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Abstract

Elastic properties of fluid saturated porous media with aligned fractures can be studied using the model of fractures as
linear-slip interfaces in an isotropic porous background. Such a medium represents a particular case of a transversely isotropic
(TI) porous medium, and as such can be analyzed with equations of anisotropic poroelasticity. This analysis allows the
derivation of explicit analytical expressions for the low-frequency elastic constants and anisotropy parameters of the fractured
porous medium saturated with a given fluid. The five elastic constants of the resultant TI medium are derived as a function of
the properties of the dry (isotropic) background porous matrix, fracture properties (normal and shear excess compliances), and
fluid bulk modulus. For the particular case of penny-shaped cracks, the expression for anisotropy parameter € has the form
similar to that of Thomsen [Geophys. Prospect. 43 (1995) 805]. However, contrary to the existing view, the compliance matrix
of a fluid-saturated porous-fractured medium is not equivalent to the compliance matrix of any equivalent solid medium with a
single set of parallel fractures. This unexpected result is caused by the wave-induced flow of fluids between pores and
fractures.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Naturally fractured reservoirs have attracted in-
creasing interest in exploration and production geo-
physics in recent years. In many instances, natural
fractures control the permeability of the reservoir, and
hence the ability to find and characterize naturally
fractured areas of the reservoir represents a major
challenge for seismic investigations.
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One of the main issues in the characterization
of any reservoir is the ability to predict the effect
of fluid properties on seismic characteristics. For
isotropic porous reservoirs, this effect is expressed
through Gassmann’s equations, which provide ex-
plicit analytical expressions for the elastic moduli
of a fluid-saturated rock as functions of the
porosity, the elastic moduli of the dry skeleton,
the bulk modulus of the solid grain material, and
the bulk modulus (incompressibility) of the pore
fluid.

However, such explicit yet general expressions
are not known for reservoirs with aligned fractures.
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Several treatments of the porous media with aligned
fractures have been developed in recent years
(Thomsen, 1995; Hudson et al., 1996, 2001). How-
ever, these treatments are based on a specific and
idealized fracture geometry (the so-called penny-
shaped crack), and are restricted to small crack
densities.

More general relationships between dry and fluid-
saturated properties of fractured porous media can be
based on the general linear-slip model of the medium
with parallel fractures (Schoenberg and Douma, 1988;
Schoenberg and Sayers, 1995). This model, based on
physically intuitive relations between stress and dis-
continuity in displacement across the fracture, is
formulated in terms of excess compliance due to the
presence of fractures, and requires no assumptions
about the microstructure or microgeometry of the
fractures.

Suppose that the dry porous and fractured skeleton
of the rock can be described by the general linear-slip
model. In the low-frequency limit, the medium de-
scribed by the linear-slip model is equivalent to a
transversely isotropic (TI) elastic medium. Therefore,
the same medium saturated with a fluid is also a TI
medium, whose elastic properties may be expressed
through the anisotropic Gassmann equations (Gass-
mann, 1951; Brown and Korringa, 1975; Xu, 1998;
Cardona, 2002).

In this paper, we use equations of anisotropic
poroelasticity applicable to TI media to derive explicit
expressions for the low-frequency elastic constants
and anisotropy parameters of the fractured porous
medium saturated with a given fluid. The five elastic
constants of the resultant TI medium are derived as
explicit expressions in the properties of the dry
(isotropic) background porous matrix, fracture prop-
erties (normal and shear excess compliances), and
fluid bulk modulus.

2. Linear slip model for the dry skeleton

We assume that the dry rock is a spatially homo-
geneous and isotropic porous rock (host rock) perme-
ated by a set of parallel fractures. The host rock is
assumed to be made up of a single isotropic elastic
grain material with the bulk modulus K,. The host
rock is characterized by porosity ¢, and Lamé con-

stants A and p, so that its stiffness matrix can be
written in the form

A+2u ) y) 0 0 0

) i+2u 0 0 0

! ) A+2u 0 0 0
Cp =

0 0 0 w0 0

0 0 0 0 u 0

0 0 0 0 0 u

The host rock is permeated by a set of parallel
fractures which are described by the linear slip model
(Schoenberg and Douma, 1988; Schoenberg and
Sayers, 1995). According to this model, in the limit
of low frequencies, an elastic medium permeated by a
single set of parallel fractures can be characterized by
the compliance matrix

s = sp + ¢, (1)
where s;, is the compliance matrix (inverse of stiffness
matrix ¢,) of the host medium and s, is the excess
compliance matrix associated with the fractures
(cracks). Here and below, we assume that the fracture
set is rotationally invariant about the x, axis, which is
normal to the fracture plane. In this case, the excess
compliance matrix can be expressed in the form
(Schoenberg and Sayers, 1995)

Zx 00 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O
0 0 0 0 0 O

0 0 0 0 Z O

0 000 0 Z

where Zy and Zt denote the so-called normal and
shear excess compliances caused by the presence of
fractures.
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The compliance and stiffness matrices given by Eq.
(1) describe an effective medium which is transversely
isotropic (TI) with the symmetry axis x;. Although
general TI media are defined by five independent
elastic parameters (c?l, c§)3, 0103, cff4, and 035=cg6),
the elastic properties of an isotropic medium with
rotationally invariant parallel fractures are fully de-
scribed by four parameters: two elastic constants of
the host medium / and , and two excess compliances
Zx and Zr. Consequently, its stiffness matrix ¢°
(inverse of s°) represents a special case of the general
compliance matrix for a TI medium in that the five
elastic constants are not independent but are related by
the equation (Schoenberg and Sayers, 1995):

2
1c%s = (5)" = 2¢4,(c}, + ¢f;) = 0. (3)

3. The effect of the fluid

Our aim is to study the effect of the saturating fluid
on the elastic properties of the fractured porous rock.
This cannot be done using standard isotropic Gass-
mann equations. In his landmark paper, Gassmann
(1951) presented analogous equations also for the
media with anisotropic skeleton made up of a single
isotropic elastic grain material. For this case, the
relationship between the dry and saturated elastic
moduli of the rock can be written in the form

c;at:c2+O(,O(jM, 15]2176 (4)

where

3

> Con
-1 n=1
O 3Kg s (5)

form=1,2, and 3, oy =05 =0=0, and the scalar M is
the direct analog of Gassmann’s pore space modulus:

(—8)-#(-8)

In Eq. (6), ¢ is the overall porosity of the porous
fractured rock (sum of background porosity ¢, and

M =

(6)

fracture porosity ¢.) and K* denotes the so-called
generalized drained bulk modulus, which is defined as

1 3 3
K*:§ZZC2.. (7)

A different but entirely equivalent formulation of
the anisotropic Gassmann equations has been derived
by Brown and Korringa (1975), who also extended
them to account for microheterogeneous and aniso-
tropic grain material. Equations of Brown and Kor-
ringa (1975) were used by Cardona (2002) to develop
a model for fluid substitution in fractured porous
media, which is similar to the one presented in this
paper.

As discussed in the previous section, our dry rock
is transversely isotropic, in which case Eq. (5) yields:

0 0

¢y +2¢
—1_ % 13 8
o 3Kg ) ()
az:%:l_w 9)

3K,

and oy =0as=0s=0.

To apply these relationships to our porous fractured
medium, we first invert matrix s” to obtain dry rock
stiffnesses cg-, and then substitute these stiffnesses into
Egs. (7)—(9) to obtain

K
K*=K(1l—-———A 1
( ;L+2,u N)’ (0)
K K
o :1—?g(1—AN):a0+K—gAN, (11)
K

Oy = 03 = 0y + An, (12)
Ky

24 2u)
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where K= 4+ 2u/3 is the bulk modulus of the dry host
rock, ap=1— K/K,, while

(A+2u)2Zx
AN=——F—"F—— 13
N (24 20) 2y (13)
and
Uz
Ar = 14
Ll (14)

denote dimensionless fracture weaknesses.

Finally, substituting dry-rock stiffnesses into Eq.
(4), we obtain the stiffnesses of the saturated fractured
porous medium as explicit expressions in the moduli of
the host rock, fracture weaknesses, and fluid modulus:

L K 16 12
i :5{d19+—f [Lla' 2 E% AN:| },

OK, L 9 L
(15)
L Kf 4 ,uzoco
sat __ /o
33 = D {dz@—‘r— PK,L |:L10€ 9 1 An| 7,
(16)
y! Ki . 8 1o
sat __ / —
C13 = D{d19+ (f)Kgﬂv |:/L10( +9 I AN s
(17)
iy = 1 (18)
css = p(l — Aq), (19)
where
K; K*An
D=1+— - 20
+Kg¢(°‘° o+ KgL>’ (20)
oo1-K i KA (1)
- ng o = Ao KgL N

4 2
Li=Kg+zm i =Kg— <, (22)
/12
di=1—Ax, dr =1 -2 Ay (23)
Ly

We see that ¢j3 and c52' are not affected by the
fluid. For compactness, in Egs. (15)—(19), we use four
elastic constants 4, u, K=4+2u/3, and L=4+2u of
the dry isotropic host rock, while only two of these
constants are, of course, independent.

Egs. (15)—(19) provide a complete description of
the elastic properties of the saturated rock with
aligned fractures. Note that no approximations have
been made with respect to the degree of fracturing
(fracture weakness or fracture density) or fluid mod-
ulus, as is often done in studies of fluid effects in
fractured rocks (Thomsen, 1995; Hudson et al., 1996,
2001).

4. Anisotropy parameters

One of the key issues related to elastic properties in
fractured media is the effect of pore fluid on anisot-
ropy. The degree of anisotropy of a TI medium is
described by Thomsen’s (1986) parameters €, 9, and 7,
which describe the variation of compressional and
shear velocities as a function of polar angle with
respect to symmetry axis:

€33 — C11
- 2611 (24)
C44 — Cs5
y=" (25)
2 2
5= (c13 + ¢s5) (c11 —css) (26)

2¢ii(crr — css)

For a fractured medium with an isotropic back-
ground and parallel fractures, Thomsen’s (1986)



B. Gurevich / Journal of Applied Geophysics 54 (2003) 203-218 207

parameters can be expressed in terms of normal and
shear compliances. Since the properties of this medi-
um are defined by four rather than five parameters, the
three anisotropy parameters are not independent, and
two parameters, say, € and 7, are sufficient to charac-
terize the anisotropy of that medium:

Qo _ 212+ Ay
21— Ay)

0 Ar

= M7 (28)

v

with ¢ fully determined by € and y. In case of small
anisotropy €’ <1, y° <1, this relationship is

1-2v ,

" =2(1-v)e -2 0, (29)

1—v

where v=3K — 2)/2(3K + 1) is Poisson’s ratio of the
dry background medium. If these parameters are
obtained, for instance, from measurements of seismic
wave velocities, fracture weaknesses can be estimated
by solving Egs. (27) and (28) for Ay and Ay

e(/+2p)
- ( i 1) : . (30)
€(A+2u)" +2u(A+ p)
and
2y
T 142y (31)

In turn, fracture compliances can be calculated by
inverting Eqs. (13) and (14) for Zy and Zp, and
substituting Ay and At from Egs. (30) and (31):

€(4+2p) 2y
_ _ . Zr=—. 32
NG T (32)

For a saturated rock, the anisotropy parameters €
and y can be obtained by substituting saturated rock

stiffnesses as given by Egs. (15)—(19) into Egs. (24)
and (25):

Ky 1 Kppx
st _ g0 Ke 3¢Kg(#+2>2
K; K; 4 K 16 1o ’
=R a5 5) (o ) -5 7]
(33)
A
sat 0 T
=gt = ST 34
A (i (34)

where €® and 7° are dry anisotropy parameters given
by Eqgs. (27) and (28), respectively.

Eq. (33) can be compared with the results of
Thomsen (1995) who derived expressions for anisot-
ropy parameters of a porous rock with aligned penny-
shaped cracks. The result of Thomsen (1995) can be
written in the form

r 8¢ L (K% 4u/3)

T3 (K uf3)

K
Kg
><1 K Kl del 1 7 &
K, ¢ |K 3 uK+u3

In Eq. (35), e is the crack density, which is related
to the crack porosity ¢, and aspect ratio a of the
spheroidal crack (ratio of the minor to the major axis
of the spheroid) by

e= 3¢ (36)

4na’
K®"is the undrained (Gassmann) bulk modulus of the
porous uncracked host rock

K = K + oMy (37)

and L*'=K*'+4u/3. To compare our Eq. (33) with
Thomson’s results, we need to express fracture com-
pliances or weaknesses in the linear-slip model for the
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particular case of penny-shaped cracks. Such relation-
ships have been derived by Schoenberg and Douma
(1988):

4L
ZN = me, (38)
Ay = de(K +4:“/3)2 (39)

4e(K + 4p/3) + 3u(K + u/3)

Substitution of Ay as given by Eq. (39) into Eq.
(33) for small crack densities yields

_ K (1 o K )
8¢ K, 3¢ K+u/3 40
€= 3 1 K¢ Ki | Ket+4p/3 del 1 ’ ( )
KT T RL T3 K

Thomsen’s (1995) result (Eq. (35)) and our result
(Eq. (40)) are very similar but are not identical. They
coincide for the case when Ky<<K,, while the porosity
is somewhat small so that the bulk modulus of the dry
host medium is close to that of the grain material,
K = K,. However, in other cases, the two expressions
give slightly different results. One of the ways to
analyze the effect of background porosity and fluid on
the elastic tensor is to represent the compliance matrix
5% (inverse of ¢*) in the form similar to Eq. (1): as a
sum of an isotropic part and fracture-related part:

s = s, + 3. (41)

The isotropic part s, corresponds to the medium
without fractures, and thus can be easily obtained
from isotropic Gassmann equations. The elements of
fracture compliance matrix s} are the effective frac-
ture compliances for the saturated fractures that can be
obtained by substituting anisotropy parameters € and )
as given by Egs. (33) and (34) into Eq. (32) and
replacing 4 with its undrained (Gassmann) equivalent
;Lsat:

;bsatELsat _ //‘Ei + O((Z)M(), (42)

where M, is given by Eq. (6) with K*=K and ¢ = ¢,,.
This can be written in the form

Lsat(/‘L + 'u)Esat
ZIS\Im =2Zn m7 (43)
= Zr, (44)

whereas before Zy and Zt represent dry fracture
compliances, and € is given by Eq. (33). Together
with Eq. (33), Eq. (43) shows how effective excess
fracture compliance changes with fluid saturation and
background porosity.

5. Analysis of the derived equations

5.1. Gassmann consistency

For non-fractured rock setting fracture weaknesses
Ay and At to zero yields

G = = [M=] 4 o2 M, (45)

sat __ sat __

Cag = Cs5 = 1 (46)

where M, is given by Eq. (6) with K*=K,

K 1
M, = g =

K, a—¢ ¢
(B0 2
K;
= T (47)
¢p(1+ ¢ K_g>

p

Egs. (45) and (46) are equivalent to classical
isotropic Gassmann equations and describe an isotro-
pic fluid-saturated porous medium without fractures.
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5.2. Properties of background and fracture porosities

The general Egs. (15)—(19) provide expressions for
saturated stiffnesses of any fractured porous rock as
long as fractures in the dry skeleton can be described by
a linear slip model (Eq. (1)). However, division of the
total porosity into background porosity ¢, and fracture
porosity ¢, allows us to derive more specific equations
valid for typical reservoir conditions.

First, following Thomsen (1995), we assume that
the background porosity is formed by so-called
“equant” pores, that is, pores with aspect ratio of
order 1. Such porosity is typical for clastic or granular
reservoirs. As known from mechanics of composite
materials (Christensen, 1979), of all possible pore
shapes, such equant pores have a minimum softening
effect on the overall elastic properties of the porous
material, and are therefore often referred to as hard
porosity (Mavko and Jizba, 1991). The softening
effect of porosity is expressed via the parameter
o9 =1 — K/K,, which in the case of equant porosity
is of the same order of magnitude as the porosity
itself, oo/, = O(1). Moreover, for typical rocks, o is
usually two to four times greater than ¢, so that

(o0 = ¢p) /¢ = O(1). (48)

In contrast to background porosity, the fracture
porosity ¢. will be assumed to consist of crack-like
thin pores, which behave much like oblate spheroids
(penny-shaped cracks) with very small aspect ratio
(<0.01). This shape makes such pores very compliant
(soft porosity, Mavko and Jizba, 1991), and they have
a significant effect on the effective elastic properties
of the material even if present in relatively small
quantities. In our notation, the softening effect of
fracture porosity on dry elastic properties is described
by dimensionless weaknesses Ay and Ar. The fact that
fracture porosity is a “soft porosity” can be written as
AN>> ¢, Ar>> .. Following the analysis of Schoen-
berg and Sayers (1995), we will assume that fracture
compliances Zy and Zr are of the same order of
magnitude (though not necessarily equal), Zn/Zt=
O (1). This means that Ay/gAr=0(1), where
g=(A+2u)/u, and thus

¢, <Ap <Ay < L. (49)

In addition, we will assume for simplicity that the
bulk modulus of the fluid is small compared with that
of the grains, Ky<<K,. This does not mean that all the
terms containing K¢/K, can be neglected, as these
terms may contain combinations like An/¢p, which
may be very large. Moreover, to be negligible, these
terms must be small compared with terms containing
Ay, which may themselves be small. Taking this into
account, we can observe that the terms containing
1*ooAn/L in the right-hand side of Eqs. (15)—(17) can
always be neglected. Indeed, when the background
medium is non-porous, ¢, =0 and oy =0. Conversely,
when background porosity is large, this term is small
because it is proportional to ANK¢/K,. By neglecting
the terms containing agAnK¢/K,, We can rewrite Egs.
(15)—(17) as

i"l‘:D{(l AN)0+¢%;L<Kg+§u>

x <a0+KK—:LAN>}, (50)
w L 22 K¢ 4
A :5{(1 _PAN>0+ oKL (Kg+§u)

9 <+%A>} (51)
=300 (539

9 < n %Q } (52)

with 0=1— K{/K, and D given by Eq. (20). We can
observe that equations for cfi' and c33' are now
identical, but for the factor A%/L? multiplying Ay in
c33' in the term which is not affected by the fluid.
Therefore, the expression for €' reduces to

0
e = < (53)

KK+4 +K2A ’
| &g 3H 0o KgLN

(1 - An)p(Ky — Kr)L

1+

The simplifications made in this section allow us to
derive even simpler expressions for two important
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special cases of a non-porous background and back-
ground with relatively large porosity.

5.3. Isolated fluid-filled fractures

If fractures are embedded in a non-porous back-
ground, the background porosity ¢, is zero (and
hence ¢=¢.), while the elastic moduli of the dry
isotropic host rock K and p are equal to the moduli K,
and p, of the grain material, so that ¢y = 1 — K/K,=0.

Therefore, the elastic properties of the non-porous
medium with parallel isolated fractures can be
obtained by substituting ¢=¢. and ¢o=0 into Egs.
(15)—19) and (33):

@T:%{U—AM(I m) i}A}7 (54)

with
Ky  KiA
D=1 ——f N (57)
Ly,
and
Ly = Ky +4u,/3, g = Ky — 211, /3.
For the anisotropy parameter €, we have
‘ 1 &
€S — EO Kg e
S AR (e
0
€
= K, ™ (58)

U m kot auoay

Further evaluation of this result requires a relation-
ship between normal fracture weakness for the dry
rock Ay and fracture porosity ¢.. Such a relationship
depends on the microgeometry of the fractures. In
particular, for the popular model of aligned penny-
shaped cracks (Hudson, 1980, 1981; Nishizawa,
1982), we can use fracture parameters given by Egs.
(38) and (39). This yields, for small crack densities,

) 8 1
e =2 . (59)

1
3 |41 Ket+4i,/3 K, | _ k&
na Iy Ko+uy/3 K,

Eq. (59) is identical to the result of Thomsen
(1995) for low concentrations of penny-shaped
cracks; see also Hudson et al. (2001).

For isolated fractures, the effective normal fracture
compliance as given by Eq. (43) can be written as

7= N (60)

KiA K
L+ g (1-8)

If the fluid is very compressible, so that K¢/L, — 0
then also Z¥’'=Zy, as one would expect. If, however,
the fluid is liquid, then

Lgd)c Kf
1— <7 61
KrAn ( Kg) h ( )

7 = ZIn

and therefore Z¥'<Z5'=Zr. This is a well-known
property of fractured non-porous media (Schoenberg
and Douma, 1988).

5.4. Effect of background porosity

The central issue in this paper is the effect of
background porosity on the elastic properties of the
fluid-saturated fractured rock. As we assume that the
background porosity is formed by equant pores, it is
clear that small amounts of background porosity (on
the scale of ¢.) have virtually no effect on the overall
elastic properties of the rock. We will therefore
assume in this section that ¢,>> ¢..

With these assumptions and conditions (Egs. (48)
and (49)), the term An/¢ is of order 1, and when
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multiplied by K¢/K, can be neglected. Thus Egs.
(50)—(52) can be further simplified and re-arranged
to give

Ky L L
sat __ L 2 _ Ay = Lsat _ A 62
I + d)pDO _Do N _DO N> ( )
K¢ 22 72
sat __ L 2 _ Ay = Lsat _ A 63
T Dy T I D, M (63)
Kf ;u L
sat y) 2 _ Ay = 158t A 64
13 + .00 Do N =4 Dy N (64)
where

oy — d)p &_Mo%

Dy=1+
’ ¢p Kg Ky

. (65)

The corresponding equation for anisotropy param-

eter €' is

sat _ 2,[1() =+ H)AN
DoL(L* — LAx/Dy)
L 1-A LAy \ !
_ 0 N N
=€ % Dy (1 — LsatD()) . (66)

For weakly fractured media, Ay <1, we have

L
sat 0
=€ ——. 67
€ € [sat DO ( )
Finally, effective saturated fracture compliance can
be obtained by substituting €’ as given by Eq. (67)
into Eq. (43):

I+ 1— Ay LAn \ !
Zst — 7, ( 1— 68
N N sat +u Dy LD, ’ ( )

or, for weak fracture anisotropy

(44w

7 =gt
b Do(2" + p)

(69)

Eq. (69) shows that in the presence of background
porosity, the saturated normal fracture compliance

Z3' is of the same order of magnitude as, but
somewhat smaller than, the dry fracture compliance
Zy. Intuitive arguments as well as the analysis of
Schoenberg and Douma (1988) based on the theoret-
ical result of Thomsen published later in Thomsen
(1995), Eq. (35), suggested that the presence of a
non-zero background porosity ¢,>> ¢, tends to pro-
duce a non-zero normal fracture compliance, i.c.,
0<Z$"'<Zr. Eq. (69) provides a quantitative confir-
mation of this phenomenon.

5.5. Numerical illustration

The effect of background porosity on the anisotro-
py of the fractured medium is illustrated in Figs. 1-3.
Numerical computations require elastic constants of
the dry porous background rock as a function of
porosity. For this purpose, we used empirical model
of (Krief et al. (1990)):

K = (1—09)Ky; (70)

= (1 - O(()),ug; (71)
with o given by

w=1— (1= ¢)7. (72)

Fig. 1 shows the anisotropy parameter € as a
function of fluid bulk modulus K; for different poros-
ities. For each porosity, a different value of normal
fracture compliance was chosen so as to produce the
same value for €’=0.1 for the dry medium and
fracture porosity of 0.01%. (this corresponds to crack
density of penny-shaped cracks equal to 0.0375). As
described in this section, we see that at very low
background porosities, €' tends to zero as Ky
increases. However, even for modest values of back-
ground porosity, €* shows a much more gradual
decrease with fluid modulus. Similar behaviour is
observed for the effective excess normal fracture
compliance Z3" (Fig. 2). Interestingly, the decrease
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—— 0.001%
0142t -= 01% |
‘‘‘‘ 1%
-- 10%
01de o 20% |
e +  30%
0.08 00000, -- 4
ooooooOOOOOO
€ ' . °
0.06 ey 4
++++++
++
0.04 R
0.02 - _ .
0
0 0.5 1 15 2 25
Fluid bulk modulus, Pa x 10°

Fig. 1. P-wave anisotropy parameter € versus fluid bulk modulus for different values of background porosity. For each porosity, the fracture
compliances have been adjusted to provide the same value of €=0.1 for the dry rock.

of both € and Z%" with K; is minimal at porosity the full solution, Eq. (33), dashed line the asymptotic

around 10%, and then increases again. solution for large background porosity, Eq. (66), and

Fig. 3 further examines this effect. It presents €' as dotted line Thomsen’s (1995) solution, Eq. (35). We

a function of background porosity ¢, for water-satu- see that € is zero for zero background porosity, and

rated rock (Ky=2.25 x 10” Pa). The solid line shows sharply increases within a range of a few percent
' ' ' — 0.001%

12 -- 01% |
1%
10%
20% |
30%

sat
72z

0 0.5 1 15 2 2.5
Fluid bulk modulus, Pa x 10°

Fig. 2. The ratio of saturated-to-dry fracture compliances versus fluid bulk modulus for different values of the background porosity.
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[0 T e e e 1
0.09 b
0.08
0.07
0.06

€
0.05
0.04
0.03
0.02 —— Present work M
- — Large porosity
0.01F ~+ Thomsen (1995) [
- - Dry
0 . . . . . T T
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Porosity

Fig. 3. P-wave anisotropy parameter € versus background porosity as predicted by the anisotropic Gassmann theory, Eq. (33) (solid line), large-
porosity approximation, Eq. (66) (dashed line), and Thomsen (1995) theory, Eq. (35) (dotted line). Dash—dotted line shows € for the dry rock.
For each porosity, the fracture compliances have been adjusted to provide the same value e=0.1 for the dry rock.

porosity almost to €”, the value of € for the dry medium.
After that, the dependency of € on ¢,, flattens out and
is followed by a gradual decrease down to about half of
€°, at background porosity of about 0.4.

As discussed by Thomsen (1995) and Hudson et al.
(2001), the sharp increase of € results from the fact
that when surrounded by (equant) pores, the fluid in
the fracture has plenty of space around it to escape to
when compressed, and therefore the fracture is almost
as compliant as in the dry medium. In other words,
stiffening of compliant pores by the fluid does not
occur, as fluid can escape into the pores. Mathemat-
ically, this behaviour is best described by Eq. (53).
The parameter that controls this transition is the ratio
of the second to the first term in the denominator of
the right-hand side of Eq. (53), which can be approx-
imately written as

0
K22 Ky @

where ¢, :Kfeo/2Kg is the characteristic porosity
around which the sharpest rise of € with ¢, occurs.
For ¢, <<¢,, the factor F'=d/(¢p.+ ¢,) is very large,
and thus € is close to zero. For ¢,>> ¢,, the factor F

becomes small, and the denominator in Eq. (53) is of
order 1, which gives €*=0(e"). For our numerical
example, €=0.1, K,=40 GPa, and the characteristic
porosity ¢, is about 5%. This means that no more than
10% porosity provides enough space for the fluid to
escape from the fracture. Note that for given grain and
fluid bulk moduli, the characteristic porosity ¢; is
chiefly controlled by the dry fracture weakness or
degree of fracture anisotropy, and is unrelated to
fracture porosity, which is much smaller (0.01%) in
our case.

At background porosities several times greater than
¢, the factor F' becomes small, and a simple high-
porosity approximation given by Eq. (66) or Eq. (67)
can be used. The gradual decrease of € at higher
background porosities is simply the result of fluid
saturation; the more porous the rock, the greater the
role of the saturating fluid in overall properties of the
rock. Since the pore fluid is isotropic, it tends to
reduce the overall degree of anisotropy of the rock.

5.6. Properties of stiffness and compliance matrices

Egs. (43) and (44) show how non-zero elements of
the excess compliance matrix s, change in the pres-
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ence of fluid. This implies that all other elements of
that matrix remain zero. As was mentioned before, the
fact that the compliance matrix can be expressed as a
sum of an isotropic compliance matrix for the non-
fractured rock plus an excess compliance matrix with
only three diagonal elements other than zero requires
that elements of the stiffness matrix satisfy Eq. (3). In
order to prove that this representation is also valid for
the saturated case, we need to calculate the left-hand
side of Eq. (3) with the dry stiffnesses cfj)- replaced by
the saturated stiffnesses given by Eqgs. (15)—(19).
After a straightforward, but cumbersome calculation,
we arrive at the result that Eq. (3) does not hold for the
saturated rock:

e — (€)= 235 + 0. 4

This largely unexpected result means that the
compliance matrix for the saturated fractured medium
with background porosity cannot be represented by
the sum of an isotropic matrix and an excess compli-
ance matrix of the form given by Eq. (2). One can still
obtain the excess compliance matrix si** as a differ-
ence between the compliance matrix s* and the
isotropic compliance matrix s, obtained from dry
compliances using isotropic Gassmann equations.
However, such an excess compliance matrix will no
longer have a form given by Eq. (2), but will have
other non-zero elements:

ZIS\]at—F(SSH oS;z oS3 0 0 0

0813 0833 083 0 0 0

0813 08 0853 0 0 0
Ssat —

0 0 0 0 0 0

0 0 0 0 Zr O

0 0 0 0 0 Zr

where all quantities 6S; are given by expressions that
for small background porosity are proportional to the
combination 0yZNKy. Therefore, these quantities van-
ish for dry rocks, for rocks with zero background

porosity (in which case «y=0) and, obviously, for
non-fractured media. However, in the presence of
fractures, background porosity, and fluid all 4S;; are
non-zero.

This result contradicts the existing view that back-
ground porosity only influences one element of the
upper-left quarter of excess compliance matrix Zy.
The non-zero effect of background porosity on other
compliances can be explained by the flow of fluids
between pores and fractures. Indeed, if we compress
the rock with no background porosity along x3 or x,
axis, its compliance is not affected by the fractures
normal to x;. However, if the rock also contains pores
that are in hydraulic equilibrium with the fractures, the
fluid will squeeze from pores into fractures, thus
affecting the corresponding compliance. The hydrau-
lic equilibrium is assured by the use of a low-frequen-
cy approximation, and an assumption of a non-zero
permeability.

Thus, the saturated porous and fractured porous
medium can no longer be described by four parame-
ters (two elastic constants of the background and two
excess compliances), but requires all five parameters
that describe a general TI medium. It is therefore not
sufficient to describe its anisotropy by € and y only;
that is, the ¢ parameter is now an independent
parameter. Expression for J in the case of weak
anisotropy can be obtained by substituting saturated
stiffnesses given by Egs. (18), (19), (62)—(64) into
Eq. (26) and retaining only terms linear in Ay and Ar.
This yields:

2
5 — L::t (Dg'Ax — Ap), (75)
or, in terms of € and ™,
1 _ zvsat
5sat — 2(1 o V)Esat -2 T ysat7 (76)
where v**' is Poisson’s ratio of the saturated back-

ground medium, and y** is given as before by Eq.

(34). Expression for ¢ given by Eq. (76) differs from
the value of ¢ that satisfies the requirement (expressed
by Egs. (3) and (29)).

For the saturated medium an equivalent equation
would be

1 — 2yt

t__
S =2(1 - —

Vsat) ]

e (77)
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Fig. 4. Anisotropy parameter ¢ versus background porosity as predicted by the anisotropic Gassmann theory, Eqs. 62—64 (solid line), large-
porosity approximation, Eq. (75) (dashed line), Thomsen’s (1995) work (dotted line), and Eq. (77), with € and y obtained from exact Eqs. 62—64

(dash—dotted line).

Eq. (76) differs from Eq. (77) by the use of dry,
rather than saturated, Poisson ratio in the term that
multiplies €*'. Obviously, for large porosity, the
difference may be significant. This is demonstrated
by Fig. 4, which shows 0 versus porosity cor-
responding to anisotropic Gassmann Egs. (62)—(64)
(solid line), large porosity/weak anisotropy approxi-
mation, Eq. (75) (dashed line), Thomsen’s (1995)
work (dotted line), and Eq. (77), with € and 7y
obtained from exact Eqs. (62)—(64) (dash—dotted
line).

An important implication of the analysis given in
this section is that ¢ as given by Eq. (76) is not fully
defined by the elastic constants of the saturated
background medium plus €' and 7**, but also
depends on background porosity (through the differ-
ence between dry and saturated Poisson ratios of the
background medium).

6. Higher frequencies
All the results derived above assume infinitely

hydraulic equilibrium between pores and fractures,
and are therefore valid for infinitely low frequencies.

This regime is called “relaxed”” by Mavko and Jizba
(1991), and corresponds to the situation when the
fluid diffusion length (Hudson et al., 2001)

J =/ b,Kerc/2nw.

(or the wavelength of Biot’s slow wave, Biot,
1956a,b) is larger than the fracture size and fracture
spacing,

(78)

c<a<<J (79)
(in Eq. (78), @ denotes frequency, x the background
permeability, and # the dynamic fluid viscosity).

At higher frequencies, the fluid will have no time
to move between pores and fractures. This occurs
when fracture opening becomes larger than the fluid
diffusion length (Norris, 1993; Gurevich and Lopat-
nikov, 1995; Hudson et al., 2001), although fractures
are still assumed to be smaller than the wavelength
2nvy/w:

J <=2y, /0 (80)
where o is frequency. The regime defined by the
condition (Eq. (80)) is called “unrelaxed” by Mavko
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and Jizba (1991), and the corresponding frequencies
are called moderately high by Thomsen (1995) and
intermediate frequencies by Gurevich et al. (1998). In
this regime, the flow between pores and fractures must
be ignored, and the fractures should be treated as
isolated fractures in the isotropic background whose
elastic constants are given by the isotropic Gassmann
equation. In particular, the expression for anisotropy
parameter € is identical to the one given by Eq. (58)
with grain moduli K, and pu, replaced by the un-
drained modulus K** given by the Gassmann Eq. (37)
and skeleton shear modulus p, respectively:

K.
€ — 2#(Ksa;+ 1/3)Ax B Ki . (81)
K K ’
(L=2)°(1 = AN) 1= 55 + 7 5my

This result is equivalent to the corresponding result
of Thomsen (1995) for moderately high frequencies.

7. Discussion

The above analysis shows how the low-frequency
elastic properties of a fractured rock with a back-
ground porosity can be obtained using the Gassmann
theory of poroelasticity. The main result is that a
relatively small increase of background porosity (from
zero to a few percent) leads to a sharp increase of P-
wave anisotropy from a near-zero value for non-
porous background to a value which is close to, but
somewhat smaller than, P-wave anisotropy of the dry
fractured rock. This result is qualitatively consistent
with the prediction of the model of Thomsen (1995),
which is based on the analysis of pressure equilibra-
tion in a system of penny-shaped cracks embedded in
a porous background. Quantitative predictions of the
anisotropic Gassmann and Thomsen (1995) model are
identical for low concentrations of penny-shaped
cracks, but differ slightly in the case of a porous
background. The main qualitative difference is in the
fact that the stiffness matrix predicted by the aniso-
tropic Gassmann model does not obey the usual
relationship (Eq. (3)) valid for dry or saturated rocks
in a non-porous background. This means, in particu-
lar, that contrary to the prediction of Thomsen’s

(1995) model, the anisotropy parameter 6 for the
saturated rock is not fully defined by the elastic
constants of the saturated background medium plus
€ and ™, but also depends on the background
porosity. A more detailed theoretical comparison of
the anisotropic poroelasticity model and Thomsen’s
(1995) model is given by Cardona (2002), who
introduced a model for elastic properties of a porous
medium with aligned fractures based on the compli-
ance-matrix formulation of Brown and Korringa
(1975), which is entirely equivalent to the model
presented here.

These results are valid in the low-frequency limit,
when the fluid diffusion length is larger than the
fracture size and fracture spacing. In the opposite
limit of higher frequencies, when the fluid diffusion
length is smaller than the fracture thickness, the fluid
communication between pores and fractures can be
neglected, and the results are equivalent to those
derived for isolated fractures by Hudson (1981) and
Thomsen (1995).

Another theoretical model of elastic properties of
fractured media with background (“equant™) porosity
was developed by Hudson et al. (1996); see also
corrections by Hudson et al. (2001). Unlike the
Thomsen (1995) model and anisotropic Gassmann
model proposed in the present paper, each of which
have expressions only for limiting cases of low and
high frequencies, Hudson et al. (1996) derived expres-
sions for elastic moduli as continuous functions of
frequency. In the high-frequency limit, these expres-
sions are equivalent to the predictions of Thomsen
(1995) and anisotropic Gassmann models. However,
the Hudson et al. (1996) model differs substantially
from these two models in the low-frequency limit,
where it predicts that anisotropy is the same as for the
dry rock, and does not depend on background poros-
ity. This result apparently contradicts the known fact
that for isolated liquid-filled cracks in a non-porous
background, the anisotropy parameter € is close to
zero. However, this contradiction is resolved by the
fact that the low-frequency limit can never be
achieved for zero-porosity background. Indeed, as
can be seen from Eq. (78), the diffusion length is
proportional to background permeability, and is
therefore zero for a non-porous background at any
frequency. Therefore, similar to the anisotropic Gass-
mann and Thomsen (1995) models, the Hudson et al.
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(1996) model predicts an increase of P-wave anisot-
ropy with the increase of background porosity (from
zero to a few percent). However, in contrast to those
two models, this increase occurs at a given non-zero
frequency, but not in the low-frequency limit, and is
controlled by the permeability to viscosity ratio.
Thus, the Hudson et al. (1996) model is not consis-
tent with anisotropic Gassmann theory. As suggested
by Hudson et al. (2001), this discrepancy might be
the result of the fact that Hudson et al. (1996) is
based on the analysis of a singe fracture in an
infinite background medium, and therefore does not
account for the interaction between inclusions which
may be significant in the low-frequency limit when
the diffusion length is larger than fracture spacing.

The analysis of elastic properties of the fractured
rock with background porosity is most important
when such porosity is significant (say, >8—10%),
and thus can hold significant volumes of fluid. In this
case, the general equations for elastic normal stiff-
nesses (Eq. (15)—(17)) reduce to Egs. (62)—(64). For
weakly anisotropic media, these results can also be
recast in terms of anisotropy parameters which are
given by Eqgs. (34), (67), and (75). The main thing to
note about these equations is that they are remarkably
simple. As in many other situations in geophysics, the
computations should always be performed using exact
Eqgs. (15)—(17), but simplified equations can be useful
in providing physical insight and quick estimates.
They can also be used as a basis for petrophysical
inversion.

Finally, it should be noted all the results derived in
this paper for both low and high frequencies (and
corresponding results of Thomsen, 1995; Hudson et
al., 1996, 2001) are only valid if the porous, non-
fractured medium obeys the Gassmann equation. This
is only true in the low-frequency regime of the Biot
theory of poroelasticity (Biot, 1956a,b, 1962). For
most reservoir rocks, this regime extends up to fre-
quencies of 0.1-1 MHz.

8. Conclusions

The anisotropic Gassmann theory when combined
with the linear-slip description of fractures provides a
straightforward solution to the problem of elastic
properties of a porous rock with parallel fractures.

This solution provides explicit and exact analytical
expressions of all elements of the effective stiffness
matrix of such a rock in terms of elastic properties of
the dry isotropic background, porosity, dry normal
and shear excess fracture compliances, and bulk
moduli of the grain material and the saturating fluid.

When recast in terms of Thomsen’s (1986) an-
isotropy parameters, these expressions show that P-
wave anisotropy parameter € of the saturated frac-
tured rock sharply increases from zero to a value
close to its value for the dry rock as porosity
increases from zero to a few percent. After reaching
its maximum value at about 10% porosity, € gradu-
ally decreases with porosity.

The shear wave anisotropy parameter ) is unaffect-
ed by the fluid and is equal to its value for the dry
rock. The parameter ¢ is independent of € and 7y due to
the fact that the compliance matrix of a fluid-saturated
porous fractured medium is not equivalent to the
compliance matrix of any equivalent solid medium
with a single set of parallel fractures. This unexpected
result is caused by the wave-induced flow of fluid
between pores and fractures.
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