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Equation of state of water based on speeds of sound measured in the diamond-anvil cell
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Abstract—Measurements of the speed of sound in water have been extended to 5.5 GPa and 400°C. The data
were taken in the diamond-anvil cell using Impulsive Stimulated Scattering (Forced Rayleigh Scattering) at
acoustic frequencies of 1 GHz. Measured sound speeds differ significantly from those given by previously
published equations of state; at 5 GPa, measured speeds are 3% lower than those predicted by the 1995
formulation of the International Association for the Properties of Water and Steam (IAPWS). New thermal
diffusivity measurements to 1 GPa are combined with previously reported thermal conductivities in a
determination of specific heat. A complete equation of state (giving all thermodynamic quantities) was
generated and subsequently extended to 40 GPa and 3000 K. This equation of state matches both our speed
of sound data and previously published shock wave data; in a range extending to 3 GPa and 700-1600°C
predicted densities are up to 5% higher than those reported from studies of inclusions, leading to a
reinterpretation of those previous studies. Within the range of the new data, an experimentally determined
estimate of uncertainty is given for the densitie€opyright © 2004 Elsevier Ltd

1. INTRODUCTION 2. EXPERIMENTAL

A knowledge of the thermodynamic equation of state (EOS) 2-1- Speeds of Sound

of fluid water is necessary to our understanding of many A diamond-anvil cell, located within a vacuum furnace, holds water

phenomena within the purview of the earth and planetary atthe desired pressure and temperature. Three chromel-alumel thermo-

sciences. Pressures and temperatures of interest exceed 12 GFfé)uples affixed to the cell are used to determine temperature to within
C. Optical access is obtained through the backs of the diamonds. An

and 1200 K. Unfortunately, data are sparse at p.ressures beyon 0 ps pulse from a Q-switched, mode-locked, Nd:YAG laser is first

a few tenths of GPa; over 1 GPa, data are available only from spiit into two and then recombined within the sample at an included

shock studiesWalsh and Rice, 1957; Kormer, 1968; Lyzenga angle of 3. Interference establishes a spatially periodic distribution of

et al., 1982; Mitchell and Nellis, 1982previous measurements intensity with periodd = A/2sin®, whereA, the laser wavelength, is

1064 nm and for these experimedts- 3 um. Thermal pressure caused
of speed of sound to 3.5 GPa and 200%0ryana et al., 1998 by absorption of the light then impulsively launches counter-propagat-

volume measurements deriving both from inclusion. studies jng acoustic waves of wavelengthThese waves induce a temporally
(Brodholt and Wood, 1994; Frost and Wood, 1997; Withers et and spatially periodic variation of index of refraction from which a

al., 2000 and also the irreversible distension of a platinum probe laser (532 nm) can be coherently scattered. The intensity of the
vessel (arrieu and Ayers, 1997 and the early (differential) scattered probe, modulated at the acoustic frequency, constitutes the

. . signal. The acoustic wavelengtth, varies slowly (and minutely) over
volume measurements Bfidgman (1942) Equations of state hours as a result of slight changes in the positions of optical compo-

for water, at high pressures, rely heavily on extrapolation of nents (due to thermal expansion or mechanical drift of mounts) and is
data, calculations of molecular dynamics, or a combination of most easily measured as the ratio of the known speed of sound of a
both Haar et al., 1984; Saul and Wagner, 1989; Belonoshko Standard substance (normally a previously calibrated piece of glass) to
and Saxena. 1991° Holland and Powell. 1991 Brodholt and the acoustic frequency generated in that standard. The speed of sound
TomT ’ ! in the sample is then given by the product of its measured acoustic
Wood, 1993; Pitzer and Sterner, 1994; Wagner and Pruss, frequency andd. In these experiments, speed of sound is typically
2002); several of these are in common use although their determined with a precision of 0.2%l¢ramson et al., 1999b; Wiryana
differences are significant (see, e.@rodholt and Wood, et al., 1998. Systematic velocity errors associated with the calibration
1993. Clearly, further experimental data are required to accu- of the glass standard against water at 1 bar are estimated to be no larger
X , . than 0.1%.

rately extend water’'s EOS to pressures exceeding 1 GPa.

We previously reported speeds of sound to 3.5 GPa and 55 Thermal Diffusivity
200°C. Here we report a significant extension of this work to After several tens of nanoseconds the acoustic disturbance has dis
5.5 G_Pa and 400°C, along with several determinations of appeared, leaving behind an effectively one-dimensional thermal grat-
specific heat to 0.8 GPa. These expanded data allow Us tOjhg. The diffracted signal from this grating decays with exponential
determine the integrated increase of density with pressure andtime constantr which gives the thermal diffusivity, |, through the
thus to develop an EOS in this new regime of pressure and equationr = d*/(8=°Dy,). To achieve the longer{microsecond) delay
temperature; an experimentally supported estimate of uncer- times, a second, pulsed laser is used for the probe. Diffusivities are

. L . . . typically measured to 2%Apramson et al., 1999a; Abramson et al.,
tainty is given. Comparison of the new results with published 2009

shock data leads to a credible extension of the EOS up to 40

GPa and 3000 K. 2.3. Pressure Measurement

2.3.1. Ruby
* Author to whom correspondence should be addressed Between 20 and 200°C, pressure was determined by comparison of
(evan@ess.washington.edu). the fluorescence wavelength of a piece of ruba¢ et al., 198p
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Fig. 1. The temperature-induced shift of the 685.4-nm line of the Sm: SrB,O, pressure standard. The shift in wavelength
(left axis) from the value at 25°C is plotted against temperature for a sample taken directly from the crucible (o), another
recovered after use to 5 GPa and 400°C (+), a sample obtained from LLNL (A), and data reported by Datchi et al. (1997)
(©). Shown on the axis to the right is the amount to be subtracted from the calculated pressure to compensate for the
difference in temperature between the reference borate (at 25°C) and the borate in the cell. Differences between this
calibration and that of Datchi et al. (1997) are equivalent to as much as 0.13 GPa at 400°C.

within the diamond-anvil cell with that of a second ruby positioned
outside the cell (in vacuum) but held at the same temperature. At the
lower temperatures, measurements were typically made with a preci-
sion of 0.02 GPa, whereas at 200°C precision is degraded to 0.04 GPa
due to line-broadening of the fluorescence spectrum.

232 SmSB,0,

Above 200°C line broadening renders the ruby pressure gauge in-
sufficiently precise; instead an isolated fluorescence line (685.4 nm) of
samarium-doped strontium borate (SrB,0;) was used. The fluorescence
wavelength of a piece of borate within the diamond-anvil cell was
compared with that of a piece at 1 bar and room temperature.

The borate was synthesized in our laboratory as described by Pei et
al. (1993) with the addition of 5 mol% samarium and was calibrated
against ruby up to 8 GPa and at room temperature in a 16:3:1 by
volume solution of methanol, ethanol, and water; this solution is known
(Fujishiro et al., 1982) to be a hydrostatic pressure medium under these
conditions. Our calibration differs slightly from that previously re-
ported (Datchi et al., 1997, also with respect to ruby), with pressures
systematically lower by 0.5 * 0.1% for a given shift in wavelength (but
still within the uncertainty of ~1% claimed by those authors). A
calibration of the temperature dependence of the wavelength, however,
gave results which differ significantly from the previous report. In
Figure 1 the temperature dependence as reported by Datchi et a. (1997)
is compared with that of our newly synthesized borate, the same borate
recovered after exposure to water at our highest experimental pressures
and temperatures, and borate synthesized at Lawrence Livermore Na-
tional Laboratories. All samples measured in our laboratory are seen to
exhibit identical behavior as a function of temperature. The pressure-
difference scale on theright side of the figure gives the correction to the
calculated pressure necessitated by the temperature dependence; be-

tween 200°C and 350°C the correction is largest, reaching 0.09 GPa.
Pressures reported here were computed using our calibrations of both
pressure-induced and temperature-induced shifts; the sound speed data
so recorded demonstrate good continuity between the ruby and borate
pressure gauges (see Fig. 4). Within the current range of pressures and
temperatures, any cross derivative of the fluorescence wavelength with
temperature and pressure is not apparent; we assume that the pressure-
induced shift is independent of temperature.

As the borate partially dissolves in water, we followed the lead of
Datchi et a. (2000) and divided the load into two volumes, separated
by athin barrier of gold, each of which contains water, but only one of
which contains the (partially dissolved) pressure gauge. We found that
at room temperature these barriers, with cross-sections of 300 um X
100 wm and thicknesses of 75 um, can occasionally support pressure
differences of ~0.2 GPa; however, this is unusua and repeated mea-
surements demonstrate a precision of 0.02 GPa with the borate at all
temperatures.

3. RESULTS
3.1. Speeds of Sound

Data taken along isotherms of 25, 110, 200, 300, and 400°C
are given in Table 1 and plotted as functions of pressure in
Figure 2; the three highest pressure points at 25°C arein afluid
metastable with respect to ice VI (Wagner et a., 1994). In the
same figure we also show 400°C isotherms predicted by the
empirically derived EOS of Wagner and Pruss (2002), and two
other EOS derived though molecular dynamics calculations
(Belonoshko and Saxena, 1991; Brodholt and Wood, 1993).
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Table 1. Measured speeds of sound.

T P c T P c T P c
(°C) (GPa) (kms™) (°C) (GPa) (kms™%) (°C) (GPa) (kms™Y)

115 165 3182 22 0.69 2427 300 522 4424
115 219 3465+ 26 107 2765 300 556 4517
115 100 2734 26 139 3010 400 112 2.660
115 144 3.065* 200 050 2254 400 113 2660
115 229 3516 200 1.09 2800 400 114 2.643
100 0.86 2612 200 277 3706 400 142 2844
100 160 3.161* 200 3.07 3823 400 218 3.304
100 215 3471* 200 360 4020 400 261 3.500
100 1.10 2.788* 200 114 2785 400 352 3.857
100 141 3028 200 114 2791 400 3.68 3.923
200 0.94 2685 300 162 3.059 400 470 4.234
200 324 3885+ 300 220 3372 400 491 4310

300 3.62 3951 400 492 4310

22 128 2931 300 453 4246

* Previously unpublished data from the study of Wiryana et a.
(1998).

None of these curves matches the experimental pressure de-
pendence within the uncertainties, however, the Wagner and
Pruss EOS is in accord with the data at the lowest pressures,
this observation is developed further below.

3.2. Thermal Diffusivities and Specific Heats

To develop an EOS from the measured speeds of sound, it is
necessary to know specific heats as a function of temperature at
one, preferably high, pressure. Previous, direct measurements
were made to 1 GPa at ~26°C (Czarnota, 1984). However, the
lack of an appropriate calibrant led the author to warn of
possible pressure-dependent systematic errors. Clearly, it was
desirable to obtain more data in this range of pressure.

Specific heat can be calculated as C, = Ky/(Dyp) Where Ky,
is the thermal conductivity, Dy, the thermal diffusivity, and p
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Fig. 2. The measured speeds of sound in water along severa iso-
therms. Continuous lines through the data are calculated using our
proposed equation of state. Dashed lines represent 400°C isotherms
calculated from IAPWS-95 (Wagner and Pruss, 2002), the equation of
state of Brodholt and Wood (1993, BW) and that of Belonoshko and
Saxena (1991, BS).
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Fig. 3. Specific heats cal culated from a combination of our measured
thermal diffusivities and the thermal conductivities of Lawson et al.
(1959) are plotted against pressure along isotherms of 25°C and 110°C.
Also plotted are the data of Czarnota (1984) and results of IAPWS-95
(Wagner and Pruss, 2002).

the density. Measurements of the thermal conductivity of water
up to 0.8 GPa and 130°C were reported by Lawson et al.
(1959). We (Abramson et al., 2001) previously reported ther-
mal diffusivities of water, and have now added two lower
pressure points at 110°C. Together, these data and the known
densities can be used to derive the specific heats shown in
Figure 3. The uncertainty in C, based on combining the two
data sets is ~3%. Up to 0.9 GPa and 110°C our calculated
specific heats are all within 3% of the data of Czarnota (1984)
and within 2% of the predictions of the EOS of Wagner and
Pruss (2002). This gives confidence in specific heat values used
below in the construction of an equation of state.

3.3. Reduction to an Equation of State
3.3.1. Method

Measured speeds of sound are inverted to give an EOS by
recursive solution of the combined eguations:

opy 1 Ta? 1

STOT—g*?p (1a)
and

5C, o !

o TeT (15)

Here, p, ¢, , C,, and V are, respectively, the mass density,
speed of sound, volume coefficient of thermal expansion, spe-
cific heat, and specific volume. To solve these equations, one
requires both speeds of sound across a range of pressures and
temperatures, and the densities and specific heats at one (usu-
aly low) initial pressure from which integration begins. Solu-
tion of these equations proceeds by first integrating Egn. 1a
with the assumption that the term in o and C,, (which corrects
from an adiabatic to isothermal path) is negligible. The result-
ing values of density are used to calculate approximations to
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the temperature derivatives of V and, with Egn. 1b, to C,.
These values are then used in the next integration of Eqgn. la
and the process is reiterated until convergence. The numerical
process was validated by reproducing the densities and specific
heats of the EOS of Wagner and Pruss (2002), starting from its
speeds of sound.

To obtain p and C, a a suitable, initial pressure, it is
necessary to interpolate between our results which start at
essentially 1 GPa and lower pressures at which p and C, have
been measured. Of particular utility in this connection is the
EOS of Wagner and Pruss (2002) (adopted in 1995 by the
International Association for the Properties of Water and Steam
and hereafter designated IAPWS-95). IAPWS-95 is supported
by an extensive collection of data at pressures below 1 GPa
and, further, was designed to extrapol ate reasonably where data
were absent. Within the range of our experimental tempera-
tures, uncertainties in densities predicted by IAPWS-95 at 1
GPa are given (Wagner and Pruss, 2002) as 0.1% or better;
however, for temperatures above ~60°C uncertainties in spe-
cific heats are not given. Comparison with our measured data
shows that the specific heats (Fig. 3) predicted by IAPWS-95
are within 2% of our determinations up to ~0.9 GPa and
110°C. The predicted specific heats are also within 3% of the
data of Czarnota (1984), except for her two highest points
which latter, whether correctly measured or not (see Appendix
1), will be seen to have little consequence for our calculations.

At higher temperatures for which we have not measured
specific heats, we can judge the adequacy of IAPWS-95 by
comparison with our measured speeds of sound. In Figure 4
fractional deviations between sound speeds predicted by
IAPWS-95 and experimentally determined speeds are plotted
as a function of pressure for al isotherms. The plotted uncer-
tainties include both those associated with the pressure mea-
surement and with the speed measurement. Uncertainties are
larger at low pressure where the pressure derivative of speed is
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Fig. 4. Fractional deviations of the measured speeds of sound from
those predicted by |APWS-95 (Wagner and Pruss, 2002). Error bars are
calculated on the basis of the uncertainties in both speed and pressure;
the larger estimated errors near 1 GPa are due to the greater variation
of speed with pressure. The continuous line through the data represents
a correction which, when applied to the IAPWS-95 velocities, alows
calculation of our new equation of state.

Table 2. Calculated densities (g cm™3).

T (°C)
P (GPa) 100 150 200 250 300 350 400

10 12010 11768 1.1526 1.1283 1.1042 1.0802 1.0564
12 12298 1.2063 1.1830 1.1600 1.1372 1.1146 1.0924
14 12557 1.2328 1.2104 1.1883 1.1666 1.1452 1.1241
16 12795 12571 1.2354 1.2141 1.1932 1.1727 1.1527
18 1.3013 1.2795 1.2584 1.2377 12176 1.1979 1.1786
20 13216 13003 1.2797 1.2592 1.2402 1.2211 1.2026
2.2 1.3407 1.3198 1.2997 1.2802 1.2612 1.2428 1.2248

24 — 1.3382 13185 1.2995 1.2810 1.2630 1.2456
2.6 — 1.3555 1.3363 1.3177 1.2996 1.2821 1.2651
2.8 — 13720 1.3532 1.3350 1.3173 1.3002 1.2836
3.0 — 13877 1.3693 1.3514 1.3342 1.3174 1.3012
3.2 — — 1.3847 1.3672 1.3502 1.3339 1.3180
34 — — 13994 1.3823 1.3657 1.3496 1.3340
3.6 — — 14137 1.3968 1.3805 1.3647 1.3494
38 — — 14274 1.4108 1.3947 1.3792 1.3642
4.0 — — — 14243 14085 1.3933 1.3785
4.2 — — — 14374 14218 1.4068 1.3923
4.4 — — — 14500 1.4347 1.4200 1.4057
4.6 — — — 14623 14473 14327 1.4186
4.8 — — — 14743 14594 14451 14312
5.0 — — — — 14713 14571 14434
52 — — — — 14828 1.4688 1.4553
54 — — — — 14940 1.4802 1.4668
5.6 — — — — 15050 1.4914 1.4781
5.8 — — — — 15157 1.5022 1.4892
6.0 — — — — 15262 15128 1.4999

larger. At 1 GPa and now higher temperatures, where measure-
ments of specific heat do not exist, IAPWS-95 sound speeds are
in accord with those measured in this study. On this basis,
IAPWS-95 is accepted as giving an adeguate representation of
the thermodynamic properties of water near 1 GPa and up to
400°C, and thus provides suitable starting values for integration
of Egn. 1.

As seen in Figure 4, nearly al deviations of our data from
IAPWS-95 lie on a common line within our estimate of uncer-
tainty. Below 1.2 GPa the differences between calculated and
measured speeds are within experimental uncertainty, while
beyond 1.2 GPa the average deviation increases linearly with
increment in pressure, reaching 3% at 5 GPa. To obtain speeds
of sound on adense grid suitable for numerical solution of Egn.
1, we thusfirst calcul ated speeds of sound from IAPWS-95 and
subsequently brought these quantities into accord with the
experimental results by application of the correction shown as
the straight line in Figure 4. Integration of Egn. 1 was then
initiated at 1.0 GPa, with the necessary values of p and C,, at
that pressure given by IAPWS-95. This process yielded a stable
solution and a new EOS.

3.3.2. Equation of state to 6 GPa

Calculated densities are given in Table 2 along several
isotherms and are shown in Figure 5a, plotted as deviations
from IAPWS-95. Because the measured sound speeds are lower
than predicted by IAPWS-95, water is more compressible and
densities larger (0.7% at 6 GPa). Specific heats (Fig. 5b) are
within 0.5% of those predicted by IAPWS-95, while thermal
expangivities are lower by 2% at 6 GPa; however, these two
quantities have larger associated uncertainties.
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Fig. 5. Caculated densities (a), specific heats (b), and thermal
expansivities (c) are shown as fractional deviations from IAPWS-95
(Wagner and Pruss, 2002) along isotherms of 100°C (solid curve),
200°C (dashed), 300°C (dot-dash), and 400°C (dotted). The first two
isotherms are plotted only up to their freezing points.

Within the constraints of our data, an acceptable representa-
tion of the fractional density deviations in Figure 5a can be
given by the third-order polynomial:

3

Aplp = (X aP) x 107 @

i=0
with
a,=2.0,a, = —6.8, a,= 4.75 and a; = —0.286.

Here, P is in units of GPa and the g are independent of
temperature. Densities for a new, high-pressure EOS are then
defined through multiplication of IAPWS-95 densities by the
factor (1 + Apl/p). Acceptance of the values of IAPWS-95 at 1
GPa and application of Egn. 1 completes the new EOS and
gives al other thermodynamic quantities.

Speeds of sound calculated from this new EOS are shown as
solid lines in Figure 2. Differences between our measured and
calculated values are within the estimated experimental errors

(Fig. 6).

3.3.3. Estimation of errors

Itisimportant to note that the amount by which the measured
speeds of sound differ from IAPWS-95 is significantly larger
than any experimental error. Fractiona differences of 3% at 5
GPa are 15 times larger than the accuracy with which speed of
sound was measured; if attributed to error in pressure measure-
ment, these differences require corrections of 0.55 GPa, which
is amost 30 times larger than the experimental precision and
would imply an unreasonably large error of 10% in the exper-
imental pressure scale.

In our calculations, variation of the initial densities and
specific heats within reasonable estimates of their own uncer-
tainties, variation of the experimental pressure calibration
within reasonable estimates of its uncertainty, and use of other

starting pressures and interpolation schemes al give substan-
tialy the same results. For instance, incrementing the initial
(1.0 GPa) densities by 0.1% (the suggested uncertainty in
IAPWS-95) shifts all calculated densities by the same amount.
Increasing al initial specific heats by 8% (the maximum devi-
ation from IAPWS-95 of Czarnota’s two highest pressure
points) likewise shifts al calculated C, by the same amount
while decreasing the calculated densities by 0.2% at 6 GPa. A
hypothetical, systematic 1% error in the experimental pressure
scale also generates a 0.1% change in density at 6 GPa, while
a systematic increase in the speeds of sound of 0.1% (the
nominal accuracy of our normal calibrant) decreases density by
0.05%.

We consider the possible errors listed above to be the pri-
mary source of uncertainty in our EOS and the propagated
errors to be a measure of the total uncertainty in calculated
density. We therefore conclude that water is 0.7% denser than
predictions of IAPWS-95 at 6 GPa, and that at this pressure the
absolute uncertainty of the density as given by the new EOSis
0.3%. Thermal expansivities and specific heats are less well
constrained as they are more sensitive to higher order deriva
tives within the calculations, but are within a few percent of
those produced by IAPWS-95.

3.4. Comparison With Other Data and Extension to 40
GPa

3.4.1. Shock wave data and equation of state to 40 GPa

For many purposes it would be useful to extend the EOS to
pressures and temperatures beyond those reached by these
current experiments. Published shock wave data (Walsh and
Rice, 1957; Mitchell and Nellis, 1982) have densities along the
Hugoniot (the locus of shocked states) that also fall somewhat
above those of IAPWS-95 (Fig. 7). Further, up to a pressure of
40 GPathe density deviations exhibit a reasonable continuation
of those deduced from our speed of sound data (the thicker line
in Fig. 7), even as the shock temperature rises to ~3000 K.
(Beyond 40 GPathere is a different variation in the deviations,
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Fig. 6. Fractional deviations of the measured speeds of sound from
those predicted by the new eguation of state. The residuals are within
estimated uncertainties, with the exception of those of the metastable
fluid aong the 25°C isotherm (*).
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and 3.
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possibly due to alarge degree of ionization of the fluid (Mitch-
ell and Néllis, 1982)).

We suggest that up to a pressure of 40 GPa, atemperature of
3000 K, and adensity of 2.3 g cm™3, an EOS is best estimated
as a temperature-independent density correction to |APWS-95,
given by the curve in Figure 7. For pressures between 1 and 6
GPa, the curve is represented by Egn. 2 as given above,
whereas for pressures between 6 and 40 GPa we have:

3
Aplp = (DbP) x 107

i=0

©)

with
b, = —44, b, = 19.5, b, = —0.06 and b; = —0.0015.

Other thermodynamic variables can then be determined from
this established function in conjunction with the IAPWS-95
values at 1 GPa.

Measured shock densities are shown in Figure 8a as func-
tions of pressure. The thicker line in the figure represents a
Hugoniot calculated by application of the Rankine-Hugoniot
relations to the new EOS (see Appendix 2). Also shown are
calculated shock densities for IAPWS-95, and for the EOS of
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Fig. 8. Absolute densities (a) and temperatures (b) along the Hugoniot are plotted against pressure. Pressures and densities
were measured by Walsh and Rice (1957) and by Mitchell and Nellis (1982), while temperatures were measured by Kormer
(1968) and Lyzenga et al. (1982). Also shown are curves calculated from various EOS. In (&) the various EOS are allowed
to define their own Hugoniot, whereas in (b) the path is forced to fit the measured P-p data shown in (a). The thicker lines
up to 40 GPa represent the new EOS. IAPWS-95 (Wagner and Pruss, 2002), which was loosely constrained by the shock
data, gives densities progressively lower than those measured and, when forced to fit the measured densities, lower
temperatures. Calculations based on the EOS of Brodholt and Wood (1993, BW), Belonoshko and Saxena (1991, BS), and
Pitzer and Sterner (1994, PS) are also shown. The EOS of Brodholt and Wood (1993) was stated by those authorsto be valid
only up to a pressure of 30 GPa and temperature of 2000 K; in this figure we show also its extrapolation.
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Fig. 9. Absolute density deviations of several other EOS from ours
are plotted up to 10 GPa along a 400°C isotherm. HGK, Haar et al.
(1984); HP, Holland and Powell (1991); BS, Belonoshko and Saxena
(1991); BW, Brodholt and Wood, (1993); PS, Pitzer and Sterner
(1994); IAPWS-95, Wagner and Pruss (2002). The shaded area con-
tains the estimated uncertainty for densities calculated from the new
EOS; uncertainties beyond 6 GPa are till undetermined.

Belonoshko and Saxena (1991), Brodholt and Wood (1993),
and Pitzer and Sterner (1994).

Shock temperatures have been measured directly (Kormer,
1968; Lyzenga et a., 1982) and are displayed in Figure 8b as
functions of pressure. Here, we aso show the temperatures
caculated for each EOS at the pressures and densities mea-
sured in the shocks. While our current EOS was modified to
better fit the shock-wave pressure-density data shown in Fig-
ures 7 and 8a, the concomitant match to measured pressure-
temperature points (Fig. 8b) is an independent check on the
EOS. IAPWS-95, which gives a reasonable fit to the measured
temperatures when allowed to define its own P-p path along the
Hugoniot, does not do as well in Figure 8b when required to
follow the P-p relationship given by the experimental data.
With the exception of that of Pitzer and Sterner (1994), the
other plotted EOS do not adequately fit the temperature data.
Only our current EOS fits the shock data in both the compar-
isons.

Differences in density between our EOS and several of those
previoudy published are shown in Figure 9 aong a 400°C
isotherm and up to a pressure of 10 GPa. Included in the figure
are estimated uncertainties based on the possible errors dis-
cussed in section 3.3.3. This provides the first experimentally
supported estimate of uncertainties for an EOS of water in this
pressure range. With the exception of the EOS of Haar et al.
(1984), al those shown are within ~0.04 g/cm? of our exper-
imental determination, but still outside the error bounds which
have now been established.

3.4.2. Data from inclusions and expanding capsules

Several studies have been reported at pressures comparable
to those in the present study, but at significantly higher tem-
peratures (700—1600°C). In one such study (Larrieu and Ayers,
1997), the authors used an irreversibly deforming, platinum

capsule to record the maximum volumes attained by the in-
cluded water under known conditions of pressure and temper-
ature. In three other studies (Brodholt and Wood, 1994; Frost
and Wood, 1997; Withers et a., 2000) synthetic inclusions in
corundum were established at conditions of high pressure and
temperature, quenched, and the recovered material analyzed
with the presumption that leakage of water trapped in the
inclusions was insignificant.

In Figure 10a data from the inclusion studies are plotted
against temperature as deviations from our EOS. (The data that
derive from an expanding platinum capsule are scattered on this
scale and do not offer much guidance.) These three data sets
give densities that are lower than those based on our EOS, and
the deviations appear to increase systematically with tempera-
ture; plotted against pressure or density the same data show no
obvious trends. One possible explanation of the discrepanciesis
that our EOS does not extrapolate well into this region of
higher temperatures (and mostly lower densities), and that the
resulting error is primarily a function of temperature. Another
possihility is that densities deduced from the inclusion studies
are systematically in error.

Both in Brodholt and Wood (1994) and in Frost and Wood
(1997) the set of inclusions produced by each run is character-
ized by a maximum, a minimum, and an average observed
density. The authors preferred to use averaged densities as the
best estimate of the true values, and these are what we have
plotted in Figure 10a. However, the scatter recorded within a
run is not the result of the measurement process after quench-
ing, but rather indicates a true variation of density among the
many recovered inclusions. (Densities are determined by the
temperature of phase homogenization, which is measured re-
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Fig. 10. Fractiona differences between densities calculated from
inclusion studies and those calculated from our EOS are plotted against
temperature. Brodholt and Wood (1994), triangles, Frost and Wood
(1997), squares; Withers et al. (2000), circles. In (a) the data are plotted
using an average density for each run. In (b) the maximum recorded
densities are used. In the case of Withers et a. (2000), the densities
inferred from their measurements were based substantially on calibra-
tions against the results of the two other studies and have in (b) been
appropriately adjusted to reflect a calibration based on maximum
recorded densities. Error bars are calculated on the basis of reported
uncertainties in both pressure and temperature for the data of Brodholt
and Wood and of Frost and Wood, and on the basis of the uncertainty
in chemical shift as given by Withers et al.
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producibly to within 1°C for each inclusion, but varies by afar
greater amount among inclusions from a single run.) Further, it
was shown by Brodholt and Wood (1994) that a Slower quench
affords both higher average densities and a reduced scatter due,
the authors conclude, to lower overall leakage of the inclusions.
Wetherefore hypothesize that all inclusionsleak to some extent
and that the highest measured density in any run defines alower
bound for the true density. A new plot of the inclusion data,
using not the averaged but the maximum recorded densities for
each run, yields the results shown in Figure 10b. The previ-
ously apparent trend with temperature has largely disappeared;
perhapsit is dueto a higher overall leakage from the inclusions
quenched from higher temperatures. Further, it is not difficult
to construe the data as defining a lower limit in density which
is in accord with our proposed EOS. The possibility that our
EOS (essentially that of Wagner and Pruss, 2002, at these lower
pressures and this scale of uncertainty) can be extrapolated
accurately into thisregion, and that the inclusion data should be
interpreted as a lower bound on density, must then be consid-
ered as a reasonable hypothesis.

4. CONCLUSION

We have obtained direct measurements of the speed of sound
in water up to 400°C and 5.5 GPa. An experimentally sup-
ported EOS is given for these temperatures and pressures,
defined by a density correction to IAPWS-95 coupled with
acceptance of IAPWS-95 values at 1 GPa; at 6 GPa the asso-
ciated uncertainty in density is estimated as 0.3%. When ex-
trapolated, the results merge with the higher pressure shock
data, leading to the conclusion that this equation of state can be
reasonably extended to 40 GPa, 3000 K, and 2.3 g cm ™3, across
much of the region relevant to our understanding of Earth’s
mantle.
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APPENDIX 1

Specific Heat of Water Near the Fluid-lIce VI Phase Boundary

A side issue which presents itself is whether the measurements of
specific heat taken by Czarnota (1984) are accurate at the two highest
pressures recorded (see Fig. 3); i.e., does the specific heat of cool water
increase rapidly with pressure near the fluid-ice VI phase boundary at
~1 GPa? Because the conductivity data of Lawson et a. (1959)
terminate at a pressure of 0.8 GPa, it is not possible for us to make a
direct comparison through our measurements of diffusivity; however,
we may consider two different possibilities.

The pressures and temperatures at which these points were taken are
within the uncertainty limits of the fluid—ice VI phase boundary (Wag-
ner et al., 1994); it would not be unreasonable to suppose that some-
where in the apparatus small amounts of ice had formed. This would
presumably lead to larger measured values of heat capacity and be
interpreted as indicating a larger specific heat.

On the other hand, it isinteresting to note that measured diffusivities
at 25°C have a quditatively different behavior than do those at higher
(>100°C) temperatures (Abramson et a., 2001). Moreover, two mea-
surements of diffusivity made at 25°C, but in the metastable fluid at
1.08 and 1.27 GPa, indicate an abrupt departure from the trend of the
lower pressure data (Abramson et al., 2001), and Figure 4 shows a
small, but apparently significant, systematic difference between the
behavior of speeds of sound measured at 25°C and others measured at
higher temperatures.

We cannot, therefore, rule out the possibility that, below ~100°C
and in or near the metastable regime, the actual values of C, increase
rapidly with pressure in a manner not reproduced by |APWS-95, nor by
our EOS. These observations are pertinent to the study of the anoma-
lous properties of cool water, but are likely of little consequence to an
EOS of the hot fluid. As reported above, variation of the initial values
of C,,, even within the uncertainty suggested by the two points under
consideration, has little effect on the resulting calculated densities,
which are strictly constrained by the measured speeds of sound.

APPENDIX 2

Calculation of Shock Pressures and Densities

Thefinal state attained after passage of a shock wave is given by the
Rankine-Hugoniot relations, derived from the conservation of momen-
tum, mass, and energy:

P,—Py= USUp/VO (A1)
Vi/Vo= (Us— Up)/Us (A2)
E;— Ey= (P, — P)(Vo+ V)/2 (A3)

where P, V, and E denote the pressure, specific volume, and specific
internal energy, the subscripts 0 and 1 denote values before and after
passage of the shock, respectively, U represents the shock speed, and
U, the speed to which the material has been accelerated behind the
shock. In atypical set of experiments Ug and U, are measured for each
of several different impressed shock speeds, allowing calculation of the
final state parameters for each of these shocks. If afull EOS is known,
or assumed, the variables P, V, and E can be readily converted into the
more useful variables P, V, and T. Final temperatures can also be
measured independently.

For Figure 8a, theoretical Hugoniot curves were determined by
calculating shock pressures and temperatures for each of a set of shock
densities. For each density, a temperature was sought such that P, and
E,, as given by the EOS, also satisfied Eqn. A3. In the case of the EOS
of Belonoshko and Saxena (1991), which describes only the relations
among pressure, volume, and temperature, we assumed that at the
lowest pressure (0.5 GPa) for which this EOS is defined the internal
energies are adequately given by IAPWS-95 (which assumption is
sufficient to calculate all energies at higher pressures). For the EOS of
Brodholt and Wood (1993) we have used their calculated internal
energies, tabulated in that paper.
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