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Abstract

The theory of the proton magnetic resonance sounding (a.k.a. surface nuclear magnetic resonance) was first developed in

free space. In this case, the alternative excitation field has no phase variation. Hence there is no major difficulty in determining

the effect of its active component, that is the one perpendicular to the static field. But over a conductive medium, the excitation

field induces eddy currents, resulting in a secondary field that also has to be considered. The computation made up to now in

this case did not consider the detailed physical behaviour of an excitation field which is elliptically polarised: only an

extrapolation of the linearly polarised case was made which turns out to be only an approximation. This paper presents the

proper formalism that permits to take rigorously into account the effect of the elliptically polarised field on the rotation of the

magnetic moment of the protons, so as to obtain the correct derivation of the magnetic resonance signal produced. When

compared with the approximate algorithm previously used for 1D modelling, computation results show that no significant

differences arise for resistivities as low as 1 V m. It is only for a 2D water distribution in a medium with a 1D geoelectrical

structure that differences can be observed. D 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The theory of nuclear magnetic resonance (NMR)

states that only the component of the energising alter-

native field that is perpendicular to the static field

actually excites the protons and makes their magnetic

moment tilt away from the static magnetic field ori-

entation. In free space where the electrical conductivity

is zero everywhere, the energising alternative field has

a well-defined orientation at each point as it is linearly

polarised. In such a case, there is no difficulty in

defining and computing its component in the plane

perpendicular to the static field for further evaluation

of the NMR effect (Legchenko and Valla, this issue).

In the presence of a conductive medium, the protons

are energised by the total field that is the sum of the

primary field and of the secondary field due to induced

currents in the conductive medium. It is known that

such a total field follows an ellipse due to the phase

differences between its various components: it is

elliptically polarised. The projection of such an ellipse

onto the plane perpendicular to the static field is also

an ellipse. In such a case, it is not obvious which

component of the magnetic field has to be taken for the

NMR behaviour.
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Orléans, France.

E-mail address: pierre.valla@mines.org (P. Valla).

www.elsevier.com/locate/jappgeo

Journal of Applied Geophysics 50 (2002) 217–229



The aim of this paper is to present the proper

formalism for determining the effect of the elliptically

polarised field on the tilting of the magnetic moment of

the protons so as to obtain the correct expression of the

NMR signal produced from underground water. Also

the effect of the conductive medium on the NMR

relaxation signal on its way back to the surface receiver

has to be taken into account. This problem has already

been investigated by Trushkin et al. (1995); however

their results have been obtained through an approxi-

mate expression as will be shown hereafter. The first

published, detailed analysis is that of Weichman et al.

(1999): our approach is similar, while trying to keep as

close as possible to standard notations used in geo-

electromagnetic methods of applied geophysics.

We will use the same notations as in the previous

paper by Legchenko and Valla (this issue):

Considering the case of a half-space made of

horizontal electrically conductive layers, the question

is to find out which modifications are to be made in

the basic equation of the surface nuclear magnetic

resonance (SNMR) geophysical technique, giving the

transient decay voltage response in the receiver loop

EðtÞ ¼ �
Z
V

x0M0 � wðpÞbRx? ðpÞsin 1

2
cbTx? ðpÞq

� �

� e�t=T2*ðpÞdV ðpÞ ðEÞ

as derived in the case of free space (resistive host

rock).

2. The electromagnetic field of a loop above

electrically conductive layers

If the transmitter–receiver loop was approximated

by a vertical magnetic dipole of moment M = Ipa2, its
magnetic induction field would be expressed as

(Kaufman and Keller, 1983; Wait, 1982)

BðpÞ ¼ l½ixlrðpÞFðpÞ � gradðdivðFðpÞÞÞ� ð1Þ

where F is a Hertz potential which has only a vertical

non-zero component, expressed as a Hankel transform

Fzðr,zÞ ¼
M

4p

Z l

0

Kdðk,zÞkJ0ðkrÞdk ð2Þ

of some kernel function which, in the jth layer with

the conductivity rj, can be written as

Kdðk,zÞ ¼ ajðkÞeþmjz þ bjðkÞe�mjz ð3Þ

where mj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ixlrj

q
, and the coefficients aj(k)

and bj(k) are recursively determined.Then the non-

zero components of the magnetic induction field

would be

Br ¼
lM
4p

Z l

0

DKdðk,zÞ
Dz

k2J1ðkrÞdk ð4:1Þ

Bz ¼ � lM
4p

Z l

0

Kdðk,zÞk3J0ðkrÞdk: ð4:2Þ

If the loop is now considered with its true finite radius

a, the kernel must be changed to the following (Ryu et

al., 1970; Wait, 1982)

Kloopðk,zÞ ¼
J1ðkaÞ
ka=2

Kdðk,zÞ ð5Þ

so that the components of the magnetic induction field

are

Br ¼
lIa
2

Z l

0

DKdðk,zÞ
Dz

kJ1ðkaÞJ1ðkrÞdk ð6:1Þ

Bz ¼ � lIa
2

Z l

0

Kdðk,zÞk2J1ðkaÞJ0ðkrÞdk: ð6:2Þ

x0 is the angular Larmor frequency

c is the gyromagnetic ratio of protons

M0 is the nuclear magnetisation of protons

w( p) is the water content distribution

T2*( p) is the decay time constant distribution

b?
Rx( p) is the transverse part of the reciprocal

magnetic induction field created at

point p by a unit current in the

receiver loop

b?
Tx( p) is the transverse part of the magnetic

induction field created at point p

by the transmitter loop, normalised to

a unit current

q is the moment of the energising pulse
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One might think that the computation of the proton

magnetic response is then straightforward, by using

the above formulas to determine the b?
Tx and b?

Rx fields

of formula (E) as for the resistive case. This is not

completely so because those fields are elliptically

polarised, due to the secondary field of the conductive

layers. Hence in most cases the BTx field, once

projected upon the plane perpendicular to B0 will still

be elliptically polarised and the question is to inves-

tigate the ellipticity effects on the solution of the

Bloch equations.

3. Magnetic resonance with elliptically polarised

energising fields

The transverse part of an elliptically polarised field

B?
Tx, can be written as the sum of left (clockwise in

the x–y plane) and the right (counter-clockwise)

circularly polarised rotating fields, namely

BTx
? ¼ uz � ðBTx � uzÞ

¼ BTx
xV

1

2
ðuþ

xV þ u�
xVÞ þ BTx

yV

1

2
ðuþ

yV þ u�
yVÞ ð7Þ

where uxV
+ and uyV

+ are the unit vectors of the co-

rotating frame of reference (rotating clockwise at

angular frequency x0 around uz), and uxV
� and uyV

�

are the counter-rotating unit vectors

uþ
xV ¼ cosðx0tÞux � sinðx0tÞuy ð8:1Þ

u�
xV ¼ cosðx0tÞux þ sinðx0tÞuy ð8:2Þ

u�
xV ¼ cosðx0tÞuy þ sinðx0tÞux ð8:3Þ

u�
yV ¼ cosðx0tÞuy � sinðx0tÞux: ð8:4Þ

The coefficients BxV
Tx and ByV

Tx are complex numbers

including a phase information. Only the co-rotating

components produce a non-zero time-averaged torque

on the magnetisation of the protons. It is this compo-

nent that enters the Bloch equation (Eq. (E)), as the

‘‘active’’ component; the counter-rotating component

averages to zero and is ‘‘inactive’’.

We will first investigate the case of a linearly

polarised dephased field in the rotating xV–yV frame

by assuming

BTx
? ¼ ReðBTx

? eiðx0tþ/ÞÞux

¼ BTx
? ðcosðx0tÞcosð/Þ

� sinðx0tÞsinð/ÞÞux: ð9Þ

Then

BTx
? ¼ BTx

? cosð/Þ 1
2
ðuþ

xV þ u�
xVÞ

� BTx
? sinð/Þ 1

2
ðuþ

yV � u�
yVÞ ð10Þ

so that this case is similar to the resistive host one

studied by Legchenko and Valla (this issue) if we

set

u? ¼ cosð/Þuþ
xV � sinð/Þuþ

yV: ð11Þ

The phase/ results in a rotation of the perpendicular

‘‘active’’ induction field by an angle �/. The resulting
transverse component of the magnetisation vector is

MxVu
þ
xV þMyVu

þ
yV

¼ M?Re½ððcosð/Þuy þ sinð/ÞuxÞ

� iðcosð/Þux � sinð/ÞuxÞÞeix0t�
¼ M?Reðei/ðuy � iuxÞeix0tÞ
¼ M?Reðei/ðuþ

yV � iuþ
xVÞÞ: ð12Þ

If the receiver antenna is the same as the transmitter

antenna, then

BRx
? ¼ hiBTx,ei/ðuy � iuxÞi

¼ hBTx
? ei/ux,e

i/ðux þ iuyÞi ¼ BTx
? e2i/ ð13Þ

where h , i is the complex scalar product. This result is

the same as Eq. (1) of Trushkin et al. (1995) and Eq.

(11) of Shushakov (1996).

We will now come back to the general case of an

elliptically polarised field. When using both the (uxV
+ ,

uyV
+ ) co-rotating frame of reference in the x–y plane and
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complex numbers to deal with harmonic time-varying

functions, we have the following identities

cosðx0tÞuþ
xV þ sinðx0tÞuþ

yV ¼ ux ¼ e�ix0tuþ
xV

¼ cosðx0tÞuþ
xV � isinðx0tÞuþ

xV ð14:1Þ

cosðx0tÞu�
xV � sinðx0tÞu�

yV ¼ ux ¼ eþix0tu�
xV

¼ cosðx0tÞu�
xV þ isinðx0tÞu�

xV ð14:2Þ

and as a special case,

uþ
yV ¼ �iuþ

xV ð15:1Þ

u�
yV ¼ þiu�

xV ð15:2Þ

meaning that the complex numbers can also be consid-

ered as operating in the space domain of the complex

z= x + iy plane. Hence the transverse part of the mag-

netic induction generated by the transmitter can be

expressed as

BTx
? ¼ 1

2
ðBTx

xV � iBTx
yVÞuþ

xV þ
1

2
ðBTx

xV þ iBTx
yVÞu�

xV ð16Þ

which is the sum of the co-rotating and counter-rotating

parts. Since the ‘‘active’’ component is the uxV
+ one,

writing

BTx
xV � iBTx

yV ¼ jBTx
xV � iBTx

yVjexpði/TxÞ ð17Þ

we get

BTx
? ¼ jBTx

xV � iBTx
yVj ð18Þ

and

BRx
? ¼ hiBRx,expði/TxÞðuy � iuxÞi

¼ ðBRx
xV þ iBRx

yVÞexpði/TxÞ: ð19Þ

Those are the relationships to be used within Eq.

(E) for the general case of a conductive Earth, with

separate transmitter and receiver antennas. We

observe that while the module of the co-rotating Tx

field is to be taken into account in the sine function for

getting the amplitude of the relaxation dipolar

moment, it is the counter-rotating (reciprocal) Rx field

which has to be used for computing the induced field

of this moment.

4. Discussion of the local physical behaviour

From the above it follows that the general magnetic

resonance upon an electrically conductive layered

half-space is

EðtÞ ¼ �
Z
V

x0M0

� wðpÞbRx? ðpÞei/TxðpÞ

� sin
1

2
cbTx? ðpÞq

� �
e�t=T2*ðpÞdV ðpÞ ðEVÞ

where

bTx? ¼ jbTxx � ibTxy j ð20:1Þ

/Tx ¼ argðbTxx � ibTxy Þ ð20:2Þ

bRx? ¼ hbRx,ux þ iuyi ð20:3Þ

for an arbitrary x–y right-handed coordinate system in

the plane orthogonal to the static magnetic induction

field B0.

If we select the x–y coordinates such that ux is

along the major axis of the polarisation ellipse and uy
is along a minor axis, then we can try and get a

physical understanding of formula (20.1) here above.

There are basically two cases, which are depicted in

Fig. 1: in the orthogonal plane, either the energising

induction field runs clockwise along the polarisation

ellipse or it runs counter-clockwise. In the first

instance, the minor axis component strengthens the

action of the major axis component by creating a

stronger co-rotating field which is the ‘‘active’’ part in

the Bloch equations; in the second instance, the minor

axis component weakens the action of the major axis

component by taking away a part of it for strengthen-

ing the counter-clockwise rotating field which is an

‘‘inactive’’ part in the Bloch equations. Since

axcosðx0tÞux þ aysinðx0tÞuy

¼ Reððaxux � iayuyÞeix0tÞ ð21Þ

it can be checked that in the first instance by
Tx will be a

positive imaginary number assuming bx
Tx is a positive

real one, hence

bTx? ¼ jbTxx � ibTxy j ¼ jbTxx j þ jbTxy j ð22:1Þ
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while in the second instance by
Tx will be a negative

imaginary number, hence

bTx? ¼ jbTxx � ibTxy j ¼ jbTxx j � jbTxy j: ð22:2Þ

5. Numerical implementation and accuracy

evaluation

While the computation in the resistive case can be

performed with a standard polynomial approximation

of the elliptical functions and numerical quadrature,

the Hankel transform giving the magnetic induction

field of a loop require specific numerical algorithms.

The most widely used one is the lagged convolution

filtering technique devised by Anderson (1979). How-

ever its accuracy for computing fields inside the

conductive half-space has been questioned by Chave

(1983). Hence a comparison has been made with a

computation using a refined filter and even direct

adaptive numerical quadrature as soon as the oscil-

latory behaviour of the kernel is too high, as proposed

by Anderson (1989). The comparison is made on Figs.

Fig. 1. An elliptically polarised induction field b rotating clockwise (a) or counter-clockwise (b) around the static geomagnetic field B0.

Fig. 2. Response of a thin (1 m) water layer at 10 m depth in a 1 V m host medium computed through a refined algorithm (solid lines) and

standard filter (dashed line); the antenna is a circular loop with 100 m diameter.
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2 and 3 for the magnetic resonance response of a thin

layer sited at a depth of either 10 or 20 m, within a 1-

V m half-space at 60j geomagnetic field inclination

with a 50,000 nT magnitude; the transmitter and

receiver antennas are coincident, being a circular loop

with a diameter of 100 m. The differences between the

two calculations can barely be seen on the simulta-

neous graphical plot: the difference is only a few

percent of the maximum amplitude. The relative

difference becomes significant only for the lower

amplitude parts of the response. This is of no con-

sequence in the inversion process as it is limited by a

measurement noise that is of rather stable absolute

value. Thus for all practical needs the standard Ander-

son’s filter will be quite adequate.

6. Thin layer responses for various host medium

resistivity

Using the above described numerical algorithm,

the amplitude response of a thin water layer—‘‘thin’’

meaning that the thickness is small compared to the

depth—has been computed for various host medium

resistivity (1, 3, 10 and 100 V m), various depth of the

water layer (20, 35 and 50 m) and various geomag-

netic field inclination (0j, 30j, 60j and 90j). The

loop diameter is 100 m. The geomagnetic field

strength has been varied as a function of the inclina-

tion according to the dipole formula. The results are

plotted on Figs. 4 and 5.

It is observed that for a host medium resistivity

higher than 100 V m, little change occurs compared to

the infinitely resistive case. In the 10 V m range the

amplitude of the response gets lower when the water

layer is below 30 m depth, but the shape of the first

lobe is still similar. But for still lower resistivities, the

effect becomes stronger. For a resistivity of 3 V m, the

response of a 50-m deep water layer is similar to the

response of a 100-m deep water layer sited in a

infinitely resistive host; this means that the depth of

investigation is divided by two. For a resistivity of 1

V m, it is divided by three.

7. Differences between the results from the

approximate and exact formulas

Various computations have been performed to

assess the error introduced by the approximate for-

mula of Trushkin et al. (1995) and Shushakov (1996).

It has been found that significant differences with the

exact formula occur only for combined low values of

the geomagnetic field inclination, quite low resistivity

Fig. 3. Response of a thin (1 m) water layer at 20 m depth in a 1 V m host medium computed through a refined algorithm (solid lines) and

standard filter (dashed line); the antenna is a circular loop with 100 m diameter.
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(1 V m or lower) and shallow water layers This is

illustrated by Fig. 6 where the results from the two

formulas are compared for a thin water layer sited at

10 and 20 m depth within a 1 V m half-space at 0j
inclination with a 50,000 nT magnitude. The error

does not exceed 8% of the maximum value of the

Fig. 4. Amplitude response of a thin water layer for various electrical resistivity of the host medium; dashed curve is for free space (infinitely

resistive), solid curves are for 100, 10, 3 and 1 V m resistivity; the left hand side plots are for a 90j inclination with a 60,000 nT geomagnetic

field; the right hand side plots are for a 60j inclination with a 45,360 nT geomagnetic field; water layer depths are 20 (top), 35 (middle) and 50

m (bottom).
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response and does not affect the starting part of the

curve. Hence no major bias in the inversion is to be

expected when the approximate formula is being used

instead of the exact one. The differences are even

smaller at higher latitudes since the energising field is

close to being linearly polarised: indeed at the poles

where the geomagnetic field is vertical, only the radial

component of the magnetic induction field created by

Fig. 5. Amplitude response of a thin water layer for various electrical resistivity of the host medium; dashed curve is for free space (infinitely

resistive), solid curves are for 100, 10, 3 and 1 V m resistivity, the left hand side plots are for a 30j inclination with a 33, 280 mT geomagnetic

field; the right hand side plots are for a 0j inclination with a 30,000 mT geomagnetic field; water layers depths are 20 (top), 35 (middle) and

50 m (bottom).
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the circular transmitter loop is energising the water

protons, so that we are in the linear polarisation case

with no differences between the approximate and

exact formulas. This is why the inaccuracy could

not be identified by Trushkin et al. (1995) who

compared theoretical results and field tests made

primarily at high northern latitudes.

8. Analysis of a simple 2D case

The fact that the differences between the results

from the approximate and exact formulas are small for

1D configurations does not mean that the same con-

clusion is true for 2D configurations. For the 1D case,

the differences are, in fact, averaged out because at

Fig. 6. Comparison of computation made using the approximate (dashed line) and exact (solid line) algorithms for a thin (1 m) water layer at 10

(top) and 20 m (bottom) depth within a 1 V m half-space at 0j inclination.
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locations that are symmetrical with respect to the

vertical meridian plane, the ellipse will show opposite

rotation directions in the orientated plane perpendi-

cular to the static geomagnetic field. This averaging

will not occur if we consider only a half-plane water

layer (still sited in the same homogeneous electrically

conductive ground): the East and West half-planes

will show different responses as can be seen on Fig. 7

for measurements simulated in a 1 V m medium at the

magnetic equator (with a 50,000 nT magnitude). The

observed differences are in the order of 20–25% of

the maximum response value. Hence for 2D or 3D

modelling and inversion, it will be important to use

the proper exact formula when quite conductive

environments are considered.

9. A field example over a highly conductive

medium

As part of a comprehensive study of geophy-

sical methods applied to groundwater exploration

Fig. 7. Comparison of the responses of East and West half-plane thin (1 m) water layers at 10 (top) and 20 m (bottom) depth within a 1 V m

half-space at 0j inclination; dashed line is the average, equal to half of a full plane thin water layer.
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and resource assessment (EEC-INCO Project No.

18CT960122) a number of SNMR soundings have

been performed in Cyprus during spring 1999. The site

of the example presented hereafter is located in the

Xylophagou area along the south–east coast, a few

hundred meters from the Mediterranean sea; a square

loop with 75 m long sides was used as an antenna; the

geomagnetic field inclination was 40j and its amp-

litude was 45,300 nT corresponding to a Larmor

frequency of 1927 Hz. From a time-domain electro-

magnetic sounding the electrical resistivity has been

found to be about 2 V m for at least the first hundred

meters. Such a low resistivity value is corroborated by

the phase variation of the SNMR sounding: as the

Fig. 8. Amplitude (top) and phase (bottom) of field data (dots) and modelled data (lines) for a proton magnetic resonance sounding example near

the coast of the Cyprus island; the three lines correspond to the three water content distibutions plotted in Fig. 9.
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excitation pulse moment increases, the phase increases

by about 100j. Hence the 1D interpretation has been

performed with a homogeneous 2 V m half-space

hypothesis; for the modelling, a circular loop with

42.3 m radius has been used, providing an area iden-

tical to that of the square loop used in the field.

The field data and the modelled response are

compared in Fig. 8. The inferred water content dis-

tributions are plotted in Fig. 9. The oscillations seen

on the modelled curves, especially the phase ones, are

not due to computation noise but to constructive and

destructive interference between the responses from

various depths.

The fact that the first few phase values at the lowest

excitation pulse moments (except for the very first one

that is probably less well defined because a lower

signal amplitude) point towards a non-zero limiting

value is indicative of the absence of water near the

surface. The grey curves in Fig. 8 correspond to two

possible water content distributions with varying

values for multiple layers that are taken to be 1 m

thick down to 20 m and 2.5 m thick thereafter; the

dashed line corresponds to a best fit inversion made

with only the amplitude data while the solid line

corresponds to a best fit inversion made with both

the amplitude and phase data; from these inversion

results the groundwater is seen as being confined

between 3 and 23 m. The black curve corresponds to

a constant water content, namely 40%, within the same

depth interval. No good fit can be obtained if a non-

negligible water content is supposed below 23 m

depth. The water-bearing layer is a limestone bed; its

depth extent has been found to be larger in other

locations, but there is no evidence at this site to support

or contradict a lithology change at such a depth.

It should be noted that assuming 0.3 V m as the

fluid resistivity (sea water), the 40% water content

indeed leads to a resistivity value close to 2 V m when

using Archie’s law with a coefficient equal to 1 and an

exponent equal to 2.

10. Conclusion

The exact equations for the modelling of magnetic

resonance measurements made over a conductive

medium have been presented in the theoretical frame-

work used by geophysicists for frequency-domain

electromagnetic methods. For horizontally layered

conductivity and water content distributions little

differences in the modelling results are observed

compared to those obtained with the approximate

formula used to date (Shushakov, 1996).

However for two-dimensional or three-dimensional

models significant differences may occur as shown for

a 2D water distribution within a homogenous electri-

cally conductive ground. It will then be important to

use the exact formulas.
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