure gradient < ps >#, m (Quintard and
Whitaker, 1994b)

Ly Characteristic length-scale for the volume averaged

velocity <yﬂ>/3, m (Quintard and Whitaker, 1994b)

L, Characteristic length-scale for the porosity, m (Quintard,
and Whitaker, 1994b)

Ps Pressure in thg-phase, Nm—2

s ps — <ps>*: Spatial deviation pressure in tifephase
(Gray, 1975; Quintard and Whitaker, 1994b)niN2

<pg>F Intrinsic volume averaged pressureniN? (Quintard
and Whitaker, 1994a)

w)

= B aRe—lQ

o

—
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Fm Characteristic length of the averaging volume (REV), m
fﬁ Position vector locating points in thizphase, m
yﬁ Velocity vector in theg-phase, ns!
<V > Superficial volume averaged velocity;sn' (Quintard
h and Whitaker, 1994a)
\% Volume of the averaging volume,m
Vg Volume of thes-phase contained in the averaging
volume, n¥
Greek Letters
s Viscosity of theg-phase, Nsm—2
P8 Mass density of th@-phase, kgn—3
c(r ,t) Arbitrary vector used as a reminder of what one does not
B know, ms~1. In general the boundary condition/afe
is known only in terms of averages (Prat, 1990)
Subscripts
B Fluid phase
o Solid phase

Mathematical Operators/Symbols

<> Superficial volume average operaterys>|x = % fvﬂ(x) Yp(x +y)dVy

i 1
<>/ Intrinsic volume average operatery;>F|; = v fvﬂ@ Yp(x +y)dVy

® Convolution product

GENERAL CONTEXT

Porous rocks such as sandstones and carbonates consist of a solid matrix riddled
with voids, the porosity. The porosity consists of pores connected by pore throats
as well as such stress-related features as fractures and microfractures. This paper
is one in a series that describes our attempts to fundamentally understand flow
behavior in unfractured porous sandstones with both a single fluid and mutually
immiscible fluid phases. The problem must be attacked from a modeling point of
view based on strong empirical evidence. The properties of fluids (e.qg., viscosity,
density, electrical conductivity, etc.) are well known. Until recently this was not
the case with respect to the porous medium. It has been accepted as a truism that in
sandstones the porosity consists of small bodies (pores) connected by pore throats
(Bakke and Oren, 1997; Kwiecien, Macdonald, and Dullien, 1990; Thovergsall’

and Adler, 1992). The porous microstructure consists of a three-dimensional ar-
ray of pores of various sizes and shapes connected by pore throats with a variety
of sizes. The rules that control the degree of order of this array and the rules that
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control the assignment of throat sizes to adjacent pores (the porous microstructure)
are the controlling parameters of the porosity with respect to flow (Berg, 1975;
Graton and Fraser 1935; Prince, Ehrlich, and Anguy, 1995). Over the past decade
it has been shown that the porosity exposed on a two-dimensional slice through a
sandstone carries sufficient information to predict permeability and other proper-
ties with high precision both statistically and in terms of packing theory (Ehrlich
and others, 1991a,b; McCreesh, Ehrlich, and Crabtree, 1991). Thus the conven-
tional petrographic thin section contains critical structural information concerning
the three-dimensional microstructure; or such three-dimensional physical prop-
erties could not be determined (Ehrlich and others, 1991b). The aforementioned
studies have shown the utility of using Fourier transforms of the binary (poles
matrix = 0) thin section images to obtain structural parameters (Anguy and oth-
ers, 1994; Prince, Ehrlich, and Anguy, 1995). This then leads to an approach
for creating a synthetic model medium that has all of the critical properties of a
real, observed, porous medium (Anguy, Bernard, and Ehrlich, 1996). This paper
represents another step in that effort.

The need for such a model lies in our grand objective of understanding the
fundamentals of flow through a porous medium. A property such as permeability
is adescriptiveproperty (avolume averagewith no physical explanation. It is
the sum of an uncountable microscopic events that are described in the STOKES’
equations. One of our major objectives is to understand how such microscopic
events come together to yield the macroscopic permeability.

Our approach to this goal is the change of scale technique which relies on di-
rect numerical simulation on the pore scale. The change of scale technique may be
expressed in a number of ways: the homogeneization theory (Bensoussan, Lions,
and Papanicolaou, 1978; Sanchez-Palencia, 1980), the stochastic approach (Dagan,
1979, 1990; Gelhar, 1984; Matheron, 1965), the Brownian approach (Brenner,
1980), the variational procedure (Rubinstein, and Torquato, 1989), and the volume-
averaging technique (Anderson and Jackson, 1967; Marle, 1967; Quintard and
Whitaker, 1993, 1994a—e; Slattery, 1967; Whitaker, 1967). We concentrate on
the volume-averaging technique illustrated herein for the process of single-phase
flow of an isovolume fluid through a rigid medium. The change of scale ap-
proach relies on the existence of a natural secalghe Representative Elementary
Volume scale (REV), below which the microscopic point equations and bound-
ary conditions apply and above which the geometry of the solid matrix and the
void space can be averaged and replaced by a fictitious continuum at the macro-
scopic scale (Bachmat and Bear, 1986; Weathcraft, Sharp, and Tyler, 1990). Av-
eraging the microscopic point balance equations over an REV yields from first
principles the macroscopic equations governing the phenomena at the continuum
scale. Volume averaging the STOKES’ equations (1) governing the process of
single phase flow through a porous medium on the microscopic scale yields the
macroscopic DARCY’s law, Equation (2), governing the process at the continuum
scale.
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wherepg and v, are the point pressure and velocity vector fields in the fluid phase
(the state variables on the microscopic scale%> and <ps># are the super-
ficial volume averaged velocity and intrinsic volume averaged pressure (the state
variables on the macroscopic scale).

The natural scalge;, required for the theoretical derivation of DARCY’s law
is associated with the length-scale constraints expressed by Equations (3a) and (b)
(Dagan, 1979; Tartar, 1980; Whitaker, 1969, 1986):

lg, o < Im (3a)
r2 <« Lelp (3b)
r2 < L.Ly

wherelg, |, are characteristic lengths for the fluid phagednd solid phasex() on

the microscopic scale. Equation (3a) refers to the requirement that a geometrical
REV exists, and it expresses that the size of the averaging volume must be large
with respect to the length scales representative of the pore-scale to smooth the ef-
fects of the microscopic heterogeneities (Bear, 1972; Marle, 1967; Pilotti, 1998).
L., Lp andL, are characteristics length-scales for the porositythe volume
averaged pressure gradiént p;>#, and the volume averaged velocity >,
respectively. Equation (3b) expresses that significant variations in averaged quanti-
ties 5, <vg>* andV<pg>*) occur over distances ¢, Ly, andL, respectively)

that are large compared to the sizgof the averaging volume (Carbonell, and
Whitaker, 1984; Nozad, Carbonell, and Whitaker, 1985). When Equations (3a)
and (b) are valid, the different scales (the pore-scale and the continuum scale)
may be decoupled with each scale having its specific state variables; the state
variables at the continuum level consisting of filters of the state variables on the
pore level, Equations (1-2), (Cushman, 1990). In DARCY'’s law, Equation (2), the
constitutive variabléS (permeability tensor) appearing at the continuum scale is
interpreted as @lace holderreplacing the loss of information about the details

of the microgeometry when moving from a pore-scale description to a continuum
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description (Cushman, 1990). Thus, information propagation over scales can be
studied.

Furthermore, when Equations (3a) and (b) are valid, the REV can be treated
as a unit cell in a spatially periodic porous medium andasure problencan
be developed, Equation (4), at the microscopic scale, over the unit cell, whose
solution yields the permeability tens&r Equation (5), appearing in DARCY’s
law (Barrre, Gipouloux, and Whitaker, 1992).

D=0 at Ay (4)
Periodicity:D(r +1i) = D(r); d(r +1;) =d(r)

Average:<d># =0

~ | pdv=—g<D>" =K ©)
B JVg

The form of the closure problem demonstrates theoreticallyiHatan implicit
function f of the microgeometry Equation (6). So that knowledge of the microge-

ometry allows to calculate rigorously by direct simulation on the microscopic
level. Equations (1-5) provide the most general physical/mathematical model for
evaluating a flow property at the REV-scale as an implicit function of microscopic
properties.

K = f (microgeometry) (6)

In this context, availability of realistic input geometries is a prerequisite. Detailed
input geometries may be directly obtained from modem techniques such as com-
bined X-ray tomography and high-intensity synchrotron X-ray sources (Ferreol,
and Rothman, 1995) or serial sectioning (Kwiecien, Macdonald, and Dullien,
1990). Yet, thdilteredoutputK of the simulation Equation (5), is very difficult to
relate directly to the input geometry in the form of a 3D discrete image consisting
of about 18 solid or fluid voxels(volume elements). Such a way of computing
transport properties lacks predictive power (Garboczi, 1990). To improve our un-
derstanding of the relation between microscopic properties and macroscopic flow
properties K), it remains to express Equation (6) as a predictive and ultimately
analytical model. As outlined by Equations (7-9), this demands the identification
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of a minimal set of porous descriptoFg‘;:qu synthesizing the characteristics of
the geometry and that can be related to the outp(@arboczi, 1990).

microgeometry=g (P _, \) )
K= h(Pi_yn): (Pl_in) € (Pi_yn) ®)
N 9h
dK =) — dp ©)
¥ iz10p

Relation (7) expresses that the geometry is completely characterized through an
implicit function g by a set of parametell?]' 1n- Kis then characterized through

an implicit function h by a subset of parametel?s Ly included in the seP’_ LN

and describing the | part of the geometry relevanKtfEgs. (8-9)]. In Equation

9), =N,0 h/dp" is an intrinsic function of the model used to predictAnguy,
Bernard and Ehrlich, 1996).

In this framework, the main difficulty lies in choosing the approprla‘t:el!N.
Seevan Brakel (1975), Dullien (1979), Quiblier (1984), and Renard and de Marsily
(1997) for partial bibliographies of the topic. As expressed by the intuitive con-
straint (3a), the averaging volume theory requires the existence of a geometrical
REV, i.e., a sample of minimal size encompassing all the geometrical character-
istics in a homogeneous porous medium. If the input geometry does not include
a geometrical R.E.V.K is shown to include microscopic fluctuations not rep-
resented by DARCY'’s law and a nonlocal theory must be developed (Quintard,
and Whitaker, 1990). The determination of the geometrical REV should rely on
the properties of a set of acquired porous descripm:q,\,. The description of
a porous medium by the set 61‘:1,,\, will be declared appropriate if synthetic
numerical porous media possessing similar transport prope)etadn the real

medium can be generated frdPﬁ:LN.

In a number of applications, it is necessary to simulate the physical behavior
of the medium on a scale larger than the scale attached to the geometrical char-
acterization. To comply with this requirement, synthetic porous media should be
formed by theeplicationof a large number of geometrical REVs. Synthetic media
showing this property are temegdasi-infinitgporous media. Hereiguasi-infinite
synthetic porous media are needed because, in the change of scale, the concept
of REV implies that the macroscopic medium is periodic, Equation (4). Natu-
ral media are not strictly periodic. Previous analyses of sandstones using Fourier
transforms showed that this class of porous mediumuigsiperiodic(Prince,
and Ehrlich, 1990; Prince, Ehrlich, and Anguy, 1995). In this, one periodicity as-
sumption implicit in the change of scale method can be Qaasiperiodicityin
this sense implies the existence of a degree of randomness at scales greater than
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the geometrical REV. Yet, the region required for solution must contain enough
geometrical REVs to faithfully express the random component of natural media
(Anguy, Bernard, and Ehrlich, 1994).

This paper focuses on whether or not a set:’,t'):f1 y Measured directly on
a sample of finite size can characterize the geometfy of a porous medium. Such
P_, y asameasurefageometrical REV, should permit one to formulate and solve
practlcal problems related to the estimation of the geometry in unsampled areas of
the porous mediun®’_,  are meantto be fitted in a process yieldip@si-infinite
numerical porous med|a This issue will be covered in forthcoming contributions.

INTRODUCTION

A porous medium may be viewed as the consequence of a general process
varying in time and space. In the case of geological media (rocks), such process
may include depositional processes (hydrodynamics, bioturbation), early postde-
positional processes and postlithification processes (pressure solution, tectonic
deformation). A porous medium exists in a well-defined region of space, denoted
by v (X, y, ), whose boundarie&v depend upon the length scale and time scale
of the aforementioned causal processes. In practice, porous media are studied only
over a finite portionv (X, y, ) of V (X, y, Z) whose boundariegv, sizev (v «

V), and position depend often, if not always, upon practical, logistic, or economic
considerations (Bryant, King, and Mellor, 1993). As far as we are concerned, the
sampling windowv (X, y, z) may be either a polished section of a few"dmaged

by a Scanning Electron Microscope (SEM) (Fig. 1 for example) or a 3D sample of
afew mn? imaged by combined X-ray tomography and high-intensity synchrotron
X-ray sources.

The objective of the paper is to answer the general question: is it possible
to characterize the geometry of a real porous medium of geometrical support
V (X, Y, 2) by a set of parameteﬂ?, _1n Mmeasured directly on a binarized digital
image of finite size? Our objective is worth stating precisely: one does not address
a stereological ambiguity of type it is possible to characterize the microgeometry
of a 3D porous medium by 2D parameters? and the question to be answered can be
expressed as: is it possible to characterize the geometryrdd gorous medium
by a setohD descriptors_,  measured directly on awD digital sample of finite
size? The argumentatlon developed hereafter is 2D but remains valid whatever the
dimension of the porous object is, to the extent that the dimension of the object
is >2 (Sault, 1984). A set oP' _, n allowing to answer by the affirmative should
meet the following requwements

1) allthe information about geometrical features, as they are expressed in the
finite image Vv (X, y) should be carried by the porous descripia‘rs_ N

2) the P_, \, as ameasureof a geometrical REV should not depend upon
posmon (Quintard, and Whitaker, 1987).
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Figure 1. 256 x 256 binary (0-1) digital image
from a sandstone sample portraying pixels of one
class (in our case porosity) by one single inten-
sity (1) expressed by black and the remainder (rock
matrix) by another intensity (0).

The parameterP?, considered in this work is the 2D autocorrelation function
(ACF) measured on a binarized image of finite suppdr, y) (Fig. 2). Verifying

that no geometrical information is omitted when using the ACF as porous de-
scriptor necessitates that the nature and the quantity of information carried by the
ACF be controlled. A general solution may consist in identifying the geometrical
features of a finite image (Fig. 1) that can be recovered from its ACF (Fig. 2). An
analogy is first drawn between the latter solution andathese retrieval problem
(retrieving an object from knowledge of its Fourier modulus) encountered in a
number of seemingly disparate areas (crystallography, optics, wave front sens-
ing, or astronomy). Capitalizing on work in the aforementioned areas, a practical
solution to recovering geometrical features of an image of finite siethen
proposed in the form of a numerical iterative procedure referred to asrtbe
Reduction/Hybrid Input Outpatigorithm. The iterative procedure is outlined and
illustrated by a computer experiment which allows one to recover, to within a pixel,
uniquely and systematically the image in Figure 1 from its ACF (Fig. 2). In a last
part, the consequences of this fundamental result are discussed along two lines:

— the theoretical side: is it possible to characterize the geometry of a homo-
geneous porous medium of sizdy a direct measurement on an image
of finite sizev; v « V?

— the practical side: is it appropriate to use a measured ACF for generating
thequasi infiniteporous media required by the general framework outlined
by Equations (6—9)?
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Figure 2. Two-dimensional ACF measured on Figure 1. In this display, the AGfeigered

and normalized by the varian@i’\'zj)l ?gol(h(iT, iT) — 85)2 &8 porosity). The normalized

ACF is commonly interpreted as characterizing the dependence of a pbistix, jT +ry)

upon a point (T, jT) (Ventzel, 1973) (see graylevel map legend). lrag=0,ry =0, is
located at the center of the display. Horizontal laggresp. vertical lagsy) range from left

to right (respectively bottom to top) fromN x Tto+N — 1 x T, e.g.,—3474 to+3460um

(N = 256 andT = 1357 um). So as to see the small peaks of the normalized ACF, all values
>3.5.10% and <1 are represented in the same gray level (see graylevel map legend). Figure 2
highlights a universal characteristic of nomalized ACF functions: a big peak at small lags,
of maximum value equal to 1 at lag (0, 0), which decreases rapidly towards 0. By means of
the discrete correlation theorem, the ACF is calculated in the Fourier domain (Egs. (12-15))
capitalizing on False Fourier Transform algorithms.

MATHEMATICAL BACKGROUND

A binary image of type Figure 1 may be described by the discrete phase
functionh(x, y) expressed by Equation (10):

N-1N-1

h(x.y) =" h(KT.IT)s(x — kT, y —IT) (10)

k=0 i=0

whereT is the sampling interval in each local Cartesian directibrs 13.57 um
in Figure 1) ands is the Dirac distribution (Roddier, 1985). The discrete phase
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functionh(x, y) comprisesN x N samples portraying pixels of one class (in our
case porosity) by one single intensity (1) and the remainder (rock matrix) by
another intensity (0)N = 256 in Fig. 1).h(x, y) is identically null out of a finite
support of sizeNT x NT.

The discrete ACFo (ry, ry) may be calculated in the object domain as

Z

—1N-1

i j=0

fx.Ty =0,+T,4+2T,..., +(N — 1)T. (11)

I
o

By means of the discrete correlation theorem, the ACF may be equally calculated
in the Fourier domain, Equations (12—15). The discrete Fourier transform imply-
ing periodicity in both object- and Fourier-domain, the digital image (Fig. 1) is
represented by a periodic infinite wave-formg,(x, y), Equation (12), whose unit
cellhg(x, y) is obtained by appending zeros to the origiNak N image. The size

Te x Te of the period, equal tde T x NeT, is justified a little further on.

+00 +00
hpi(X, y) = he(X, ¥) ® (Ti YD X —rTe, y—s@)) (12)

=00 S=o0

The periodic infinite discrete density Fourier power spectiiig(vx, vy)|? of
Equation. (12) is:

"
|Hpi(uX,vy>|2=|H(vx,vy)|2x<m_Z_OO Zw ( —Tﬂ)> (13)

wherewvy, vy, are horizontal and vertical wave-numbers and where the individual
period|H(vy, 1y)|? is calculated as

1 Ne—1 2

Ne—1 Ne
Z Z he(kT, |T) e—27rj(vka+vy|T)
k=0

1=0

|H(V><v Vy)|2 = (14)
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By means of the discrete correlation theorem, the inverse Fourier transform of
IHpi(vx, vy)I1? (Eq. (13)) yields the discrete periodic AGF(r«, ry), Equation (15):

opi(fxs Ty) = o (rx, Iy) ® (Tg f f S(X—mTe, y — nTe)) (15)

M=—00 N=—00

The sampling theorem states that unless the pdied N T of thezero-extended
sequencdng(X, y) is chosen such thatle > 2N — 1, when we make the inverse
Fourier transform of the two members of Equation (13), we find that the ACF
oi(rx, ry) of the periodic infinite image is aaliazedACF corresponding to the
2N — 1 x 2N — 1 ACF of the unit celb (ry, ry) convolved by an array dfwhose
spacing isTe in each direction (Brigham, 1974gRsz-llzarbe, 1992). Herd, is
chosen equal to 2 N as illustrated in Figure 1 by the dotted square representing
the boundaries of theero-appendednit cell he(X, y).

THE PHASE RETRIEVAL PROBLEM

As mentioned above, appropriateness for a measured ACF to characterize
the geometry of a porous medium depends partly on the requirement that no
information should be lost about geometrical features, as they are expressed in the
image. A general approach to quantifying the information carried by the ACF may
consist of identifying the geometrical features of the image that can be recovered
from the ACF. To do so, one may capitalize on giese retrieval problemhich
appeared in the context of general imaging where it is often convenient to measure
the Fourier transform of an object rather than the object itself and where it often
happens thatitis impossible to measure the phése vy) of the Fourier transform
accurately (Millane, 1990). A finite image being uniquely defined by the inverse
Fourier transform (F) of its Fourier transfornii (v, vy), Equation (16), the phase
lo(vx, vy)| must be known if one is to reconstruct the image. Thus recovering an
image from its measured Fourier modultigvy, vy)| is aphase probleniMillane,

1990).

he(X, y) = FT X (H(vx, w));  H(vx, 1y) = [H(vyx, vy)[€#0x) (16)

Onthe basis ofthe discrete correlation theorem (Egs. (12—-15)), the ACF of a fi-
nite image can be derived straightforwardly from the Fourier amplitid@e, vy)|,
using only mathematical operators. In this caséi(v, vy)| and
o (rx, ry) contain the same information. Then, recovering a finite image from its
ACF o (ry, ry) is frequently referred to as thghase retrieval problensince it
is equivalent to determining the phase of an image when given only its Fourier
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modulus|H(vy, vy)| (Sault, 1984; Schultz, and Snyder, 1992; Nieto-Vesperinas,

1993).

There are essentially three issues concerned with the reconstruction of an
object from its ACF (Kim, and Hayes, 1990):

i) the unigueness of the solution; thenbiguity(existence of multiple so-

lutions) of thephase retrieval problerfrom a theoretical point of view,

ii) the development of algorithms for recovering an object from the ACF,

the numerical side, and

i) the sensitivity of the reconstructions to noise or measurement errors.

Here, one addresses the numerical side. The iterative algorithm used hereafter
borrows from the Gerchberg—Saxton algorithm (Gerchberg and Saxton, 1972;
Saxton, 1978) and is due to Fienup (1982). This algorithm, referred to as the
Error Reduction/Hybrid Input Output algorithrhas been already covered (Fienup,
1982; Fienup, and Wackerman, 1986) but is summarized below for completeness.

A NUMERICAL SOLUTION TO THE PROBLEM OF RECOVERING

A FINITE IMAGE FROM ITS ACF

A kth iteration of the Error Reduction algorithm consists of the four simple
steps represented in Figure 3.

1) Fourier transform a current estimaggx, y) of the image to be recovered.

2)

3)
4)

Make the minimum changes in the computed Fourier transty(ny, vy)
which allow it to satisfy the Fourier constraints, e.g., replace the Fourier
modulus of the computeG(vy, vy) by the measured Fourier modulus
[H(vx, vy)| to form G, (v, vy), an estimate of the Fourier transform of the
objectH(vy, vy). The Fourier constrairjti(vx, vy)| is calculated from the
measured ACF (Egs. (12-15)).

Invert Fourier transforn®,; (vx, vy) to form gy (x, y).

Make the minimum changes @} (x, y) which allow it to satisfy weak
object-domain constraints to form a new estingta (x, y) of the object.

In Fienup (1982) iterative Error Reduction algorithm, the fourth step is
performed as expressed in Figure 3, wheiis the set of points at which
ok(x, y) violates the object-domain constraints, i.e., whereygk, y)
exceeds the knowdiameterof the object computed as half tdeameter

of the ACF.y is the set of points that fall out a square mask of size
NT x NT representing an upper bound of the true support of the object
(Fig. 1) (Rérez-lizarbe, Nieto-Vesperinas, and Navarro, 1990).

The iterations continue until the computed Fourier transfGirfvy, vy) sat-
isfy the Fourier domain constraints and/or the computed inggge y) satisfy
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i . ) ) ]
g5y 1. FourierTransform GL(Vx,Vy)=‘GL(szVy) A
4. Object constraints
i - g Joifxyey
Bt 53) { 0 otherwise
é
Object Error Fourier Error
7 _ Rt
zgv;‘(x.y) D (leier)-H 6]
X i ViV,
Elo K= xyey 0 E'r = X7y
. 12
D ey’ DH o)
Xy Vx,Vy
——
3. Inverse 2. Fourier constraints
i FourierTransform . iol(v,,
g (XY G L(Vx’vy) _ lH (Vx,Vy)’eJ Prveovy)
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Figure 3. Fienup's iterative processing loop for recovering an image from its measured ACF and an
estimate of the image support. In 2D and 3D, the exact support of the object is not known and so the
diameterconstraints is not applied tightly (Fienup, 1982).

the object-domain constraints (Fienup, 1982). The convergence of the algorithm
is monitored by calculating a Fourier domain erEyry and/or an object-domain
error Eq x explicited in Figure 3. In practice, the Error Reduction algorithm con-
verges slowly (Gerchberg, and Saxton, 1972; Saxton, 1978). A solution to the
slow convergence of the Error Reduction algorithm is the Hybrid Input—Output
algorithm which differs with the Error Reduction algorithm only with respect to
the fourth step in Figure 3 performed as expressed by Equation (17) (Fienup,
1982):

g y) it (x.y) ¢y (17)

Oer1(X, y) = { ok(X, y) — Bou(x,y) if (X, y)ey

In an iteration of type Hybrid Input-Output, the input functigp(x, y) is no
longer an estimate of the object and can be thought as the driving function
for the next outpuig,(x, y) (Fienup, 1982). In Equation (17} is a constant
feedback parameter ranging typically between 0.1 and 1 (Lane, 1987; Sault,
1984).
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Figure 4. Normalized object erroEélk vs. the number of cycldsfor the problem of phase retrieval
using the ER/HIO algorithm of Fienup (1982). The starting point for the algorithm is a realization of
a normally distributed random field with zero mean and unit variad¢€g. (17)) is kept constant
equal to 0.7 all along the experiment.

A COMPUTER SIMULATION EXAMPLE

In this section, we show a computer experiment using the iter&iver
Reduction (ER)/Hybrid Input Output (HIO) algorithfar recovering the 256«
256 image in Figure 1 from its ACF (Fig. 2). The initial guess for the image is
an any 256x 256 realization of a normally distributed random field. Figure 4
shows a plot of the normalized object enﬁbk [Eg. (18)] vs. the number of
cyclesi.

> (g )’
== (18)
> (gi(x.y))

X,y

i
EO,k

where subscript represents the last iteration in each cycle.

TheError Reduction/Hybrid Input Output algorithis first used with a max-
imum number of 175 cycles with each cycle comprising nine HIO iterations
followed by three ER iterationk(= 12 in Eq. (18)). In the first six iterations
of cycle one, the correct 256 256 square mask defining the object-domain
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constraints is replaced with a reduced-area triangular mask. Indeed, a real image
h(x, y) and its mirrorh(—x, —y) have the same ACF, so that features of both
images may be reconstructed simultaneously resulting, sometimes, in a stable
condition of stagnationfor the algorithm. The reduced support favors some of
the features of eithdr(x, y) or h(—x, —y) over the other, allowing the algorithm

to converge towards that image after reinstating the correct support constraint
(Fienup, and Wackerman, 1986). Figures 5-7 display the estirgatesss, and

g14° of the image after cycles 1, 25, and 175, respectively. At cycle 175 the cur-
rent reconstructio;° (Fig. 7) is not the searched image so tggf° is used

as initial guess for a series of 50 more cycles (176-225), each comprising 25
HIO iterations followed by seven ER iterations. The first 10 iterations in the se-
ries of cycles involve a reduced support yielding the increase of the Eéf@g

(Fig. 4). Figure 8 shows the current reconstructg® at cycle 185. In Fig-

ure 8, geometrical features of the searched image become distinguishable. The
object errorEg%,, being not zero after these additional cyclggs® is used as
starting point for a series of 200 more cycles (cycles 226—425) comprising 50
HIO iterations and 10 ER iterations. The ey, 5, decreases rapidly towards

an asymptotic value of about 2510~ (Fig. 4) suggesting that we are faced
with a stagnation problem on an image close to the true object but with differ-
ences. These differences are illustrated in Figure 9, where the current estimate
932% is shown to include a pattern of stripes of low contrast superimposed upon

1.96
1.268
576

.116

1 mm

Figure 5. Estimateg%2 of the image to be recovered (Fig. 1) after cycle
one. The object erroE}l12 is equal to 0.144. See graylevel map for the
values of the pixels comprising the estimate.
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96

1 mm

Figure 6. Estimateg?3 obtained at cycle 2562 , = 0.100).

the image; stripes extend outside the 26856 support of the object, so that

the error metric cannot be zero implying that a striped image is not a solution
and do not represent a uniqueness problem (Fienup, and Wackerman, 1986). Suc-
cessful methods for overcoming stagnation associated with stripes are covered in

1.96

1 mm

Figure 7. Estimateg{7® after cycle 175 EL'7, = 0.092).
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1.96

1.268

576

.116

1 mm

Figure 8. Estimateg33® after cycle 185 EL%5, = 0.086).

.0162
.0074
L0014

0102

013

1 mm

Figure 9. Estimateg33® after cycle 325 EZ%, = 0.0015). All pixel
values>0.025 and<1.02266 and all pixel values —0.025 and<
—0.019 are represented with constant gray level (see graylevel map
legend), highlighting a pattern of stripes of low contrast.



Is it Correct to Portray the Geometry of a Porous Medium by a Direct Measure? 781

Figure 10. Estimateg33: after cycle 435 E&%5, = 2.1077).

Fienup and Wackerman (1986). Here, 10 last more cycles (each 200 HIO iterations
followed by 75 ER iterations) are sufficient to escape the local minimum associ-
ated with stripes. Figure 10 represents the imgéjé at cycle 435 with an asso-
ciated error metric of 2. 10. The reconstructed image is exactly the image in
Figure 1.

Starting from different initial inputs, we reconstructed systematically, to
within a pixel, the image in Figure 1 (and all the images we tried). Figure 11
shows a convergence curve obtained using as the starting point another normally
distributed random sequence. The same binary image being reconstructed each
time, one can have confidence that there are no multiple solutions to recovering
an object from its ACF. Of courskivial ambiguitiesmay be solutions such as
h(—x, —y), h(x — x1, y — y1) as all these functions possess the same ACF (Lane,
1987; Millane, 1990; Sault, 1984). Suttfivial ambiguitiesare not considered as
multiple solutions.

In this work only 2D binary images were considered. Extension to 3D
is straightforward. However, the 1D case is very different and contains inher-
ent multiple solutions (Sault, 1984). Mention also that, almost often, an addi-
tional nonnegative constraint in the object domain is imposedggn, y)
to makegk,1(X, y) (Fienup, 1982; Brez-lizarbe, Nieto-Vesperinas, and Navarro,
1990; Sasaki, and Yamagami, 1987; Sault, 1984; Schultz, and Snyder,
1992). Such constraint of positivity was not taken into account in this
work.
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Figure 11. Normalized object erroEg,  vs. the number of cyclésfor the problem of phase
retrieval using as starting point another normally distributed random realization.

DISCUSSION AND CONCLUSIONS
Theoretical Consequences

Using the iterativeError Reduction/Hybrid Input Output algorithmve re-
constructed, to within a pixel, uniquely and systematically a binary image from the
only knowledge of its ACF. In this respect, we showed that there egiteeo-one
(bijective) relation between a binary image of finite sizand its ACFo (ry, ry).

This demonstrates numerically the necessary condition C.1 for answering by the
affirmative to the question raised in the title.

C.1. The ACF carries all the information about the geometrical features comprised
in the finite support (x, y)
A sufficient condition may then be expressed as C.2:
C.2.
i) C.1,and
ii) the ACF measured on a setiofinite supports (X, Yj)j=1,m includedin
Vis ageometrical invariant, i.e., the ACF does not depend upon position.

Obviously, C. 2 cannot be verified. Indeed, consider a seri¢saninpling windows
v (X}, Yj)j=1u in @ porous medium. Such a series may represent a set of thin
sections. Denoting by ! (r«, ry) the ACF measured on thigh supportv (x;, y;)
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we have, as a consequence of the unicity of the pair “binary image/ACF”

0'1('30 ry) # Uz(rXs ry) #---# o (rx,ry)--- # oM(rx, ry) (19)

otherwise theV finite sections would be exactly the same, to within a pixel. In-
ability for the ACF to characterize the geometryMéections means inability to
characterize the geometry of the porous medium. This is sufficient to answer by
the negative to the question raised in the title: a direct measurement on a digital
image of finite size cannot be used axeasureof a geometrical REV.

A geometrically homogeneous porous medium may be defined in the manner
of Quintard and Whitaker (1987):

D.1. A porous medium of sizéis homogeneous with respect to a window of size
v (v « V) if all its geometrical measurements do not depend upon position.

In accordance with the existence of homogeneous porous media and the
unicity of the pair “binary image/ACF,” the following model is proposed for the
measured ACF:

O’l(rx, ry) — O_intrinSiC(rX7 ry) + 80’1(rx, ry)
o (rx, ry) = o™MS(ry, ry) + 807 (1, Ty) (20)

O’M(rx, ry) — UintrinSiC(rx’ ry) + SUNI(rX, ry)

whereo "nS(r, 1, ) is ameasuref a geometrical REV in a homogeneous porous
medium.o ™My, r ) may be interpreted as a probabilistic descriptor of the
structure of the natural process at the origin of the réek(r, ry)is adeterministic
quantity expressing the influence of the finiteness of the bounda{gs y;) of the
sampled window (x;, ;). Sol(ry, ry) expresses “that the finite imag€x;, y;) is
isolated in a unique mannér an infinite field of zerdyMatheron, 1965, 1970).
The finite boundariesv(x;, y;) are notimpassablethe calculation ot (ry, ry)
passes through the finite boundardegx;, y;) (Eq. (11) or (15)). In this respect,
Sol(ry, ry) expresses deterministedge effectand is related only to the finite
imagev (Xj, y;). Throughso ! (ry, ry), ol(ry, ry) contains too much information
and cannot be considered as independent of the finite field it is measured on. To
that extentg ! (r«, ry) cannot be used to solve problems related to the prediction
of the geometry. The unknown™™si(y, r.) is the relevant parameter. Yet, the
passage froma! (ry, ry) to the simples ™"Si(r, | ) remains an unsolved problem
(Matheron, 1965, 1970).
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Practical Consequences

We examined it (ry, ry), measured directly on a finite suppertx, y), can
represent aneasureof a geometrical REV in a homogeneous medium of gize
> v. In searching for such measureof the geometry, it is to solve problems
relating to the prediction of the geometry in unsampled geometrical fields. More
specifically, it is a matter of using threeasures constraint of a process yielding a
set ofquasi-infinitenumerical porous media. Our choice tofry, ry) is of course
not random: in the fields of communications, electrical network analysis, defense
systems, a variety of algorithms developed for generating random 1D signals with
specified ACF and Probability Density Function (PDF) (Barrett, and Coales, 1955;
Guijar, and Kavanagh, 1968; Holiday, 1969; Broste, 1970). Borrowing from this
work, others, mainly Joshi (1974), generalized the theory to porous media. In the
approach, a series guasi-infinitebinary numerical porous media are produced
as the output of a random process constrained by a PDF (i.e., a porosity value
for a 1-0 binary medium) and an ACF. The algorithm relies on linear and non-
linear filters to tranform a set of Gaussian random numbers into a binary set with
the desired porosity value and ACF. Thus it is now a common practice to gener-
atequasi-infinitenumerical porous media from acquired porosity value and ACF
(Adler, 1992; Adler, Jacquin, and Quiblier, 1990; Giona, and Adrover, 1996; lon-
nadis, Kwiecien, and Chatzis, 1997; lonnadis and Lange, 1998; Quiblier, 1984;
Sallés, Thovert, and Adler, 1994; Yao and others, 1993). In such a model, the
porosity and the ACF characterize the structure of the process, e.g., the microge-
ometry of the numerical realizations. It becomes obvious that the demonstrated
mathematical property of the ACF should have consequences on the practical use
of such stochastic modeling. If the constraint fitted in the process is a measured
ACF o (ry, ry), the random process cannot impesey, ry) exactly in the different
stochastic realizations: forkdh realization, one has inequality (21):

Uskynthetic(rxﬁ I’y) 7é G(rm r)’) (21)

Whereaskymhetic(rx, ry) is the ACF of akth realization of the random process.
Equation (20) yields

Uskymhetic(rx’ ry) =0 re, ry) + Saskynthetic(rx’ ry) # o™y, ry) 4 80 (x. Ty)

(22)

wherescfskymhem(rx, ry) expresses that the stochastic process cannot impose ex-
actly o (ry, ry) in akth realization as a consequence the unicity of the pair binary
imageb (ry, ry) and 8askymheﬂc(rx, ry) relates here to the existence of an uncon-
trolled structural noise generated by the stochastic procesktin ealization.
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To correctly interpret the relation between the permeability teKsand the mi-
crogeometry [Egs. (8) and (9)], it is necessary to verify that the structural noise
does not control the outpu{ of the simulation. Depending on the impact of
Sos"ymhem(rx, ry) on any physical property, the use of the generator may be de-
clared appropriate or not. In the second paper of this series, a review of the afore-
mentioned generator (Joshi, 1974) will be provided. The existence of a struc-
tural noise, generated by the stochastic process in a series of realizations, will be
highlighted.
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