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etrophysical inversion of borehole array-induction logs:
art I — Numerical examples

aruk O. Alpak1, Carlos Torres-Verdín2, and Tarek M. Habashy3

ABSTRACT

We have developed a new methodology for the quantitative
petrophysical evaluation of borehole array-induction measure-
ments. The methodology is based on the time evolution of the
spatial distributions of fluid saturation and salt concentration at-
tributed to mud-filtrate invasion. We use a rigorous formulation
to account for the physics of fluid displacement in porous media
resulting from water-base mud filtrate invading hydrocarbon-
bearing rock formations. Borehole array-induction measure-
ments are simulated in a coupled mode with the physics of fluid
flow. We use inversion to estimate parametric 1D distributions of
permeability and porosity that honor the measured array-induc-
tion logs. As a byproduct, the inversion yields 2D �axial-sym-
metric� spatial distributions of aqueous phase saturation, salt
concentration, and electrical resistivity. We conduct numerical
inversion experiments using noisy synthetic wireline logs. The
inversion requires a priori knowledge of several mud, petrophys-

ical, and fluid parameters. We perform a systematic study of the
accuracy and reliability of the estimated values of porosity and
permeability when knowledge of such parameters is uncertain.
For the numerical cases considered in this paper, inversion re-
sults indicate that borehole electromagnetic-induction logs with
multiple radial lengths of investigation �array-induction logs� en-
able the accurate and reliable estimation of layer-by-layer abso-
lute permeability and porosity. The accuracy of the estimated
values of porosity and permeability is higher than 95% in the
presence of 5% measurement noise and 10% uncertainty in rock-
fluid and mud parameters. However, for cases of deep invasion
beyond the radial length of investigation of array-induction log-
ging tools, the estimation of permeability becomes unreliable.
We emphasize the importance of a sensitivity study prior to in-
version to rule out potential biases in estimating permeability re-
sulting from uncertain knowledge about rock-fluid and mud
properties.
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INTRODUCTION

Robust and accurate determination of fluid-flow related petro-
hysical parameters from borehole measurements is a fundamental
bjective of quantitative geophysical exploration. Geoelectrical
easurements are sensitive to the spatial distributions of porosity,
uid saturation, and salt concentration. Therefore, it is reasonable to
ypothesize that incorporating the physics of fluid flow in porous
edia into the analysis of geoelectrical borehole measurements will

ignificantly improve current interpretation algorithms based solely
n the estimation of electrical resistivity.

The phenomena of multiphase fluid flow and electromagnetic in-
uction in porous media can be linked readily by means of an appro-
riate saturation equation when a priori information is available
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F101
bout the properties of the flowing fluids �i.e., viscosity, density,
ompressibility�. Two-phase �or, occasionally, three-phase� multi-
omponent fluid displacement, which takes place during mud-fil-
rate invasion, provides a basis for the quantitative petrophysical in-
erpretation of electrical conductivity around the wellbore. Tobola
nd Holditch �1991�, and Yao and Holditch �1996� successfully used
history matching method based on time-lapse array-induction logs

o estimate absolute permeability for the case of water-base mud fil-
rate invading low-permeability gas formations. Semmelbeck et al.
1995� attempted to estimate absolute permeability for low-perme-
bility gas sands from array-induction measurements. Dussan et al.
1994� advanced a similar procedure to estimate vertical formation
ermeability using forward modeling and experimental data. Ra-
akrishnan and Wilkinson �1997, 1999� developed a method to esti-
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ate fractional flow curves from radial profiles of electrical conduc-
ivity around the wellbore invoking the physics of fluid flow. Epov et
l. �2002� inverted high-frequency electromagnetic logs to yield ra-
ial profiles of electrical resistivity and salt concentration consistent
ith two-phase hydrodynamic analysis of mud-filtrate invasion.
This paper introduces a stable, accurate, and efficient algorithm

or the parametric petrophysical inversion of borehole array-induc-
ion logs. We introduce an inversion algorithm that estimates layer-
y-layer fluid permeabilities and porosities of hydrocarbon-bearing
ormations. Inversion is posed as the minimization of a quadratic ob-
ective function subject to physical constraints on the unknown

odel parameters. We use a modification of the iterative Gauss-
ewton technique to minimize the objective function. Each iterative

tep requires the solution of the forward problem. Numerical simula-
ion of array-induction logs entails coupled simulations of mud-fil-
rate invasion and diffusive electromagnetic induction. We use effi-
ient finite-difference algorithms to simulate fluid-flow and electro-
agnetic-induction phenomena. The simulations assume two-phase

onvective transport of three components, namely, oil/gas, water,
nd salt, to generate space- and time-domain distributions of aque-
us phase saturation and salt concentration associated with water-
ase mud-filtrate invasion. Two-phase flow and electromagnetic-in-
uction phenomena are coupled via Archie’s saturation equation
Archie, 1942�. This process also considers the process of salt mix-
ng occurring within the aqueous phase as a result of contrasts of salt
oncentration between invading and in-situ fluids.

igure 1. Simplified schematic description of the measurement prin-
iple of the array-induction imager tool �adapted from Blok and
ristaglio, 1995�:Amultiturn coil supporting a time-varying current
enerates a magnetic field that induces electrical currents in the sur-
ounding rock formation. An array of receiver coils measures the
agnetic field induced by both the source and the secondary rock-

ormation currents.
In part one of this two-part study, we introduce our methodology
nd present numerical examples for ideal single-well 2D axisym-
etric near-borehole models. In a forthcoming paper, we will de-

cribe results of applying the methodology to field wireline array-in-
uction logs.

The central component of this paper is a systematic sensitivity
tudy for the simultaneous estimation of layer-by-layer absolute per-
eability and porosity from synthetically generated array-induction

ogs contaminated with various levels of additive Gaussian noise.
or simplicity, from this point onward, we refer to the absolute fluid
ermeability of rock formations simply as permeability. We perform
nversions for the cases where perturbations are made to the a priori
nformation about rock and fluid properties. We give special consid-
ration to the assumption of specific mud properties that determine
he time evolution of mudcake growth and permeability and, conse-
uently, the time evolution of flow rate of mud-filtrate invasion.

PETROPHYSICAL INVERSION OF
ARRAY-INDUCTION LOGS

Our objective is to estimate layer-by-layer permeability and po-
osity from borehole array-induction logs. Measurements consist of
he vertical component of the total magnetic field acquired at multi-
le receiver locations and frequencies �Figure 1�. The forward mod-
l that couples borehole induction logs with fluid-flow phenomena is
nonlinear function of the spatial distribution of permeability, po-

osity, and other relevant rock and fluid properties. We assume the
vailability of saturation and pressure dependent rock and PVT-de-
endent fluid properties from ancillary wireline logs and laboratory
xperiments. Subsequently, we appraise this assumption with a sen-
itivity study in which we consider perturbations of a priori known
arameters and quantify their influence on the estimations. Table 1
ummarizes the underlying assumptions and associated qualitative
ncertainty for the various parameters required by the petrophysical
nversion technique that we develop in this paper.

nversion algorithm

Inversion of layer-by-layer porosity and permeability values is
osed as a minimization problem that involves a quadratic objective
unction subject to physical constraints �Torres-Verdín and Habashy,
994�. The objective function is given by,

C�x� =
1

2
����Wd · e�x��2 − �2� + �Wx · �x − xp��2� ,

�1�

here e�x� is a vector whose jth element is the residual error �data
ismatch� of the jth measurement. The residual error is the differ-

nce between the measured and numerically simulated logs, given
y

e�x� = ��S1�x� − m1�, . . . ,�SM�x� − mM��T = S�x� − m ,

�2�

here the superscript T denotes the transpose, M is the number of
easurements, and mj denotes the entries of vector m, which corre-

pond to array-induction measurements indexed with respect to
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epth location, source-receiver distance, and operating frequency.
he entries of vector S, Sj, correspond to the numerically simulated

ogs predicted by the vector of model parameters x, given by

x = �x1, . . . ,xN�T = y − yR, �3�

here N is the number of unknowns. The vector of model parameters
is defined as the difference between the vector of the actual model
arameters y and a reference model yR. All a priori information on
he model parameters such as those derived from independent mea-
urements is included in the reference model. The scalar factor
�0 � � � � � is a regularization parameter �also called a

able 1. Summary of geometrical, mud, and petrophysical pr
eveloped in this paper. Each parameter is described by both
ssociated qualitative uncertainty in the estimation of porosity

Parameter

Mudcake permeability

Mudcake porosity

Mud solid fraction

Mudcake maximum thickness

Formation rock compressibility

Aqueous phase viscosity �mud filtrate�

Aqueous phase density �mud filtrate�

Aqueous phase formation volume factor �mud
filtrate�

�re

Aqueous phase compressibility �mud filtrate�

Oleic/gaseous phase viscosity

Oleic/gaseous phase API density

Oleic/gaseous phase density

Oleic/gaseous phase formation volume factor �re

Oleic/gaseous phase compressibility

Formation pressure at the formation top �at the
reference depth � 0 m�

Mud hydrostatic pressure

Wellbore radius

Formation outer boundary location

Formation temperature

a-constant in the Archie’s equation �di

m-cementation exponent in the Archie’s equation �di

n-aqueous phase saturation exponent in the
Archie’s equation

�di

Mud conductivity

Upper and lower shoulder bed conductivities

Logging interval used for inversion

Relative permeability function �di

Capillary pressure function

Initial aqueous phase saturation of the formation

Layer thicknesses

Layer permeabilities

Layer porosity
agrange multiplier� that assigns relative importance to the two ad-
itive terms of the quadratic objective function. The choice of � pro-
uces an estimate of x that has a finite, minimum weighted norm
ith respect to the prescribed model xp, and which globally misfits

he measurements.
In equation 1, the second additive term of the objective function is

ncluded to stabilize the minimization problem. This term suppress-
s any possible magnification of errors in x because of measurement
oise. The matrix Wx

TWx is the inverse of the model covariance ma-
rix that represents the degree of confidence in the prescribed model

p, and Wd
TWd is the inverse of the data covariance matrix describing

he estimated uncertainties in the measurements because of noise

s assumed in the petrophysical inversion algorithm
ecific type of assumption concerning its origin and the

permeability from array-induction logs.

t Type Uncertainty

� A priori Low

on� A priori Low

on� A priori Low

� A priori Medium
1� A priori Low

� A priori Low
3� A priori Low

td.m3� A priori Low

1� A priori Low

� A priori Medium

I� A priori Medium
3� A priori Medium

td.m3� A priori Medium

1� A priori Medium

a� A priori Medium

a� A priori Low

A priori Low

A priori Low

� A priori Low

nless� A priori Medium

nless� A priori Medium/high

nless� A priori Medium/high

� A priori Low

� A priori Medium

A priori NA

nless� A priori Medium/high

� A priori Medium/high

on� A priori Medium/high

A priori/1D inversion Low/NA

� Inversion NA

on� Inversion NA
opertie
the sp
and

Uni

�mD

�fracti

�fracti

�cm

�kPa−

�Pa.s

�g/cm

s.m3/s

�kPa−

�Pa.s

�°AP

�g/cm

s.m3/s

�kPa−

�MP

�MP

�m�

�m�

�°C

mensio

mensio

mensio

�mS/m

�mS/m

�m�

mensio

�Pa

�fracti

�m�

�mD

�fracti
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ontamination. We employ the following form of the data residual
ector with the purpose of putting the various measurements on
qual footing:

�Wd · e�x��2 = �
j=1

M

wj	Sj�x�
mj

− 1	2

. �4�

oreover, the variable �2 in equation 1 is the expected measure of
eighted data misfit computed with equation 4. This variable is as-

umed known a priori from the estimated signal-to-noise ratio of the
easurements. The inversion will stop when the weighted data mis-
t computed with equation 4 reaches the value of �2.
In equation 1, the vector of model parameters x is constructed

ith the layer-by-layer values of permeability and porosity. Figure 2
escribes the model-domain parameterization. We assume that loca-
ions of layer boundaries are available from other types of logs, such
s high-resolution resistivity logs or borehole images. An arbitrary
ombination of the above mentioned petrophysical parameters
ould be included in vector x.

To solve the nonlinear inverse problem, we employ a modification
f the Gauss-Newton minimization method. The inverted model pa-
ameters x are constrained to remain within their physical bounds
sing a nonlinear transformation �Habashy and Abubakar, 2004�. A
acktracking line-search algorithm is used along the descent direc-
ion to guarantee a reduction of the objective function from iteration
o iteration. The choice of the Lagrange multiplier is adaptively
inked to the condition number of the Hessian matrix of the objective
unction. We progressively increase the weight of the data misfit
erm in the objective function with respect to the stabilization term as
he inversion algorithm iterates toward the minimum.

Evaluating the Hessian matrix is the most computationally inten-
ive part of the inversion. We employ four alternative approxi-
ate strategies for computing the Hessian matrix to accelerate the

nversion: Broyden symmetric rank-one, Powell-Symmetric-Broy-
en �PSB� rank-two, Davidson-Fletcher-Powell �DFP� rank-two,
nd Broyden-Fletcher-Goldfarb-Shanno �BFGS� rank-two update
ethods �Gill et al., 1981�.

igure 2. Model parameterization with homogeneous and isotropic
orizontal geologic layers. Model parameters are layer-by-layer per-
eabilities and porosities denoted by k and �, respectively.
omputing the rate of mud-filtrate invasion

We use the general numerical algorithm INVADE to simulate the
rocess of mud-filtrate invasion in vertical boreholes �Delshad et al.,
996; Wu et al., 2001; Wu et al., 2005�. Simulations with INVADE
ield an equivalent time-domain mud-filtrate flow-rate function.
his function replicates the time evolution of mudcake growth. Be-
ause clay platelets form mudcake with permeabilities on the order
f 1 � 10−3 mD, the rate of mud-filtrate invasion is often controlled
y mudcake, with marginal influence of formation permeability. Ex-
ensive simulations conducted with INVADE agree with this obser-
ation. We impose the numerically computed invasion rate as a local
ource condition �flux as a function of depth� to simulate fluid dis-
lacement and salt mixing in the invaded rock formation. This pro-
edure allows us to readily incorporate the physics of mud-filtrate in-
asion into an algorithm that couples the simulation of multiphase
uid flow in porous media with the simulation of borehole array-in-
uction logs.

orward model of the petrophysical inversion algorithm

Time and space distributions of aqueous phase saturation and salt
oncentration are modeled as convective transport of hydrocarbon
nd aqueous phases and hydrocarbon. Ions are assumed to be soluble
nly within the aqueous phase and lumped into a single salt compo-
ent. In the forward problem, we assume a salt concentration con-
rast between the in-situ formation brine and the invading mud-fil-
rate. According to Ramakrishnan and Wilkinson �1997� diffusion
as only a small effect at invasion-radius length scales. In addition,
quilibration of salt concentration among pores occurs at time scales
horter than the invasion time scale, whereupon local-level aqueous
hase salt concentrations remain the same from pore to pore. There-
ore, we only consider convective miscible salt transport within the
queous phase and neglect diffusional spreading of the interface be-
ween mud-filtrate and formation brine.

We perform numerical modeling with a finite-difference based
ear-borehole fluid-flow simulator formulated in cylindrical coordi-
ates �Aziz and Settari, 1979�. The simulations yield time and space
istributions of aqueous phase saturation �Sw� and salt concentration
Cw� attributable to mud-filtrate invasion. We assume that salt is only
oluble in the aqueous phase. We simulate convective salt transport
fter a converged solution for the time-step has been found and the
nterblock flows are determined. We invoke mass conservation to
pdate the spatial distribution of salt concentration.

Spatial distributions of aqueous phase saturation for a given log-
ing time are subsequently transformed into spatial distributions of
lectrical conductivity usingArchie’s equation �Archie, 1942�,

��r� =
�w�r��m�r�Sw

n �r�
a

, �5�

pplied gridblock-by-gridblock in the simulation grid. In the above
quation, the vector r designates spatial location, and the quantities
�r�, �w�r�, and Sw�r� denote spatial distributions of formation con-
uctivity, brine conductivity, and aqueous phase saturation, respec-
ively. Cementation and saturation exponents m and n, respectively,
nd the tortuosity/cementation coefficient a are empirical constants
easured on rock-core samples.
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Spatial distributions of brine conductivity are computed grid-
lock-by-gridblock from the simulated salt concentrations using the
ollowing transformation �Zhang et al., 1999�:

�w�r� = 
�0.0123 +
3647.5

Cw
0.955�r�� 82

1.8T + 39

−1

, �6�

here Cw�r� and T stand for the spatial distribution of aqueous phase
alt concentration �ppm� and uniform formation temperature �°C�,
espectively. The brine conductivity model assumes instantaneous
emperature equilibrium between invading and in-situ aqueous
hases. Our choices of saturation equation and brine conductivity
ransform strictly depend on the specific properties of the formation
nder consideration. We assume that the reservoir rock consists pre-
ominantly of clean sands, and therefore, that Archie’s equation and
he aforementioned brine conductivity transform accurately de-
cribe the rock’s effective electrical conductivity. Presence of sub-
tantial amounts of dispersed, structural, or laminated clay would
ntail the use of other types of petrophysical relationships between
ater saturation and electrical conductivity.
Forward modeling of array-induction logs is accomplished by

olving quasi-static Maxwell’s equations in the frequency domain.
his approach provides the following equation for the electric field
:

�−1 � � � � E − i	�E = i	��−1JS, �7a�

here the symbols �, 	, �, and JS denote electrical conductivity
S/m�, angular frequency �radians/s�, magnetic permeability con-
tant �H/m�, and impressed �source� electric current density �A/m2�,
espectively, with i = �−1, and e−i	t as the assumed time �t �s�� vari-
tion. We solve equation 7a with a finite-difference algorithm imple-
ented on a staggered grid �Druskin and Knizhnerman, 1999�. The

nduced magnetic field B at the receiver coils is calculated explicitly
rom the equation

B = �i	�−1 � � E . �7b�

NUMERICAL SENSITIVITY STUDY

eneral considerations

The synthetic model, shown in Figure 3, consists of a vertical
orehole that penetrates a hydrocarbon-bearing formation com-
osed of three permeable isotropic and homogeneous horizontal lay-
rs with sealing upper and lower shoulder beds. We assume that the
eservoir is buried in a shale background and that upper, lower, and
uter domain boundaries exhibit no-flow conditions. The lateral res-
rvoir boundary is 300 m away from the borehole axis. From the on-
et of drilling, the permeable formation is subject to water-base mud
ltrate invasion. We consider the acquisition of wireline array-in-
uction logs vertically across the formation at a specific logging time
fter the onset of invasion. The wireline sonde is the array-induction
mager tool described in Figure 1, which includes multiple source-
eceiver configurations and operating frequencies �Hunka et al.,
990�. Such a measurement configuration ensures multiple radial
engths of investigation �Barber and Rosthal, 1991�.

We list specific mud, mudcake, formation fluid and rock proper-
ies, and further details of the acquisition geometry in Table 2. We
mplement a 141 � 30 grid in the radial-vertical cylindrical coordi-
ate system to simulate the process of mud filtrate invasion. The grid
s uniform in the vertical direction whereas block sizes increase log-
rithmically in the radial direction away from the wellbore.

Layer-by-layer relative permeability and capillary pressure func-
ions are illustrated in Figure 4a and b. The spatial distribution of ini-
ial aqueous and oleic phase saturation is derived from the hydrody-
amic equilibrium state for the uninvaded formation of interest. Fig-
re 4c shows the averaged mud-filtrate invasion history that is im-
osed on the fluid-flow simulator as the source condition. Rate
istory, simulated with INVADE, is transformed into an equivalent
ingle-step rate schedule via integral averaging that maintains volu-
etric balance. In this case, the early-time rate transient is short-

ived in comparison to the stabilized rate; therefore, the averaged
ate of invasion remains very close to the stabilized rate. This result
lso justifies the use of the single-step, equal-volume average rate.
s shown in Figure 4c, the flow rate resulting from removal of mud-

ake attributable to drill-string trip-out �ruboff� at the logging time
1.5th day� also is incorporated into the time history of mud-filtrate
nvasion. The postruboff average invasion rate is computed using the
ame averaging approach as in the case of preruboff average rate.
imulated measurements are contaminated with zero-mean additive
aussian random noise. The standard deviation of the additive syn-

hetic random noise is varied between 1% and 21%, depending on
he inversion study of interest. In this paper, we define the standard
eviation of synthetic noise as a percentage of the absolute value of
he individual measurement under consideration. Unless otherwise
tated, for numerical inversion examples, we use a slightly coarser
umerical mesh of size 121 � 30 in the radial and vertical direc-
ions, respectively. Electromagnetic fields computed with a 141

30 and a 121 � 30 mesh are within 0.1% of each other.

patial distributions of aqueous phase saturation,
alt concentration, and electrical conductivity

We consider the invasion of water-base mud into hydrocarbon-
earing formations wherein the salinity of the in-situ brine is higher

igure 3. Synthetic rock-formation model for the sensitivity study.
wo-dimensional vertical cross section of the permeable rock for-
ation penetrated by a vertical borehole. The three-layer formation

s subject to water-base mud-filtrate invasion.
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than that of mud filtrate. Mud filtrate has a salt
concentration of 5,000 ppm, whereas the in-situ
brine has 120,000 ppm of salt. The near-borehole
oleic phase saturation and salt concentration dis-
tributions for the 1.5th and 3rd day of mud-filtrate
invasion can also be viewed as the spatial distri-
bution of near-borehole aqueous phase saturation
�Figure 5�, because the saturation relationship
Sw�r� = 1 − So�r� holds for the two-phase im-
miscible flow of aqueous and oleic phases. Figure
6 shows snapshots of the time evolution of the
spatial distribution of electrical conductivity for
the 1.5th, 3rd, 4.5th, 8.5th, and 12th day after the
onset of mud-filtrate invasion. These electrical
conductivity snapshots are calculated from the
spatial distributions of aqueous phase saturation
and salt concentration using equations 5 and 6.

In our numerical simulations, invasion of wa-
ter-base mud filtrate into a hydrocarbon-bearing
zone containing irreducible brine �with salt con-
centration much higher than that of mud filtrate�
is responsible for the presence of a conductive an-
nulus zone �Dumanoir et al., 1957; Ramakrish-
nan and Wilkinson, 1997; and Zhang et al., 1999�.
This observation is consistent with results de-
scribed by George et al. �2004�.

Borehole array-induction measurements

Figure 7 shows the apparent electrical conduc-
tivity logs simulated for the 1.5th, 3rd, 4.5th,
8.5th, and 12th day after the onset of mud-filtrate
invasion.At relatively early stages of mud-filtrate
invasion, the shallow investigating arrays �10-,
20-, and 30-in arrays� are more sensitive to time-
dependent changes in the near-borehole conduc-
tivity distribution than are arrays with a deeper ra-
dial length of investigation �60- and 90-in arrays�.
As mud-filtrate invasion progresses, the deeply

d sensor
al

Value

0.010

0.400

0.500

1.270

.252 � 10−10

.274 � 10−3

1.001

0.996

.698 � 10−7

.550 � 10−4

42

0.816

1.471

.762 � 10−6

3.589

20.684

24.821

0.108

300.000

104.444

1.000

2.000

2.000

2631.579

1000.000

.096 � 10−1

functions used in fluid-flow simulations for the synthetic rock-for-
capillary pressure saturation functions for each layer were generated
�c� Time average of the rate of mud-filtrate invasion for pre- and pos-
able 2. Summary of geometrical, petrophysical, mudcake, fluid, an
arameters associated with the reservoir model used in the numeric
ensitivity study.

ariable Unit

udcake permeability �mD�

udcake porosity �fraction�

ud solid fraction �fraction�

udcake maximum thickness �cm�

ormation rock compressibility �kPa−1� 7

queous phase viscosity �mud filtrate� �Pa.s� 1

queous phase density �mud filtrate� �g/cm3�
queous phase formation volume factor �mud
ltrate�

�res.m3/std.m3�

queous phase compressibility �mud filtrate� �kPa−1� 3

leic phase viscosity �Pa.s� 3

leic phase API density �°API�

leic phase density �g/cm3�
leic phase formation volume factor �res.m3/std.m3�
leic phase compressibility �kPa−1� 2

iscosity ratio �water to oil� �dimensionless�

ormation pressure at the formation top �at the
eference depth = 0 m�

�MPa�

ud hydrostatic pressure �MPa�

ellbore radius �m�

ormation outer boundary location �m�

ormation temperature �°C�
-constant in the Archie’s equation �dimensionless�

-cementation exponent in the Archie’s equation �dimensionless�

-aqueous phase saturation exponent in the
rchie’s equation

�dimensionless�

ud conductivity �mS/m�

pper and lower shoulder bed conductivities �mS/m�

ogging interval used for inversion �m� 6
igure 4. Layer-by-layer �a� relative permeability and �b� capillary pressure
ation model considered in the sensitivity study. Relative permeability and

sing the modified Brooks-Corey model �see Table 5, actual value section�.
removal of mudcake.
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ensing resistivity arrays exhibit enhanced sensi-
ivity to the corresponding perturbation of electri-
al conductivity.

From the geologic point of view, the influence
f mud-filtrate invasion on array-induction logs
ecomes more apparent across relatively more
ermeable beds. Fluid displacement occurs faster
n high-permeability beds, leading both the phase
aturation and salt concentration fronts. Conse-
uently, the perturbation of electrical conductivi-
y extends deeper into the reservoir.

The above observations are confirmed further
y the time-lapse analysis of simulated appar-
nt conductivity logs shown in Figure 8, where
e compute the change of apparent conductiv-

ty from tlog 1 to tlog 2, i.e., 
�app. = �app. t log 2

�app. t log 1. Changes of log responses are shown
or tlog 1 = 1.5 days and tlog 2 = 3 days, tlog 2 = 4.5
ays, tlog 2 = 8.5 days, tlog 2 = 12 days in Figure
a–d, respectively.

nversions of noisy synthetic
rray-induction logs

Array-induction logs acquired at the 1.5th day
f mud-filtrate invasion are inverted to yield lay-
r-by-layer values of permeability and porosity.
aturation-dependent functions, saturation equa-

ion parameters, and PVT properties of the fluids

Figure 5. Spa
various times
spatial distrib
pore volume f
of mud-filtrat
scribed in part

igure 6. Snapshots of the spatial distribution of axisymmetric near
fter the onset of invasion: �a� 1.5th day, �b� 3rd day, �c� 4.5th day, �d�
ithmic scale, i.e., log ���r��.
10
tial distributions of axisymmetric near borehole oleic phase saturation at
after the onset of mud-filtrate invasion: �a� 1.5th day and �b� 3rd day. The
ution of oleic-phase saturation So�r� = 1.0 − Sw�r� is shown in the units of
raction. Spatial distributions of salt concentration at the 1.5th and 3rd day
e invasion are shown in �c� and �d�, respectively. Salt concentration is de-
s per million �ppm� using a logarithmic scale.
borehole electrical conductivity for various times of mud-filtrate invasion
8.5th day, and �e� 12th day. Electrical conductivities are shown with a loga-
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re assumed known from fluid samples and rock-core laboratory
easurements.
Inversion results are presented together with true and initial-guess

alues. Uniform initial-guess values are chosen for both permeabili-
y and porosity. These uniform values are derived from the actual
rofiles by volumetrically averaging the true values of permeability
nd porosity, respectively. Figure 9a shows inversion results for per-

igure 8. Change in apparent conductivity curves
rom tlog 1 to tlog 2, i.e., 
�app. = �app. t log 2

�app. t log 1, where tlog 1 = 1.5 day and �a� tlog 2

3, �b� 4.5, �c� 8.5, and �d� 12 day, respectively,
fter the onset of mud-filtrate invasion.
eability and Figure 9b displays inversion results for porosity. In
his inversion example, synthetic measurements were contaminated
ith 3% additive zero-mean Gaussian noise.
We quantify the effect of the duration of mud filtrate invasion on

he inverted values of permeability and porosity with the following
et of results. Array-induction logs are simulated for acquisition
imes that correspond to the 4.5th and 12th day of mud-filtrate inva-

Figure 7. Apparent electrical conductivi-
ties simulated for logging times that cor-
respond to the �a� 1.5th, �b� 3rd, �c� 4.5th,
�d� 8.5th, and �e� 12th day after the onset
of mud-filtrate invasion.
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ion. For these cases, we extend the mud-filtrate invasion rate com-
uted with INVADE for the preruboff invasion period shown in Fig-
re 4c to the time of log acquisition. The simulated logs are contami-
ated with 3% additive Gaussian noise and input to the inversion al-
orithm. Initial guess values are the same as in the previous case.
nversion results for log-acquisition at the 4.5th day of invasion are
hown in Figure 10a and b. Similar results are displayed in Figure
0c and d for the inversion of array-induction logs acquired at the
2th day of invasion. We note that the same inversion exercise can be
nterpreted from the viewpoint of the invasion rate while keeping the
og-acquisition time constant. Specifically, measurements simulated
.5 days after the onset of invasion are approximately equivalent to
easurements simulated 1.5 days after the onset of invasion with an

nvasion rate equal to three times the original rate. Similarly, mea-
urements simulated 12 days after the onset of invasion are approxi-
ately equivalent to measurements simulated 1.5 days after the on-

et of invasion with an invasion rate equal to eight
imes the original rate.

For the case of induction logs acquired 12 days
fter the onset of invasion, the inverted perme-
bility and porosity values accurately match the
ctual values for all layers, despite the noisy mea-
urements. The inversion exercises indicate that
ermeability values, estimated from measure-
ents contaminated with 3% noise, consistently

mprove as the duration of invasion increases. An
nalysis of the time evolution of near-borehole
lectrical conductivity �Figure 6� together with
imulated array-induction logs �Figure 7�, and
heir time-lapse sensitivity �Figure 8� provide a
uantitative explanation for this observation. Ra-
ial movement of the aqueous phase saturation
nd salt concentration fronts leads to radial varia-
ions of electrical conductivity. The time evolu-
ion of these fronts is highly conditioned by the
ock’s permeability. Thus, when the spatial varia-
ions of electrical conductivity are contained
ithin the radial length of investigation of the ar-

ay-induction imager tool, induction logs will re-
ain sensitive to permeability.
Conversely, when the spatial variations of

lectrical conductivity are located deeper than the
adial length of investigation of the array-induc-
ion imager tool, the sensitivity of induction logs
o permeability will be negligible. On the other
and, all apparent conductivity logs with various
adial lengths of investigation remain sensitive to
orosity, regardless of the space-time evolution
f the fluid saturation and salt concentration
ronts.Array-induction logs will therefore exhibit
relatively higher degree of sensitivity to porosi-

y than to permeability. Our numerical experi-
ents consistently indicate an excellent recon-

truction of porosity compared to the varying de-
rees of accuracy attained in the reconstruction of
ermeability.

Having established a physical insight to the
ime evolution of sensitivities of array-induction
ogs with respect to permeability and porosity, we
elect the logs simulated for the 12th day of mud-

Figure 9. �a� P
with the array
version results
additive Gaus

Figure 10. Per
the array-indu
mud-filtrate in
nated with 3%
ltrate invasion, �or equivalently, for the 1.5th day of mud-filtrate in-
asion eight times the original rate of invasion� for the next numeri-
al experiment. In this set of inversions, we contaminate the simulat-
d logs with 3%, 5%, 8%, 12%, 15%, and 21% additive zero-mean
aussian noise. To assess the sensitivity of the inversion to the

hoice of initial-guess values, we select a new set of uniform initial
ermeability and porosity values for these experiments. Figure 11a-l
hows the outcome of the inversions for measurement-noise levels
etween 3% and 21%.

Inversions yield accurate reconstructions of permeability and po-
osity for 3% and 5% noise levels, despite the drastic change in ini-
ial-guess values. For 8% and 12% measurement-noise levels, the
nverted permeability values deviate considerably from the true val-
es. Estimated porosity values, however, remain unchanged with re-
pect to the negative influence of measurement noise. However,
rom the 15% measurement-noise level onward, the inverted porosi-

bility and �b� porosity values inverted from induction logs acquired
tion imager tool 1.5 days after the onset of mud-filtrate invasion. In-
own for the case of measurements contaminated with 3% zero-mean
ise.

lity and porosity values inverted from induction logs acquired with
mager tool �a�, �b� 4.5 days and �c�, �d� and 12 days after the onset of
. Inversion results are shown for the case of measurements contami-
ean additive Gaussian noise.
ermea
-induc
are sh
meabi
ction i
vasion
zero-m
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y values start to deviate from the true values. In general, at these
ery high noise levels, the accuracy of the estimated permeability is
ignificantly poorer than that of porosity.

We quantify the uncertainty of the estimated values of porosity
nd permeability with the calculation of Cramer-Rao bounds using
n approximation to the estimator’s covariance matrix. The Cramer-
ao error bounds provide a probable range for a model parameter in-
erted from noisy measurements. Habashy andAbubakar �2004� de-

igure 11. Permeability and porosity values inverted from induction l
ud-filtrate invasion. Inversion results are shown for the cases of m
ean additive Gaussian noise in panels �a�, �b�; �c�, �d�; �e�, �f�; �g�, �

hosen far away from the volumetric mean values of permeability an
ail the computation of these error bounds. The assumption underly-
ng the approximate computation of the estimator’s covariance ma-
rix is that the errors in the measurements are random and Gaussian.

To appraise the uncertainty of inversion results, we select array-
nduction logs simulated for the 12th day of mud-filtrate invasion �or
quivalently, for the 1.5th day of mud-filtrate invasion eight times
he original rate of invasion�. We corrupt the simulated measure-

ents with 3% additive zero-mean Gaussian noise. Also, we use the

quired with the array-induction imager tool 12 days after the onset of
ments contaminated with 3%, 5%, 8%, 12%, 15%, and 21% zero-

�j�; and �k�, �l�, respectively. In this example, initial-guess values are
ity.
ogs ac
easure

h�; �i�,
d poros
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ame finite-difference numerical mesh that was used to simulate the
easurements �141 � 30� in order to prevent any systematic errors

although less than 1%� from affecting the outcome of the uncertain-
y analysis. Inverted values of permeability and porosity along with
he computed upper and lower uncertainty bounds are shown in Fig-
re 12a and b for the measurement-noise level of 3%. Inversion re-
ults indicate relatively small uncertainty bounds on the reconstruct-
d model parameters. For some model parameters, the true value of
he parameter falls outside the probable uncertainty bounds yielded
y the inversion. The latter behavior is observed for the permeability
ssociated with the middle layer. We note that bounds for porosity
re lower than those for permeability.

For the same synthetic case described above, the numerically sim-
lated array-induction log is used to invert permeability values only.
n this case, the spatial porosity distribution is assumed known from
ther measurements such as density and neutron logs. Inverted val-
es of permeability are shown along with error bounds and initial-
uess values in Figure 13 for the measurement-noise level of 3%. Es-
imated permeability values are comparable to those obtained with

igure 12. �a� Permeability and �b� porosity values inverted from in-
uction logs acquired with the array-induction imager tool at 12 days
fter the onset of mud-filtrate invasion. In this example, the numeri-
al grid used for inversion is identical to the one used to generate the
ynthetic measurements. Inversion results and Cramer-Rao upper
nd lower uncertainty bounds are shown for the case of measure-
ents contaminated with 3% zero-mean additive Gaussian noise.
he simultaneous inversion approach. We note that for the indepen-
ent inversion of permeability, a priori knowledge of porosity does
ot improve the accuracy of the results.

ensitivity of the petrophysical inversion results to
ncertainty in a priori information

In the previous section, inversion exercises invoked the assump-
ion that saturation equation parameters, PVT properties of the flu-
ds, and saturation-dependent functions were known a priori from
uid sampling and rock-core laboratory measurements. For a newly
iscovered hydrocarbon-bearing formation, knowledge of a priori
nformation about saturation equation parameters, PVT properties
f fluids, and relative permeability and capillary pressure functions
ay be limited or uncertain.
The objective here is to quantify the reliability of the petrophysi-

al inversion algorithm with respect to inaccuracies of a priori infor-
ation. For this purpose, we conduct a systematic sensitivity study

n which we invert array-induction logs with perturbed input param-
ters for saturation equation, viscosity ratio, oleic phase compress-
bility, saturation-dependent functions, and duration of mud filtrate
nvasion. We select array-induction logs simulated for the 12th day
f mud filtrate invasion, �or equivalently, for the 1.5th day of mud-
ltrate invasion with a rate eight times the original invasion rate� for

he numerical experiment. Uniform initial-guess values of 100 mD
nd 25% are assumed for permeability and porosity, respectively.
umerically simulated measurements are contaminated with 1% ad-
itive zero-mean Gaussian noise.

nversions with perturbed saturation equation parameters

We first perform inversions to quantify the sensitivity of inversion
esults to simultaneous perturbations in Archie’s parameters m and
. Figure 14a and b show inversion results for permeability and po-
osity, respectively, for the perturbed m and n set number one de-
cribed in Table 3. Similarly, Figure 14c and d display inversion re-
ults for the perturbed parameter set number two of Table 3. Finally,

igure 13. Permeability values inverted from induction logs ac-
uired with the array-induction imager tool 12 days after the onset of
ud-filtrate invasion. In this example, the numerical grid used for

nversion is identical to the one used to generate the synthetic mea-
urements. Inversion results and Cramer-Rao upper and lower un-
ertainty bounds are shown for the case of measurements contami-
ated with 3% zero-mean additive Gaussian noise.
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igure 14e and f show inverted permeability and porosity values, re-
pectively, for the perturbed parameter set number three of Table 3.

In the first test case, we perform a 5% percent positive perturba-
ion on the cementation exponent m, whereas the saturation expo-
ent n is subjected to a 5% negative perturbation. Inversion results
ndicate that at perturbation levels of 5% of the original parameter
set number one�, the petrophysical inversion algorithm yields ac-
eptable values of permeability and porosity. When the magnitude
f the perturbation increases to 10% and the sign of the perturbations
emain unchanged �set number two�, the inverted values do not sig-
ificantly change from the original model. However, we observe a
light deterioration in the quality of the reconstruction of porosity.
or the same perturbation level, a reversal of the sign of the perturba-

ion for n �set number three of Table 3� amplifies the model recon-
truction errors for both permeability and porosity.Additional inver-
ion exercises indicate that the inversion yields acceptable recon-
tructions of permeability and porosity up to a perturbation level of
%.Above this perturbation level, the quality of the estimated values
f permeability deteriorates significantly. Moreover, the quality of
he porosity reconstruction is influenced by the perturbation direc-
ion which also yields a very undesirable outcome.

nversions with perturbed oleic phase viscosity
nd compressibility

Next, we investigate the sensitivity of inversion results to simulta-
eous perturbations of viscosity ratio and oleic phase compressibili-
y. The objective is to perform petrophysical inversions under the in-
uence of an inaccurate displacement efficiency prescribed for the
ultiphase fluid-flow forward model. Displacement efficiency is a

igure 14. Sensitivity of inversion results to perturbations in Archie’
bility and porosity values, respectively, for the perturbed parameter
eability and porosity values, respectively, for the perturbed parame
eability and porosity values, respectively, for the perturbed parame
trong function of the mobility ratio, which is predominantly gov-
rned by the ratio of viscosities of the displaced and displacing flu-
ds. In our case, water-base mud filtrate �aqueous phase� displaces
he in-situ liquid oil �oleic phase�. Therefore, perturbations per-
ormed on the oleic phase viscosity can be interpreted as modifica-
ions to the displacement efficiency. If the ratio of the viscosity of the
isplaced fluid with respect to the displacing fluid ��o/�w� is less
han one, then displacement proceeds with a favorable viscosity ra-
io. If the viscosity ratio is greater than one, displacement takes place
ith an adverse viscosity ratio. In general, viscosity, density, and

ompressibility of the fluid phases are interrelated. For instance,
igh viscosity oils usually exhibit high density and low compress
bility; lighter oils are less viscous and relatively more compressible.

We consider a simultaneous modification of the oleic phase vis-
osity and compressibility for a given level of oleic-phase density.
igure 15a and b show inversion results for permeability and porosi-

y, respectively, for the perturbed parameter set number one of Table
. The viscosity ratio for this case is equal to the relatively adverse
alue of 3.14, as opposed to the actual favorable viscosity ratio of
.28. Similarly, Figure 15c and d display inversion results for the
erturbed parameter set number two of Table 4 where we consider
he use of a favorable viscosity ratio of 0.08. Finally, Figure 15e and f
how inverted permeability and porosity values, respectively, for the
erturbed parameter set number three in Table 4. In this case, we per-
orm inversions by assuming a more adverse viscosity ratio equal to
.8.

For the investigated cases, inversion results for porosity remain
eliable for perturbations of viscosity ratio and oleic-phase com-
ressibility. The inverted permeability values, on the other hand, ex-

eters m and n. Panels �a� and �b� show inversion results for perme-
shown in Table 3. Panels �c� and �d� show inversion results for per-

wo listed in Table 3. Panels �e� and �f� show inversion results for per-
hree listed in Table 3.
s param
set one

ter set t
ter set t
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ibit limited sensitivity to these perturbations. Overall, the inverted
ermeability values agree well with the actual permeability values.

nversions with perturbed saturation-dependent functions

For the synthetic numerical experiments described in this paper,
e use parametric relative permeability and capillary pressure func-

ions described independently for each petrophysical layer. The mul-
iphase flow simulator implements these saturation-dependent func-
ions with a modified Brooks-Corey model �Lake, 1989; Semmel-
eck et al., 1995� described by the following parametric equations
or phase relative permeabilities:

SwD =
Sw − Swirr

1 − Swirr − Sor
, �8a�

krw�SwD� = krw
o �SwD�ew, �8b�

nd

kro�SwD� = kro
o �1 − SwD�eo. �8c�

oreover, the capillary pressure between aqueous and oleic phases
s given by

Pc�SwD� = Pce�SwD�−1/�. �8d�

n the above equations, Sw stands for the saturation of the aqueous
hase, and Swirr and Sor denote irreducible aqueous and residual oleic
hase saturation, respectively. A normalized aqueous phase satura-
ion, SwD, is computed using equation 8a. Saturation-dependent
queous and oleic phase relative permeability functions, krw�SwD�

igure 15. Sensitivity of inversion results to perturbations of viscosity
ults for permeability and porosity values, respectively, for the pertur
ults for permeability and porosity values, respectively, for the pertu
ults for permeability and porosity values, respectively, for the pertur
nd kro�SwD�, respectively, are computed using end-point aqueous
nd oleic-phase relative permeabilities krw

o and kro
o , and curvature pa-

ameters ew and eo. On the other hand, the saturation-dependent cap-
llary pressure between oleic and aqueous phases Pc�SwD� is parame-
erized using the entry capillary pressure Pce and the pore-size distri-
ution index � �Semmelbeck et al., 1995�. Relative permeability and
apillary pressure functions described by equation 8 reflect drainage
onditions. Imbibition relative permeabilities are assumed the same
s those of drainage. The hysteresis in the saturation-dependent
unctions is assumed negligible.

In what follows, we quantify the sensitivity of inversion results to
erturbations in relative permeability and capillary pressure. Figure
6a and b shows inversion results for permeability and porosity, re-
pectively, obtained by assuming that the relative permeability and
apillary pressure functions for all three layers are the same and
qual to the ones of layer number 1 in the original �unperturbed� for-
ation model. Figure 16c and d, on the other hand, displays inver-

ion results for permeability and porosity, respectively, obtained by
ssuming that the relative permeability and capillary pressure func-

able 3. Parameters of Archie’s equation used for the
umerical sensitivity study. Note that the parameters

ncluded in Archie’s equation are dimensionless.

ariable
Actual
values

Perturbed
set 1

Perturbed
set 2

Perturbed
set 3

1.00 1.00 1.00 1.00

2.00 2.10 2.20 2.20

2.00 1.90 1.80 2.20

nd oleic phase compressibility. Panels �a� and �b� show inversion re-
rameter set 1 shown in Table 4. Panels �c� and �d� show inversion re-
rameter set 2 listed in Table 4. Panels �e� and �f� show inversion re-

rameter set 3 listed in Table 4.
ratio a
bed pa
rbed pa
bed pa
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ions for all three layers are the same and equal to the ones of layer
umber 2 in the original �unperturbed� formation model. Figure 16e
nd f shows inversion results for permeability and porosity, respec-
ively, obtained by assuming that the relative permeability and capil-
ary pressure functions for all three layers are the same and equal to
he ones of layer number 3 in the original �unperturbed� formation

odel. The sensitivity study is extended using various combinations
f the perturbed parameters for saturation-dependent functions.
hese perturbed parameters are documented in Table 5. Figure 17
nd 18 describe the corresponding inversion results for each per-
urbed set.

We note that inaccuracies on the description of relative permeabil-
ty and capillary pressure cause the estimated permeability and po-
osity to deviate from the actual values. In a great majority of the in-
ersions performed with perturbed saturation-dependent functions,
nverted porosity values consistently agreed with the true model. On
he other hand, the quality of the inverted permeability values ap-

able 4. Oleic phase viscosity and compressibility values used
umerical sensitivity study.

ariable
Actual
values

Perturbed
set 1

Perturb
set 2

ompressibility, �kPa−1� 2.762 � 10−6 2.762 � 10−8 2.762 �

iscosity, �Pa.s� 3.550 � 10−4 4.000 � 10−3 1.000 �

igure 16. Sensitivity of inversion results to perturbations of relative
ults for permeability and porosity, respectively, assuming that the re
he same and equal to the ones of layer number 1 in the original �unp
ermeability and porosity, respectively, assuming that the relative pe
nd equal to the ones of layer number 2 in the original �unperturbed�
nd porosity, respectively, assuming that the relative permeability an
he ones of layer number 3 in the original �unperturbed� formation mo
ears to be highly case-dependent. Inaccurate descriptions of satura-
ion-dependent functions combined with noisy measurements ren-
er the permeability-porosity inverse problem more nonunique
hen compared to other types of perturbations of a priori informa-

ion considered in this paper.

erturbations on the assumed duration
f mud-filtrate invasion

We also assess the impact of an error in the estimated time dura-
ion of the process of mud-filtrate invasion. This sensitivity study is
quivalent to introducing uncertainty on the rate of mud-filtrate in-
asion because we use a constant time-averaged rate of mud-filtrate
nvasion. Array-induction logs simulated for the 12th day of mud-
ltrate invasion are selected for the numerical experiment. We intro-
uce errors of ±1 day and ±3 days for the assumed duration of mud-
ltrate invasion.

Inversion results are shown in Figure 19a and b
for a perturbation of +1 day, Figure 19c and d for
a perturbation of −1 day, Figure 19e and f for a
perturbation of +3 days, and Figure 19g and h for
a perturbation of −3 days, respectively. Inver-
sions results indicate that an error of ±1 day in the
assumed time of invasion has a marginal effect on
the accuracy of the inverted values of permeabili-
ty and porosity. However, an error of ±3 days in
the assumed time of invasion has negative conse-

e

Perturbed
set 3

.762 � 10−8

.000 � 10−2

ability and capillary pressure. Panels �a� and �b� show inversion re-
permeability and capillary pressure functions for all three layers are
d� formation model. Panels �c� and �d� display inversion results for

ility and capillary pressure functions for all three layers are the same
ion model. Panels �e� and �f� show inversion results for permeability
llary pressure functions for all three layers are the same and equal to
for th

ed

10−4 2

10−4 1
perme
lative
erturbe
rmeab
format
d capi
del.
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able 5. Layer-by-layer modified Brooks-Corey relative permeability and capillary pressure parameters used in the numerical
ensitivity study. Note that the parameters Swirr, Sor, krw

o , and kro
o are reported in fractions. The parameters ew, eo, and � are

imensionless.

ayer 1 Swirr Sor krw
o kro

o ew eo Pce �kPa� �

ctual 0.350 0.150 0.150 0.600 2.750 2.500 20.684 3.000

et 1 0.300 0.100 0.100 0.700 2.000 2.000 6.895 1.500

et 2 0.300 0.100 0.100 0.700 2.750 2.500 20.684 3.000

et 3 0.400 0.100 0.200 0.550 2.750 2.500 20.684 3.000

et 4 0.300 0.200 0.100 0.650 2.750 2.500 20.684 3.000

et 5 0.350 0.150 0.150 0.600 2.750 2.500 10.342 2.500

ayer 2 Swirr Sor krw
o kro

o ew eo Pce �kPa� �

ctual 0.275 0.200 0.200 0.550 2.250 2.000 6.895 2.000

et 1 0.225 0.250 0.250 0.600 2.000 1.850 13.790 1.000

et 2 0.225 0.250 0.250 0.600 2.250 2.000 6.895 2.000

et 3 0.325 0.150 0.250 0.500 2.250 2.000 6.895 2.000

et 4 0.225 0.250 0.150 0.600 2.250 2.000 6.895 2.000

et 5 0.275 0.200 0.200 0.550 2.250 2.000 13.790 1.500

ayer 3 Swirr Sor krw
o kro

o ew eo Pce �kPa� �

ctual 0.450 0.100 0.100 0.750 1.750 2.750 34.474 3.500

et 1 0.350 0.150 0.150 0.800 1.500 2.500 27.579 2.500

et 2 0.350 0.150 0.150 0.800 1.750 2.750 34.474 3.500

et 3 0.500 0.050 0.150 0.700 1.750 2.750 34.474 3.500

et 4 0.400 0.150 0.050 0.800 1.750 2.750 34.474 3.500

et 5 0.450 0.100 0.100 0.750 1.750 2.750 17.237 4.000
igure 17. Sensitivity of inversion results to perturbations of relative permeability and capillary pressure. Inversion results for �a� permeability
nd �b� porosity values for the perturbed parameter set one shown in Table 5. Similar inversion results for perturbed parameter sets two and three
re shown in panels �c� and �d� and �e� and �f�, respectively.
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uences to the accuracy of the inverted values of permeability, while
he inverted porosity values remain unscathed.

The outcome of this sensitivity study sheds further light on the va-
idity of the petrophysical inversion technique considered in this pa-
er. Specifically, uncertainty of the duration of invasion time is
quivalent to uncertainty in the flow rate of mud-filtrate invasion.
he rate of mud-filtrate invasion can be interpreted as a time-varying
ource condition. This source condition is used to replicate the time
volution of mudcake thickness and mudcake permeability after the
nset of invasion. For rock formations with permeabilities greater
han �1 − 5 mD, laboratory experiments �Dewan and Chenevert,
001� as well as numerical simulations with INVADE �Wu et al.,
005� show that even though initially the flow rate of mud-filtrate in-
asion is relatively high �spurt loss of mud filtrate�, it quickly asymp-
otes to a steady state value. For the cases considered in this paper
k � 1 − 5 mD�, the parameters that primarily control the rate of
ud-filtrate invasion across mudcake are: mudcake permeability,
udcake thickness, pressure overbalance across mudcake, and vis-

osity of mud filtrate �Wu et al., 2005�. At a given point in time, the
olume of mud filtrate that invades the formation is controlled by the
roduct of flow rate of invasion multiplied by the duration of mud-
ltrate invasion. Consequently, the analysis of perturbations �errors�
f the duration of mud-filtrate invasion on the accuracy of the invert-
d petrophysical parameters is linearly related to the analysis of per-
urbations �errors� of parameters that control the rate of mud-filtrate
nvasion.

Table 6 summarizes equivalent perturbations of the three most im-
ortant parameters that govern the rate of mud-filtrate invasion with
espect to perturbations of the estimated duration of mud-filtrate in-
asion. Perturbed durations of mud-filtrate invasion are used as ref-
rence for this sensitivity study. For each perturbed case �in other
ords, for each boldfaced row in Table 6�, the parameter in each

igure 18. Sensitivity of inversion results to perturbations of relati
apillary pressure. Panels �a� and �b� show inversion results for perme
alues, respectively, for the perturbed parameter set 4 shown in Table
or the perturbed parameter set 5 are shown in panels �c� and �d�.
boldface, nonitalic� column �together with unperturbed estimated
uration of mud-filtrate invasion� entails the same volume of mud-
ltrate invasion for a given perturbation in the estimated duration of
ud-filtrate invasion. In general, we observe that practical perturba-

ions of mudcake permeability, overbalance pressure, and mud-fil-
rate viscosity do not cause significant variations of the equivalent
ime of mud-filtrate invasion.

D inversion of permeability from array-induction logs

For full 1D inversion of array-induction logs, we parameterize the
.144 m- �30-ft� thick three-layer �geologic layers� formation
shown in Figure 3�, into 30 uniform layers of thickness equal to
.3048 m �1 ft�. We assume the availability of porosity values from
ther ancillary measurements �such as bulk density and neutron
ogs�. Array-induction logs simulated for the 12th day of mud-fil-
rate invasion, �or equivalently, for the 15th day of mud filtrate inva-
ion with a rate of eight times the original rate of invasion� are select-
d for this numerical experiment. A uniform initial guess value of
00 mD is assumed for the permeability of all the layers. Array-in-
uction logs were simulated with a 141 � 30 finite-difference grid
nd contaminated with 1% and 3% zero-mean additive Gaussian
oise. For the inversions, we used a relatively coarser 121 � 30 nu-
erical grid.
Results for full 1D inversions of permeability are shown in Figure

0. Figure 20a and b show inversion results for cases in which the
easurements are contaminated with 1% and 3% zero-mean addi-

ive Gaussian noise, respectively. Inversion results indicate a fairly
ccurate reconstruction of permeabilities for the 1% noise-contami-
ation case. However, for 3% measurement-noise level, the deleteri-
us effect of noise significantly reduces the accuracy of the inverted
ermeability values.

SUMMARY

Table 1 provides a detailed summary of all the
geometrical, mud, and petrophysical parameters
assumed in the estimation of porosity and perme-
ability from borehole array-induction logs. In this
table, we catalogue the specific source of infor-
mation used to determine a given parameter, ei-
ther from a priori information �such as rock-core
of PVT fluid measurements� or derived from an-
cillary measurements. The same table includes a
qualitative appraisal of the uncertainty of the esti-
mated values of porosity and permeability result-
ing from uncertainty of a given assumed parame-
ter. We find that, in general, uncertainties inArch-
ie’s and capillary pressure and relative perme-
ability parameters are responsible for the largest
error in the estimated values of porosity and per-
meability.

From this analysis, it follows that porosity, per-
meability, capillary pressure, and relative perme-
ability have an appreciable influence on the shape
of the radial fronts of water saturation and salt
concentration resulting from invasion �see, for in-
stance, George et al., 2004�. On the other hand,
variations of the rate of mud-filtrate invasion �or,
equivalently, of the permeability of mudcake and

eability and
and porosity

ersion results
ve perm
ability
5. Inv
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f the duration of the process of invasion�, will uniformly displace
he water saturation and salt concentration fronts in the radial direc-
ion with marginal influence on the shape of the fronts. The method-
logy proposed in this paper to estimate permeability relies on the
act that permeability and porosity have the strongest influence

able 6. List of equivalent perturbations in parameters that g
ud-filtrate invasion with respect to perturbations in the estim
ud-filtrate invasion.

ase

t �days�
�time of
invasion�

kmc �mD�
�mudcake

permeability�


P �MPa
�overbalan

pressure

ase 12.00 0.010 4.137

erturbation 1 �
1 day� 13.00 0.011 4.482

erturbation 2 ��1 day� 11.00 0.009 3.792

erturbation 3 �
3 day� 15.00 0.013 5.171

erturbation 4 ��3 day� 9.00 0.008 3.103
n the shape and location of the radial fronts of water saturation and
alt concentration. In addition, the inversion methodology proposed
n this paper assumes that variations in the location and shape of the
adial fronts of water saturation and salt concentration produce mea-
urable variations in apparent conductivity logs that exhibit multiple

the rate of
duration of

� �Pa · s�
mud-filtrate
viscosity�

.274 � 10−3

.176 � 10−3

.390 � 10−3

.019 � 10−3

.699 � 10−3

Figure 19. Sensitivity of inversion results to per-
turbations in the duration of mud-filtrate inva-
sion. Inversion results are shown in �a� and �b� for
a perturbation of +1 day, �c� and �d� for a pertur-
bation of −1 day, �e� and �f� for a perturbation of
+3 days, and �g� and �h� for a perturbation of −3
days. The actual duration of mud-filtrate invasion
is 12 days.
overn
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adial lengths of investigation. Both marginal differences among the
atter logs and invasion beyond the radial length of investigation will
ause the inversion methodology proposed in this paper to be unreli-
ble.

Therefore, we recommend that a systematic sensitivity analysis,
imilar to the one described in this paper, be performed to quantify
roperly the relative influence of permeability and porosity on in-
uction logs compared to the influence on the same logs as a result of
ock-fluid petrophysical properties �e.g., capillary pressure and rela-
ive permeability�, Archie’s parameters, time of invasion, and flow
ate of mud-filtrate invasion. Such a sensitivity analysis will assess
roperly whether porosity and permeability could be estimated reli-
bly and accurately from array-induction logs.

CONCLUSIONS

The synthetic examples described in this paper indicate that array-
nduction logs can be used to estimate the permeability and porosity
f layered rock formations. This estimation is possible because of
he physical link that exists between the physics of mud filtrate inva-
ion and the physics of electromagnetic logging. In this paper, the
ink between porosity, saturation, and electrical conductivity was
nforced through Archie’s equations, whereas the link between per-
eability and electrical resistivity was enforced through both Arch-

e’s equations and the time evolution of the process of mud-filtrate
nvasion.

We have shown that array-induction logs in general exhibit a mea-

igure 20. Full 1D inversion of permeability from array-induction
ogs. Inverted permeability profiles along with true and initial-guess
alues of permeability for the cases of measurements contaminated
ith �a� 1% and �b� 3% zero-mean additive Gaussian noise.
urable sensitivity to porosity, regardless of the specific petrophysi-
al conditions that govern the process of mud-filtrate invasion. By
ontrast, the accurate estimation of permeability is controlled large-
y by a priori information such as mud properties, time of invasion,
elative permeability, capillary pressure, fluid viscosity, and initial
queous phase saturation, among others. Inversion exercises consid-
red in this paper indicated that uncertain knowledge about pressure-
olume-temperature dependent properties of the fluids plays a sec-
ndary role in the accuracy of the estimated values of permeability
nd porosity.

Another conclusion is the relative insensitivity of the inversion to
cceptable ranges of uncertainty in mud-filtrate invasion parameters
uch as time of invasion, rate of invasion, and mudcake properties.
ncertainty in Archie’s parameters as well as in relative permeabili-

y and capillary pressure parameters caused the largest uncertainty in
he estimated values of porosity and permeability.

We strongly recommend that the inversion of porosity and perme-
bility from borehole array-induction logs be preceded by a system-
tic quantitative analysis of the relative sensitivity of induction logs
o capillary pressure, relative permeability, initial water saturation,
rchie’s parameters, time of invasion, and flow rate of mud-filtrate

nvasion. Only when the sensitivity of the measurements to porosity
nd permeability is large compared to the sensitivity to other a priori
arameters, will the inversion yield reliable and accurate results.

The petrophysical inversion algorithm described in this paper can
e used also to estimate spatial distributions of electrical conductivi-
y, which are obtained as a by-product of the inversion of permeabili-
y and porosity. However, as opposed to standard algorithms used for
he inversion of array-induction logs, the estimated spatial distribu-
ions of electrical conductivity described in this paper are consistent
ith the processes of salt mixing and fluid transport and abide by the

aw of mass conservation. Given the inherent nonuniqueness of in-
ersion, the enforcement of petrophysical constraints provides a nat-
ral way to reduce uncertainty of the estimated spatial distributions
f electrical conductivity in the presence of noisy and inadequate ar-
ay-induction logs.
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