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Cq)epnqeucaﬂ CUMMETPHUSA TAJIBbKHA: CKOPOCTH U3SMECHCHUSA
OTHOIIEHUSI 00beMa K MOBEPXHOCTH

JIx.C. Cu, 1. 3axapomyioc!

MesxmyHapOIHBII IIEHTP MO BOIIPOCAM JOJITOBEYHOCTH, KOHTPOJIS H SKOJIOTHYECKOif 000CHOBAHHOCTH OONBIIHNX U MaJbIX 00BEKTOB,
Jluxaiickuit yausepcuret, betnexem, 18015, CIIIA
! Texangeckast mkona, Gpakuiickuil yHusepcuter uM. Jlemokputa, Xantxu, GR-671 00, I'perus

CTpemieHne TOPHBIX MOPOJ M KaMHei kK 00peTeHHI0 chepruecKoif CHMMETPHH B IPOLIE CCE IPO3HUH IIPEIIOKEHO OIHCHIBATH C IIOMOIIBIO
CKOPOCTH M3MEHEHHS OTHOIICHHS 00beMa K IIOBEpXHOCTH. [IpoBeieHo MaTeMaTHIecKoe MOJEIUPOBAHNE C UCHOJIL30BAHHEM B KaueCTBE
SIUTUIICOMIOB MPaMOPHOMN TalbKU PasIuuHbIX (GopM M pasMepoB. CKOPOCTh M3MEHEHHUs OTHONIEHHS 00beMa K mosepxuoctn dV/dA
paccuuTaHa Ajsl IIOCKOH ranbKu, TONIIMHA KOTOPOW IPHHUMAETCS PaBHOM eanHMIE. PacueTsl IPOBOAMINCE B paMKaX M'MIOTE3bI O TOM,
9T0 M3MEHEHHE (HOPMBI U Pa3MePOB IaIbKI MOKHO OIUCHIBATE C MOMOIIBIO 000OIICHHON KPUBOH, IOy IeHHO! 13 cooTHomenust d4/dL,
KOTOpast SIBIAETCS JIByMEPHBIM BapranToM cootHomenus dV/dA4. TpenmonokeHo, uto chepudecKkas CHMMETPHS BO3HUKAET IIPH OKPYTIIOH,
HE YIUIMHEHHOU (hopMe HEe3aBHCHMO OT CTEHEHH HIEPOXOBATOCTH IIOBEPXHOCTU M MUHEPAJIOTHYECKOTO COCTaBa. DPO3HOHHOCTh M abpa-
3UBHOCTb IIOBEPXHOCTH, a TAKXKE BpeMEHHBIE d()(EKTHI CBSI3aHbI C CHMMETPUYHOCTBIO, OTHAKO PACCMOTPEHHE JAHHOTO BOIIPOCA BBIXOIHUT
3a PaMKM HacTOSILIEH CTaThU.
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The primary effect of rocks and stones tending to erode towards sphericity symmetry can be identified with the rate change of volume
with surface. Marble pebbles of various shapes and sizes are recorded and modeled mathematically as ellipsoids. The rate change of
volume with surface dV/d4 is computed for flat-shaped pebbles where the thickness dimension is assumed to be unity. Invoked is the
hypothesis that the change of shape and size of pebbles can be characterized by a master curve derived from d4/dL, the 2D version of
dV/dA. The sphericity symmetry is assumed to be concerned with the preference of roundness to slenderness regardless of the surface
roughness, smoothness and the mineralogical composition. The erosiveness and abrasiveness of the surface and time effects can interact

with sphericity, which is an issue beyond the scope of this work.
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1. Introduction

Stones and rocks tend to be rounded when transported
long distance by winds and rains. Similar phenomena can
be observed for objects as large as the stars and planets and
as small as the biological cells. For whatever causes of ero-
sion and/or abrasion, there appears to be a natural law gov-
erning the change of shape and size of objects. That is the
tendency towards the highest geometrical symmetry. To this
end, the rate change of volume with surface dV/d4 will be
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depicted as the candidate to explain this natural law. It took
more than 30 years since the 1980s to realize that the ne-
glect of interaction between the surface and volume have
left many physical phenomena unexplained. Classical con-
tinuum physics and mechanics disconnected surface and
volume by assuming that the body forces vanished in the
limit faster than the surface tractions [1]. The so called “size
effect” was left out of continuum mechanics and thermody-
namics was introduced as a separate discipline. This may
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be one of the fundamental reasons why the tendency for
objects to strive for higher geometrical symmetry was never
considered. The assumption, dV/ dA4 — 0, has in effect dis-
regarded the natural law of objects tending towards higher
symmetry. It has also affected the thinking of researchers
for more than a century.

Granted surface texture affects the size shape and round-
ness of objects engulfed by outer space, ocean and desert.
Poorly sorted samples can be unmanageable when seeking
for the fundamentals of cause and effect. A well sorted group
of samples would made note of the size scale and shape or
the sphericity which refers to the roundness and slender-
ness of the objects in general, in contrast to the restricted
definition of the ratio of the surface area of the sphere to
that of the object (referred to as particle) in [2]. An arbi-
trary condition, however, was invoked to set the volume of
the sphere equal to that of the particle without physical nor
mathematical explanation except the fact that “volume”
should somehow interact with “surface”. This appears to
be the only way the sphericity parameter [2] can be made
to depend on volume of the particle (object) and area of the
particle. The fortuitous result gave the impression that the
volume to surface effects were interactive. The intuition
deserves credit even though the derivation lacks logic. The
mathematical equivalence of volume of the object and sphe-
re is irrevocable and cannot be justified by hand waving
statements.

Sphericity, in general, is associated with the rates of
exchange of volume with surface that determine the round-
ness and slenderness of objects. It does not have the same
meaning as that considered in [2]. It involves a time depen-
dent event with the change of geometry. These effects are
revealed by a master curve that exhibit a directional prefer-
ence and hence time effect, they agreed well with the data
of pebbles.

2. Specificity of location and weathering

Roundness and roughness appearance can provide trans-
port information on the type of objects. The characteristic
abrasion patterns of space dusts and meteorites on the dwarf

planets can reveal their time history. The same applies to a
grain of sand with the same shape with different abrasive
surface when observed under high magnification. Although
the texture of their surface differs, they have a striking com-
mon feature, “the shape” resembling that of an ellipsoid
pebble. Moreover, there is a fundamental invariant propri-
ety of the tendency towards a higher degree of geometrical
symmetry, regardless of location and weathering. This char-
acteristic of nature will be explored mathematically and
experimentally for the pebbles.

Figure 1 gives a close-up view of sand from the Gobi
Desert in Mongolia. Under the electron microscope, the
sand particles from 107 to 1 mm in size can be enlarged to
pebbles of different sizes and shapes. Desert sands, trans-
ported long distances by winds, are typically rounded. Com-
parable sizes and shapes of sand when enlarged also re-
semble those collected from beaches of Thassos, facing the
northern side of the Aegean sea which is far away from the
Gobi Desert. The sand pebbles and those at the beaches of
Thassos share similar geometrical configurations. Figure 2
shows an unsorted collection of mixture of large, medium
and small pebbles while Fig. 3 gives an orderly display of
ellipsoids and spheroids of marble pebbles.

The Thassos rivers transport the rock sediments to the
ocean. They are eroded by the ocean waves over the years
and washed onto the beaches of Thassos. Their variations
in sizes and shapes are manifestation of the difference in
ocean current velocity, pressure, weathering and rock prop-
erties giving rise to different rates of erosion and abrasion.
These incidental details need not enter the analysis for es-
tablishing the tendency for pebbles to evolve to a higher
state of symmetry from carefully selected samples at the
beaches of Thassos.

3. Sphericity symmetry: Mathematical model

The term sphericity was introduced by Wadell [2] to
measure the roundness (spherical) of an object. An index
¥, defined as the ratio of the surface area A; of the sphere
to the surface area 4 of the object, was referred to as the

Fig. 1. Close-up of sand from the Gobi Desert, Mongolia

Fig. 2. Irregular shapes and size
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Fig. 3. Ellipsoids and spheroids

“sphericity”, such that ¥ = 4 / 4,. As such, the definition
involved only the surface areas of the sphere and object (or
particle). The stipulation was made for A to have the same
volume V), of the object (or particle). This is mathemati-
cally equivalent to setting ¥ =V, anirrevocable manipu-
lation that is not immune to dispute. Interestingly, the stipu-
lation recognized the interaction between the surface and
volume [1] that has been overlooked in the development of
theories in physics and mechanics. It was not until the 1980s
that the body forces were recognized to be interactive with
the surface tractions via the rate change of volume with
surface of the element. In this way, the so called “size ef-
fect” were brought into continuum mechanics. Up to that
point, surface and volume effects are known to be related
physically, but joined mathematically by invoking additio-
nal hypotheses. This is basically due to setting the limit
d¥V/d4 — 0 that leads to the separation of surface and vol-
ume effects [1]. Surface is part of the volume and vice versa.
They increase and decrease simultaneously. Their separa-
tion would results in inconsistencies.

Sphericity, as defined presently, is concerned with the
roundness and slenderness of an object. It does not have
the same meaning as that considered in [2]. More specifi-
cally, roundness and slenderness pertain to shape while
roughness and smoothness to surface texture. They are re-

Fig. 4. Artist’s conception of Haumea, a Jacobi-ellipsoid dwarf planet

lated to size of the object. Small particles have a large sur-
face area in contrast to large objects that are less likely to
be affected by abrasion. In this light, the surface of a grain
of sand is expected to be roughened more than a large
pebble. The size of the object comes into play via the ex-
change of the surface and volume. The individual effects
are interwoven. Figures 4 and 5 exhibit two seemingly simi-
lar objects with different surface textures. One of them is
an artistic image of a Jacobi-ellipsoid dwarf planet resem-
bling an ellipsoid pebble. Dwarf planets are about 600—
1500 km in diameter. Their natural tendency is to become
spheroids. Figure 5 is a grain of sand from the Gobi Desert
in Mongolia. The actual size is about 100 wm magnified
%x200. Indeed, the size and surface tell the time history of
abrasion by space dusts in contrast to abrasion by sand sedi-
ments. Figures 4 and 5 lack the resolution to illustrate the
details of the effects of roundness and roughness.

3.1. Ellipsoidal symmetry

Consider an ellipsoid with distinct semiaxes a > b = c.
The volume of the internal part of the ellipsoid is given by

14 =§nabc. (1)

The surface area enclosing the ellipsoid is

A=2mc? + 270 [ E(@.k) sin*g+ F(q.k)cos? 0. 2)
sin@
where parameters
cosQ=cla, k* —M 3)
’ b (a* -c*)’

F(o, k) and E(@, k) are incomplete elliptic integrals of the
first and second kind respectively.

3.2. Elliptical approximation

The two-dimensional version of the ellipsoid is an el-
lipse with distinct semiaxes a > b. The volume of the inter-
nal part of the ellipse is given by

A=Tmab. 4)
The perimeter of the ellipse is
L=4aE(k). )

Fig. 5. An electron micrograph of a grain of sand, X200
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The argument k is given by

1 1(bY
k=————|.
2 2 ( a j ©)
Substituting Egs. (4) and (5) into d4/dL, there results
2
Y bra® _k . (D
dr da JAE(k)a’k +4b°[E(k)— K (k)]

where K(k) and E(k) are complete elliptic integrals of the
first and second kind respectively.

4. Tendency towards higher symmetry

The symmetry properties in physics and mechanics ap-
ply mainly to existing geometrical symmetry by physical or
mathematical representation. The one-way preference to-
wards higher symmetry for objects in three- or two-dimen-
sional space has not received the attention that it deserves.
The tendency for objects to gain stability by changing shape
and size is implicitly a dynamic process. This is the non-
equilibrium character of nature where space and time inter-
act continuously. Events that seem to be in equilibrium at
the macroscopic scale can be highly chaotic and unpredict-
able at the atomic or subatomic scale. Too often, premature
conclusions are made on the behavior of the end states. This
is particularly true in the field of particle physics when the
observations are limited to small space and short time.
Obviously, the results will change for long time, especially
when the event may be unstable. “Uncertainty” is a com-
mon reference made in particle physics. These remarks are
most relevant to studying the directional preference of sym-
metry with reference to the changing of shape and size of
pebbles. Hypotheses will be necessary to develop math-
ematical models that can be checked by data collected from
the Thassos beaches.

4.1. Hypotheses

Erosion and abrasion are space and time dependent pro-
cesses that affect geometrical symmetry. Evolution obeys a
hierarchy of changes that are space and time scale depen-
dent. Extrapolation of results to the very small and very
large is not obvious. Hypotheses will be made to guide the
extrapolation.

Hypothesis I: Nature tends to evolve from a state of
lower to higher geometrical symmetry to achieve kinematic
stability.

Hypothesis II: The interim states of preferred geometri-
cal symmetry are space and time dependent.

Hypothesis I1I: The highest states of geometrical sym-
metry correspond to complete isotropy in any dimensions.

The following three corollaries are stated to indicate
what can be proven and what cannot. Even though the sub-
ject of geometrical symmetry is of fundamental interest,
the progress will be slow since the subject will not get the
attention of the main stream scientists and mathematicians.

Even the project for computing the rate change of volume
with surface d¥/d4 for an ellipsoid initiated in 1982 [3]
was left incomplete up to this date.

Corollary I: The lower order symmetry “ellipse” tends
toward the higher order symmetry “circle”, which can be
stated as

b+al o, (8)
da

Corollary II: The more slender object tend to become
less slender in time occupying less space.

Corollary III: The existence of perfect isotropy cannot
be known since 96 % of the Universe remains as unknown.

A mathematical version of the model has been devel-
oped by assuming that the lower order symmetry “ellipse”
tends toward the higher order symmetry “circle”. The three-
dimensional counterpart would be “ellipsoid” to “spheroid”.

4.2. Validation: The “master curve”

Application of Eq. (8) to Eq. (7) renders the rate change
of volume with surface in two dimensions given by d4/dL.
The result can be further normalized with respect to the
semi-major axis a to yield the expression for the master
curve. It shows the tendency of b/a rising from zero to one
as shown in Fig. 6. It can thus be stated that objects, in
general, have the tendency to evolve from a low to high
slenderness ratio with a maximum of b/a =1.

Pebbles of different shapes and sizes that belong to the
conical family were collected and measured. Corollary I is
validated as all data points of Fig. 7 lie on the master curve
even though they were gathered at the different locations.
Group I of pebbles corresponds to b/a 0f 0.8 to 1.0 which
indicate the roundness of the pebbles. Data points between
0.65 and 0.75 were also found for Group II. These samples
were more slender. Group I1I pertains to 0.7 and 0.8. Clearly,
a tendency of directional preference has been established:
Group IIT — IT — I with increasing b/a. Note that no data
points were found for b/a less than 0.4. This lower limit
represents very narrow pebbles whose geometrical symme-
try are difficult to sustain. The shape and size effects are
shown to be the major factors while the surface textures are
secondary.

1.0
0.8

3 0.6
0.4

/dL

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Normalized semi-minor axis b/a

Fig. 6. Master curve
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Fig. 7. Data for Group I, II, and III

5. The nature’s way

Symmetries suggest explanations for the order of na-
ture. The causes and effects, however, are not always ap-
parent because similar patterns can occur at the different
space and time scale. Mathematical models are required to
understand the evolution of the visible patterns developed
gradually over time by the naked eye or otherwise. When
the explanations cover the behavior of a wide range of liv-
ing things, laws can be stated to facilitate application. Inci-
dentally, all things are living if their constituents alter with
space and time. Strictly speaking, geometrical symmetry is
constantly changing which makes all static predictions ob-
solete in time. The “incomplete theorem” of Gddel and the
uncertain principle of Heisenberg are cases in point. Com-
puter models is of no help to what the human mind cannot
comprehend even when it can exceed the intelligence of
the mind.

Ceedenust 06 agmopax

There is no use to do the impossible. That is to outdo
nature. Mathematical models are for the logical mind. The
following law of higher symmetry is proposed as it seems
to apply to known space and time and can serve a useful
purpose: Higher symmetry law: Objects tends to higher
geometrical symmetry regardless of size, shape and their
internal constituents.

There stands a good chance that the rate change of vol-
ume with surface d¥/d4 can be applied to explain other
problems of symmetry in physics and mechanics. Non zero
dV/dA admits the interaction of symmetry with energy dis-
sipation in the “isoenergy density space” [1]. That is in this
space there are no energy types. The only distinction is the
available (before) and dissipated (after) energy. Objects,
overloaded with energy, will change symmetry to dissipate
the additional energy. A tree will branch. A crack will bifur-
cate. Thermal and deformation energy are one of the same
physical process. They had to be separated by introducing
thermodynamics because of the limit d7//d4 — 0. The title
“thermomechanics” was used in [1] to emphasize this fact.
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