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Abstract

Locally diffusive, radiative heat transport inside the earth is represented by an effective thermal conductivity
(krad,dif), calculated from spectra. Previous geophysical models assumed that emissivity (ξ) equals unity, which
violates local radiative equilibrium in an internally heated, grainy medium. Our new formulation accounts forξ

depending on frequency, physical scattering depending on grain-size (d), and for light lost through back-reflections
at interfaces. Mantle values ofkrad,dif are estimated from recent visible spectra of olivine combined with new IR
data. The following trends hold forkrad,dif calculated from olivine spectra, and should be equally valid for pyroxene
and spinel: (1) pressure is unimportant, (2) radiative thermal conductivity depends non-linearly ond, temperature
(T), and Fe2+ content (X), (3) maxima occur inkrad,dif(d) when the grains are large enough to emit substantially,
but not so large that light is strongly attenuated within a single-grain, (4) the dependence ofkrad,dif on Fe2+ content
parallels that withd because absorption is controlled by the productdX (Beer’s law), and (5) a local minimum
occurs inkrad,dif near 2000 K ford > 2 mm because at that temperature the peak position of the blackbody curve
coincides with that of the strongly absorbing Fe2+ peak in the visible. Largerkrad,dif exists at lower and higher
temperatures because mean free paths are long in the transmitting near-IR and UV spectral regions. As integration
smooths over spectral details, the above representation based on olivine becomes increasingly accurate for other
phases as grain-size decreases. For conditions expected in the transition zone,∂krad,dif/∂T is negative, which is
destabilizing [Dubuffet, F., Yuen, D.A., Rainey, E.S.G., 2002. Controlling thermal chaos in the mantle by positive
feedback from radiative thermal conductivity. Nonlinear Proc. Geophys. 9, 1–13]. In the lower mantle, photon
transport dominates phonon, promoting stable, weak convection. That radiative transfer is linked to chemical com-

∗ Tel.: +1 314 935 7440; fax: +1 314 935 7361.
E-mail address: hofmeist@levee.wustl.edu.

0264-3707/$ – see front matter © 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jog.2005.06.001



52 A.M. Hofmeister / Journal of Geodynamics 40 (2005) 51–72

position and grain-size suggests that this process impacts planetary evolution through the non-linear feedback with
rheology.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Heat is transported in electrically insulating solids by both lattice vibrations (phonons) and radiation
(photons). Regardless of which mechanism operates, convection models implicitly assume that planetary
heat flow occurs via diffusion by incorporating an effective thermal conductivity. Geodynamics models
(e.g. Dubuffet et al., 1999, 2002; Yuen et al., 2000) have shown that thermal conductivity (k) being
temperature (T) dependent profoundly influences heat transport in the earth. Effects of variablek cannot
be overridden by variable viscosity, even for a large viscosity contrast (Yanagawa et al., 2005; van den
Berg et al., 2004). The inferred behavior is complex and counterintuitive because the lattice (klat) and the
diffusive radiative (krad,dif) components compete (e.g.van den Berg et al., 2001).

Quantifyingkrad,dif is needed to realistically model the hot lower mantle. This component cannot be
extracted from laboratory measurements of thermal conductivity because the steep temperature gradients
and small sample sizes present in experiments allow a different type of radiative transfer to occur, known
as direct or boundary-to-boundary wherein light from the source warms the thermocouple with negligible
participation of the sample (e.g.Lee and Kingery, 1960; Kanamori et al., 1968; Mehling et al., 1998).
Instead,krad,dif is calculated from spectroscopic data. Grain-to-grain diffusion (Fig. 1, white arrows) of
internally generated heat describes the physical process within the mantle. That radiative transfer in the
mantle is diffusive, not direct, and therefore complies with the locally diffusive conditions of geodynamic
models, is ascertained by estimating the effect of scattering on photon mean free path. The average grain-
size in the mantle is expected to be∼0.1–10 mm (e.g.Boyd and Meyer, 1979; Yamazaki and Karato,
2001). If a trivial amount (0.005%) of the photons are back-reflected from gain boundaries due to almost
negligible mismatches of the index of refraction, then light is essentially extinguished over distances of
2–200 m. Mantle gradients are only∼10 K/km in boundary layers such asD′′, which makes in unlikely that
light emitted from any given grain will reach another grain with temperature differing by 1 K. In contrast,
in the laboratory photon mean free paths are∼5 mm compared to sample dimensions of∼5–14 mm (e.g.
Gibert et al., 2005), in which case much of the light emitted by the source reaches the thermocouple
without interacting with the sample (Fig. 1, black arrow). Values ofkrad inferred by assuming a form for
klat and subtracting this from measuredk values (e.g.Schatz and Simmons, 1972; Gibert et al., 2005) thus
largely represent direct radiative transfer, which is not relevant to the mantle.

Although grain-size is unimportant to vibrational transport (e.g.Gibert et al., 2003), scattering from
grain boundaries clearly affects the much longer mean free path of photons.Hofmeister’s (1999)quantum
mechanical treatment cannot be modified to account for grain-to-grain absorption, scattering, and emission
of light in the grainy mantle. Instead, the present paper revises the macroscopic theory of diffusive radiative
transfer, based on the attenuation of light that was developed in the engineering literature and introduced
to geophysics byClark (1957). Allowing for the frequency dependence of the absorptivity (Shankland
et al., 1979) was an important advance, although most workers followedClark (1957)by using a mean
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Fig. 1. Schematics of diffusive vs. direct radiative transfer in an internally heated medium comprised of grains. In a low
temperature gradient, each grain is effectively isothermal. The shades of the grains indicate the gradual temperature change.
Diffusion (white arrows) involves emissions of photons by a hot grain, which are absorbed by nearby warm grains, which emit
light in accord with their cooler temperatures. Each grain is both an emitter and a receiver. Black arrow denotes direct transfer
of a photon from a hot to a cold grain: here, negligible interaction with the intervening grains occurs.

absorption coefficient that is independent of frequency which giveskrad∝ T3 (e.g.Goto et al., 1980; Ross,
1997; Gibert et al., 2005). However, neither approach addresses the effect of grain-size. Two corrections
are needed.

First, emissivity is an essential component of radiative transfer models used in engineering (Siegel and
Howell, 1972; Brewster, 1992), astronomy (Evans, 1992; Kaufmann and Freedman, 2002), and remote
sensing (Hapke, 1993). Based on these efforts to depict diverse situations involving radiative transfer,
Section2 revises the equations used in geophysics to include emissivity being frequency dependent.
Second, scattering was neglected even though experiments show that scattering from grain boundaries
shortens the photon’s mean free path (Fujisawa et al., 1968). Finite interface reflection also increases
opacity, especially at frequencies where absorbance is high. Section2accounts for both effects of physical
scattering, which, when combined with emissivity, lead to a strong, non-linear relationship ofkrad,dif with
grain-size.

Section3 reports new IR spectra on olivine at elevated temperature, and combines these data with
recent measurements of visible spectra at highT (Taran and Langer, 2001; Ullrich et al., 2002) for use
in the model. Section4 quantifies the complex dependence ofkrad,dif on T, d, and Fe2+ concentration.
Geophysical implications are discussed in Section5.

2. A semi-empirical model for calculation of diffusive radiative transfer

2.1. The current geophysical model, definitions, and assumptions

For local radiative equilibrium, optically thick conditions, and non-opaque media:

krad,dif(T ) = 4π

3

∫ ∞

0
Λ(ν, T )

c

ν2

∂{[n(ν, T )]2S(ν, T )}
∂T

dν. (1)

whereΛ is the mean free path,n the index of refraction,c the speed of light,ν frequency in cm−1, and
T is the temperature.Clark (1957)andShankland et al. (1979)presumed that the source function (S) is
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Planck’s blackbody function:

Ibb(ν) = 2hν5

c3

[
1

exp(hcν/kBT ) − 1

]
(2)

whereh is the Planck’s constant,kB the Boltzman’s constant, and the energy-density is provided on a per
wavelength basis. These equations follow the conventions in geophysical literature except thatν = 1/λ,
as used in mineral spectroscopy, whereasHofmeister (2004)used the convention of Brewster, which
includes the factor ofπ in Eq.(2) rather than Eq.(1).

Radiative transfer involves two processes (absorption or physical scattering). Because their speeds are
the same (=c), the mean free path is

1

Λ
= 1

Λattn
+ 1

Λscat
(3)

(e.g.Lee and Kingery, 1960). For the weakly absorbing near-IR to UV regions, reflection and absorption
are essentially independent phenomena. Material properties control bothΛattn andΛscat, as follows.

Attenuation is related to the absorption coefficient:

A = −1

z
ln

(
Itra

I0

)
, (4)

where Itra is the transmitted intensity,I0 the incident intensity, andz is thickness or the grain-size
(Brewster, 1992). In mineralogy and chemistry, absorbance is computed from common logarithms
[achem=−log(Itra/I0)], but laboratory measurements ofItra include not only losses from absorption, but
also due to surface reflectivity (R). If internal scattering (e.g. due to fluid inclusions) is absent, the true
absorbance (a) is

Az = 2.3026 [achem+ 2 log(1− R)] (5)

(e.g.Shankland et al., 1979). For non-opaque minerals at normal incidence and for the weakly absorbing
bands in the near-IR and visible spectral regions,R = (n − 1)2/(n+1)2. Alternatively, baseline subtraction
is used to obtainA from spectral measurements.

From Eq.(4), half the intensity is lost at a given frequency at a distancez = 0.693/A(ν). The mean free
path is somewhat longer and has been approximated (e.g.Brewster, 1992) as

Λattn(ν) = 1/A(ν). (6)

Physical scattering has a directional dependence, but this is neglected since forward scattering domi-
nates (Pitt and Tozer, 1970). The simple form suffices:

Λscat= d (7)

(Clark, 1957; Schatz and Simmons, 1972).

2.2. Why incorporate emissivity?

The previous geophysical model describes diffusion of blackbody radiation. Analogous equations in
engineering texts (e.g.Brewster, 1992, Chapter 11, in particular, Fig. 11.1, pp. 369, 381, 385, also p. 228),
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instead use the more realistic source function:

S(ν, T ) = ξ(ν, T )Ibb(ν, T ) (8)

whereξ is the emissivity, a material property. For a greybody,ξ is <1 and independent ofν.
That emissivity is a component ofkrad,dif is confirmed with a thought experiment: consider removing

one single grain from the mantle, which leaves a cavity with radiusr = d/2. Vibrational transport into
the vacant cavity is nil. The flux inside the cavity isξσT4, whereσ = 5.67 W/m2 is the Stefan-Boltzmann
constant (e.g.Halliday and Resnick, 1966, p. 1175). FromCarslaw and Jaeger (1960, p. 7):

−krad,dif
∂T

∂r
= flux = ξσT 4 (9)

Thus,krad,dif must be proportional toξ. Dimensional analysis provides an approximate solution:

krad,dif ∼ ξσT 3r. (10)

The result is essentially emissivity multiplied by Clark’s formula [krad= (16/3)σT3Λ], because the
mean free path is∼r for the non-absorbing cavity. Because Clark’s result is obtained from Eq.(1) by
replacingS with Ibb whenΛ is constant, this analysis shows that Eq.(1) must include the factorξ to
represent radiative diffusion in a grainy medium.

In essence, emissivity is incorporated to comply with local radiative equilibrium for a grainy medium.
That is, the light reaching any given grain essentially equals the light it emits.

Emissivity can be measured, but is generally obtained from absorption spectra using Kirchhoff’s (circa
1869) law (e.g.Brewster, 1992; Molster et al., 2001; Kaufmann and Freedman, 2002). The simplest form
of Kirchhoff’s law is

ξ(ν) = 1 − exp[−dA(ν)] (11)

(e.g.Siegel and Howell, 1972; Hapke, 1993), whered is the thickness of the emitting layer or the grain-size
of a particle, andA is from Eqs.(4) and (5). Kirchoff’s law has been experimentally confirmed (Low and
Coleman, 1966; Bates, 1978). The above references,Evans (1992), andHofmeister et al. (2003)provide
additional discussion of emissivity and grain-size.

2.3. Revision of the attenuation model for diffusive radiative transfer

The physical process in the mantle involves emission of light by each grain, which is diffused through
partial absorption or scattering by neighboring particles (Fig. 1, white arrows). This semi-classical,
macroscopic approach assumes that the particles emitting and absorbing light are of finite size, and
that temperature is uniform within a single grain. Combining Eqs.(1), (3), (6)–(8) and (11):

krad,dif(T ) = 4π

3

∫ ∞

0

(
d

1 + dA(ν, T )

)
c

ν2

∂

∂T

{
[n(ν, T )]2[1 − e−dA(ν,T )]Ibb(ν, T )

}
dν (12)

An average grain-size and emissivity is assumed to represent the medium, as in many radiative transfer
models (e.g.Evans, 1992; Brewster, 1992). This assumption parallels use of an average grain-size to
represent viscous damping in geodynamic models (e.g.Ranalli, 2001).

Given that radiative transfer models are approximate, I simplify Eq.(12) based on the dependence of
material properties onν, T, andP. The near-IR to UV spectral range need only be considered, as the
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lattice modes in the far- to mid-IR, and the metal-oxygen charge transfer bands in the far-UV are too
intense to permit radiative transfer.

The temperature and frequency dependence ofn can be neglected. Based on density largely controllingn
(e.g. the series MgxFe2−xSiO4: Bowen and Schairer, 1935), at ambient conditions∂n/∂T is approximately:

∂n

∂T
= −αKT

∂n

∂P
= −1.45× 10−6 K−1 (13)

whereP is the pressure,α the thermal expansivity (2.66× 10−5 K−1: Suzuki, 1975), KT the bulk modulus
(127 GPa:Webb, 1989), and∂n/∂P in the visible directionally averages to 0.00043 GPa−1 for forsterite
(Kirk and Vedam, 1972). The temperature derivative ofn is very small and can be neglected. From the
near-IR to UV,n depends weakly onν (e.g.Wooten, 1972). Thus,n is placed outside the integral and
approximated by its value in the visible.

Absorbance in the near-IR to UV regions changes strongly with temperature (Fig. 2), butξ(T) varyies
only from 0 to 1 (Eq.(11)). The change inI with T overshadows that ofξ with T (Fig. 2). Thus, integration
is performed over�∂I/∂T rather than over∂(�I)/∂T.

A method is now developed to take scattering at the grain-boundaries into account in computing the
attenuation of light. This step is necessary because the model is not valid for frequency regions where
the grains are opaque (Clark, 1957). Such segments are excluded when integrating Eq.(12).

Opacity occurs when the productdA(ν) reaches a critical value such that the light from any given
grain cannot reach its second nearest-neighbor. This critical value depends onR, the interface reflectivity,
determined by the index of refraction mismatch through Snell’s law (n2 sinθ2 = n1 sinθ1, wheren1 and
n2 are the indices of refraction for the two media and the corresponding angle,θ, is zero for normal
incidence), and Fresnel’s equations:

R
1/2
⊥ = n1 cosθ1 − n2 cosθ2

n1 cosθ1 + n2 cosθ2
and R

1/2
‖ = n1 cosθ2 − n2 cosθ1

n1 cosθ2 + n2 cosθ1
. (14)

At normal incidence,n1 = 1.635 andn2 = 1.670 for two of the crystallographic axes in forsterite gives
R = 0.01%. At 45◦ incidence,R⊥ = 0.04% andR‖ = 0%. At 60◦ incidence,R⊥ = 0.16% andR‖ = 0.05%.
As the angle becomes steeper, bothR values increase to 100%. Similar values pertain to well-formed
interfaces between olivine and other mantle minerals. A series of possibleR values are investigated, as
follows.

Including only the sections of the integral wheredA < 7 (R = 0.1%), corresponds to subhedral grain
textures with∼120◦ angles, common in mantle rocks. This case is preferred as it is the most realistic. The
casedA < 10 (i.e., whereR = 0.005% prevents transmission beyond the distanced according to Eqs.(4)
and (5)) corresponds to normal incidence which dominates textures in sheared rocks. The opacity limit
dA < 5 (R = 0.7%) depicts large grains which are difficult to fit together. The casedA < 4 (R = 1.8%) may
represent rough, angular textures.

Based on the above, Eq.(12)simplifies to

krad,dif(T ) = 4πdn2

3

∑ ∫ upper

lower

1 − e−dA

(1 + dA) ν2

∂[ Ibb(ν, T )]

∂T
dν (15)

where the sum allows for transparent regions existing above and below the strong bands in the visible.
BecauseA is a complex function ofν (Fig. 2) and the cutoff frequencies depending ond andA, Eq.(15)
is evaluated numerically.
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Fig. 2. Frequency dependent inputs forkrad,dif. (a) Olivine absorption spectra. Contributions from surface reflections were
subtracted from the raw data. Data below 4000 cm−1 were obtained from a 0.18 mm section,E‖c, of Fo90. Data from 4000 to
15,000 cm−1 are fits provided byTaran and Langer (2001), averaged to remove orientation effects, doubled to represent mantle
Fe2+ contents, and adjusted to match the spectra ofUllrich et al. (2002)at high temperature. The UV tail is modeled after the
above studies. Heavy dots = 500 K; wide dots = 700 K; short dash = 800 K; medium dash = 1000 K; long dash = 1200 K; heavy
solid = 1400 K; long-short dash = 1600 K; dot-dash = 2000 K; dot-dot-dash = 2500 K; fine dots = 3000 K. (b) Blackbody emission
spectra (heavy lines), referring to righty-axis scale. Light lines = olivine spectra at 500, 1400, and 3000 K, pertaining to left
y-axis scale. The position where the UV tail becomes steep was estimated from the results ofUllrich et al. (2002).
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2.4. Asymptotic limits

Eq.(15)must be valid asA approaches zero, because physical scattering alone limits photon travel to
the diffusive regime for low temperature gradients in the mantle. For largely transparent materials:

krad,dif(T ) ∼= 4πd2n2

3

∑ ∫ upper

lower

A

ν2

∂[ Ibb(ν, T )]

∂T
dν, for dA small. (16)

As A → 0,krad,dif→ 0. No radiative transfer occurs because the energy from a photon cannot be converted
into vibrations of the lattice without an absorbing mechanism. The case of no medium is properly repre-
sented because asd → 0, krad,dif→ 0. This situation can be viewed as the limit encountered for an ultra
fine-grained ceramic.

If the productdA is very large (i.e., emissivity→ 1), Eq.(15)reduces toShankland et al. (1979)result:

krad,dif(T ) ∼= 4πn2

3

∑ ∫ upper

lower

1

Aν2

∂[Ibb(ν, T )]

∂T
dν, for dA large. (17)

For an opaque medium (A → ∞) the correct limit (krad,dif→ 0) is obtained. For very larged (whenA
is not miniscule) the grains are blackbodies, andkrad,dif→ 0. Thus, the new model provides the correct
limits for end-member cases of the material properties. The formula ofShankland et al. (1979)is not
valid for very weakly absorbing regions unless grain-size is large.

2.5. Pressure affects diffusive radiative transfer weakly

BecauseIbb is independent of pressure (e.g.Sakurai, 1967), krad,dif(P) is controlled by the pressure
dependence of the material properties. The index of refraction changes negligibly withP (see Eq.(13)).
Spectra have not been measured at simultaneously highP andT, but the effect ofP on krad,dif should be
small because the peaks shift with pressure but maintain area and the integral is not terribly sensitive
to position. That∂ν/∂P at 298 K is near or equal to zero for many absorption bands (e.g.Burns, 1982)
further limits this effect. Once temperature is high enough that the absorption peak is contained within
the blackbody curve (above∼1900 K,Fig. 2) then its shift withP is inconsequential and∂krad,dif/∂P can
clearly be neglected. This temperature corresponds to the 670 km discontinuity (e.g.Ito and Takahashi,
1989). Thus,∂krad,dif/∂P is important only to the upper mantle and transition zone, whereP is low.

3. Spectral values used to ascertain diffusive radiative transfer in the mantle

3.1. Experimental methods

Large, gem-quality crystals of olivine (Mg1.8Fe0.2SiO4) from Spat, Nanga Parbat, Pakistan, were
sawed along (0 1 0) and doubly polished to various thicknesses. Absorption spectra over frequencies
of ∼1800–8500 cm−1 were collected at 1 cm−1 resolution with an accuracy of∼0.01 cm−1 in a Fourier
transform IR spectrometer (Bomem DA 3.02) using a SiC-globar source, a CaF2 beamsplitter, an InSb
detector, and a wire grid polarizer on a KRS-5 substrate. For the range∼500–4000 cm−1, a KBr beam-
splitter and an HgCdTe detector were used. Samples were heated to 673 K using a Spectratech heater with
an Omega temperature controller afterGehring and Hofmeister (1994). Spectra were baseline subtracted.
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3.2. Olivine spectra

Spectra used in the calculations are shown inFig. 2. Forν < 4000 cm−1, spectra were scaled forE‖c
from a thin crystal at 673 K. The other polarizations provide similar near-IR tails. Because the overtones
near 1700 cm−1 control the IR tail and their frequency shift compensates for their broadening, use of the
673 K spectrum is valid over temperature. The small contribution of the overtone region tokrad,dif further
justifies this approximation.

For ν > 4000 cm−1, peaks due to d–d transitions of Fe2+ in olivines with 5, 10 and 100% fayalite
component (Taran and Langer, 2001; Ullrich et al., 2002) shift to lower frequencies asT increases. The
central, strong peak near 9200 cm−1 decreases in intensity, whereas the two weak bands (ν ∼ 8000 and
11000 cm−1) increase in intensity. The new measurements show that the change in peak area is small, in
contrast to previous data ofShankland et al. (1979). Earlier studies exist but have been discounted due to
problems with oxidation (Shankland et al., 1979). The above near-IR data confirm thatA from 4000 to
6000 cm−1 negligibly increases up to 673 K, as seen byTaran and Langer (2001)andUllrich et al. (2002).
Comparing the spectra at 1273 K ofUllrich et al. (2002)to that ofShankland et al. (1979), shows that the
earlier study had an underlying baseline that grew with temperature, and is not considered further.

To construct a directionally averaged average spectrum, the fit ofTaran and Langer (2001)was initially
used to provide visible spectra for Fo90 for T up to 3000 K. The linear fit parameters produced more
intensity than that measured byUllrich et al. (2002)at the highest temperatures, so curvature was added
to the fit to reproduce the later data at 1273 K.

A UV tail like that of Taran and Langer (2001)was appended, as this sample has the least Fe3+. As
temperature increases, the UV bands increase and shift downwards. The rise inA just above the Fe2+

bands (Fig. 2) was estimated using data fromUllrich et al. (2002). Weak, spin-forbidden Fe2+ bands
superimposed on the UV tail contribute negligibly tokrad,dif. For Fo0Fa100, the UV tail at 273 K rises
steeply at 25,000 cm−1 whereas at 1273 K the rise begins at 20,000 cm−1. For Fo95Fa5, the UV rise onsets
at 30,000 cm−1 at 298 K. The projection (Fig. 2b), based on comparing these data, underestimates the
curvature inA with ν. Evaluating the uncertainties at high temperature (Section3) takes this underestimate
into account.

Cutoff frequencies for Eq.(15)are listed for the lowest value ofR (0.005%, corresponding to the opacity
limit dA < 10): Ford = 0.01 cm, the integral is over 1000–36,000 cm−1. Ford = 0.1 cm, the integral is evalu-
ated from 1770 to 28,000 cm−1. Whend = 1 cm and for temperatures below 1000 K, the ranges are 2500–
7000 cm−1, and 12,500–20,000 cm−1. Higher absorbance atT of 1200–1600 K suggests the narrower
interval of 2500–5000 cm−1, whereas by 2500 K, olivine is opaque in all the near-IR. Ford = 10 cm, the
integral is evaluated over 3600–6000 and 13,000–20,000 cm−1 if T < 800 K, but over 3600–4400 cm−1 for
1000 <T < 1600 K. Ford = 100 cm, olivine is opaque at all temperatures and all frequencies, andkrad,dif is 0.

For the three otherR values considered, the limits of integration were determined fromFig. 2at each
temperature examined. The temperature at which each given grain-size becomes opaque at all frequencies
was also estimated, to provide a constraint at highT.

3.3. Why olivine is used to represent the mantle

Optical spectra at high temperature or at UV frequencies are lacking for many deep mantle phases. For
this reason, olivine is used as model compound for the mantle. This approximation is reasonable because
dense phases share many spectral features, and integration should smooth over spectral details.
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Lattice overtone spectra are similar for all silicates. Overtones for oxides (e.g. MgO) occur at lower
frequency because the fundamentals occur at lowν (e.g.Hofmeister et al., 2003), and thus the lower limit
in Eq.(15)would be reduced. Because the near-IR region contributes little tokrad,dif and silicates should
constitute more than 80% of the mantle, olivine reasonably depicts the overtone region.

The strength and position of the main, spin-allowed band of Fe2+ strongly affectskrad,dif. Due to the
similarities of their sites, absorption spectra for olivine strongly resemble those of pyroxene (Burns, 1970),
magnesioẅustite (Goto et al., 1980), and wadsleyite (Ross, 1997). Electronic transitions in ringwoodite
should be similar to those in olivine, because the spectrum of�-Fe2SiO4 closely resembles the directionally
averaged spectra of fayalite (cf.Mao and Bell, 1972; Ullrich et al., 2002). The spin-forbidden bands and
the UV tails of these diverse mantle materials are also similar. For these materials, our results forkrad,dif

should be accurate, especially insofar as radiative transfer models are approximate.
For other mantle phases, using olivine spectra to approximatekrad,dif is a reasonable first approximation

because peak parameters vary little for main Fe2+ band. For all of the phases listed above as well as (Mg,Fe)
SiO3 perovskite (Keppler et al., 1994) and majorite (Ross, 1997), A ∼ 16 cm andν ∼ 9000 cm−1 for
Fe/(Mg + Fe)∼ 0.1. However, deep mantle phases have bands not present in olivine that can affectkrad,dif.

Garnets have an additional band near 5000 cm−1. Spectra of majorite and pyrope are virtually the
same, even for pyrope with negligible Fe3+, and assignment of∼4500 cm−1 band in pyrope to electronic
transitions of Fe2+ is long-standing (e.g.Manning, 1967). Bands near 5000 cm−1 in majorite are thus
due to d–d transitions of Fe2+ in a rather large structural site. Because these bands are weak and at low
frequency, their effect onkrad,dif is probably small and limited to lowT (cf. Fig. 2b).

Perovskite (Keppler et al., 1994) has an extra band near 14,000 cm−1. However, strong physical scat-
tering exists above∼10,000 cm−1, and thus values ofA in the visible are uncertain, and the UV region is
unconstrained. The likely effect of the second band of perovskite onkrad,dif is discussed below.

Spectra are unavailable for the post-perovskite phase (ppv), which is stable at conditions in the deepest
mantle. Since ppv has a site for Fe similar to that of perovskite (high coordination number, distorted, and
large:Murakami et al., 2004), these two phases will have similarkrad,dif.

Spectra are unavailable for low spin Fe2+. If A is low as surmised byBadro et al. (2004), then Eq.(16)
is valid andkrad,dif is small and largely dependent on grain size.

In the mantle, Fe3+ is present in low quantities. Radiative transfer is negligibly affected because bands
due to electronic transitions of Fe3+ are not only weak and narrow, but are superimposed on the strong,
broad Fe2+ bands or the UV tail (see e.g.Ullrich et al., 2002).

4. Results

Eq. (15) was evaluated numerically using the above input parameters. Usingd from 0.01 to 100 cm
reveals the grain-size dependence. Using the preferredR = 0.1% and three other values accounts
for variations in surface reflectivity that arise from texture. Results are presented for olivine with
Fe/(Mg + Fe) = 0.1, and the effect of varying the Fe2+ content is discussed.

4.1. Temperature dependence of krad,dif for Fe/(Mg+Fe) of 0.1

Radiative transfer is a complex function ofT, d, andR (Fig. 3). Only for small (≤mm) grain-sizes, is
krad,dif(T) simple, that is, a quadratic polynomial suffices (Table 1).
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Table 1
Analytical forms forkrad,dif shown inFigs. 3 and 4

Grain size (cm) Temperature
range (K)

Least squares fit W/m K withT in K

Scattering 0.005%
0.01 500–6000 0.055522− 0.00013855T + 8.6603× 10−8T2

0.1 500–6000 0.40399− 0.0011265T + 8.6069× 10−7T2

0.5 500–2500 −1.415 + 0.011522T − 3.4484× 10−5T2 + 4.7507× 10−8T3 − 3.0432× 10−11T4 + 9.0177× 10−15T5 + 9.9754× 10−19T6

0.5 2000–9700a 19.855− 0.022552T + 8.875× 10−6T2 − 1.1879× 10−9T3 + 5.061× 10−14T4

0.5 2500–6000 −6.34 + 0.00348T
1 500–2500 −14.156 + 0.08349T − 0.00019249T2 + 2.1958× 10−7T3 − 1.274× 10−10T4 + 3.58223× 10−14T5 − 3.8552× 10−18T6

1 2000–4700a 175.2− 0.24325T + 0.00012013T2 − 2.4659× 10−8T3 + 1.7923× 10−12T4

10 500–2000a 25.329− 0.13596T + 0.00025642T2 − 1.9815× 10−7T3 + 5.3666× 10−11T4

Scattering 0.1%b

0.01 500–6000 0.055368− 0.00013839T + 8.6605× 10−8T2

0.1 500–6000 0.36776− 0.0010594T + 8.3496× 10−7T2

0.5 500–6000a 6.7171− 0.031439T + 5.1615× 10−5T2 − 3.688× 10−8T3 + 1.2664× 10−11T4 − 1.9998× 10−15T5 + 1.1634× 10−19T6

1 500–2350 −2.0395 + 0.021162T − 7.2869× 10−5T2 + 1.1137× 10−7T3 − 7.9913× 10−11T4 + 2.6645× 10−14T5 − 3.3311× 10−18T6

1 700–3250a 8.8147− 0.042611T + 7.1949× 10−5T2 − 5.1634× 10−8T3 + 1.6446× 10−11T4 − 1.8946× 10−15T5

5 500–1400a 2.0021− 0.0119808T + 2.042× 10−5T2 − 9.2494× 10−9T3

10 500–1200a 0.049595− 0.0068702T + 1.93× 10−5T2 − 1.135× 10−8T3

Scattering 0.7%
0.01 500–6000 0.051455− 0.00013144T + 8.4016× 10−8T2

0.1 500–6000 0.047183− 0.00041778T + 5.6185× 10−7T2

0.5 700–5000a 6.4801− 0.030518T + 5.1001× 10−5T2 − 3.7773× 10−8T3 + 1.3632× 10−11T4 − 2.2931× 10−15T5 + 1.4329× 10−19T6

1 700–2600a 66.406− 0.41253T + 0.010334T2 − 1.3669× 10−6T3 + 1.0428× 10−9T4 − 4.6072× 10−13T5 + 1.0926× 10−16T6 − 1.0734× 10−20T7

5 500–1200a 10.762− 0.049486T + 7.1957× 10−5T2 − 3.1827× 10−8T3

Scattering 1.8%
0.01 500–6000 0.05185− 0.00013192T + 8.4054× 10−8T2

0.1 500–6000 0.12791− 0.00045686T + 4.7883× 10−7T2

0.5 500–3000 −2.6228 + 0.018764T − 5.1485× 10−5T2 + 6.7454× 10−8T3 − 4.2996× 10−11T4 + 1.2889× 10−14T5 − 1.4473× 10−18T6

0.5 1400–3800a 16.013− 0.075775T + 0.00013068T2 − 1.0461× 10−7T3 + 4.193× 10−11T4 − 8.0773× 10−15T5 + 5.9198× 10−19T6

1 500–2100a −22.434 + 0.1474T − 0.00038353T2 + 5.0152× 10−7T3 − 3.4426× 10−10T4 + 1.182× 10−13T5 − 1.6002× 10−17T6

5 500–1200a 4.5947− 0.022802T + 3.546× 10−5T2 − 1.6378× 10−8T3

Values ofkrad,dif = 0 for d = 100 cm forR = 0.005 and 0.1%, andkrad,dif = 0 for d = 10 for 0.1 and 1.8%. The uncertainties in the fits increase with temperature
above 2000 K.

a At higherT, krad,dif = 0.
b Preferred parameterization corresponding to equi-granular textures found in the mantle. Ford = 1 cm, the lower temperature fit better matches the calculations,

but extrapolating to high temperature is not reliable.
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Fig. 3. Temperature dependence ofkrad,dif for olivine. Symbols are the calculated values. Curves are polynomial fits (Table 1).
Diamonds and dotted curve for grain-size of 0.01 cm. Circles and dot-dashed curve:d = 0.1 cm. Open cross and long dash curve:
d = 0.5 cm. Triangles and heavy solid line:d = 1 cm. Square with cross and light solid line;d = 5 cm. Squares and dashed line:
d = 10 cm. Grey curve = parameterization ofHofmeister (1999): (a) calculations assuming that opacity occurs fordA ≥ 10, (b)
opacity occurring fordA ≥ 7, (c) opacity occurring fordA ≥ 5, and (d) opacity occurring fordA ≥ 4.

For moderate grain-sizes (several mm to 1 cm),krad,dif(T) has local maxima and minima (Fig. 3). A
hill-and-valley profile exists because the blackbody peak increases in frequency asT increases, and thus
is convoluted with different spectral regions asT rises (Fig. 2a), each of which have different amounts of
absorption (Fig. 2a) leading to strong variation inkrad,dif(T). The maximum inkrad,dif at low temperature is
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related to the near-IR “window” wherein radiative transfer is promoted, as discussed byShankland et al.
(1979), but requires large grain size, so that Eq.(17) is valid. The second maximum at high temperature
is due to an analogous window in the UV (Fig. 2), and requires moderate grain sizes sinceA becomes
larger as temperature increases and because the productdA is the important quantity. The minimum exists
near 2000 K because at this temperature, the blackbody curve coincides with the envelope of the Fe2+

bands (Fig. 2b). In essence, radiative transfer is inhibited in the absorbing visible region relative to the
efficient transmitting regions on either side of the Fe2+ peak. For perovskite, the additional band in the
visible should reduce the hill and valley effect.

For larged (∼cm), a cubic polynomial describes the single maximum (Fig. 3), which results from the
highest transmissions occurring in the near-IR. As grain-size decreases, the local and global maxima shift
to higher temperature, reaching well above 3000 K ford <∼3 mm.

Similar trends are seen inkrad,dif (T) for all values ofR. But, as reflectivity at the grain-boundaries
increases, the grains become opaque over larger spectral regions, andkrad,dif decreases overall (Fig. 3).
Huge grains become particularly ineffective at radiative transport. For moderate grain-sizes, varyingR
impacts the form ofkrad,dif (T), e.g. the hills and valleys are pronounced for 0.5 cm grains, but diminished
for others (Fig. 3). For d = 1 cm, asR increases, a second maximum develops at highT for and then
shrinks. For small grains,R little impactskrad,dif.

For T ≥ 2500 K, the results (Fig. 3) are approximate mostly because the UV region is estimated. The
uncertainty inkrad,dif at highT depends on grain-size. (1) Large grain-sizes do not participate in radiative
transfer at high temperature, and are not affected. (2) Ford ≤ 1 mm, whetherA changes gradually or
abruptly at highν negligibly changes the already lowA values. The quadratic fits for smalld (Table 1)
should be valid at mantle conditions. (3) Intermediate grain-sizes have large uncertainties inkrad,dif at high
T, which depend onR. The development of a small second maximum ford = 1 cm atR = 0.7% (Fig. 3c),
which becomes even smaller as scattering increases (Fig. 3d) suggests thatkrad,dif is overestimated for
d = 1 cm at highT for low R (Fig. 3a and b). However, ford = 0.5 cm,krad,dif is constrained at very lowR
(Fig. 3a) because grains this size transmit over all frequencies. In this case, the form used for UV tail is
unimportant.

To compensate for approximating the UV tail as rising abruptly (Fig. 2b), rather than gradually, values
for krad,dif used inFig. 3 are reduced by 5% at 2500 K and by 10% at 3000 K for the rest of the paper.
Although this adjustment for “curvature” is rough, the resulting values forkrad,dif are more realistic at
high temperature, and are included in deriving the fits ofTable 1.

To further constrainkrad,dif, I usedFig. 2 to estimate the temperature where the UV region absorbs
enough to quench radiative transfer, i.e.,T wherekrad,dif= 0. Null point temperatures less than 4000 K
are fairly certain, resulting in well-constrained curves (Fig. 4; Table 1). Achieving model accuracy above
2500 K for all d and R, requires higher temperature data at UV frequencies, a difficult experimental
task.

4.2. Grain-size dependence of krad,dif for Fe/(Mg + Fe) of 0.1

If d = 0, or if A = 0 over all frequencies,krad,dif= 0 (Eqs.(15) and (16)). Because light is back reflected
at interfaces, grains are opaque when the transmitting region reaches some highA-value, which depends
ond andR, andkrad,dif is again zero. This size is∼100 cm for Fo90Fa10 with minimal interface reflectivity
and∼10 cm for largeR (Fig. 3; Table 1). Thus, radiative transfer at a given temperature should increase
with d at smalld, reach a maximum and then decrease. BecauseIbb increases with temperature,krad,dif at a
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Fig. 4. High-temperature extrapolations for olivine. Symbols as inFig. 3; fits as inTable 1.

given grain-size should generally increase withT. The calculations provide these expected characteristics
(Fig. 5).

For lowR, d = 10 cm provides the largestkrad,dif at low temperature (Fig. 5a and b). Grain-size near 1 cm
is most effective at moderate temperatures, shifting tod ∼ 0.5 cm near 1800 K, and at high temperature,
d ∼ 0.1 cm produces highkrad,dif. The development of a second maximum inkrad,dif neard of 1 cm asT
passes 2500 K is questionable because the highT result depends on the particulars of UV tail:krad,dif at
high T is uncertain for this grain-size.
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Fig. 5. Grain-size dependence ofkrad,dif for olivine. Legend (inset in part a) is the same as inFig. 2 and subsequently: (a)
calculations assuming that opacity occurs fordA ≥ 10, (b) opacity occurring fordA ≥ 7, (c) opacity occurring fordA ≥ 5, and (d)
opacity occurring fordA ≥ 4. In part (a), the curve ford = 1 cm seem overestimated at highT, whereas in parts (b–d), the curves
for d = 0.5 cm seem overestimated at highT, see text.

4.3. Effect of interface reflectivity

From geometric considerations, interface reflectivity of 0.1% is expected for equi-granular textures of
mantle rocks. This case provides the preferred values and is shown in part (b) ofFigs. 3–5and listed in
Table 1. For sheared textures,R ∼ 0.01%: The results shown in part (a) ofFigs. 3–5provide an upper
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Fig. 6. Dependence ofkrad,dif on Fe content in olivine. Symbols as inFig. 4. Opacity is assumed to occur fordA ≥ 7 (the
preferred case): (a) grain-size of 0.1 cm, (b) grain-size of 0.5 cm, and (c) grain-size of 1 cm. The arrow shows that the results are
overestimated atT > 2500 K and high Fe content. At constant grain-size, asT increases the maximum shifts to lower Fe contents.
At constantT, as grain-size increases, the maximum shifts to lower Fe content. Increasing scattering also moves the minimum
to lower Fe content.
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limit. The main effect of increasingR at any given temperature is to shift the maxima inkrad,dif in d towards
smaller grain sizes (Fig. 5). As R increases,krad,dif(d) is reduced, but this effect is not large.

4.4. Effect of Fe2+ content on krad,dif

From Beer’s law,A is proportional to the concentration of the entity producing the bands (e.g.Rossman,
1988). This linear relationship exists between Fe2+ content and the strengths of the electronic bands
from 0 to 100% fayalite (Taran and Langer, 2001; Ullrich et al., 2002). The relevant quantity in Eq.
(13) is dfX where f is the Beer’s law proportionality constant, andX is the Fe2+ content. From this
proportionality,krad,dif(T) for Fa10 when d = 1 cm is equivalent tokrad,dif(T) for Fa20 with d = 0.5 cm,
ignoring momentarily the contribution of the overtones, and that the UV tail shifts toward the visible as Fe
content increases. I therefore subtracted the contribution below 4000 cm−1 from the results for Fa10, used
proportionality relationships to determine the contribution of the Fe bands as a function of Fe2+ content,
and summed this result with the overtone region for the appropriate grain-size to providekrad,dif(T, d,
X). Neglecting the shift of the UV tail with Fe overestimateskrad,dif for samples with >10% Fa above
∼2200 K.

At low temperatures, high Fe content enhanceskrad,dif slightly (Fig. 6), consistent with band tails
in the near-IR being the controlling factor. For upper mantle temperatures, maxima exist inkrad,dif as
a function of Fe2+ content, as expected, by analogy toFig. 5. For constantd andR, the Fe2+ content
of the maximum initially decreases as temperature increases, remaining constant between∼1500 and
∼2200 K, and moving to higher Fe content asT increases further (Fig. 6). The shift in the maximum at high
temperature to high Fe2+ content clearly results from overestimation ofkrad,dif due to the uncertainty in
extrapolating the UV region. The positions of the maxima at 1600–2000 K should represent the behavior
of krad,dif at higherT.

Increasingd moves the maxiumum inkrad,dif to lower Fe contents whenT andR are held constant (as in
Fig. 6). IncreasingR sharpens the maximum inkrad,dif(Fe2+) and the lower temperature curves are affected
more(not shown).

For narrow O H stretching bands, the effect of concentration of the absorbing entity was extracted
from Eq.(15) using the trapezoid rule (Hofmeister, 2004). A functionally similar dependence onX was
observed.

5. Conclusions and geophysical implications

5.1. General behavior

The above calculations use olivine spectra and an average grain size to approximate diffusive radiative
transport in an anhydrous, ferrous, silicate-rich, multi-phase mantle with idealized interface reflectivities.
The precise values ofkrad,dif will diverge from these approximations, as the mantle has multiple phases
and a grain-size distribution, but integration is a smoothing function, which reduces the importance of
spectral details. Results for small-grain size are the least dependent on the spectra, and should hold for
all other phases with high-spin Fe2+. For large grain-size, the results depict upper mantle phases (olivine,
pyroxene and spinel). The local maximum should be subdued for perovskite and garnet phases with their
broader absorption bands. The following results should be generally applicable.



68 A.M. Hofmeister / Journal of Geodynamics 40 (2005) 51–72

Radiative transfer depends strongly and non-linearly on grain-size. The dependence ofkrad,dif on d is
determined by two competing effects. For frequencies whereA(ν) is large, increasingd means that larger
parts of the integral become negligible, which reduceskrad,dif. This effect competes non-linearly with
krad,dif being proportional tod2 for transparent regions (Eq.(16)).

Trends inkrad,dif with T are complex because the controlling variables (absorbance, opacity limits,
blackbody intensity) depend non-linearly on temperature. Only ifA is independent of bothT and ofν,
is krad,dif proportional toT3, which is the commonly assumed form (e.g.Clark, 1957). As temperature
increases,d giving the highestkrad,dif decreases. Importantly, the change in sign of∂krad,dif/∂T from positive
to negative occurs at higherT asd decreases such that for grain-sizes <∼0.1 cm,∂krad,dif/∂T is positive
for all possible mantle temperatures.

The dependence of absorbance on Fe2+ content allows inference of the compositional dependence
of krad,dif. Becausekrad,dif depends on the productdA and has maxima for certaind values, it must also
have a maximum at a particular Fe2+ content. The calculations indicate that optimal radiative transport
occurs for Fe/(Mg + Fe)∼0.1 at mantle temperatures ford ∼ 0.1–0.2 cm, or near Fe/(Mg + Fe)∼0.02 for
d ∼ 0.5–1 cm.

5.2. Comparison with previous models and the phonon contribution

The present results for most grain-sizes are considerably larger than those ofHofmeister (1999), which
compare closely to the present model withd = 0.02 cm andR = 0.1% (Fig. 3b). Results ofShankland et
al. (1979)resemble the curve ford = 1 cm up to 1300 K, but continue rising to 2 W/m K at 1600 K.
Calculations were not performed above this temperature, but the trend suggests a weak dependence on
temperature at highT. The previous models thus correspond to small and large grains found in mantle
rocks (e.g.Boyd and Meyer, 1979).

The lattice component is roughly 5 W/m K at ambient temperature, and decreases monotonically to
about 2.5 W/m K near 1500 K, and is flat thereafter (see summary byHofmeister, 1999; Hofmeister and
Yuen, 2005). For the upper mantle, the lattice component dominates heat transfer for small grains, whereas
both phonon and photon contributions are important for large and moderate grains.

5.3. Connection of mantle grain-size and layering with krad,dif

Grain-size critically affects rheology in the mantle (Riedel and Karato, 1997). This dependence leads
to a non-linear response to strain and heating (Kameyama et al., 1997; Braun et al., 1999), and, thus,
viscosity is considered to be important in earth’s thermal history (e.g.Tozer, 1965; Stacey and Loper,
1988). Similarly, a grain-size dependence for heat transport properties must have repercussions for mantle
dynamics.

The existence of maxima in the dependence ofkrad,dif ond, T, and composition are especially important.
Positive∂k/∂T promotes stability in the mantle through positive feedback, and a negative derivative is
destabilizing, causing more erratic, vigorous convection (Dubuffet et al., 2002). The different signs
for the derivative above and below∼2000 K at moderate grain-size, the correspondence ofT ∼ 2000 K
with the major seismic discontinuity at 670 km (Ito and Takahashi, 1989), and the evolution of the
system towards both stability and efficient heat transport, suggest that different styles of convection could
exist for the shallow and deep mantle. To explore this further, we discuss the available constraints on
grain-size.
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The combination of efficient radiative diffusion and viscous shear suggests a small grain-size in the
lower mantle,∼0.1 cm. This size has positive∂k/∂T, and provides large values ofkrad,dif above∼2000 K.
Lower mantle rheology is not well constrained (Ranalli, 2001), but d has been estimated from mantle
viscosity as 0.3 cm near 670 km (Yamazaki and Karato, 2001), which is compatible with the present
result. This upper mantle differs:d varies from 0.01 to 1 cm, such that individual samples have a range
of grain sizes (e.g.Boyd and Meyer, 1979). For lower temperatures in the upper mantle, the model
presented here suggests that larger grains are better at transporting heat via photons. However, at such
lower temperatures, phonons transport significant amounts of the heat as well (e.g.Hofmeister, 1999).

The upper and lower mantle layers differ substantially in grain-size, in rheology, in the relative pro-
portion of heat transported by phonons or by photons, and in the sign of∂k/∂T. These differences point
towards layered convection.

5.4. Continuous parameterization of krad,dif with T and d for dynamic models

Geodynamic models exploring the evolution of grain size have utilized a continuous parameterization
of viscosity ond. Applying the same approach to radiative transfer may yield further information on
the time-dependence of mantle convection. The non-linear dependence ofkrad,dif on d andT precludes
reduction to one formula. But, a continuous parameterization can be provided for the three distinct regimes
of small, moderate, and large grain-size. Gaussians and polynomials are used to approximate the results
for R = 0.1% (Fig. 4b):

krad,dif = 10d[0.36776− 0.0010594T + 8.3496T 2], for d < 0.2 cm (18)

krad,dif(d, T ) = [5 + 22(1− d)] exp

[
−[T − 2800− 2600(1− d)]2

[400+ 1400(1− d)]2

]

+ [1.7 − 0.2(1− d)] exp

[
−[T − 1400− 300(1− d)]2

[500+ 200(1− d)]2

]
, 0.2 < d < 1.2 cm

(19)

and

krad,dif(d, T ) = [1.35+ 0.03(10− d)] exp


−[T − 900− 6(10− d)2]

2

[230+ 2(10− d)2]
2


 , 1 < d < 100 cm

(20)

5.5. Fe-rich silicates and the deepest mantle

High Fe content in O-rich phases decreases bothklat (Horai, 1971; Hofmeister, 2001; Giesting and
Hofmeister, 2002) andkrad,dif for high spin Fe2+ in olivine. All other phases will behave similarly although
the maxima would occur at differentX andd. Low spin Fe2+ should weakly absorb visible and UV light
and will have a smaller value ofkrad,dif at any given temperatures compared to the corresponding high
spin state at low Fe contents (Eq.(16)). As Fe content increases, the UV tail grows and thus for some
largeX, A is large and Eq.(17)holds. Optimal radiative transport for low spin Fe thus exists but at higher
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Fe contents and grain size than for the high spin configuration. Thus, for an oxide mineralogy, the layer
above the core (D′′) has lowerktot and would be destabilized through large amounts of Fe2+ enrichment
(discussed further byHofmeister and Yuen, 2005).

Radiative transfer in sulfides such FeS (troilite) differ in important ways. From reflectivity (Peckett,
1992) and IR absorption measurements (Hofmeister et al., 2003), FeS has largeA that is independent of
frequency. For such a greybody,Clark (1957)formula, modified to account for emissivity and grain-size,
is valid:

kgrey = 16

3
ξn2σT 3

(
d

1 + dA

)
(21)

Depending on tradeoffs between the value ofA (which is large, but unknown in the visible, requiring
quantitative analysis of spectral reflectance), and on the grain size, radiative transfer in a deepest mantle
that is dominated by metal-sulfides could be huge due to theT3 response.
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