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Abstract—A recent significant achievement in trace element modeling is the development of the congruent
(eutectic) dynamic melting (CDM) model where only melt is generated. However, melting reactions in the
mantle and crust often produce not only melt but also minerals. By introducing melting reactions into the
dynamic melting model, we present a series of equations for incongruent dynamic melting (IDM). We also
compare IDM with incongruent batch melting (IBM) and CDM. The difference in calculation results between
IDM and IBM is significant, particularly for incompatible elements in the residual melt and the total residue.
The difference between IDM and CDM is noticeable when the fraction of the product minerals is significant
and when the distribution coefficient of the product mineral is sufficiently different from those of the reaction
minerals. More realistic but more complex IDM models are also derived to further account for the progressive
changes in partition coefficients, the variations in the net fractional contribution of a phase to the total melt,
and the consumption of a solid phase. Applications of IDM equations to model residual clinopyroxenes are
illustrated. Distinctive rare earth element (REE) patterns with a middle REE hump in clinopyroxene can be
produced by partial melting in garnet stability field. The IDM equations presented here are very useful in
modeling partial melting of both the mantle and the cru€opyright © 2001 Elsevier Science Ltd

1. INTRODUCTION The minerals g) that are produced in the melting reaction can
be the congruent mineralg)(already present in the system or
minerals that are new to the system. In contrast to CDM, an
incongruent dynamic melting (IDM) model which takes into
account the melting reactions in Eqn. 3 has not been investi-
gated. Since incongruent melting is common in the process of
0,+ 0,+ - - -+ 0,— Liq, (1) mantle and crust melting (Zeck, 1970; Benito-Garcia and
Lopez-Ruiz, 1992; Kinzler and Grove, 1992; Kinzler, 1997;
where 0,, 6,, and 6,, are minerals that melt congruently and  Gudfinnsson and Presnall, 1996; Walter, 1998), the main aim of
Lig, is the liquid formed by congruent melting. A dynamic this paper is to quantify trace element fractionation during
melting model that takes into account the progressive extrac- incongruent dynamic melting. We develop a simple model for
tion as the above melting proceeds is called congruent dynamicincongruent dynamic melting with constant partition coeffi-
melting (CDM). Quantitative models for CDM have recently  cients and constant net fractional contribution of a phase to the
been developed by various authors (Langmuir et al., 1977; total melt. More complex models that account for the variations
Maalge, 1982; Maalge and Johnson, 1986; Williams and Gill, in partition coefficients, in net fractional contribution of a phase
1989; Petersen and Hertogen, 1990; Sobolev and Shimizu,to the total melt, and in discontinuous changes of melting
1992; Ozawa and Shimizu, 1995; Albarede, 1995; Zou and parameters (such as the consumption of a solid phase) are
Zindler, 1996; Shaw and Pereira, 1997; Zou, 1998; 2000). presented in the Appendix.
By comparison, melting of incongruent minerals produces
not only melt but also minerals, and such a melting reaction 2. INCONGRUENT DYNAMIC MELTING
process can be expressed as

During partial melting of the crust and the mantle, some
minerals melt congruently and others melt incongruently. Melt-
ing of congruent minerals only produces melt, and such a
process can be expressed as

Let S, andL, be the consumed mass of a congruent mineral

a;ta,+ - -+a,—B1+ Byt - -+ By, + Lig,, and the mass of the produced melt by congruent melting,

() respectively. Then, according to Egn. 1, we have the total
consumed mass of all congruent mineral$gsS, = L,. Let
S, Ss and L, be the converted mass of an incongruent
mineral, the produced mass of a mineral, and the mass of the
produced melt, respectively, during incongruent melting, then,
according to Eqn. 2, we haw, S, = 2, S; + L. The mass
balance for Eqn. 3 is

S+ 2S=>S+L.+L, @)
« 6

B

where oy, a,, and «,, represent the minerals that melt incon-
gruently, B,, B,, andp,, are product minerals, and Ljgs the
liquid formed by melting reactions. In fact, a source rock often
contains both congruent minerals and incongruent minerals,
therefore, a general melting equation is

(0, +60,+---+0)+ (s + a,+ -+ -+ ) —Lig, + (B

+ B2t -t Byt Ligy). (3)

For the general melting reaction in Egn. 3, the degree of partial

* Author to whom correspondence should be addressed (hzou@ess.Melting (F) is the mass fraction of the total melt{ + L,,)
ucla.edu). relative to the initial amount of the sourcig), or,

153



154 H. Zou and M. R. Reid

F=(Ly+ Lo/M,. (5) sum ofp}, for all incongruent minerals. It should be emphasized
here that the termg' is essentially the net fractional contribution
In a dynamic melting model, the system consists of the ¢ phasé to the total meltor§, + S, — S,)/(L, + L,) (see
extracted melt, the residual solid, and the residual liquid. For Eqgn. 4 for notations). Detailed explanations of this statement
simplicity of derivation, we will treat the residual solid and the  3nd concise definitions of each parameter and term in Eqn. 10
residual melt together as the total residueM{ is defined as  are given in the Appendix to facilitate a better understanding of
the initial mass of the source aid, the mass of the extracted  the incongruent melting process. Substituting Eqn. 10 into Eqn.

melt + residual solid). Similarly, ifm, is defined to be the mass e have

of the element in question in the initial solid ang the mass

of the element in the extracted melt, themy(— m,) is the . o

mass of the element in the total residue. Therefore, the con- Po— (E pla) ( E th|0>

centration of the element in the total residueCis; = (mgy — Dy = “ A

m.)/(M, — M,). Essentially, the effective distribution ceef 1-F 1—a-t(3p

ficientD is the ratio of the concentration of the element in the -0 Pe

total residue relative to its concentration in the last drop of the : (11)

extracted melt. Since the concentration of the element in the

last increment of the extracted meltdsn /dM, , we have whereD, = X xpKb andP, = 3(p), + p.)Kb. Note that for
congruent melting, we havg, p!, = 0, allt' = 0, andt' =

D = C../(dm/dM,) = (,:/InZ: Ei)/(dﬂ) ©) 1. In this case, Egn. 11 reduces to the familiar equation of Shaw

Do — Fl

dM, (1970):
We define the mass fraction of the extracted melt relative to the D, — PF
initial source asXx = M, /M, the source concentration of the Dy = T1-F - (12)

element a, = my/M,, and the average concentration in the

extracted melt asC, = m_ /M. The effective distribution The relationship between the degree of partial melting and the
coefficientD . is related to the bulk distribution coefficient of  fraction of extracted melt relative to the initial solid is (Zou,
the residual soliD; (Greenland, 1970) by 1998)

Dt = ® + (1 — ®) Dy, @) F=®+(1-d)X. (13)

where® is the mass fraction of the total residue that is residual Combining Eqns. 8, 11, and 13, we obtain the differential
melt. Combining Eqns. 6 and 7, and using the above defini- equation for incongruent dynamic melting (IDM):
tions, we obtain o
o d(C.X) dXx
dex) _ ! dx ®) Co— CX  [Dy+ ®(1— Q9T — [Qy+ B(1 -~ Q)IX’
Co—CX P+(1-P)Dy1- X" (14)

We need to expred3; as a function oK in order to solve this where
differential equation. The bulk distribution coefficient of the

residual solid is (Shaw, 1970) P, — (2 p ) ( E tiKi>
o 0
Dy = 2 XK', 9) Qo= - ’ (15)
wherex' is the mass fraction of minerain the solid ancK' is 1-@1- tl)( E PL)
the minera_l/melt distribution coefficient of mineral The “
change ofx' during incongruent partial melting according to The solution to Eqn. 14 for the extracted melt is
mass balance for mineral is given by Benito-Garcia and
Lopez-Ruiz (1992) as G Qo+ D(L— Q) M+l
- S P PR ST T
X(1 - F) = %, — qF, (10a) X Do+ ©(1- Qo) 16)

P . L
wherexg is the mass fraction of mineralin the source and Consequently, the concentration in the residual melt is

p0+ pa_tlzpa _a(xa)_ CO |:1
qi

a C:= =
=~ - 10b f + -
1-(1-1) > p. (10b) X Do+ ®(1- Qp
« B Qo+ ®(1— Q) :|{l/[‘1’+(l<1’)Q0]}1
p., and p, are the fractional contribution of mineralto the Do+ (1= Qo
melting through incongruent reaction and congruent melting, The concentration in the residual solid is

respectivelyt' andt' are mass fractions of incongruent miner
als converted to melt and minerialrespectivelyX , p!, is the C;= C;Dg;, (18)

(17
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whereDg; is given by Eqn. 11.
The concentration in the total residue can be obtained by

Qo+ P(1-Qy
Do+ (1 - Q)

C U[P+(1-P)Qo]
0
Cres:CfDefleix[l :|

(19)

Equations 16-19 satisfy the following mass balance require-
ment:

CX+[Cid + C(l—d)](L—X)=C,. (20)

It is also noted that, iE_, p,, = 0, allt' = 0 andt' = 1, which

is the case for congruent melting, thép, = P,, and Eqns.
16-19 reduce to the set of equations for congruent dynamic
melting in Zou (1998) which were obtained from a different
approach.

3. APPLICATIONS AND DISCUSSION
3.1. Comparison of IDM with Incongruent Batch Melting

Schilling and Winchester (1967) and Gast (1968) developed
models for modal batch melting. Shaw (1970) first introduced
the case of varying mineral proportions during eutectic melting
by modeling nonmodal batch melting. To treat melting reac-
tions, Hertogen and Gijbels (1976), Benito-Garcia and Lopez-
Ruiz (1992), and Maalge (1994) proposed equations for the
incongruent batch melting (IBM). The IBM equations of Her-
togen and Gijbels (1976) are only suitable for the case where
there is one incongruent mineral, for example, the melting of
paragasitic hornblende in a hydrous spinel lherzolite. In order
to compare the results of the IDM model derived here with
those of IBM, we will use Egns. 23 and 24 in Benito-Garcia
and Lopez-Ruiz (1992) to model IBM with multiple incongru-
ent minerals.
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ing processes by setting the degree of melting equal to a small
value and carrying out an incremental calculation, in which the
source concentration and the bulk distribution coefficients are
recalculated between each step. This approach, however, often
assumes complete extraction of a small amount of melt from
the residue in every step. The IDM thus provides a more
straightforward and realistic method for determining the trace
element characteristics of trapped melt and residual solid.

3.2. Applications to Melting in Mantle and Crust

Although partial melting of spinel peridotite mantle at the
pressure range of 4—6 kbar may be at a cotectic-type boundary
(i.e., congruent melting) (Grove et al., 1990), melts produced at
higher and lower pressures in the mantle are generated along
peritectic-type boundaries (i.e., incongruent melting) (Kinzler
and Glove, 1992; Gudfinnsson and Presnall, 1996; Kinzler,
1997). For example, clinopyroxene (cpx) orthopyroxene
(opx) + spinel (sp) are consumed to produce ligdidolivine
(ol) at 10-17 kbar (Kinzler and Glove, 1992). During partial
melting of garnet (gt) peridotite mantle at30 kbar, cpx+
ol + gt are consumed to produce liquid opx (Gudfinnsson
and Presnall, 1996; Walter, 1998). Thus, the IDM equations
provide a more realistic model for melting under these condi-
tions, especially for the solid and liquid residues.

The IDM equations derived here can be employed to model
trace element concentrations in residual cpx during mantle
melting. Assuming isolation of trapped melt from further reac-
tion with cpx, trace element concentration in residual cpx can

be obtained by
Ccpx = Dcpfo (22)

whereC; is given by Egn. 17 for IDM. The above assumption
can be generally satisfied if the amount of trapped melt is small

We modeled the variations in a rare earth element Nd, and a and if we measure the center of cpx grains. We then use Eqn.
high field strength element Zr, in solids and liquids as a 22 to model primary cpx in abyssal peridotite from Vulcan FZ
function of the degree of melting of spinel peridotite. At 10 and Atlantis Il FZ (Johnson et al., 1990) and in ophiolitic
kbar, melting of a spinel peridotite has the following melting peridotites from Internal Ligurides (ltaly) and Mt. Maggiore
reaction in mass units (Kinzler and Grove, 1992) (Corsica) (Rampone et al., 1997) generated by partial melting
in the spinel stability field. The melting reaction Egn. 21 is used
in the calculation. Cpx from these abyssal peridotites and
ophiolitic peridotites can be modeled as that in equilibrium
with residual melt after extraction of 3—-9% partial melt from a
slightly depleted spinel Iherzolite mantle (Fig. 2A). These

0.82 cpx+ 0.40 opx+ 0.08spinel= 1.0 melt
+ 0.300livine. (21)

A step-by-step calculation for Nd is shown in the Appendix and

the results for both Nd and Zr are shown in Fig. 1. Differences
in concentrations produced by IDM and IBM are evident for
the extracted melt, the residual melt, and the total residue (Fig.
1). The differences are particularly significant for the residual
melt and the total residue, especially whéis large. It would
be difficult, for example, to deplete incompatible elements like
Nd and Zr in the residual melt and the total residue to a
significant amount by batch melting using a reasonatle
Thus, the compositions of melting residues may be highly
sensitive to differences between IDM and IBM.

Batch melting equations particularly fail to account for the
extremely low concentrations of incompatible elements mea-

results are in reasonably good agreement with previous esti-
mates (Johnson et al., 1990; Rampone et al., 1997). We can also
model the cpx as the product of congruent dynamic melting by
combining Eqn. 22 with Eqn. 33 fo€; from Zou (1998).
Results for incongruent and congruent dynamic melting of
spinel peridotites are similar due to the fact that the calculated
Q,, for IDM is similar to P, for CDM in this case (Fig. 2). The
difference between IDM and CDM lies in the parametés
andP,. The extent of difference in results for IDM and CDM
depends on the specific reaction coefficients, trace elements,
and subsystems (e.g., extracted melt, residual melt, the residual
solid) in question and has to be evaluated on a case-by-case

sured in residual clinopyroxene of abyssal peridotites (Johnson basis. According to Eqn. 15, it is clear that if the contribution

et al., 1990) and melt inclusions (Sobolev and Shimizu, 1993;
Gurenko and Chaussidon, 1995; Shimizu, 1998). The batch
melting equation has been used to model near-fractional melt-

to the melt from incongruent minerals is smal (p', — 0),
or if the partition coefficients of the product minerals are
negligible &, t'’K' — 0) and melt dominates the reaction
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Fig. 1. Comparison of IDM with IBM for Nd (A)—(C) and Zr (D)—(F) during partial melting of a spinel peridotite at 10
kbar. Distribution coefficients are from Table 1 of Johnson et al. (1990). MBM represents modal batch melting and is also

plotted here for comparison.

product ¢ — 1), thenQ, — P,,. In this case, the results from
IDM and CDM are similar.

The situation is very different for modeling residual cpx
formed during partial melting in the garnet stability field.
Figure 3A shows that, for the same degree of partial melting,
IDM can produce more pronounced Ce depletion in cpx than
CDM does. In addition, model REE patterns calculated with
IDM develop more pronounced MREE humps at similar de-
grees of melting than those produced by CDM.

Thus, partial melting of garnet peridotite mantle can produce
distinctive cpx patterns where there is depletion in both light
REE (LREE) and heavy REE (HREE) with maximum values
occurring in the middle REE (MREE) region (Fig. 3). In fact,
clear MREE humps in the REE patterns of cpx have been
reported from garnet lherzolite xenoliths in Nushan alkali ba-
salts (Xu et al., 2000). Assuming an LREE enriched garnet

Iherzolite source similar to that in Table 2 of Zou and Zindler
(1996) or Table 3 of Zou et al. (2000), the Nushan cpx can be
modeled by about 3% partial melting. Cpx with MREE humps
has also been documented in spinel peridotite xenoliths from
Hannuoba basalts (Song and Frey, 1989), which indicates a
garnet peridotite source. This is consistent with their whole-
rock REE patterns which exhibit a wide range in LREE abun-
dance and relatively constant HREE abundance, as expected for
whole-rock residues from different degrees of partial melting of
a garnet peridotite source (e.g., Frey, 1984). Consequently, a
significant MREE hump in the cpx REE pattern coupled with a
smooth LREE-depleted whole-rock pattern strongly reflects
extraction of melt when the peridotites were in the garnet
stability field. The lack of garnet in this kind of spinel perido-
tites may indicate recrystallization to garnet-free assemblage at
lower pressure conditions (Loubet et al., 1975). Late stage
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duced in garnet stability field by IDM and CDM; (B) Modeling of
Fig. 2. Modeling of residual cpx in abyssal peridotites and ophiolitic  residual cpx from mantle xenoliths from Nushan alkali basalts. Parti-

peridotites by (A) IDM and (B) CDM in a spinel stability field.  tion coefficients and source mineral proportions are from Table A1 and
Partition coefficients, source mineral proportions and starting bulk A2, respectively, in Johnson et al. (1990). Source starting compositions
compositions for spinel peridotites are from Table A1, A2, and A3 in  are estimated from Table 2 of Zou and Zindler (1996). Melting reaction
Johnson et al. (1990). Melting reaction Eqn. 21 is used for IDM and the in garnet stability field for IDM is 0.06 ok 0.71 cpx+ 0.23 gt= 0.52
melting proportions in Table A2 in Johnson et al. (1990) for spinel melt+ 0.48 opx. The higlp,,,, Set in Table A2 of Johnson et al. (1990)
peridotites are employed for CDM. is used for melting proportions during CDM. Distribution coefficients

are from Table 1 of Johnson et al. (1990).

formation of spinel from garnet may increase the HREE con-
tent and thus reduce the extent of MREE hump in cpx; how- case, there is a noticeable difference in the products of IDM and
ever, since the content of garnet will in general decrease cp\ (Fig. 4). This difference is particularly evident in the
quickly after the initial stage of melting, this effect is generally  ragiqual melt.
not very significant. o _ In summary, this paper presents a series of equations for the
As for crustal melting, metapelitic rocks often melt incon- i, 0naryent dynamic partial melting. Comparison of IDM with
gruently. For example, melting of biotite—sillimanite—quartz _IBM indicates that the results of the two melting processes are
gne[sseé prqduce; nft onlyénglt bitaglzso c'\(/)lr(:jlelr_lte (Z?Ck’ 197|O' significantly different, particularly for incompatible elements in
erlltl_to- a;trua han . opez-kuiz, t). lt‘? €ling Ot' crusbzi\/ the residual melt and the total residue. The IBM does not
melling often has fo Use incongruent metling equations. YWe adequately account for the incompatible trace element charac-
take the following melting reactions (in mass units) in a biotite— o . .
- . . ) - teristics of residual melts and total residues produced by IDM.
sillimanite—quartz gneiss as an example (Zeck, 1970; Benito- Comparison of IDM with CDM shows that the difference in

Garcia and Lopez-Ruiz, 1992), calculation results are noticeable when the fraction of the

0.27 quartz+ 0.43 biotite + 0.30 sillimanite product minerals is significant and when the distribution coef-
L ficient of the produced mineral is sufficiently different from

= 0.72cordierite+ 0.28melt.  (23) those of the reaction minerals. Applications of IDM equations

During incongruent dynamic melting, Th can change from an to mantle residues suggest that a significant MREE hump in
incompatible element into a compatible element since Th is cpx and a smooth LREE-depleted whole-rock pattern strongly
compatible in cordierite (Fig. 4A). In contrast, Rb can change indicate a garnet peridotite source. More realistic but more
from a compatible element into an incompatible element be- complex models that take into accounts variations in partition
cause Rb is incompatible in cordierite [Fig. 4E]. In this extreme coefficients,g’, and melting reactions are given in the Appen
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Fig. 4. Comparison of IDM and CDM for Th (A)—(D) and Rb (E)—(H) during partial melting of a biotite—sillimanite—
quartz gneiss. Distribution coefficients are from Benito-Garcia and Lopez-Ruiz (1992). The source is assumed to have three
minerals before melting reaction and the source mineral proportions are quartz: biotite: sillimanit@5:0.525:0.30. The
fraction of cordierite in reaction 23 is neglected for CDM.
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mass of the produced melt is( + L,). Therefore, the fractional
contributions of phase to the total mass of the converted minerals
through congruent melting and incongruent melting are, respectively,
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p;=s'ﬂ/<§e‘,se+§s;>.

The mass fractions of incongruent minerals converted into melt or

Maalge S. and Johnson D. (1986) Geochemical aspects of some acCuminerali are, respectively,

mulation models for primary magmaSontrib. Mineral. Petrol.93,
449-458.

Ozawa K. and Shimizu N. (1995) Open-system melting in the upper
mantle: Constraints from the Hayachine—Miyamori ophiolite, north-
eastern Japad. Geophys. Re4.00, 22315-22335.

Petersen R. B. and Hertogen J. (1990) Magmatic evolution of the
Karmoy Ophiolite Complex, SW Norway: relationship between
MORB-IAT—boninitic—calc—alkaline and alkaline magmatism.
Contrib. Mineral. Petrol.104,277-293.

Rampone E., Piccardo G. B., Vannucci R., and Bottazzi P. (1997)
Chemistry and origin of trapped melts in ophiolitic peridotites.
Geochim. Cosmochim. Actidl, 4557—-4569.

Schilling J. G. and Winchester J. W. (1967) Rare-earth fractionation
and magmatic processes. Mantle of the Earth and Terrestrial
Planets(ed. S. K. Runcorn), pp. 267—283. Interscience.

Shaw D. M. (1970) Trace element fractionation during anatexis.
Geochim. Cosmochim. Acg#, 237-243.

Shaw D. M. and Pereira M. D. (1997) Continuous (dynamic) melting
theory revisitedGeol. Soc. Am. Abst. Proge9, A-451.

Shimizu N. (1998) The geochemistry of olivine-hosted melt inclusions
in FAMOUS basalts ALV519-4-1Phys. Earth Planet. Int107,
183-201.

Sobolev A. V. and Shimizu N. (1992) Superdepleted melts and ocean
mantle permeabilityDokl. R. Akad. Nauld26, 354—-360.

Sobolev A. V. and Shimizu N. (1993) Ultra-depleted primary melt
included in an olivine from the Mid-Atlantic RidgeNature 363,
151-154.

Song Y. and Frey F. A. (1989) Geochemistry of peridotite xenoliths in
basalt from Hannuoba, eastern China: implications for subcontinen-
tal mantle heterogeneityzeochim. Cosmochim. Ac&S8, 97-113.

Xu X., O'Reilly S. Y., Griffin W. L., and Zhou X. (2000) Genesis of
young lithospheric mantle in southeastern China: an LAM—-ICPMS
trace element studyl. Petrol.41,111-148.

Walter M. J. (1998) Melting of garnet peridotite and the origin of
komatiite and depleted lithospherk. Petrol. 39, 29—-60.

Williams R. W. and Gill J. B. (1989) Effect of partial melting on the
uranium decay serie§Seochim. Cosmochim. Ac&8, 1607-1619.

Zeck H. P. (1970) An erupted migmatite from Cerro del Hoyazo, SE
Spain.Contrib. Mineral. Petrol.26, 225-246.

Zou H. (1998) Trace element fractionation during modal and nonmodal
dynamic melting and open-system melting: A mathematical treat-
ment.Geochim. Cosmochim. Ac&2, 1937-1945.

Zou H. (2000) Modeling of trace element fractionation during non-
modal dynamic melting with linear variations in mineral/melt dis-
tribution coefficientsGeochim. Cosmochim. Acti, 1095-1102.

Zou H. and Zindler A. (1996) Constraints on the degree of dynamic
partial melting and source composition using concentration ratios in
magma.Geochim. Cosmochim. Ac&0, 711-717.

t=L%(ESﬁLJ=H/ESM (A3)
B a
t‘—sﬁ/<Esﬁ+Lm)—sB/Esﬂ. (A%)
B «
Consequently, we have
>+ =1, (A5)
(A6)

t+ > t=1
B

Using Egns. Al, A2, and A4, we obtain the mass fraction of net
converted minerai relative to the total converted mass

<s;+s;—s;;>/(29‘e+zsa> R
! ‘ ‘ (A7)

Using Egns. 4, A2, A4, and A6, we get the mass fraction of total melt
relative to the total converted mass as

(L0+LQ)/(;SB+§‘Sa> 125“3/@%@1

=1-(1-t) > pl.

Dividing Egn. A7 by Egn. A8, we obtain the mass fraction of net
converted mineral relative to the total produced melt

o pp—t >
 S+S8-S, .
TTTLAL Tima-n S

@

(A9)

which can be interpreted as the actual fractional contribution of mineral
i to the total melt. Multiplying Eqn. A9 by Eqn. 5 for the definition of
the degree of partial melting=), we obtain the mass fraction of net
converted mass for minerafelative to the initial source amourfi )

as
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P+ p, — t E pi Combining Eqn. A12 with Egns. 7, 9, 10a, and 13, we have the
S,+S,-S, ‘ — effective distribution coefficients
X: = - =Fq = -F. (A0
Mo iAo S (A10) 1
« Dest = 1-X (UXZ+ VX + W), (A13a)
Mass balance of mineralrequires where

Xp=X(1—F) + x.. (A11)

’ U= —< > a‘q‘) (1- ®) (A13b)

Substituting Egn. A10 into Egn. A1l results in Egn. 10 derived by
Benito-Garcia and Lopez-Ruiz (1992) from a different approach. The
step-by-step approach presented here is based on clear definitions and V=-®—(Q-
may help to better understand the parameters and terms related to the

chaﬁge of mineral proportions in the residual solid during incongruent 4

melting.

D axh) (1 — ®) — 20(1 - d)(D, aq),
(A13c)

W=® + Dy~ D(Qy— », axy) — (O, ag)d%  (A13d)

g and Q, are given by Egns. 10b and 15, respectively. And the
We use melting reaction Eqn. 21 as an example. The reaction governing Eqn. 8 becomes

coefficients in Eqn. 21 are reported in mass units. Note that if the

reaction coefficients are reported as molar units, then we have to

transform them into mass units using the formula weight of each

mineral. Since there is no congruent mineral for this example, we have

2. A Calculation Example for Incongruent Dynamic Melting

d(XC) dx
Co— XC, UX?+VX+ W’

(A14)

Yo S, = 0. The total converted mass ¥, S, + X, S, = 0.82 +
0.40 + 0.08 = 1.30.
According to Eqns. A1-A6, we have
PP = pi™ = pP=pf =0,

p*=0.82/1.30= 0.63,p”™ = 0.40/1.30= 0.31,

pP=0.08/1.30=0.06,p) = 0, >, p, =1,

t'=1.0(1.0+ 0.3y =0.77,t" = 0.3/(1.0+ 0.3) = 0.23,
EPX = OPX — P = (.
The distribution coefficients for Nd an€“®* = 0.19, K°®* = 0.01,

KSP = 0.0008, andK® = 0.002 (Table Al of Johnson et al., 1990).
Therefore

E tK' = t”K° = 0.23x 0.002= 0.000 46.
B
If we assume the initial source mineral proportions & = 0.18,
xgP* = 0.27,x3' = 0.52,x5P = 0.03 (Kinzler, 1997), then we have
Dy = 2 XK' = XEPKPX 4 xEPHKOPX + xSPKSP + x§'K®' = 0.038,
Po= D, (py+ P K’ = pEPKP + pIPKoP 4 piK® = 0.123.

SinceX, p,, = 1 and only olivine is produced for this example, Eqn.
15 can be reduced to

Qo = (Po — t°K*)/t' = 0.159.

Note that even for this simple example without congruent minerals, we

still can not calculateQ, according to the following expression
QO =P - toIKol — pcprcpx + popropx + psszp_ t°|K°|

Substituting the parametely,, P,, andQ, into Eqns. 16, 17, and 19,
and assumingb = 0.001, we can obtain Nd concentrations as a
function of X [Figs. 1(A)-1(C)]. This example shows step-by-step

calculation, and one can easily set up a spreadsheet to quickly calculate

the results and to make figures.

3. IDM with Changing Distribution Coefficients
We may assume linear variations of distribution coefficients

K=K} + aF. (A12)

When, alla' = 0, in other wordslJ = 0, then according to Eqgns.
Al13c and A13d, we obtail = —[Qy + P(1 — Qp)] andW = Dy +
®(1 — Q). Therefore, Eqn. Al4 reduces to Eqn. 14 in the text.

WhenU # 0, the solutions to Egn. A14 have the following three
cases. IfA = V2 — 4UW > 0, then

s G (2UX + V + h)(V — hy|
Cx T ek evenwvEnl [ (A5
_dxcy
T dx
V-h 4U (2UX + V + h)(V — h)| @1

= Coy T h @UX+ V= h? 2UX+ V=)V +h

(A15b)
whereh = VV? — 4UW:, if A = 0, then
c -4 2 2 Al6
' s TR VARV A (A162)
c = G 2 ) Al6b
T ux+ v P aux+ v v (AL6D)
and if A < 0, then
- Co 1 2 \Y 2UX + V
C = X — exp| M arctanE - arctanT s
(Al7a)
~4UG, 1 v
Ci= i <2UX i V)Z ex| K arctanE
1+ (= —

2UX +V
— arctanT) ] (A17b)

wherek = VAUW — V2.

4. IDM with Changing Distribution Coefficients and Changing ¢

If ' is also a function of, then Eqn. A1l for mass conservation of
phasei should be replaced by

X(1—F) = xp— f q dF. (A18)

We may assume linear variations gh during nonmodal melting
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q' =g+ bF,

whereb' = (q'(F,) — do)/Fy, Fp,is the maximum degree of melting
when one of the phases melt completely, ah@,,) is the net frae
tional contribution to the melt when the degree of partial meltirig,is
Substituting Eqn. A19 into Eqn. A18, we have

(A19)

. Xo— Fgp— 0.50'F?

A combination of Egn. A20 with Egns. 9, 13, and Al12 gives us

>

X — gi[® + (1 — ®)X] — 0.50[® + (1 — ) X]?

Dar = T-[@+ (1-D)X]

{Ko

+a[® + (1 - ®)X]}. (A21)
According to Eqn. 7, the effective partition coefficient is
1
Det = 7= (A + AXZ + AX + Ay), (A22a)
where
Ag=—(, 0.5albi)(1 — ), (A22b)
— > [&(gh + b®)](1 — ®)2— >, [0.50(Kp + a'D)](1
— )3 (A22c)
Ay= —® + > [E(Xp— gy — 0.50D) L — @) — > [
+ b'®)(K) + ad)q1 — &), (A22d)
Ag=® + > (Kh+ ad)(xh— gy — 0.50'd?).  (A22€)
And the governing differential equation 8 is therefore
d(CX) dx o
Co— CX  AXE+ AXZ+ AX+ Ay (A23)

When allb' = 0, thenA, = 0, andA,, A,, andA, reduce toU, V,
andW, respectively, and Eqn. A23 collapses to Eqn. A14. WAgr:

0, there are three cases and the solutions to Eqn. A23 depend on the Z =

discriminant of the cubic polynomial in the denominator of the right-
hand side of Eqn. A23,

A= AR

(1) If A > 0, the cubic polynomiah X3 + A;X? + A,X + A; has one
real rootr, and two complex conjugate roatg andr, and Eqn. A23
can be rewritten as

BAAAA; + 4AAS + AASA, — 3A2A%.  (A24)

d(C.X)
C,— CX

dX N
X—=r

(2X + B) dX
VX EBX

dx
WXerBX+ 0’
(A25)

=u

whereX? + BX + = (X — r,)(X — r3), andry, r,, andr can be

obtained using the Cardan (or Tartaglia’s) method. The solution to Egn.

A25 is

Sy | n
X X=r,

u

C. =

A

2x):r B)D’ (a26)

n v 2w B
XX+l % arctan—

— arctan

where
A= \An - B2

(2) If A = 0, the cubic polynomial has one single real roptand a
double real root,, then

d(CX)
Co— CX

dX
X—=r,

dX dX
+VX*I'2+W X 1,72’

(A27)
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wherer, andr, can be obtained using the Cardan’s method. The

solution to Eqn. A27 is
V p[ & ] )
ex| .
r(X—rp) (

(3) If A < 0, the cubic polynomial has three different real ragtsr,,
andr, then

u

Co
i
X X—=r,

C. =

2

X=r,

A28)

d(C.X)

X dX dX
Co— CiX

+ +w ,
forz X—r,

—ug (A29)

wherer,, r,, andr; can be obtained using the trigonometrical method
for the cubic polynomial. The solution to Egn. A29 is

Sy |, m
X X—=r,

5. IDM with Discontinuous Variations of Parameters

u v

P
X—=r,

I3

C= X—r,

W) . (A30)

All the above IDM equations are suitable for continuous variations
of parameters. If there are discontinuous changes in melting parame-
ters, such as the consumption of a mineral, we have to combine the
stepwise approach with the above IDM equations even though the
stepwise approach is not the most elegant and definitive method.

The keys in the derivations for IDM with discontinuous changes are
(1) to treat the residual melt and residual solid as a whole residue and
(2) to use total residue at the end of a previous interval as the initial
condition for the very next interval. In this case, we use the fraction of
the extracted melt relative to initial sourcX)(instead of the partial
melting degreeR) for simple derivations. An important concept is the
fraction of the extracted melt in an intermediate inteju&lative to the
total residue at the end of its very previous intervat 1. At the end
of intervalj, the fraction of the extracted melt in this interval relative
to the original source isX; — X;_,), and the total residue relative to
the original source at the end of interval— 1 is (1 — Xj_,).
Therefore, the fraction of extracted melt for interyalelative to the
total residue at the end of intervpl- 1 is defined as

Xi - Xj,1

e (A31)

When the total number of melting intervalsns the concentration in
the total extracted melt can be expressed as

cl Xi— X
- E SR (A32)
CIX, CZX,— X CLX — X4
cox+cO X te, T X
Cl Xy = X
Co X
Note thatX, = 0 andX, = X.
The mass balance in any intenjalequires
Cles(1 = X-1) = Cled1 = X) + CL(X = X ) (A33)
which we can rewrite as
S G = X ) — CLO% — X
S 11) X ) (A34)

Note thatC,s = Co. As an example, we show the explicit equations of
the extracted melt for IDM with constait' andp' for two melting
intervals. In this case) = 2, X, = 0, andX, = X, then according to
Eqns. A31, A32, and A34, we have

Z, =Xy, (A35)



162

X — X,

Z=7%. (A36)
C_Cix, Cix-x .
G CX G X (A37)

Co— CIX
c;s=—4%jj§j3, (A38)
CL{1 — X, — C(X, — X
ez, il fgfx;( =X A39)

According to Egn. 16, the concentration for the first interval in the
extracted melt is
Qi+ ®4(1-Qy)

_C Ud1+(1- D) Q]
Cl={1-|1- 222X
X Do+ ®y(1-Qp ™ '
(A40)

The initial source concentration for the second inter@jLJ is the
concentration of the total residue at the end of the first inteBsab the
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fraction of the extracted melt for the second interval relative to the total
residue at the end of the first interval. We can still use Egn. 16 one more
time to calculate the concentration in the extracted melt for the second
interval,

? _ Crles{l _ |:1 _ Q2 + (I)z(l - QZ) Z :|14¢2+(17¢Z)Q2J}
L7, D+ ®y(1— Q) ~? '

(A41)

whereZ, andCL,. are given by Eqns. A36 and A38, respectively.
The concentration in the total extracted melt is therefore

C._CiX CX-X

Co G X G X
[ (G ) [ Qe e m Q)
X Co ™ Di+ ®y(1—-Qy) 7 '

The equations with more than two intervals, for example, the polybaric
partial melting, can be obtained analogously by using Eqns. A31, A32,
and A34 and the equations for IDM.

(A42)
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