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Abstract

A mathematical model is presented that describes the effects of pore fluid aqueous diffusion and reaction rate on the isotopic exchange
between fluids and rocks in reactive geo-hydrological systems where flow is primarily through fractures. The model describes a simple
system with parallel equidistant fractures, and chemical transport in the matrix slabs between fractures by aqueous diffusion through a
stagnant pore fluid. The solid matrix exchanges isotopes with pore fluid by solution–precipitation at a rate characterized by a time con-
stant, R (yr�1), which is an adjustable parameter. The effects of reaction on the isotopes of a particular element in the fracture fluid are
shown to depend on the ratio of the diffusive reaction length for that element (L) to the fracture spacing (b). The reaction length depends
on the solid–fluid exchange rate within the matrix, the partitioning of the element between the matrix pore fluid and the matrix solid
phase, the porosity and density of the matrix, and the aqueous diffusivity. For L/b < 0.3, fluid–rock isotopic exchange is effectively
reduced by a factor of 2L/b relative to a standard porous flow (single porosity) model. For L/b > 1, the parallel fracture model is no
different from a porous flow model. If isotopic data are available for two or more elements with different L values, it may be possible
to use the model with appropriate isotopic measurements to estimate the spacing of the primary fluid-carrying fractures in natural fluid–
rock systems. Examples are given using Sr and O isotopic data from mid-ocean ridge (MOR) hydrothermal vent fluids and Sr isotopes in
groundwater aquifers hosted by fractured basalt. The available data for MOR systems are consistent with average fracture spacing of 1–
4 m. The groundwater data suggest larger effective fracture spacing, in the range 50–500 m. In general, for fractured rock systems, the
effects of fracture–matrix diffusive exchange must be considered when comparing isotopic exchange effects for different elements, as well
as for estimating water age using radioactive and cosmogenic isotopes.
� 2005 Elsevier Inc. All rights reserved.
1. Introduction

The isotopic compositions of fluids in natural fluid–rock
systems are useful for characterizing flow paths, transport
rates by diffusion and advection, and the rates of fluid–rock
chemical exchange. Examples of the use of both light stable
isotopes and radiogenic isotopes for these purposes are
abundant in the recent literature (Lasaga, 1984; Bickle
and McKenzie, 1987; Richter and DePaolo, 1987, 1988;
Lassey and Blattner, 1988; Blattner and Lassey, 1989;
Bickle and Chapman, 1990; Bickle, 1992; Bickle and
Teagle, 1992; Schrag et al., 1992; Lasaga and Rye, 1993;
Johnson and DePaolo, 1994; Schrag et al., 1995; DePaolo
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and Getty, 1996; Skelton et al., 1997; Baxter and DePaolo,
2000; Johnson et al., 2000). The standard approach treats
fluid–rock systems as equivalent porous media, which
might also be called ‘‘single porosity’’ (sp) systems (Bear,
1979). However, fluid flow in many natural systems is not
evenly distributed through the rock pore space, but instead
is localized along fractures or high-permeability zones (e.g.,
Evans and Nicholson, 1987; Bear, 1992). Isotopic effects in
fractured rock systems are likely to be different from those
in the simpler models, largely due to the difference in
geochemical transport modes between the fluids flowing
in the fractures and the fluids trapped in the rock material
separating the fractures. These effects have been explored
in some detail for radiocarbon and tritium ages of ground-
water (Tang et al., 1981; Sudicky and Frind, 1982;
Maloszewski and Zuber, 1991; Sanford, 1997).
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This paper presents a relatively simple analytical model
that describes the isotopic shifts of commonly measured
elements with natural isotopic variations (e.g., Sr, O, U)
in fluids moving through and reacting with fractured por-
ous rock. The objective is to better understand fluid and
rock isotopic evolution in the so-called ‘‘dual porosity’’
or ‘‘dual permeability’’ (dp) fluid–rock systems, and to
evaluate the relationships between isotopic effects, fluid–
rock reaction rates, and fracture spacing (see Table 1).

The simplest model of a dp system is one in which water
flows in parallel fractures, which are separated by slabs of
porous rock ‘‘matrix’’ containing stagnant pore fluid
(Fig. 1; cf. Sudicky and Frind, 1982; Sanford, 1997). The
fluid moving through the fractures interacts thermally
and chemically with the matrix between the fractures by
the conduction of heat and the diffusion of chemical con-
stituents dissolved in the pore fluid or vapor phase. The ex-
tent to which water–rock exchange in the matrix blocks
affects the chemical and isotopic composition of the frac-
ture fluid depends on the rate of migration of chemical spe-
cies from the matrix block interiors to the surfaces of the
Table 1
Summary of notation

Symbol Definition

b Spacing between fractures
d Width of fracture
L Reaction length for diffusive pore fluid t
La Reaction length for advection
Lsp Reaction length for diffusion, with react
Lr Decay length
/ Porosity
/m Matrix porosity
/f Porosity within the fracture
qs;qf Density of solid, fluid
Cf ;Cs;Cp Concentration in fluid (f), solid (s), matr
R Bulk reaction time constant
Rdi Dissolution time constant for phase i

Rpj Precipitation time constant for phase j

Rm Bulk reaction time constant for solid in
K Distribution coefficient for solid/fluid (el
K* Distribution coefficient for second isotop
D, Di Aqueous diffusivity, subscript to denote
Dv Dispersion coefficient
DC Aqueous diffusivity for dissolved carbon
v Fluid velocity for porous flow
vf Velocity of fluid in a fracture
M Mass ratio of solid/fluid
C* Concentration of a radiogenic isotope (e
a Equilibrium isotopic fractionation factor
D 1000lna
rs; rf ; rp Isotopic ratio in solid (s), fluid or fractu
ss Timescale for isotopic adjustment of the
sf Timescale for isotopic adjustment of the
sa Advection timescale
si Time for matrix pore fluid to reach isoto
q Fluid flux
ds; df Delta value of solid, fluid (e.g., d18O)
An Fourier series coefficient
kn Decay constant for Fourier series coeffic
tu Uncorrected or observed radiocarbon ag
tc Corrected radiocarbon age of groundwa
tR Total reaction time for fluid in a ground
fractures. Different chemical elements can be affected to
differing degrees, depending on their solubility and diffu-
sion coefficient in the fluid phase, and the solid–fluid ex-
change rate in the matrix slabs. Because of the diffusion
effects in the matrix pore fluid, isotopic ratios of certain
pairs of elements can, in theory, be used to assess the aver-
age fracture spacing in a dp system—information that is
generally difficult to obtain. In natural systems, the spacing
of fractures can be estimated from rock outcrops and drill
core observations, but the spacing of the fractures actually
carrying the bulk of the fluid is usually not known directly.

Previous work on matrix diffusion has treated the effects
on retardation of chemical and isotopic species (e.g., Tang
et al., 1981; Sudicky and Frind, 1982; Wilson and Dudley,
1987; Neretneiks, 1992), the nature of reaction fronts (Stee-
fel and Lichtner, 1998a,b), or the effect on radiocarbon and
tritium ages (Maloszewski and Zuber, 1991; Sanford, 1997).
The papers dealing with contaminant transport deal mainly
with ion exchange reactions and assume the ion exchange
reactions to take place instantaneously. Sanford (1997)
models mainly the aqueous diffusion of carbon species be-
Units

L
L

ransport L
L

ion rate = Rsp L
L
None
None
None
M/L3

ix pore fluid (p) mol/L3

T�1

T�1

T�1

the matrix of a fractured system T�1

ement or major isotope) None
e None
specific element L2/T

L2/T
species L2/T

L/T
L/T
None

.g., 87Sr) or minor heavy isotope (18O) mol/L3

None
None

re fluid (f), matrix pore fluid (p) None
solid phase T
fluid phase T

T
pic steady state for element i T

L/T
None
None

ients T�1

e of groundwater T
ter T
water or hydrothermal system T



Fig. 1. Conceptual model of the dual porosity medium. Fluid in fractures
with width d and porosity/f moves in the x-direction at velocity vf. Fracture
spacing is b, and matrix porosity is /m. The solid within the matrix reacts
with the fluid by solution and reprecipitation at a rate of Rm g g�1yr�1.
Chemical transport within the matrix in the y-direction is controlled by the
porosity and the elemental diffusivity in thefluid (Di), andby thepartitioning
of the element between the solid and fluid phase (Ki is the ratio of
concentration in the solid phase to the concentration in the fluid phase).
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tween stagnant 14C-depleted matrix pore fluid and fracture
fluids containing 14C. Maloszewski and Zuber (1991) devel-
op a model for radiocarbon ages in waters in carbonate
aquifers analogous to that presented here in that it accounts
for carbon exchange reactions between fluids and solids.

In this paper, the reactions are assumed to be heteroge-
neous, and the rate of reaction (i.e., the rate of solid–fluid
exchange; mainly by solution–precipitation reactions) is a
free parameter, the value of which is a strong determinant
of the behavior of the system. The fracture spacing is also
allowed to be finite, and either relatively small or large in
comparison to diffusion distances in the matrix pore fluid.
Bickle (1992) and Bickle and Teagle (1992) discuss the role
of matrix diffusion in a context similar to that addressed
here, but their treatment of fracture flow systems does
not allow for variations in the reaction rate in the matrix.
Skelton et al. (1997) discuss the possibility that kinetic dis-
persion in a metamorphic system is related to fracture spac-
ing and use an approximate formulation from Bickle (1992)
to estimate fracture spacing.

2. Model equations

2.1. Porous flow reference model

The standard porous flow model for isotopic exchange is
covered in many publications and textbooks, but a few key
equations are presented here, using notation that is consis-
tent with that used for the fracture flow model described in
the next section. The porous flow model serves as a refer-
ence case with which the fracture model can be compared.

The equation, in one dimension, that can be used to de-
scribe the evolution of the concentration of a dissolved
trace constituent in fluid flowing through and reacting with
a porous rock matrix is (e.g., Navon and Stolper, 1987;
Lassey and Blattner, 1988; Richter and DePaolo, 1988;
Johnson and DePaolo, 1994; and many others)

qf

o/Cf

ot
¼ qfD

o

ox
o/Cf

ox

� �
� vqf

o/Cf

ox
þ
X
i

RdiCsi

�
X
j

RpjKjCf ; ð1aÞ

where Cf is concentration (moles/gram) in the fluid (a func-
tion of x and t), Dv is dispersion coefficient in the fluid
(including ionic diffusion) is a function of v, Rdi is dissolu-
tion rate (grams of solid phase i dissolved/unit volume/
time), Rpj is precipitation rate (grams of solid phase j pre-
cipitated/unit volume/time), Csi is concentration (moles/
gram) in dissolving solid phase i, Kj is equilibrium distribu-
tion coefficient for precipitating phase j, v is fluid velocity,
/ is porosity, qf is density of the fluid.

When solids dissolve, they contribute stoichiometrically
the trace element in question to the fluid phase dissolved
load, and when solids precipitate from solution, they incor-
porate the trace element according to a distribution coeffi-
cient ‘‘K.’’ In this formulation, because trace constituents
are considered, the reaction rates Rpj and Rdi, are indepen-
dent of the concentrations. The reactions rates are often
modeled as being dependent on the departure from major
element equilibrium (e.g., Steefel and Lichtner, 1998a),
but here the specific dependence of Rpj and Rdi is of less
concern, at least to describe the gross behavior of isotope
ratio variations in simple systems. In many natural sys-
tems, it can be shown that the reaction rates do not con-
form to the standard kinetic theory formulation in any
case (e.g., Maher et al., 2004, 2006).

The solid matrix does not move, so the evolution of the
solid phase includes no transport terms; the equation sim-
ply describes how the solid at any place in the system
changes in response to material exchange with the fluid that
is present locally

ð1� /Þqs

oCs

ot
¼ �

X
i

RdiðCsi � CsÞ þ
X
j

RpjðKjCf � CsÞ;

ð1bÞ

Eqs. (1a) and (1b) require that fluid and solid density be
constant in space and time; other parameters in the model
can in general be considered to be functions of both space
and time.

The simplest situation is provided by a monomineralic
rock, and where the mineral dissolves and reprecipitates
at a specified rate Rp = Rd, such that there is no change



1080 D.J. DePaolo 70 (2006) 1077–1096
in porosity (Richter and DePaolo, 1987). The equations
then simplify to:

oCf

ot
¼ Dv

o2Cf

ox2
� v

oCf

ox
þ RMðCs � KCfÞ; ð2aÞ

where R in this case is the ‘‘bulk recrystallization time con-
stant’’ with units of reciprocal time, andM is the mass ratio
of solid to fluid

M ¼ qsð1� /Þ
qf/

.

The solid phase is then described by:

oCs

ot
¼ �RðCs � KCfÞ. ð2bÞ

The fluid phase concentration responds to the dissolu-
tion and precipitation of all of the minerals in the rock.
Hence for a multi-mineral solid, the simplified equation
above can serve to provide a realistic description of the sys-
tem as long as changes in porosity are minor. The bulk
recrystallization time constant (R) in this case can be de-
fined by:

qsR ¼
X
i

fiRdi þ
X
j

fjRdj; ð2cÞ

where fi is the volume fraction of primary minerals i in the
solid phase, and fj is the volume fraction of secondary
minerals.

For most of the discussion here, analogues of Eqs. (2a)
and (2b) will be used. The primary objective is to illustrate
the effects of fracture flow on a simple system. This is jus-
tified insofar as the fluid composition reflects the (concen-
tration-weighted) ‘‘bulk’’ dissolution of the solid.
Extending the model to rocks with multiple minerals, espe-
cially where the dissolution rates vary greatly between min-
erals, is straightforward and instructive. Criss et al. (1987)
and Gregory et al. (1989), for example, use oxygen isotopic
data from pairs of minerals to understand rates of fluid
evolution and timescales of fluid–rock exchange.

Eqs. (2a) and (2b) can be converted to an expression in
terms of isotopic ratios, recognizing that an isotopic ratio is
just the ratio of two concentrations (e.g., r = C*/C):

Cdr ¼ dC� � r dC. ð3Þ
The complete equations for isotopic ratios (using similar
notation) are given in Johnson and DePaolo (1994,
1997a). For the purposes of the model to be presented here,
these will be simplified further from Eqs. (2a) and (2b) by
ignoring the effects of dispersion. This yields for the evolu-
tion of the isotope ratio with time:

drf
dt

¼ �v
drf
dx

þ RM
Cs

Cf

½rs � rf � þ RMK½rf � arf �; ð4aÞ

drs
dt

¼ �RK
Cf

Cs

½rs � arf �; ð4bÞ

where a = K*/K is the equilibrium isotopic fractionation
factor between the bulk solid and the fluid. For isotope ra-
tios that involve mass dependent fractionation (O, H, C, S,
N, etc.) the parameter a is dependent on the mineralogy of
the solid, the composition of the fluid, and temperature.
For elements where the isotopic effects are generated by
radioactive decay or other nuclear processes, it is appropri-
ately assumed that a = 1, in which case the third term on
the right-hand side of Eq. (4a) vanishes. For an element
like oxygen, a „ 1, but since in almost all cases it can be as-
sumed that K ¼ Cs=Cf , the equations reduce to:

drf
dt

¼ �v
drf
dx

þ RMK½rs � arf �; ð4cÞ

drs
dt

¼ �R½rs � arf �. ð4dÞ

Eqs. (4c) and (4d) are coupled and can be solved for specif-
ic initial and boundary conditions. When MK� 1 (and
MCs/Cf � 1), the system has two very different timescales,
which allows for further simplifications. The effect of reac-
tions between the solid and fluid is to cause both the fluid
and the solid to approach the (isotopic) equilibrium condi-
tion, which is rs(x) = arf(x). However, the rate of change of
the fluid isotope ratio can differ greatly from the rate of
change of the solid isotope ratio as a result of the mass bal-
ance term MCs/Cf (this has been referred to in some cases
as water/rock ratio, but that terminology is not used here
because water/rock also has other connotations). The fluid
approaches the equilibrium condition with a timescale of
sf = (RMK)�1 (Eq. (4c)). The solid approaches the equilib-
rium condition with a timescale of ss = R�1. The ratio of
these two timescales is ss/sf = MK.

For fluid–rock systems, the porosity is usually in the
range 0.001–0.1, so M takes on values of about 25–2500.
For many trace elements that have isotopic variations of
interest, such as Sr, Pb, Nd, and U, the value of K is in
the range 10–1000, and hence MK takes on values between
250 and 2.5 · 106. For these elements, interaction between
the fluid and solid causes the isotopic composition of the
fluid to change rapidly in comparison to the solid (Johnson
and DePaolo, 1994; DePaolo and Getty, 1996). The impli-
cation of this can be appreciated by considering the steady
state version of Eqs. (4a)–(4d), with the dimensions re-
moved. The non-dimensionalization is done by defining a
dimensionless time t0 = tv/‘ and a dimensionless distance
x0 = x/‘ . The lengthscale ‘ can be considered to be the
length of the fluid path in the system, and hence the char-
acteristic timescale is the fluid transit time sa = ‘/v. The
dimensionless forms of Eqs. (4a) and (4b) are then:

drf
dt0

¼ � drf
dx0

þ RMK‘
v

½rs � arf �; ð5aÞ

drs
dt0

¼ �R‘
v
½rs � arf �. ð5bÞ

In terms of timescales, these equations can also be written
in the following forms:

drf
dt0

¼ � drf
dx0

þ sa
sf
½rs � arf �; ð6aÞ



Fig. 2. Graph showing the change of 87Sr/86Sr in fluid moving through a
rock medium with uniform porosity and permeability. Fluid enters the
system with 87Sr/86Sr = 0.7092 and has a pore velocity of 1 m yr�1. The
rock matrix has 87Sr/86Sr = 0.7032, a porosity of 0.01, and is dissolving
and reprecipitating at a rate of R = 6.7 · 10�7 g g�1 yr�1. The Sr
concentration in the solid is 35 times that in the fluid (K = 35). In this
model the 87Sr/86Sr in the fluid varies only along the direction of flow.

Isotopic effects in fracture-controlled fluid–rock systems 1081
drs
dt0

¼ � 1

MK
sa
sf
½rs � arf �. ð6bÞ

In many cases, the reaction rates are slow enough that
the ratio sa/sf 6 1, and during transit of the system the fluid
makes only a fractional approach to isotopic equilibrium.
If MK is large, this means that the solid will experience a
negligible change of isotopic ratio during one fluid transit
time, so the solid can be considered to have a constant
(unchanging in time) isotopic ratio over the timescale of
fluid transit. This approximation is a useful limiting case
because it can be analyzed easily. The general condition
whereby the solid phase can be considered to be ‘‘station-
ary’’ with regard to its isotopic ratio is:

MK � sa
sf
. ð7Þ

When Eq. (7) applies, the isotopic evolution of the fluid can
be evaluated without regard for the changing isotopic com-
position of the solid. The ratio sa/sf is a Damköhler num-
ber, and was denoted as ND by Johnson and DePaolo
(1994).

A useful form of Eq. (4c) (also (5a) and (6a)) is that for
which the fluid isotopic composition is unchanging in time.
This form, acquired by setting the time derivative to zero, is
useful mainly for situations where Eq. (7) applies

drf
dx

¼ RMCs

vCf

½rs � arf � ð8Þ

or equivalently,

drf
dx0

¼ sa
sf
½rs � arf �. ð9Þ

The solution to these equations is a simple exponential
function of distance (Fig. 2). This form will be used below
for comparing the fracture model behavior with that of the
porous flow model.

2.1.1. Model versus observations: why use the steady state

approximation?

In a typical application of the porous flow model to a
natural fluid–rock system, the observable parameter (for
present purposes) is the change of isotopic ratio with dis-
tance in the fluid—drf/dx. This information can be de-
duced, for example, by comparing measurements of fluids
pumped from wells along the flow path, or from measure-
ments of fluid emanating from a spring combined with
independent knowledge of the initial composition of the
water where the aquifer is recharged. By reference to Eq.
(4a), one can see that the measurement of drf/dx provides
a constraint, but it can be interpreted in terms of combina-
tions of the other parameters on the right-hand side of Eq.
(4a), or in terms of the time dependence (i.e., drf/dt). Geo-
logic systems are likely to evolve on time scales of thou-
sands or hundreds of thousands of years, so in most
cases it is not possible to determine drf/dt, and in any case
the expectation would be that this term is small. A reason-
able approach is then to start with the assumption that
drf/dt = 0. Likewise, since drs/dt is likely to be much small-
er than drf/dt, it is consistent to assume that drs/dt = 0 as
well. These assumptions then allow one to constrain the
combination of parameters on the right-hand side of Eq.
(4a), given that the system is not in a transient state. One
can then evaluate separately the effect of non-steady state
conditions on the deduced parameters (cf. Johnson and
DePaolo, 1997b).

Given the steady state assumption, Eq. (8) would then
apply. In a typical circumstance, one might have knowl-
edge of the rock isotopic compositions and concentrations
so that rs and Cs are constrained, and measurements of rf
and Cf would be available. In general, a would be known
to be unity or could be specified as a function of tempera-
ture. The observation (drf/dx) would then provide an esti-
mate of the advective ‘‘reactive lengthscale’’ or ‘‘reaction
length’’ (La)

La ¼ vCf

RMCs

� qqfCf

RqsCs

. ð10Þ

The second approximate equality substitutes the fluid flux
(q) for the product v/, and employs the approximation that
(1 � /) � 1. If Cf and Cs are observables, then the data will
constrain q/R, since densities can usually be estimated well.
Thus, the observations would tend to be converted to esti-
mates of q/R, and in general the observations are aimed at
determining fluid flux, fluid velocity, or reaction rates.

In the remainder of the discussion, use of the steady
state model is emphasized. This is not meant to imply that
all natural systems are at steady state. For the purposes of
this presentation, it is a useful approach because it allows
for analytical solutions of the equations, and results in a
simple formulation that can be easily applied to natural
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systems. In addition, it is often a fact that one cannot do
better than the steady state assumption as a result of limi-
tations to the characterization of active fluid–rock systems.
Where more extensive characterization is available, one
may be able to derive more information from it with a
more comprehensive model. The simpler model is a way
to get a first estimate of system behavior, and is useful as
a pedagogical tool.

2.1.2. Conversion to delta and epsilon notation

For stable isotope ratios such as 18O/16O the ratios are
generally expressed in delta notation where:

d18O ¼ 1000
18O=16Osample

18O=16Ostandard

� 1

� �
. ð11Þ

From this expression it is evident that

oðd18OÞ ¼ 1000
18O=16Ostandard

oð18O=16OsampleÞ. ð12Þ

This relationship can be used to recast Eqs. (4a) and (4b)
into the following forms:

ddf
dt

¼ �v
ddf
dx

þ RM
Cs

Cf

½ds � df � Ds=f �; ð13aÞ

dds
dt

¼ �RK
Cf

Cs

½ds � df � Ds=f �; ð13bÞ

where a generalized ‘‘d’’ is used and Ds/f = 1000 lna. These
equations involve approximations, but they are adequate
for (a � 1)� 1 and d/1000 � 1. For Nd and Hf, epsilon
notation is used, and eNd and eHf can simply be substituted
for d in Eqs. (13a) and (13b) with Ds/f = 0.

2.2. The parallel plate fracture model equations

The conceptual model considered here for a fracture-
dominated situation consists of a rock system that has par-
allel plate-like fractures of width ‘‘d’’ and porosity /f sep-
arated by a fixed distance ‘‘b’’ (Fig. 1). Fluid moves
through the fractures in the x-direction at a velocity, vf.
The matrix between the fractures is characterized by a (flu-
id-filled) porosity /m. Within the matrix, the minerals in
the rock exchange isotopes with the pore fluid by dissolving
and re-precipitating at a bulk rate ‘‘Rm’’ which is given in
grams of solid dissolved (and precipitated) per gram of sol-
id per unit time (e.g., Richter and Liang, 1993; Johnson
and DePaolo, 1994). The isotopes in the fluid phase within
the matrix block mix with those in the fluid phase in the
fractures by diffusion through the pore fluid. It is assumed
that solid-state diffusion is negligible, and that there is no
matrix fluid flow. The reaction rate, Rm, is assumed to be
determined independently of the isotopic exchange; it does
not scale with the degree of isotopic disequilibrium.

In the fractured rock system, chemical transport in the
fractures needs to be treated separately from the transport
in the rock slabs between the fractures. Transport in the
fractures is predominantly via fluid advection in the x-di-
rection, and transport in the matrix slabs is by diffusion
through the pore fluid in the y-direction. The conservation
equation, analogous to Eqs. (1a) and (1b), that describes
the evolution of concentration in the fluid moving through
the fractures is

/f

oCfðxÞ
ot

¼ Dv/f

o2CfðxÞ
ox2

� vf/f

oCfðxÞ
ox

þ 2D/m

d
oCpðx; yÞ

oy

� �
wall

; ð14Þ

where Dv is the dispersion coefficient for flow in the frac-
tures; D is the ionic diffusivity in the matrix pore fluid
(including tortuosity correction); Cf(x) is the concentration
in the fracture fluid, assumed to be uniform across the frac-
ture; Cp(x,y) is the concentration in the matrix pore fluid;
/m and /f are the matrix and fracture porosities, respec-
tively; vf is the velocity of the fluid in the fractures in the
x-direction.

The third term on the right describes the flux crossing
the two walls of the fracture, which depends on the condi-
tions in the matrix, including, as shown below, the fluid–
solid reaction rate (Rm) in the matrix. Eq. (14) can repre-
sent a single fracture, or a system of identical, equally
spaced fractures.

Within the matrix slabs, the pore fluid interacts with the
solid matrix by solution–precipitation, and the pore fluid
communicates with the fracture fluid by diffusion. The
equations that describe the matrix slabs for each element
are:

dCp

dt
¼ D

d2Cp

dy2
þ RmMðCs � KCpÞ; ð15aÞ

dCs

dt
¼ �RmðCs � KCpÞ. ð15bÞ

In Eqs. (15a) and (15b) the reaction time constant that ap-
plies to the matrix slabs is denoted Rm, to distinguish it
from the reaction time constant R that is inferred for a sim-
ple porous medium model. For this formulation, it is as-
sumed that the significant concentration and isotopic
gradients within the matrix fluid phase are normal to the
fracture planes (in the y-direction). The equation for the
steady state isotopic ratio in the fracture fluid is obtained
using Eq. (3) and the steady state form of Eq. (14) with
the dispersion term removed. The result, analogous to
Eq. (8) for a porous medium, is

drf
dx

¼ 2D/m

vf/fCfd

dC�
p

dy

� �
wall

� rf
dCp

dy

� �
wall

� �
; ð16Þ

where C�
p denotes the concentration of one isotope and Cp

is the concentration of the other isotope in the matrix pore
fluid. For convenience, y = 0 is now defined as the location
of one fracture wall (the other fracture wall is at y = �d),
and the matrix slab extends from y = 0 to y = b. The fol-
lowing equations result in an analytical expression for the
isotopic flux at y = 0, which is applicable to both fracture
walls. Using the chain rule and the relation C�

p ¼ rpCp,
the term dC�

p=dy can be eliminated from Eq. (16)
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orf
ox

¼ 2D/m

vf/fCfd
rpð0Þ

oCp

oy

� �
y¼0

þ Cpð0Þ
orp
oy

� �
y¼0

"

� rf
dCp

dy

� �
y¼0

#
. ð17Þ

From the condition of continuity at the wall of the frac-
ture, the concentrations must be the same in the fracture
and matrix fluid (Cp(0) = Cf) and the isotopic ratios must
be equal as well (rp(0) = rf) (Fig. 1b). So the equation for
the fracture fluid reduces to

orfðxÞ
ox

¼ 2D/m

vf/fd
orpðx; yÞ

oy

� �
y¼0

. ð18Þ

To complete the model formulation it is necessary to have a
solution for Eqs. (15a) and (15b), and their analogues for a
second isotope, to yield an expression for the isotopic gra-
dient in the pore fluid at the fracture wall.

2.3. Isotopic gradients and transport in the matrix slabs

DePaolo and Getty (1996) treated a problem analogous
to that for the matrix slabs that describes the isotopic evo-
lution during metamorphism of layered rocks containing a
pore fluid. They obtained solutions for the problem in one
dimension, under the condition that there are no concen-
tration gradients in the fluid or solid (i.e., Cs = KCm). Un-
der these conditions, the equations that need to be solved
for the pore fluid in the matrix slabs are:

orp
ot

¼ D
o2rp
oy2

þ RmMKðrs � arpÞ ð19aÞ

and for the solid matrix in the slabs:

drs
dt

¼ �Rmðrs � arpÞ. ð19bÞ

Solutions to (19a) and (19b) are needed on the interval
y = 0 to y = b, subject to the boundary condition that
rp(x, 0) = rp(x,b) = rf(x), and an initial condition
describing rs(x,y). DePaolo and Getty (1996) solved
these equations for one dimension using Laplace trans-
forms, and generalized them in terms of a Fourier ser-
ies representation. The solutions give both the
instantaneous, quasi-steady state pore fluid isotopic ra-
tio profile for a given solid isotopic profile, and the
evolution of both the solid and pore fluid isotope ratio
profiles with time.

The starting transverse solid isotopic profile between
fractures, at position x along the flow path can be repre-
sented in terms of a Fourier series:

rsðy; xÞ ¼ arfðxÞ þ
X1
n¼1

AnðxÞ sinðnpy=bÞ. ð20Þ

To allow direct comparison to the porous flow situation,
it is necessary to specify that there be no isotopic variation
in the solid in the y-direction. This specification can be
relaxed later to evaluate the long-time evolution of the sys-
tem. The solid has a uniform isotopic ratio (=rs) on the
interval y = 0 to y = b, if the coefficients are:

An ¼
4

np
rsðxÞ � arfðxÞ½ �; ð21Þ

where n = 1,3,5, . . . ,1. Given Eqs. (20) and (21), DePaolo
and Getty (1996) show that the steady state fluid isotopic
composition is then:

rpðyÞ ¼ rfðxÞ þ
X
nodd

an
4

np
rsðxÞ � arfðxÞ½ � sinðnpyÞ=b; ð22Þ

where

an ¼ 1þ n2p2 L
2

b2

� ��1

ð23Þ

and L is the diffusive ‘‘reaction length,’’ which is applicable
to the matrix and defined for each element as:

Li ¼
Di

RmMKi

� �1=2

. ð24Þ

The diffusive reaction length Li has the property that (for
isotopes of element i) diffusion through the pore fluid is
faster than reaction at length scales smaller than Li, and
reaction is faster than diffusion at length scales greater than
Li. Eq. (22) satisfies the boundary conditions: rp(x, 0) = rp
(x,b) = rf(x). The subscript ‘‘i’’ in Eq. (24) denotes that
the parameter is element specific. Substituting Eq. (23) into
Eq. (22) and rearranging yields the following, which consti-
tutes the solution to Eq. (19a), with the condition that
rs(x,y) is constant

rpðx; yÞ ¼ rfðxÞ þ ½rsðxÞ � arfðxÞ�
4

p

�
X
nodd

1þ n2p2 L
2

b2

� ��1
1

n
sinðnpyÞ=b. ð25Þ

The reaction rate is contained in the term L.
The steady state isotopic profiles (Eq. (22)) for the ma-

trix fluid between fractures are shown in Figs. 3 and 4
for different values of the ratio L/b, where here it is as-
sumed that d � b. When the ratio L/b is significantly great-
er than unity, diffusion within the matrix pore fluid is fast
enough in comparison to the fluid–solid exchange rate that
isotopic gradients cannot be maintained between the ma-
trix pore fluid and the fracture fluid. In this case, the matrix
fluid has the same isotopic ratio as the fracture fluid at stea-
dy state. When L/b is less than one, however, there are sig-
nificant isotopic gradients in the pore fluid near the
fractures. For L/b � 1, the fracture fluid is not being affect-
ed by the exchange in the interior of the matrix slab. The
fracture fluid is exchanging isotopes only with a region
within a distance of about L of the fracture. The interior
of the slab is effectively a ‘‘closed system,’’ where the reac-
tion products (the solid precipitates) have the same isotopic
ratio as the solid material undergoing dissolution.



Fig. 3. (a) Calculated profile of Sr isotopic composition of the fluid in the
matrix between fractures. The center of the fracture is located at y0 = 0;
adjacent fractures are at y0 = ±(b + d). L is the reaction length. For
L/b � 1, the pore fluid in the interior of the matrix is in isotopic
equilibrium with the solid, and there is a steep gradient in isotopic ratio
near the fractures. In this situation, most of the dissolution of matrix solid
material is followed by reprecipitation of solid with the same isotopic ratio.
Only a small amount of the water–rock reaction affects the fluid in the
fractures. For L/b > 1, the isotopic composition of the pore fluid within the
matrix is almost identical to that of the fluid in the fractures. In this case,
which corresponds to either a slow rate of reaction or rapid diffusion in the
pore fluid, the fluid in the fractures receives the full effect of the reaction
with the matrix solid, and the system behaves as if it were a single porosity
medium. (b) Analogous to (a) but showing oxygen isotope ratios as d18O.
The isotopic composition of matrix pore fluid is determined by the isotopic
composition of the solid combined with the solid–fluid fractionation factor
a. This example assumes a value of a = 1.0032 (or D = 3.2).
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2.4. Steady state solution for the parallel fracture model

Differentiating and evaluating Eq. (22) at y = 0 (the po-
sition of the fracture wall) yields for the isotopic gradient in
the matrix pore fluid at the fracture wall

drpðx; yÞ
dy

� �
y¼0

¼ 4

b
rsðxÞ � arfðxÞ½ �

X
nodd

1þ n2p2 L
2

b2

� ��1

.

ð26Þ
Substituting this result into Eq. (18) gives:

drfðxÞ
dx

¼ 8D/m

vf/fbd
½rsðxÞ � arfðxÞ�

X
nodd

1þ n2p2 L
2

b2

� ��1

. ð27Þ

Eq. (27) is the explicit version of Eq. (18) and describes the
steady state fluid isotopic variation with distance for the
dp, parallel fracture model.

A useful next step is to compare the result for the frac-
ture (or dp) model to that for the sp model. Dividing Eq.
(27) by Eq. (8) yields:

ðdrf=dxÞdp
ðdrf=dxÞsp

¼ 8D/mvCf

ðvf/fbdÞRMCs

X
nodd

1þ n2p2 L
2

b2

� ��1

. ð28Þ

If we assume that R, the reaction time constant that
would be attributed to a simple porous medium is the same
as Rm, the reaction time constant that applies to the matrix
slabs in the dp model, then Eq. (28) can be simplified be-
cause DCf/RMCs = L2. Multiplying through by b/b yields:

ðdrf=dxÞdp
ðdrf=dxÞsp

¼ /mbv
vf/fd

8
L2

b2
X
nodd

1þ n2p2 L
2

b2

� ��1

; ð29Þ

which is equivalent to:

ðdrf=dxÞdp
ðdrf=dxÞsp

¼ /mbv
vf/fd

tanh
2L
b
. ð30Þ

To complete this comparison we assume that the fluid flux
is the same for each model. For equal fluid fluxes:

vf/fd ¼ v/mðbþ dÞ. ð31Þ
Using this expression in Eq. (30) yields:

ðdrf=dxÞdp
ðdrf=dxÞsp

¼ b
bþ d

tanh
2L
b
. ð32Þ

In most cases, d is much smaller than b, and the term
b/(b + d) is close enough to unity to ignore (Fig. 5). The
curves in Fig. 5 show the difference between a situation
where fluid is flowing through a simple porous medium
with a reaction rate R (=Rsp), versus a system where the
fluid is flowing only through fractures but the reaction rate
in the matrix slabs, Rm, is equal to R.

As noted above, the observed value—drf/dx—is typical-
ly interpreted as a measure of R/q. To a very good approx-
imation (Fig. 5), Eq. (32) states that for L/b > 1, the value
of R/q that is deduced assuming that a sp model applies is
no different from that inferred using the dp model. In this



Fig. 4. (a) Simulation of Sr isotope ratios in pore fluid within and
surrounding a fracture for conditions where L/b� 1. The fracture fluid
exiting the system at x = 200 m has 87Sr/86Sr = 0.705, as in the single
porosity example shown in Fig. 2. Fluid enters the fracture at x = 0 with
87Sr/86Sr = 0.7092. The fracture is 0.1 m wide (/f = 1) and the fracture
spacing is 10 m. The fluid in the fracture has a velocity of 101 m yr�1 so
that the fluid flux is identical to that of the example in Fig. 2. The rock
matrix has 87Sr/86Sr = 0.7032, a porosity of 0.01, and is dissolving and
reprecipitating at a rate R = 10�5 g g�1 yr�1 (L = 0.33 m). The Sr
concentration in the solid is 35 times that in the fluid (K = 35). In this
model the 87Sr/86Sr in the pore fluid within the matrix has large gradients
near the fracture and is equal to the rock value at distances greater than
about 0.5 m from the fracture. (b) Simulation of Sr isotope ratios in pore
fluid within and surrounding a fracture for conditions where L/b � 1. The
fracture fluid exiting the system at x = 200 m still has 87Sr/86Sr = 0.705.
Fluid enters the fracture at x = 0 with 87Sr/86Sr = 0.7092. The fracture
is 0.1 m wide and the fracture spacing is 2.6 m. The fluid in the fracture
has a velocity of 27 m yr�1. The rock matrix has 87Sr/86Sr = 0.7032,
a porosity of 0.01, and is dissolving and reprecipitating at a rate
R = 10�6 g g�1 yr�1(L = 1.06 m). The Sr concentration in the solid is 35
times that in the fluid (K = 35). In this model the 87Sr/86Sr in the pore fluid
within the matrix has gradients throughout the matrix volume.
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limit, which is applicable for closely spaced fractures, slow
reaction rates, and fast-diffusing species with high solubili-
ty, the system behaves (at least as far as the isotopic com-
position of the fluid is concerned) as if it had a sp and the
presence of the fractures and fracture flow makes no differ-
ence to the isotopic effects. When L/b < 1, the apparent R/q
that is obtained assuming that the sp model applies, is sys-
tematically smaller than the actual value Rm (in the matrix
slabs) divided by the volume-averaged fluid flux. For
L/b < 0.3, the apparent R/q is proportional to L/b and low-
er than the actual (Rm/q) by a factor of 2L/b. The condition
L/b � 1 is likely to be applicable for widely spaced frac-
tures, high reaction rates, and dissolved species with low
solubility. Note that because L is proportional to R�1=2

m ,
the inferred reaction rate will scale as b2, and for L < 0.3b:

Rm

Rsp

¼ b
2Lsp

� �2

; ð33Þ

where Lsp is the reaction length calculated with Rsp as the
reaction rate.

3. Examples and applications

3.1. Sr isotopes; seawater in fractured basalt

Figs. 2 and 4a and b constitute an example of the results
of Eqs. (25) and (27) applied to a hypothetical system of
identical parallel equidistant fractures. The concentration
and isotopic ratio values used for the example would apply
to seawater (8 ppm Sr; 87Sr/86Sr = 0.7092) passing through
fractured oceanic basalt with 280 ppm Sr and
87Sr/86Sr = 0.7032. Fig. 2 shows the result for simple por-
ous flow through a medium with / = 0.01,
R = 6.7 · 10�7 yr�1, and a pore velocity of v = 1 m yr�1.
The essential observation in this hypothetical system is that
the water emerges with an isotopic ratio (about 0.7050)
that is substantially lower than the value in the input water.
Given that the distance is known (as well as porosity and
the concentrations), this isotopic change corresponds to
R/v = 6.7 · 10�7 m�1 (or R/q = 6.7 · 10�9 m�1).

Fig. 4a shows an example of an equivalent system where
all of the flow is confined to fractures that are 0.1 m in
width (/f = 1) and separated by 10 m. Since the flow is con-
fined to 1/101 of the cross sectional area of the rock, for the
same fluid flux, the fluid velocity in the fractures is
101 m yr�1. In this case, to have the water emerge from
the system with the same isotopic ratio (87Sr/86Sr = 0.705),
it is necessary to have the reaction rate in the matrix slabs
be much higher (Rm = 10�5 yr�1), about 15 times higher
than the rate for the porous flow (sp) case. The model indi-
cates that the pore fluid in the matrix slabs is effectively in
isotopic ‘‘equilibrium’’ with the rock (87Sr/86Sr = 0.7032),
and there is a narrow zone adjacent to the fracture where
there is a large gradient in isotopic ratio of the dissolved
Sr. For this example, L for Sr is 0.33 m, which is much
smaller than the 10 m fracture spacing. The value of R/vf
for this example is about 10�7, which is different from
the value that would be inferred from the porous flow mod-
el by only a factor of 1.5.



Fig. 5. Calculated dual porosity effect for fluids moving in fractures and
communicating with matrix blocks by fluid-phase diffusion. The vertical
scale can be interpreted in terms of the rate of change with distance of the
isotopic ratio of the fluid (drf/dx), or the inferred dissolution or reaction
rate of the solid matrix. The parameter Rm is the solution–precipitation
time constant in the matrix blocks, and Rsp is the apparent reaction time
constant that is sensed by fluid moving in the fractures under steady state
conditions and under the assumption that the system behaves as a simple
porous medium. When L/b is greater than unity, there is no difference
between the reaction rates, which means that the same result will be
obtained whether the system is modeled as a fractured medium or a simple
porous medium. When L/b is less than about 0.3, the reaction rate as
sensed by the fracture fluids is lower than that in the matrix blocks by a
factor of 2L/b.
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A third example (Fig. 4b) shows a case where there is a
much smaller difference between L for Sr (about 1 m) and
the fracture spacing (2.6 m). The model parameters are
adjusted to achieve the same isotopic ratio (0.705) in the
fluid emerging from the fractures. In this example, the pore
fluid in the matrix slabs is not identical in isotopic ratio
with the rock because diffusion within the pore fluid com-
petes with the exchange of Sr between solid and fluid.
The pore fluid has isotopic gradients everywhere and in
general does not have the same isotopic composition as
the fracture fluid. For the same value of R/q, the reaction
rate for this case is 10�6 yr�1, about 1.5 times the reaction
rate for the sp case. The fracture width is such that the frac-
ture fluid velocity is 27 m yr�1 to achieve the same fluid
flux. The ratio R/vf for this example is about 2 · 10�7 m�1.

The examples illustrate the behavior of the model for a
single element. One interesting aspect of the model is that
the reaction length (L) is not the same for all elements.
The difference between elements is mainly a result of differ-
ences in Cs/Cf (or K), and to a lesser extent differences in
the ionic diffusivity D. The models also hint at the differ-
ence in the effects that will accrue to the solid matrix if
the system operates long enough to have significant isoto-
pic changes in the solid. In all three models, the bulk solid
isotopic ratio will tend toward the fluid isotopic ratio with
time. For the porous flow model, the gradients in fluid iso-
topic composition are only longitudinal (in the direction of
flow), and hence the altered solid will have a similar char-
acteristic. In the model shown in Fig. 4a, however, isotopic
alteration of the solid will be confined to the small region
adjacent to the fractures, because that is the only place
where the fluid isotopic ratio departs from that of the solid.
The model of Fig. 4b is an intermediate case, where there
will be pervasive isotopic modification of the solid, but it
will be more non-uniform than in the simple porous flow
case. Perhaps more importantly, secondary minerals form-
ing in the reacting solid matrix will have the isotopic ratio
of the pore fluid. So the isotopic distributions shown in
Figs. 4a and b also represent maps of the isotopic ratios
of actively forming secondary alteration minerals. In the
case represented by Fig. 4a, for example, the secondary
minerals far from the fractures have isotopic compositions
that are little different from the unaltered rock, whereas
those close to the fracture have isotopic compositions clos-
er to that of the fluid in the fractures. In general, the isoto-
pic differences between secondary minerals close to
fractures and those far from fractures may be a good indi-
cator of L/b.

3.2. Restrictions of the steady state model

The equations derived above are applicable to a system
at ‘‘steady state,’’ the definition of which requires explana-
tion as there are three timescales involved. One timescale is
associated with advection—the time it takes for fluid flow-
ing in the fractures to traverse the system. A second time-
scale relates to the diffusive transport of the isotopes
between the matrix slabs and the fractures, through the
medium of the matrix pore fluid. The third timescale is de-
fined by the reaction rate constant.

The reaction timescale (R�1) is typically long in com-
parison to the other timescales, which is the basis for
the assumption that the solid phase undergoes negligible
change over the timescale of fluid transport. The steady
state that the model describes is one where both the ma-
trix pore fluid and the fracture fluid have reached a state
where their isotopic compositions are steady (in the sense
that their rate of change with time is only the much long-
er timescale R�1) and defined by the model input param-
eters. Considering the diffusive regime within the matrix
fluid, the time required to reach the steady-state relation
between fluid and solid (Eq. (22)), is (DePaolo and Getty,
1996):

si ¼
Di

b2
þ Di

L2
i

� ��1

¼ Di

b2
þ RMKi

� ��1

. ð34Þ

The examples presented above in Figs. 4a and b can be
used to illustrate the relative values of the three timescales.
For the case of Fig. 4a, the reaction timescale is 105 years;
on this timescale, the isotopic composition of the solid ma-
trix changes. The advection time scale is about 2 years. The



Fig. 6. Comparison of Sr and O isotopes in pore fluids for a hypothetical
fluid–rock system. (a) Sr isotope ratios in pore fluid within and
surrounding a fracture. Parameters are the same as those for Fig. 4a
except for the reaction rate R = 2.5 · 10�5 g g�1 yr�1 (LSr = 0.21 m). (b)
Simulation of O isotopes (as d18O) for the same system as shown in (a).
Fluid entering the system at x = 0 has d18O = 0. Fluid in equilibrium with
the rock matrix has d18O = +2.8. The reaction length for oxygen is
LO = 4.44 m.
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diffusive timescale as given by Eq. (34) is about 11 years.
Therefore, it is to be expected that the system would effec-
tively reach steady state after about 30 years. Thereafter,
the system would evolve very slowly on the 105-year time-
scale of the solid matrix. In 30 years there is virtually no
change in the isotopic composition of the solid. Only after
several thousand years would there be significant changes
in the isotopic composition of the solid, and those would
be restricted to the region adjacent to the fracture. For
the example shown in Fig. 4b, the reaction time scale is
106 years, the fluid advection timescale is about 4 years,
and the diffusion timescale is 95 years. In this hypothetical
system, it would take the fluids about 300 years to reach
steady state, and it would require 10,000–100,000 years be-
fore the solid isotopic ratios changed significantly. In real
systems the advection distance may be 10–100 times longer
than these examples, but the advection time would still be
short relative to the reaction timescale.

Externally imposed changes affecting the fracture fluids,
either in terms of fluid velocity or isotopic composition,
that occur on time scales that are long in comparison to
si are adequately described by the model. Changes affecting
the fracture fluids that occur on time scales similar to or
smaller than si are not. Because the time required for the
matrix to reach a new steady state differs from element to
element, during transient fast flow events the dp effects will
be evident as a form of hysteresis exhibited in the change of
one fluid isotopic ratio relative to another. For fracture
spacings of 0.1–10 m, the magnitude of si is generally in
the range 10�3–104 years and can differ by orders of mag-
nitude among different elements (see Fig. 5).

3.3. Adding a second element with isotopic variations

As noted above, the diffusive timescale depends on both
D and K (as well as b and R) and hence varies with the ele-
ment being considered. Another hypothetical example
illustrates how this works for Sr and O isotopes (Fig. 6).
The distribution of pore fluid Sr isotope ratios is similar
to that shown in Fig. 4a, but in this example a slightly high-
er reaction rate is used. The value of LSr is 0.21 m, which is
much smaller than the fracture spacing of 10 m, so there
are large isotopic gradients adjacent to the fracture, but
elsewhere there is virtually no difference in isotopic ratio
between the fluid and the solid. Hence, the fracture fluid
is not sensing most of the fluid–rock interaction. In con-
trast to Sr, the reaction length for oxygen, LO, is 4.4 m,
or about half the spacing between the fractures. For oxy-
gen, the pore fluid in the matrix slabs is only slightly differ-
ent from the fracture fluid in isotopic composition, so for
oxygen, the fracture fluid is sensing most of the fluid–rock
interaction. The difference in reaction length is due to the
higher diffusivity of O (self-diffusion of H2O), and the fact
that Cs/Cf is 35 for Sr but only about 0.55 for O. The pore
fluid in the oxygen case does not have the d18O that would
represent equilibrium with the solid. The equilibrium d18O
value is assumed for the calculation to be +2.8, the approx-
imate value for water in equilibrium with typical igneous
rock (actually feldspar) with d18O = +6, at about 350 �C.

The difference between porous flow and the fracture
flow models is illustrated in another way in Fig. 7, which
shows the evolution of 87Sr/86Sr and d18O in the fluid as
it traverses the system. For porous flow, the 87Sr/86Sr ratio
changes rapidly with almost no change in d18O. For frac-
ture flow, there is a much larger shift in d18O, which is a re-
sult of the fact that the fluid oxygen is interacting with
much more of the rock volume than is the fluid Sr.

4. Time evolution of the solid

The non-uniformity of isotopic ratios in the fluid phase
that is generated by the pore fluid diffusive transport



Fig. 7. Contrasting trajectories for porous flow and fracture flow for Sr
and O isotopes. The curves are based on the simulation shown in Fig. 6.
Because of the larger reaction length for oxygen in comparison to Sr, there
is a proportionally larger shift in O isotopes for the fracture flow case.
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creates a non-uniform response in the solid as it slowly
changes isotopic composition due to exchange with the flu-
id phase. Some aspects of this effect are discussed by DePa-
olo and Getty (1996) with reference to layered
metamorphic rocks. The exact solution of this part of the
problem is beyond the scope of this paper, but an approx-
imate expression can be used to evaluate the effects.

The essential point derives from Eq. (15b). The rate of
change of the isotopic ratio of the solid is proportional to
the difference between the equilibrium value for the solid
(which is determined by the local fluid isotopic composi-
tion) and the actual solid isotopic composition. Referring
to Fig. 5, since the interior of the matrix slabs are in isoto-
pic equilibrium with the fluid for Sr isotopes, there will be
no change with time in the solid phase 87Sr/86Sr. However,
since the interior of the matrix slabs are not in equilibrium
with the pore fluid for O isotopes, there will be significant
change with time in the solid phase d18O. Consequently, the
relative magnitude of Sr and O isotopic shifts in the solid
are spatially highly variable. Adjacent to the fractures,
both Sr and O isotopes in the solid change with time, but
in the center of the matrix slabs, only the O isotopic ratios
can change. If the system persists for a long enough time,
eventually the interiors of the slabs will change with respect
to Sr isotopes as well.

The solid phase isotopic profile (normal to the fractures)
evolves with time (approximately) according to (DePaolo
and Getty, 1996)

rsðx; y; tÞ ¼ arfðx; 0Þ þ
X
nodd

4

np
½rsðx; 0Þ � arfðx; 0Þ�e�knt

� sinðnpy=bÞ; ð35Þ
where

kn ¼
R

1þ b2=n2p2L2
. ð36Þ

Eq. (35)will be a reasonable estimate of the solid evolution as
long as the local fracture fluid isotopic ratio does not change
too drastically over the timescale to which it is applied. The
pore fluid isotopic ratio is described (approximately) by

rpðx; y0; tÞ ¼ rfðx; 0Þ þ ½rsðx; 0Þ � arfðx; 0Þ�
4

p

�
X
nodd

1þ n2p2 L
2

b2

� ��1
e�knt

n
sinðnpy=bÞ. ð37Þ

Examples of the solid isotope effects are shown in Figs. 8
and 9, which are calculated using the same parameters as
in Fig. 6. The Sr shifts for the bulk solid are limited to
the region close to the fracture. In contrast, there is perva-
sive change of the solid d18O, although the shifts are slight-
ly larger closer to the fracture. When the Sr and O isotopic
ratios of the bulk solids are plotted against one another
(Fig. 9), the result is a pattern that cannot be interpreted
correctly except with the dp model. Relative to a simple
batch reactor, where the rock and the initial fluid are al-
lowed to equilibrate at the prescribed temperature, the ma-
trix slab interiors are not shifted enough in 87Sr/86Sr, and
the near-fracture samples are shifted far too much.

5. Estimating fracture spacing

The diffusive reaction length, L, has a large range among
elements with natural isotopic variability (Fig. 10). The
reaction length scales as (Rm//)

�1/2, and the differences be-
tween elements are largely due to solubility limitations. The
figure shows two curves for Sr, one for seawater systems,
where Sr has a relatively small value of K (or Cs/Cf), and
one for meteoric water systems, where Sr has a larger value
of K. The elements U and Nd have generally short reaction
lengths due to low solubility, and O and H have large reac-
tion lengths because they are the major constituents of
water, and particularly in the case of H, rocks have rela-
tively little. Hydrogen is in fact a special case that does
not conform to some of the simplifications made in the
model discussion above. The K value for hydrogen is typi-
cally of order 10�2, so MK is not much larger than unity,
and the rock dD values can sometimes shift faster than
those of the fluid. This characteristic was used to advantage
by Taylor (1974) and Magaritz and Taylor (1976) to esti-
mate the d18O of meteoric fluids in fossil hydrothermal sys-
tems (see also Criss, 1999).

For most natural conditions it may be possible to find
elements with L values that are both smaller and larger
than the likely fracture spacing. For any two elements,
the ratio of the diffusive reaction lengths is

Li

Lj
¼ DiKj

DjKi

� �1=2

. ð38Þ



Fig. 8. Isotopic shifts in the bulk solid matrix for (a) Sr and (b) oxygen,
generated by 10,000 years of exchange with conditions described by the
model shown in Fig. 6. The initial state of the solid is uniform isotopic
values of 87Sr/86Sr = 0.7032 and d18O = +6. These figures are calculated
with the approximate formula given in Eq. (35) of the text. The 87Sr/86Sr
ratios in the secondary minerals, rather than the bulk rock, will closely
approximate the values shown for the fluid in Fig. 6a. The d18O of
secondary minerals will be approximately 2.8& higher than the values
shown for fluid in Fig. 6b.

Fig. 9. Model output data from Fig. 8 plotted as 87Sr/86Sr versus d18O.
The points plotted represent values at each of the nodes in the simulation.
In the matrix slab interiors, the O isotope ratios of the solid samples is
shifted significantly after 10,000 years, but there is virtually no change in
the Sr isotopic composition. For samples from near the fractures, the O
isotope effects are similar to those in the slab interiors, but the Sr isotopes
are much more strongly affected.

Fig. 10. Estimated diffusive reaction length (L; Eq. (24)) versus R// for
several elements with naturally varying isotopic compositions. Squares
show the expected values of R// and fracture spacing for typical
groundwater systems (GW) and (postulated) for meteoric–hydrothermal
systems hosted by volcanic rocks (MH). For a typical hydrothermal
system (R// = 0.001 yr�1, b = 1 m), O and H isotopes typically behave as
though the system has a single porosity (i.e., L/b > 1), but Sr, C, Nd, and
U isotopes will be affected by the sluggishness of diffusive transport within
the matrix (i.e., L/b � 1).
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If the fracture spacing has a value that is larger than the L
for one of the elements, comparison of isotopic effects of
two or more elements can theoretically yield information
about the fracture spacing.

One way to analyze the dp effect is to plot the isotopic
shift in one element against that of another, as is done in
Fig. 7. This can be generalized by combining Eqs. (8) and
(32), with the result:

drf i
drfj

� �
dp

¼
ðdrfi=dxÞdp
ðdrfj=dxÞdp

¼ Csi=Cf i

Csj=Cji

tanh 2Li
b

tanh
2Lj
b

. ð39Þ

There are three general cases. In the case that both Li and
Lj are larger than b, then the sp model is retrieved, and the
ratio of isotopic shifts is dependent only on the concentra-
tion terms. In the case that both (Li/b)

2 and (Lj/b)
2 are

much smaller than one, then the result is:

drf i
drfj

� �
dp

¼ Csi=Cfi

Csj=Cji

Li

Lj
¼ Csi=Cfi

Csj=Cji

Di

Dj

� �1=2

. ð40Þ
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For this case, the ratio of the isotopic shifts is not depen-
dent on the fracture spacing, but it requires that the frac-
ture spacing be significantly larger than the larger of the
two values of L. In the third case, if Lj P b, and Li is sig-
nificantly smaller than b, then:

drf i
drfj

� �
dp

¼ Csi=Cfi

Csj=Cfj
tanh

2Li

b
. ð41Þ

In this case, the isotopic shifts provide an estimate of the
fracture spacing.

For illustration, consider further the evolution of the
isotopes of oxygen (d18O) and strontium (87Sr/86Sr) in a
geothermal fluid as it passes through rocks of different iso-
topic composition. In a typical geothermal system at a tem-
perature of 350 �C, the value of a is about 1.003 (D = 3),
and the parameters given in Fig. 11a might apply if the flu-
id phase is composed of meteoric water. The limiting values
of (drfSr/drfO)dp are about 6 (Eq. (40)), and 167 (Eq. (39)).
The reaction length for Sr, assuming R = 10�4 yr�1, /
= 0.01, and qs/qf = 2.5, would be LSr = 4 cm, and the value
for O would be LO = 1.5 m. The ratio–ratio trajectories,
calculated from Eqs. (8) and (32) for both Sr and O, are
shown in Fig. 11a for fracture spacings b of 0.01–10 m.
Fig. 11. (a) Example calculation showing the matrix diffusion effects on the
continental meteoric-hydrothermal system where the initial water has high 87Sr
isotopic composition for the fluid depend on the fracture spacing. The single po
to b = 10 m, the 87Sr/86Sr shifts decrease relative to the d18O shifts, causing the
(b) Relationship between fracture spacing and apparent fluid–rock exchange ra
steady state conditions in the matrix slabs following a perturbation of the sys
b > L, the adjustment time is independent of b (Eq. (34)). Shown for compariso
response times change systematically for fracture spacing between 0.01 and 10
For closely spaced fractures (b 6 0.05 m), the large differ-
ence in Ki values between O and Sr results in large shifts
of 87Sr/86Sr with negligible shifts in d18O. However, for
the larger fracture spacings, there are much larger shifts
of d18O associated with the same shift of 87Sr/86Sr. The ex-
act trajectory is sensitive to fracture spacing for b between
0.1 and 10 m for this example. For spacing greater than
10 m, both Sr and O isotopic exchange is matrix diffusion
limited (Eq. (40)), and hence there is no further dependence
on fracture spacing.

Fig. 11b shows the apparent reaction rate for each ele-
ment as a function of fracture spacing using the same
parameters as those for Fig. 11a. As the fracture spacings
increase, the apparent reaction rate decreases (as in
Fig. 5), but the difference between the apparent and actual
reaction rates is larger for Sr than for O. Another conclu-
sion from Fig. 11b is that oxygen isotopes in the fluid
can be treated adequately with a sp model as long as the
fracture spacing is less than 4 m. However, for Sr isotopes,
the fracture spacing would need to be less than 0.1 m for a
sp model to apply.

Fig. 11c shows the response time of the reactive-diffusive
system in the matrix slab (Eq. (34)). At small fracture spac-
relative shifts of 87Sr/86Sr and d18O values of fluids in a hypothetical
/86Sr and low d18O. For the parameters given, the trajectories of changing
rosity trajectory applies for b 6 0.05 m. For increasing fracture spacing up
calculated trajectory to deviate substantially from the single porosity case.
te (Rsp) for Sr and O isotopes. (c) Characteristic time for reestablishment of
tem. For fracture spacing b < L, the adjustment time scales as b2, but for
n is the thermal response time. The relative values of the O, Sr, and thermal
0 m.



Fig. 12. Inferred solid phase bulk dissolution rate versus rock or soil age.
Data shown are based on studies of soils (White et al., 1996; Taylor and
Blum, 1995) and vadose zone unconsolidated sedimentary rocks (Maher
et al., 2003). The base of the vertical bars shown for Hawaii–HSDP and
the Snake River Plain aquifer (SNP) are the values of dissolution rate that
would be inferred for these low-temperature fractured-rock aquifers with a
standard porous flow model (Eq. (8)) and using the available Sr isotopic
data (Thomas et al., 1996; Johnson et al., 2000). The vertical bars show the
relationship between the inferred matrix dissolution rate (Rm) and the
fracture spacing. For the Hawaii data, the inferred reaction rate is similar
to that of the soils for an average fracture spacing of 300–400 m, and for
the SNP, the fracture spacing would have to be 75–100 m to bring the
estimated dissolution rate into the range for the granular materials.
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ing the timescale is determined by the fracture spacing,
whereas for large fracture spacing the timescale is depen-
dent only on Li. For the model system, the Sr and O time-
scales diverge substantially at larger fracture spacing, so
significantly different behavior should be observed if there
are fluctuations in the system, such as variations in flow
velocity or variations in the initial isotopic ratio of the fluid
entering the system.

6. Groundwater ages—Sanford model

The model described here is analogous in some ways to
the model of Sanford (1997) for the effects of diffusive ex-
change of dissolved carbon between fracture fluids and
stagnant matrix fluid. In much the same way, Sanford
developed equations for a steady-state system and ignored
the effects of longitudinal dispersion in the fractures. How-
ever, his equations do not account for exchange between
the matrix solid and the pore fluid, as is done for carbon
by Maloszewski and Zuber (1991), so they are applicable
mainly to non-carbonate bearing rocks. Sanford’s equa-
tions are reproduced here using the present notation, and
modified slightly to account for the matrix porosity, which
he did not explicitly treat. These equations are a necessary
complement to the model presented above, because radio-
nuclides are typically used to estimate flow velocities (or
equivalently, water ‘‘age’’) and hence can be an integral
part of any estimate of the flow and transport in a fluid–
rock system

The result of the Sanford steady state model can be ex-
pressed as:

tu
tc
¼ 1þ 2Lr

d
tanh

b
2Lr

; ð42Þ

where tu is the observed (uncorrected) radiocarbon age of
the water, tc is the corrected (true) age of the water, and
Lr is the radiocarbon decay length (analogous to the diffu-
sive reaction length)

Lr ¼
DC/m

k

� �1=2

. ð43Þ

Eq. (43) includes the matrix porosity [/m, a term that was
left out of the equations of Sanford (1997)], the ionic diffu-
sivity of dissolved carbon (CO3

2� and HCO3
�), and the de-

cay constant of 14C (k = 1.21 · 10�3 yr�1). For water at
25 �C, the diffusivity of dissolved carbon is about
0.03 m2 yr�1, so for matrix porosity of 0.01–0.1, Lr takes
on values of 0.5–1.5 m.

There are two limiting cases for Eq. (42). For large frac-
ture spacing (b0 > 2Lr), Eq. (42) reduces to:

tu
tc
¼ 1þ 2Lr

d
. ð44Þ

For small fracture spacing (b < Lr), the result is simply:

tu
tc
¼ 1þ b

d
. ð45Þ
These equations would also apply to other radionuclides
used in groundwater dating (e.g., 36Cl, 3H), and in a man-
ner similar to that illustrated for Sr and O above, the differ-
ences in decay lengths could be used to estimate fracture
spacing. For /m = 0.01–0.1, the decay length for 36Cl
(k = 2.3 · 10�6 yr�1) is about 16–50 m, and the decay
length for tritium (k = 0.057 yr�1) is about 0.2–0.6 m.

7. Application to natural fluid–rock systems

7.1. Groundwater ages and rock weathering rates

Isotopic data on groundwater can be used to infer weath-
ering rates for the host rocks of aquifers, and can give infor-
mation that cannot come from chemical concentration data
alone (e.g., Johnson and DePaolo, 1997a,b; Johnson et al.,
2000). Two recently reported data sets are analyzed here in
terms of the fracture–matrix model presented. These exam-
ples illustrate some of the complexities inherent in evaluating
fluid isotope ratios in fractured-rock aquifers.

The first example involves seawater that is flowing
through basalt of the island of Hawaii in the region of
Hilo (Fig. 12). Water pumped from the HSDP-1 well is



1092 D.J. DePaolo 70 (2006) 1077–1096
observed to have 87Sr/86Sr that is significantly displaced
from that of seawater in the direction of the basalt isoto-
pic ratio (Thomas et al., 1996). Radiocarbon data are
available from one sample of water for which there is also
Sr isotopic data, and the raw radiocarbon age is about
7200 years. When the raw age is corrected for the appar-
ent age of Pacific water at the likely depth of recharge, the
net water age is about 5800 years. Since the Sr concentra-
tion of both the water and rocks is known quite well (Cs/
Cf = 42 ± 4), the dissolution rate of the basalt (or weath-
ering rate) can be calculated for the porous flow model
with the only unknown parameter being the porosity. Set-
ting the spatial derivative to zero in Eq. (5a) and integrat-
ing yields

ðrs � rfÞ
ðrs � rfÞ0

¼ exp �ð1� /mÞCsqs

/mCfqf

RtR

� �
; ð46Þ

where tR is the total amount of time the fluid reacts with
the solid as it passes through the system and is taken to
be the radiocarbon age of 5800 years. Solving for R in this
equation yields

Rsp ¼
�/mCfqf

ð1� /mÞCsqstR
ln

ðrs � rfÞ
ðrs � rfÞ0

. ð47Þ

Substituting the appropriate values yields Rsp = 1.1 · 10�7

/m/(1 � /m). Porosity in these rocks is in the range 0–20%
for hand specimen sized samples (Moore, 2001). For a
porosity of 0.1 ± 0.05 this yields for the dissolution rate
1.1(±0.5) · 10�8 yr�1. In Fig. 12, this result is compared
to other estimates of natural mineral dissolution rates
based on studies of soils (Taylor and Blum, 1995; White
et al., 1996), and vadose zone pore fluids (Maher et al.,
2003, 2006). As noted in these previous studies, there is
an empirical relationship between dissolution rate and the
age of the soil or sediment.

In Fig. 12, the HSDP data are plotted at an age of
200,000–400,000 years, the age of basalt lavas that com-
pose the aquifer (Sharp et al., 1996). The inferred dissolu-
tion rate range is about 100 times smaller than those
measured for other materials of the same age. The question
is whether this discrepancy can be attributed to the effects
of fracture flow. If the flow is confined to fractures, and
if the fracture spacing is large compared to the diffusive
reaction length of Sr for the system, then the apparent reac-
tion rate will be smaller than the actual dissolution rate in
the basalts. The value of LSr for Rm = Rsp = 1.1 ·
10�8 yr�1 is about 30 m. Therefore for fracture spacing
up to about 30 m, the inferred reaction rate for a frac-
ture-flow system does not change significantly. To increase
the reaction rate by a factor of 100 requires that b ¼ 20Lsp0

or 600 m (Eq. (33)). This distance is about 1/20 of the total
distance the water is flowing and it is possible that the effec-
tive fracture spacing is this large. Fracture flow would also
affect the interpretation of the radiocarbon age. However,
with regard to the water age, for large fracture spacing
the primary concern is the width of the ‘‘fracture’’ or high
permeability zone relative to the decay length of 14C (about
1 m; Eq. (44)). If the flow zone is 1–10-m thick, the water
age is smaller than the radiocarbon age by a factor of
2.8–1.2. If the water age is, for example, half the radiocar-
bon age, and the fracture spacing is 300–400 m, the esti-
mated dissolution rate for the basalts would be more in
line with other estimates for rocks and soils of the same
age. So it is plausible that the low dissolution rate calculat-
ed from Sr isotopes for the Hawaiian basalts is due to the
effects of fracture flow on both the Sr and C isotopes.

The 87Sr/86Sr of dissolved Sr in the groundwater of the
Snake River plain aquifer are observed to decrease system-
atically along the flow path and are interpreted as an effect
of slow dissolution of the basalt (Johnson et al., 2000). For
the typical values of drf/dx and the estimated flow velocity
(0.0003 km�1 and 300 m yr�1), Johnson et al. (2000) esti-
mate a value of Rsp = 5 · 10�8 yr�1 (Cs/Cf = 1500, /
= 0.2). The age of the basalts is between a few hundred
thousand years and 1 million years (Fig. 12), so in this case
as well the dissolution rate appears to be low relative to
granular materials of the same age by a factor of about
10. The value of LSr calculated using Rsp is about 5 m.
As shown in Fig. 12, the dissolution rate could be in the
range of the granular materials for fracture spacing of
100 m, which is plausible fracture spacing for the Snake
River Plain aquifer.

7.2. Fracture spacing in MOR hydrothermal systems

For mid-ocean ridge hydrothermal systems, cold seawa-
ter circulates down and through the basalt of the oceanic
crust, is heated by and reacts with the hot rocks under
the ridge, and returns to the surface where it is expelled
back into the ocean. The isotopic composition of seawater
is well known for both Sr (87Sr/86Sr = 0.7092) and oxygen
(d18O = 0). These values are uniform throughout the
oceans (there are small variations of d18O; Shanks et al.,
1995), and represent the values in the fluids as they enter
the reactive region of the hydrothermal system. The isoto-
pic values for the basalt of the oceanic crust are also well
known and relatively uniform (87Sr/86Sr = 0.7025 and
d18O = +6).

To apply the model to a MOR hydrothermal system, the
diffusive reaction lengths for Sr and O isotopes are needed,
which in turn requires values for fluid-phase diffusivities
(Di), as well as Ki, R, and /. The matrix porosity used is
based on the data of Alt (1995). The reaction rate is esti-
mated in the following way. The available data (e.g., as
shown in Fig. 13) suggest that O isotope ratios in the fluid
phase shift by 20–60% of the way from the seawater value
(0) to the value (+2.8) that corresponds to isotopic equilib-
rium with the host basalt at 350 �C. Based on the example
shown in Fig. 4b, it is a reasonable first approximation to
assume that the fractures are sufficiently closely spaced that
the reaction rate inferred from O isotopes is close to that
for a sp system. Setting the spatial derivative to zero in
Eq. (5a) and integrating yields:



Fig. 13. Expected and observed relationship between 87Sr/86Sr and d18O
values of hydrothermal fluids exiting mid-ocean ridge systems. The
numbered squares correspond to data from different ocean ridge localities.
1: 11–13 �N East Pacific Rise (Campbell et al., 1994); Shanks et al., 1995;
2: OBS, 21 �N on the East Pacific Rise (Albarede et al., 1981; Campbell
et al., 1988a; Shanks et al., 1995); 3: TAG hydrothermal mound, ODP Leg
158 (Gamo et al., 1996; Humphries et al., 1996; Teagle et al., 1998); 4: Mid
Atlantic Ridge, MARK (Campbell et al., 1988b, 1994; Shanks et al.,
1995). The data correspond to model fracture spacings, b, of about 1 m to
greater than 4 m. Parameters used to calculate the curves (those not shown
in the figure) are: R = 0.0005 yr�1, DO = 0.5 m2 yr�1, DSr = 0.1 m2 yr�1,
/ = 0.01, qs/qf = 2.5, KSr = 15, and KO = 0.6. The inferred fracture
spacing is approximately proportional to (Di//RKi)

1/2.
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ðrs � arfÞ
ðrs � arfÞ0

¼ ds � dfðtÞ � D
ds � dfð0Þ � D

¼ exp �ð1� /mÞCsqs

/mCfqf

RtR

� �
; ð48Þ

where tR is the total amount of time the fluid reacts with
the solid as it passes through the hydrothermal system.
Substituting 0.8 to 0.4 for the ratio on the left side, and
the values /m = 0.01, Cs/Cf = 0.6 and qs/qf = 2.5, yields a
range of values for RtR of 0.0006 to 0.0024. The evidence
cited by Kadko and Moore (1988), and calculations of heat
and mass transfer (Fisher et al., 2003) suggest that the time
spent in the reaction zone is only about 3 years. If this
result is used for tR, then the deduced range of values for
R is 2 · 10�4–8 · 10�4 yr�1. For a matrix porosity of 0.01,
a reaction rate of 5 · 10�4 yr�1 (R// = 5 · 10�2 yr�1), and
DO = 0.5 m2 yr�1, the reaction length forO isotopes is about
4 m for this system. For Sr, assuming KSr = 15 and
DSr = 0.1 m2 yr�1, the corresponding reaction length is
about 40 cm.

The data from mid-ocean ridge hydrothermal vents that
do not show obvious sediment involvement (Fig. 13; refer-
ences given in the figure caption) in most cases show shifts
in d18O that are larger than expected relative to the shifts in
87Sr/86Sr. The larger d18O shifts are consistent with the
model predictions if the fracture spacing is larger than
LSr. The contours on the figure show that the data suggest
fracture spacings between about 1 m (about 3 times the val-
ue of LSr) and 4 m (the value of LO).

The deduced fracture spacing for the MOR hydrother-
mal systems is plausible, but this calculation is meant more
as an illustration of the application of the model than as a
definitive conclusion. While there are a number of theoret-
ical and observational constraints on the deep structure of
MOR hydrothermal systems (e.g., Bickle and Teagle, 1992;
Alt, 1995; Bickle et al., 1998; Fisher and Becker, 2000;
Schultz and Elderfield, 1999), there is still uncertainty
about the details. There are several potential problems that
affect the interpretation of the data in Fig. 13. For example,
the fluids traverse a range of temperatures while interacting
with the rocks, which affects the calculated value of the
d18O of equilibrated fluid and hence the location of the
L/b contours. The reaction rate and matrix porosity are
not well known. However, the deduced fracture spacing
scales approximately with (//R)1/2, so uncertainties of a
factor of 4 in this ratio change the inferred spacing only
by a factor of 2. The fact that the fluid isotopic composi-
tions fit the model reasonably well is encouraging, and
somewhat surprising, considering the possible complica-
tions. The discrepancy between the shifts in d18O for the
solid phase (in ophiolites), in comparison to 87Sr/86Sr,
has been previously noted (e.g., Bickle and Teagle, 1992),
and is complementary to the matrix diffusion effects on
the fluids. Bickle et al. (1998) did not find evidence of sharp
Sr isotope gradients near inferred fracture zones in the
Troodos ophiolite, but did observe gradients, as well as a
large amount of variability in the measured 87Sr/86Sr values
of whole rocks and minerals. The Bickle et al. (1998) obser-
vations are reasonably consistent with the predictions
made here. For fracture spacings of ca. 1–2 m (about
2.5–5 times LSr), there would not necessarily by sharp gra-
dients of 87Sr/86Sr near fractures (Fig. 4b), and further-
more, because fluid flow may continually shift to new
fractures during the protracted lifetime of a hydrothermal
system, the resultant spatial patterns can be complicated.
Deducing the properties of fossil hydrothermal systems
from rock properties measured long after the ocean floor
has moved away from the ridge is in many ways more dif-
ficult than the approach presented here, because the rocks
integrate over the entire active history of the hydrothermal
system.

8. Discussion

The model described here allows the effects of matrix
diffusion in fractured rock–fluid systems to be evaluated
using isotopic data. The magnitude of the matrix diffusion
effects can be calculated from the ratio of the diffusive reac-
tion length (L) to the fracture spacing. The reaction length
varies among elements with naturally occurring isotopic
variations. The primary observable effect attributable to
matrix diffusion is that elements with smaller L values ap-
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pear to react more slowly with the host rocks than elements
with larger L values. The difference in apparent reactivity
between two elements is detectable only if the fracture
spacing is significantly larger than the L value of at least
one of the elements. If the L values can be estimated, then
the fracture spacing can be inferred. In systems where the
fractures are more closely spaced than the smallest L value,
a sp formulation will adequately describe the isotopic evo-
lution of moving fracture fluids. The model therefore pro-
vides a means of evaluating the need for a dp formulation
for describing isotopic data from fluids.

There are several potential applications of the matrix
diffusion effects in isotopic systems. In geothermal systems,
isotopic data could be used to infer fracture spacing as in
the example described for mid-ocean ridges. The informa-
tion derived may be unique in that the inferred spacing ap-
plies to the fractures actually carrying the bulk of the fluid.
Once this fracture spacing is known, it allows estimation of
the thermal response time of the reservoir to perturbations
in flow or to the temperature of injected fluids. In ground-
water systems, information on fracture spacing and L val-
ues for some elements can be used to infer the behavior of
other elements. For example, retardation effects in frac-
tured rocks are highly dependent on the accessibility of
the matrix to chemical interaction with the fracture fluids.
This accessibility is reflected by the reaction length param-
eter. If the matrix diffusion effects can be detected for an
element with variable isotopic ratios, it is then generally
possible to calculate the matrix diffusion effects for other
elements based on their concentrations in the fluids (their
Ki values). Hence the dp model, coupled with appropriate
field geochemical data, could help in understanding the
transport of radionuclides and other groundwater contam-
inants in fractured rock systems.

The interpretation of isotopic data from fluid–rock sys-
tems must account for matrix diffusion effects. The inferred
amount of reaction for one isotope system is typically used
to infer the amount of reaction for another isotope. For
example, if Sr isotopes in groundwater suggest that only
a few percent reaction with host rocks occurs along a flow
path, this information is typically used to infer that no
detectable oxygen isotope shift can result from reaction.
Hence any observed differences in d18O along the flow path
are attributed to another process (such as admixing of
water from a different source). The dp model suggests that
such inferences may be incorrect in some cases. In ground-
water systems, the value of LSr is typically 50–100 times
smaller than the value of LO. Consequently, the Sr isotope
shifts can underestimate the corresponding O isotope shifts
by a large factor.

The applicability of the model presented depends to a
significant degree on the magnitude of natural bulk reac-
tion rates, which are represented in the model by the
parameters R, Rsp, and Rm. In natural systems, empirical
evidence suggests that the range of values is from about
10�4 to about 10�9 yr�1 in groundwater, geothermal, meta-
morphic and diagenetic settings (Richter and Liang, 1993;
Taylor and Blum, 1995; White et al., 1996; Johnson et al.,
2000; Baxter and DePaolo, 2000; Maher et al., 2004).
Slow reaction rates tend to ensure that the condition
expressed in Eq. (7) (MK � sa/sf) and the condition
sa/sf 6 1 are likely to be common. The reaction rates pre-
dicted by laboratory studies, applied to natural systems
through transition state theory or some variant thereof,
would suggest that reaction rates are much faster (order
100–10�2 yr�1) (e.g., Walther and Wood, 1986; Walther,
1994; Maher et al., 2006), which would predict that the
above conditions are not generally met. Most modeling
that has been done of reactive transport in fractured med-
ia (e.g., Bickle and McKenzie, 1987; Bickle, 1992; Steefel
and Lichtner, 1998a,b) assumed or calculated fast reaction
rates and hence deal with effects that represent quite
different conditions than those assumed for the purpose
of this work. The available data strongly suggest that
the reaction rates discussed in this work are relevant
and typical of most natural fluid–rock systems, although
not necessarily to solutions of extreme composition as
treated by Steefel and Lichtner (1998b).

9. Conclusions

A model has been developed that describes the effects of
matrix diffusion on isotopic exchange between fluids and
rocks in geo-hydrological systems. The model is not com-
pletely general, but results in a simple relationship that al-
lows the effects of matrix diffusion on the isotopes of a
particular element to be estimated based on the ratio of
the diffusive reaction length (L) to the fracture spacing.
The diffusive reaction length for a given chemical element
depends on the dissolution and precipitation rates affecting
the solid matrix, the concentration of the element in the
solid and the fluid, the porosity, and the aqueous diffusiv-
ity. When used with data from two or more isotopic sys-
tems, it may be possible to use the model to estimate
fracture spacing in natural systems from the isotopic char-
acteristics of rocks and fluids. The advantage of this ap-
proach is that it gives an estimate of the spacing of the
fluid-carrying fractures, which is difficult to obtain
otherwise.

An example of an application to hydrothermal systems
is given using Sr and O isotopic data from mid-ocean ridge
hydrothermal vent fluids. The data suggest that fracture
spacing is 1–4 m in these systems, although the precise val-
ue of the inferred fracture spacing is subject to uncertain-
ties in some of the input parameters. Application of the
model to groundwater hosted in fractured basalt suggests
that fracture–matrix effects cause groundwater Sr isotope
ratios to underestimate the basalt dissolution rates. In gen-
eral, the dp model presented here may help in the interpre-
tation of isotopic data from fractured rock systems. A
particularly useful aspect of the model is that it provides
a straightforward way to establish the necessity of treating
isotopic data on fluid–rock systems with a dp model as op-
posed to a sp model. The model also allows one to estimate
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the effect that matrix diffusion will have on isotopic ex-
change rates for a given fracture spacing.
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