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Highly accurate absorbing boundary conditions

for wide-angle wave equations

A. Homayoun Heidari' and Murthy N. Guddati?

ABSTRACT

We develop a new class of absorbing boundary condi-
tions (ABCs) to prevent unwanted artifacts and wrap-
arounds associated with aperture truncation in migration/
modeling using high-order, one-way wave equations. The
fundamental approach behind the proposed development is
the efficient discretization of the half-space, beyond the
boundary of interest, using midpoint-integrated imaginary
finite elements, an idea recently utilized in the development
of effective one-way wave equations. The proposed absorb-
ing boundary conditions essentially add absorbing layers at
the aperture truncation points. We derive the absorbing
boundary conditions, analyze their properties, and develop
a stable explicit finite-difference scheme to solve the
downward-continuation problem modified by these bound-
ary conditions. With the help of numerical examples, we
conclude that with as few as three absorbing layers, i.e., two
additional gridpoints, the waves can be absorbed com-
pletely, thus preventing associated artifacts.

INTRODUCTION

The numerical solution of wave propagation for modeling and
migration must be carried out in a truncated domain because of the
limitations of survey aperture and computation costs. Once the do-
main is truncated, the absorbing boundary conditions (ABCs)
should be used at the artificial boundaries to prevent wraparounds
in modeling and unwanted artifacts in migration. ABCs for full
wave equations have been under investigation since the 1970s, and
many successful methods have been developed in this context.
Most of the existing ABCs can be classified into two categories:
differential equation based and material based (Shlager and
Schneider, 1995). Differential-equation-based methods are formu-

lated by factoring the governing equation at the boundary and al-
lowing only outgoing waves, a familiar method used in deriving
one-way wave equations (OWWESs) for migration. Differential-
equation-based ABCs can be further classified into local and non-
local ABCs. Nonlocal ABCs are based on Green’s function of the
half-space (exact impedance) and are highly accurate but tend to be
very expensive and unsuitable for large-scale problems. On the
other hand, local ABCs approximate the impedance but are compu-
tationally efficient. Local ABCs were pioneered by Lindman
(1975) and Engquist and Majda (1977, 1979), who proposed a se-
ries of highly accurate ABCs that have been implemented only re-
cently [see Givoli (2004) for survey]. Examples of other early
works on local ABCs are Clayton and Engquist (1977), Raynolds
(1978), and Keys (1985).

In contrast with the differential-equation-based ABCs, material-
based ABCs are modeled by surrounding the computational do-
main with a lossy material to dampen the outgoing waves and re-
duce the artificial reflection from the boundaries. The most robust
application of this approach is the method of perfectly matched
layers (PML), introduced by Berenger (1994) and later interpreted
and enhanced by several other researchers [e.g., Chew et al. (1997)
and Sacks et al. (1995)]. Despite the conceptual difference between
the material-based and local ABCs, Asvadurov et al. (2003) show a
mathematical link between the two, which is further simplified by
Guddati and Lim (2004), who illustrate the superior performance
of local ABCs over the conventional PML method.

The ABCs may be used with slight modification for reverse-time
migration, as it is performed using the adjoint of the full wave
equation. However, wave equation-based migration is mostly per-
formed using OWWEs (Berkhout 1985; Claerbout, 1985; Gardner,
1985; Stolt and Benson, 1986). Hence, ABCs developed for the
full wave equation cannot be used for such migration. This is be-
cause the ABC formulation must be consistent with, and devised
based on, the interior formulation. Traditionally, the domain is pad-
ded with zeros to prevent reflections in OWWE migration. How-
ever, this method only delays the reflections. Moreover, it increases
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computing costs because of the increased domain size. Therefore,
accurate ABCs developed specifically for OWWESs are desirable
for accurate one-way modeling and migration.

A relatively small number of ABCs have been developed for
OWWESs, based on both material and differential equation-based
approaches. Clayton and Engquist (1980) introduced three local
ABCs of varying accuracy (15° and 45° wave equations), extended
by Zhou and McMechan (2000) to 3D migration. These methods
are limited in that their accuracy cannot be increased readily and
they are not applicable to high-order OWWEs. In fact, Howell and
Trefethen (1988) show that any boundary condition of the Clayton-
Engquist type of order higher than one is ill posed for migration
equations of an order higher than three. In addition to these local
ABCs, there have been some developments related to nonlocal
ABCs (e.g., Papadakis, 1994; Thomson and Mayfield, 1994; Levy,
1997; Yevick and Thomson, 1999; Brooke and Thomson, 2000).
Similar to their counterparts for full wave equations, these methods
tend to be very expensive because of their global nature. PML-
based methods have also been developed for OWWE:s but are lim-
ited to frequency-domain computations (Collino, 1997; Yevick and
Thomson, 2000; Levy, 2001).

In this paper, we derive systematically a series of arbitrarily ac-
curate local ABCs applicable to high-order OWWE:s in the time-
domain as well as in the frequency domain. We develop ABCs
that can be used in conjunction with a variety of wide-angle wave
equations, based on the ideas of arbitrarily wide-angle wave equa-
tions (AWWES) (Guddati, 2006). A stable explicit finite-difference
scheme is devised for the time-domain implementation of down-
ward continuation as modified by these ABCs. The effectiveness of
the proposed ABC:s is illustrated using various modeling and mi-
gration problems. We also note that the frequency-domain versions
of the proposed ABCs provide a more efficient alternative to PML-
based techniques.

First, we define the framework of the OWWEs for which the
ABCs are devised. We then outline the basic concepts of the pro-
posed ABCs, precisely derive the ABCs for modeling and migra-
tion, and perform a theoretical accuracy analysis through reflection
coefficients. In the subsequent section, we develop a stable explicit
finite-difference scheme for the time-domain implementation of
the ABCs. Finally, we illustrate the performance of the ABCs by
applying them to wide-angle wave propagation and AWWE migra-
tion (Guddati and Heidari, 2005).

THEORY

We start from a general form of high-order, upward-propagating
OWWE:s:

P eT e,
Yoz 2 o Tt

where C, ,; are coefficient matrices, ¢ is time, and
w=[uu" - ' (2)

Here, u is the field variable, u' to u"! are the auxiliary variables,
and T denotes transpose. Equation 1 is defined over {-o < x
< oo} X {0 <z< oo} X{0<t< o} Examples of OWWEs
that fit into equation 1 are (a) the 15° wave equation, which is ob-
tained by settingn =1, C; = 1, C, = —=1/c, and C; = ¢/2; (b) the

high-order paraxial (one-way) wave equation, introduced by Bam-
berger et al. (1988); and (c) the AWWE, developed by Guddati
(2006). The AWWE formulation follows the form of equation 1,
with the coefficient matrices presented in Appendix A. The high-
order paraxial wave equation of Bamberger et al. (1988), on the
other hand, is originally presented in a different form; but as shown
in Appendix B, it can be modified to fit into equation 1.

For the solution of equation 1 to be computationally feasible, the
domain is truncated in the x-direction to a finite domain, 0 < x
< X referred to as the interior. The rest of the domain is called
the exterior, which consists of two half-spaces, x = 0 and x
= Xna Once truncated, appropriate boundary conditions must be
used at the truncation boundaries, namely, at x = 0 (left boundary)
and x = X, (right boundary). For the solution in the truncated do-
main to be accurate, these boundary conditions must absorb any in-
cident energy and prevent spurious reflections; hence, they are la-
beled ABC. Our goal is to derive a highly accurate version of these
ABC:s for high-order OWWES, as defined in equation 1.

Formulation of the proposed ABC

Ideally, an ABC should exactly represent the effect of the half-
space it is replacing. In the context of acoustic media, the ABC can
be viewed as the representation of half-space impedance. The ef-
fective approximation of half-space impedance, explored in the
derivation of AWWEs by Guddati, (2006), involves efficient finite-
element discretization of the half-space. We closely follow these
ideas in developing our proposed ABCs. The steps involved in this
procedure are summarized below and are elaborated upon later in
this section.

First, the half-space (exterior) is discretized using an infinite
number of finite elements; this introduces error in the impedance.
It turns out that this impedance error can be completely eliminated
if the midpoint integration is utilized for the numerical integration
of finite-element matrices [see Guddati (2006) for the proof]. Mid-
point integration, explained in Appendix C (see equation C-7), en-
sures that the discretized half-space is equivalent to the original
one, which enables the use of arbitrary lengths for the elements
without concern over the accuracy of the discretization. Since an
infinite number of elements cannot be used for computation, the
discretized half-space is truncated, thus limiting the number of fi-
nite elements, and the Dirichlet boundary condition is applied on
the truncation boundary. Owing to the midpoint integration, no re-
flections appear from any of the nodes between the boundary point
and the truncation point. However, the truncation point itself gen-
erates reflections, introducing errors in the impedance. The error
attributable to the reflections can be reduced significantly if the el-
ement lengths are chosen as complex or imaginary numbers. Gud-
dati (2006) shows that, with such a choice, the half-space becomes
the perfect propagator and thus a perfect absorber for wave modes
with wavenumbers k = 2i/L,, where L, is the length of the gth ele-
ments in the half-space. In addition to being a perfect absorber for
these specific wave modes, the half-space (exterior) becomes an
effective absorber for other waves as well. Summarizing, the exte-
rior (half-space) is efficiently discretized using a limited number of
finite elements, with the key being the use of midpoint integration
along with imaginary element lengths.

The interior, in contrast to the exterior, is typically discretized
using the finite-difference method. However, finite-difference dis-
cretization is equivalent to finite-element discretization if nodal-
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point integration is used (see equations 14 and 15). Thus, since
both the interior and the exterior fit into the framework of finite el-
ements, we may now start with the finite-element discretization of
equation 1 over the entire domain in the x-direction, i.e., —» < x
< o, Since the discretization at this stage is only in the x-direction,
it is more convenient to work with the Fourier-transformed version
of equation 1:

s
(wkzcl - O)2C2)ﬁ + C3? = 0, (3)

where @t = @(w, k., x) is the Fourier transform of u, w is the wave
frequency, and k. is the vertical wavenumber (that is, the wave-
number along the preferred direction). Note that the sign conven-
tion for the Fourier transform is chosen such that the following du-
alities apply: d/dt < —iw and 9/9dz < ik,. The first step of the
finite-element discretization is to obtain the variational form of
equation 3 by multiplying the equation by an arbitrary function
(the virtual field variable i) and integrating the resulting expres-
sion over the entire domain, i.e., =% < x < + o0, This results in

A

+o0 Fii
f {(wkC] —wC)u+C3 ]dx—O for all éua.

—00

(4)

Performing integration by parts on the second term of equation 4
results in

o Y
o’ (wk,C| — 0 Cyl — — |dx = 0.
' ox ox

(5)

The domain is now discretized into an infinite number of finite
elements, with the gth element defined as [x,,x,,,]. We number the
elements such that —oc < ¢ < 0 corresponds to elements in the left
half-space, 0 = g < N, corresponds to the interior elements, and
N, = g < + @ corresponds to the elements in the right half-
space. The integral in equation 5 can be divided into integrals over
each of the finite elements as

) (e 0867 g
> f &7 (wk,Cy - 0*Cyi — — |dx
g== (I, ox

=0. (6)

Following the Bubnov-Galerkin approach (see, e.g., Becker et al.,
1981), the field variable and the virtual field variable are approxi-
mated in each element as

A

A uq
a(x) = N(x)| , and
Uyt donxi

Si(x) = N(x)[ ot 1 (7)
ol a1

where N(x) is the interpolation (shape) function, defined as

vos [k (5] Lo
q q nXx2n

Here, I is the identity matrix of size n X n, and L, = x4 — X, is
the length of the gth element. Substituting equation 7 into equation
6 results in the discrete variational form

q=+
> &0,S,U,=0, (9)

g=—x

where ﬁq and tﬂAJq are vectors of nodal values defined as

N a, A ol,
U,=|. and U, = | . (10)
W1 donxi 5“q+1 211

1] 12

5 S22:|) is the stiffness of the gth element and is de-

The term S (E{
fined as

~ Yg+1
S, = ( J N;(wk,C; — wZCZ)qux)

N T N
(fq —q—Cgfdx) (11)
X

We now continue with equation 9, which can be rearranged and
written as

f . \NT T
: T I 0 0
di, || 82,481, 87 0
{ ﬁuq Moo SZII §221+S11 g2 0
Si, ., q- 1 "% e
A I 0 S SP+Sl,
0
\ J L m
r 3
U,
x{ U 3. (12)
l'Alq+l
\ J

Since equation 12 should hold true for any virtual field variable
vector, it is equivalent to the linear system of equations given by
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r 10 . )
0 0 0
SZ,+8SlL, 8P 0 0 || 0,
0 Sp S22, + 8! Sy 0 |3 A“q '
A~ A u
A
L 0 0 4\ J
=0. (13)

Before moving on to the derivation of the boundary condition, note
that the finite-element discretization of the interior is equivalent to
the finite-difference discretization that is commonplace in the geo-
physics community. As mentioned before, the stiffness matrix for
the interior elements is evaluated using nodal-point integration, re-
sulting in

N Ax ) +1 0
quz(wkzcl—wcz)* 0 41

O R N, (14)
- —C, % , =qg<N,,
A =1 1 7=
where Ax is the grid length in the x-direction. Note that nodal-point
integration is necessary to obtain an uncoupled system of equations
that enables explicit computation. See Appendix C for the details
of derivation and the definition of the * operator.

Examining the gth equation in the system of equations 13, we
have

Q21 o Q22 Q1A Q124
So-ilgr + (Sq_1 +8, )a, + S, 0, =0. (15)
Substituting equation 14 into equation 15 leads to

|20, + 0,
Ax?

(0kC, - *Cyii, + C; =0, (16)

which is the central difference approximation of equation 3.

We now develop the ABCs for the left boundary. (Note that the
right boundary can be derived in a similar way.) To write the
boundary condition at the left, the equation corresponding to the
points x_.. to x, is written as

0
$2+84 83 i,
0 & 82484 8% |lay
oo S R A
0
= 0 . (17)
- S’

In equation 17, the right-hand side contains the contribution from
the interior (—Sj*;). As mentioned earlier in this section, in con-

trast to the interior, the midpoint integration is used to calculate the
stiffness matrix for the exterior elements (see Appendix C for de-
tails), resulting in

e

&I

o +1 +1
Sq=

(@h €y — 7€) = L 1 +1

SO <Oorg=N
— * S
Tl IR q<0org=N,

(18)

where L; is the length of each exterior element.

At this stage, equations 17 and 18 constitute the exact boundary
condition, as the discretization error is eliminated using midpoint
integration. However, in practice, one cannot solve equation 17 be-
cause it contains an infinite number of unknowns. Hence, the num-
ber of elements in the exterior is limited to m, with the Dirichlet
boundary condition applied at the leftmost point, x_,, i.e., d_,, = 0.
Equation 17 then transforms into

2,80 82
S%%m—l) Sg%m—l) + Si}m—Z)
s
] s 824§l
-1 0
c{ooat o0 (19)
6 | -8,

The Dirichlet boundary condition at the truncation point results
in reflections. As discussed earlier, this reflection can be reduced
by using imaginary element lengths. By using an imaginary ele-
ment length of L, = 2i/k; (Guddati, 2006), the gth element be-
comes a perfect absorber for wavefields with the horizontal wave-
number k;. However, since our goal is time-domain analysis, it is
more convenient to deal with phase velocities than wavenumbers
as the parameters of the ABC. Hence, we use the relationship be-
tween the wavenumber and the horizontal phase velocity, i.e., k
= wlcy, to obtain

2ic
J—1 (20)

K w

Substituting equation 20 into equation 18 results in the stiffness
matrix of the absorbing elements:

A:i_cfl e >k+l + 1
S 2w(wkZC1 w'C) +1 +1

© {+1—1] o N
— % s org = N,.
2ict 2 -1 1] 9

1)
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Substituting equations 14 and 21 into equation 19 results in the fi-
nal form of the absorbing boundary condition:

[(lsz] - le2) * 92 + le3 * ﬂ]]ﬁ
+ Ax[(wkzcl - (.02C2) * Q3]ﬁ

2 A ~
- —[C3* )(U-U") =0, (22)
Ax
where
1 1 -1
_) + X X
Cm Cm—l Cm—l
-1 1 1 -1
X X + X X
Cmfl C)n—l Cm—Z Cm72
Q -1
1= s
Coa
1 1 -1
>t 5
[ I
-1 l
L C; Cl _m><m
(23)
ChF Coy Chy
it Cnet + Cosa Ca
o= 2 ' ’
S+
| C)lc C)lc _ mXm
(24)
o .- 0
a.-|" . : ’ 25
3 00 (25)
0O -+ 0
i, 0
A u_ A 0
U= "' andU =9 . (. (26)
ﬁo ﬁl

Note that in equations 23 and 24 the phase velocity parameters are
indexed with positive numbers for simplicity. Transforming equa-
tion 22 back into the time domain yields

JU JU
(Cy# 2y)— + (Cy * 2, = C5 * 2))—
Jz ot

FU

FU
+ Ax(Cl * 93)?(% + AX(CZ * 93)?

_ Ai(c3 5« 0,)(U-U") = 0. (27)
X

Equation 27 is the equation for an m-layer ABC with a parameter
setof (¢,c3, ... ,cl). This equation is readily extendible to straight
boundaries in 3D domains by applying the above concepts to the
coordinate perpendicular to the boundary. The terms related to the
horizontal coordinate along the boundary are treated similarly to
the interior. On the other hand, the treatment of the corners, where
the ABC should absorb in both horizontal directions, needs careful
attention and is beyond the scope of this paper. The ideas related to
corner ABCs for full wave equations (Guddati and Lim, 2006)
could be utilized for this purpose.

Extension to the migration problem

In the derivation of equation 27, we assume that the governing
equation 3 is solved in positive time, i.e., as a forward problem.
However, for the migration problem, the governing equation is the
adjoint and is solved in reverse time. Therefore, for the boundary
condition to have the same absorbing effect as in the forward prob-
lem, the wave frequency w in equation 20 should be replaced by
—w, which is equivalent to negating L;. Consequently, based on
equation 18, the contribution from the absorbing elements, i.e., the
first two terms of equation 27, will change sign. Thus, equation 27
can be written in a more general form that will hold true for both
forward and reverse (migration) problems:

J© )% (- )%

#FU PU
+ AX(CI * 93) P + A.X(Cz * 93) (%2
2
- —(C3= Q)(U-U") =0, (28)
Ax

where

+ 1, forward problem
{= . o (29)
— 1, inverse problem (migration).

Accuracy of a high-order ABC

The accuracy of an ABC is measured in terms of reflection coef-
ficients. The reflection coefficient R of an ABC is defined as the ra-
tio of the amplitude of the reflected wave to that of the original
wave impinging on the boundary. Given an incident monochro-
matic wavefield u;,. moving toward the left boundary,

Uipne = eikzz—iwte—ikxx, (30)

the total wavefield after reflecting from the boundary can be writ-
ten as
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U= eikzz—iwt(e—ikxx + Reikfx). (31)

The boundary condition for the governing equation 1 on the left
(x = 0) can be written formally as

P
2 4 Buly=0, (32)
ox x=0

where B denotes a differential (or algebraic, if in the Fourier do-
main) operator. Substituting the total wavefield from equation 31
into equation 32 and rearranging yields
ik, - B

T ik, + B

(33)

At this point, the estimation of the reflection coefficient for the
proposed ABC is reduced to finding the operator 3. The high-order
OWWE (equation 1) approaches the exact OWWE as the number
of auxiliary variables increases. Hence, to study the behavior of the
reflection coefficient, it is appropriate to have the interior governed
by the exact OWWE. Such an equation can be constructed from
equation 3 by setting C; = 1 and (wk.C, — w*C,) = k>. Substitut-
ing these values into the general expression for the ABC in equa-
tion 22, we have

2
ik A A 2 A A
{—xﬂz + iwﬂl}U + Ax[kf.QﬂU -—0,(U-U")=0.
1) Ax
(34)
Assuming that the discretization of the interior is very fine, we take

the limit of equation 34 as Ax — 0. Noting that ((fJ’ - ﬁ)/Ax)
— (9U/dx), equation 34 translates into

1| ik 5
ﬂ3_ = —_ _XQZ + l(l)ﬂl U. (35)
x 2 w

Recalling the forms of €2, and £2,, it is apparent that the matrix on
the right-hand side of equation 35 is tridiagonal. Also, noting the
form of €25 in equation 25, equation 35 can be written as

( 3 _ _
0
0 A1 + Ay bm
: bm Ay + Ay bm—l
< 6 > = bm—l ’ ,
a, + a
% 2b 1 1
o | 1 a |
\ J
( A
U_p,
U_m+1
X4 i (36)
U_y
U

where u is the value of u at the boundary,

1| ikt o)

a=~| =L+ 2 (37)
2] w c’
L j_

and

1| it o]

b= —| =L -2 (38)
2] o c; |

From equation 36, we can immediately conclude that all absorbing
nodes (U_,U_ps1» --. »4_;) can be eliminated to arrive at the fol-
lowing expression in terms of the boundary point:

u
. = BmuO’ (39)
ox

where B3, is a continued fraction expansion, defined by

b2
B, =a, - ———. 40
m m am + Bm_l ( )
Now we can return to equation 33 and write
ik, + B,
R,=7T". (41)
" ik, - B,

Substituting equation 40 into equation 41, noting that a? — b2, =
—k2, results in the following recursive equation:

. _<am—ikx><ikx—6m_1>_(am—ikx>R
" \a, + ik \ik,+ B,_)  \a,+ik/) "

(42)
or
R = 1’"_[ (M) (43)
"o j=1 aj + lkx ’

Substituting the expression for ¢; in equation 37 into equation 43
and rearranging will result in the final form of the reflection coef-
ficient for the m-layer ABC:

m x 2
R, =11 (5_—6) . (44)

X
Jj=1 Cj+Cx

We can obtain a more intuitive representation by noting that c,
can be written as c¢/sin 6, where 6 is the angle of propagation with
respect to the vertical axis (which is equal to 90° minus the angle
of incidence on the lateral boundary) and c is the phase velocity.
Similarly, we can write the phase velocity parameters as c;
= ¢/sin 6;, where 6; can be viewed as the parameters of the ABC.
The reflection coefficient in equation 44 can then be rewritten as

m . . 2
R, = H(sm 0!-— sin 0) ‘

45
j=1 \sin 6; + sin 0 45)
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Equation 45 can be used to intuitively design effective param-
eters of the proposed ABC. We can see from equation 45 that each
0; indicates a particular value of @ for which the reflection coeffi-
cient becomes zero, i.e., the boundary condition becomes exact.
Hence, the distribution of the reflection coefficient along the range
[0, 90°] can be adjusted by choosing the proper parameter set. This
property is illustrated in Figure 1, where the reflection coefficient
is shown for three different cases. By changing the parameter set in
the second-order ABC from (90°, 90°) to (10°, 60°), the reflection
coefficient becomes much smaller for lower incident angles. Note
that 10° and 60° are not products of an optimization procedure but
are chosen arbitrarily to scatter the zero points of the reflection co-
efficient along the [0, 90°] range. By increasing the number of lay-
ers to three with reference angles 6; = (5°, 20°, 60°), we achieved
perfect absorption for propagation angles greater than 5°, clearly
illustrating the flexibility and high accuracy of the proposed ABCs.

Remarks on frequency-domain implementation

The proposed ABCs can be readily extended to the frequency
domain, which provides an efficient alternative to existing PML-
based methods (see, e.g., Collino, 1997; Yevick and Thomson,
2000; Levy, 2001). The main difference between PML-based
methods and the frequency-domain version of the proposed ABC is
twofold: (1) We use purely imaginary lengths rather than the com-
plex lengths used in the PML method, thus increasing the absorp-
tion of propagating waves (Asvadurov et al., 2003) and (2) in con-
trast to the approximate nature of PML discretization, we eliminate
the discretization error through midpoint integration, thus enabling
the use of arbitrarily large element lengths. Based on these desir-
able properties, we are able to achieve accurate absorption with
just two additional gridpoints.

Remarks on evanescent modes

The proposed ABCs can be adjusted to absorb evanescent wave
modes. Approximate OWWESs generate evanescent modes, which
are not present in exact OWWEs (Bamberger et al., 1988). We can
easily verify that for evanescent waves, ¢, < ¢, which is equiva-
lent to sin # > 1 (complex ;). The proposed ABCs can be de-
signed to absorb evanescent modes by choosing one or more of the
phase velocity parameters to be less than c, i.e., by choosing one or
more 6¢; to be complex numbers.

Numerical implementation

We discretize the differential equation 28 in z and 7 in a manner
consistent with the discretization performed for the AWWE in the
interior (see Guddati and Heidari, 2005). Consider a grid in the
z-t plane in which z; = jAz and #, = kAr. The notation U}‘ denotes
the value of the U vector at time #, and depth z;. We assume the sur-
face to be located at z = 0, and z increases with depth, i.e., the
z-axis points downward. We also assume that the disturbance is
traveling toward the surface, i.e., upward. For the discretization in
the z-direction, the Crank-Nicholson method is used. Hence, the
equation is written for the midpoint of the layer, i.e., zj» = (J
+ 1/2)Az, using the following approximations:

JU U, -U,
U, +U, d |—] =8+
( J+1 /) an (ﬁz >j+% AZ

N | —

U.l =
I+2

(46)

Such discretization of equation 28 results in

1
4 A_Z(Cl #* () (U = U) + (C, + £,

U, 1

J+5

Ax

2

—(C, * 2
ar +AZ( | % €23)

-G+ Q)

UL

i

J
XE(U,‘H - U)) + Ax(C; * €25)

2 '
- 1 (Cyx (UL - U]

D=0, (47)

The next step is to discretize equation 47 in time. Again, to be
consistent with the solution of the interior, the last three terms, i.e.,
the contributions of the interior, are discretized using the central-
difference method. For the discretization in time, we propose a
special averaging scheme that links the field variable in the exterior
at any time instance to the average of the field variable in the inte-
rior for adjacent time steps, i.e.,

1 T T T : T : T :
= m=2,6,,=90°
1 .
g --m=2,6,=10°6,=60°
08 R — m=3, 91=5°,02=20°.93=60°
8K |
g b
=z '
g B
3} 1 J
& 0.6} :
@ -
3 !
= (I
g b
8 LI ]
g 04 v
3] ;
[+4 ' 1
1 .
IS
] A}
02H? M 1
) 1 \
[ \
] ’\
\ ~,
\ .
0 Sz T T T e e e . s -

0 10 20 30 40 50 60 70 8 90
Angle of propagation (8°)

Figure 1. The reflection coefficient for the three different cases of
the proposed ABC. The horizontal axis is the wave propagation
angle, measured from the vertical axis i.e., waves traveling parallel
to the boundary will have an angle of 6 = 0°. The dashed-dotted
line represents the two-layer ABC with both phase velocity param-
eters set equal to the interior wave speed ¢ (equivalent to 6,
=90°). By adjusting these two parameters to 6, = 10° and 6,
= 60°, the reflection coefficient becomes smaller for a wider range
of incident angles (dashed line). The third-order ABC with a
parameter set of 6, = (5°, 20°, 60°), which corresponds to phase
velocity parameters of ;= (11.5¢, 2.92¢, 1.15¢), shows a nearly
perfect reflection coefficient for any propagation angle greater than
5° (solid line).
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Uk = (U + U (48)

is substituted in the first bracket of equation 47. This special finite-
difference scheme is proposed to achieve stability in the numerical
implementation of the ABC. The stability of the resulting scheme
is verified through extensive computer-assisted stability analysis.
The analytical proof of the stability is beyond the scope of this
paper.

Substituting equation 48 into equation 47, along with temporal
discretization, results in the following expression:

1 _
& 5a (€ QU - U+ UL - U
1 k+1 k=1
+ Z_At(C2 * 4, - G+ Q)(U 1= j+%)
+ TZXAz(C‘ s Q) (UK - UM - UK+ U

+ 2(C2*.(23)(Uk+} —2U 1+U )

2 k rk
- E(Q * 93)(Uj+% - U_j+%) = 0. (49)
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Figure 2. Four snapshots of a point source propagated by the 15°
OWWE in a homogeneous domain (¢ = 4000 m/s): (a) 88 ms, (b)
154 ms, (c) 220 ms, and (d) 264 ms. The right edge of the domain
is modeled as a rigid boundary. A single-layer ABC with ¢!
= 2800 m/s is used on the left edge, which is expected to absorb
waves traveling perpendicular to the boundary. Panels (c) and (d)
clearly show that the absorption agrees with the theory.

For the forward problem, the solution procedure is to march up-
ward in the z-direction to obtain U; from U}, and forward in time
(increasing k). This translates into obtaining U/, from equation
49 and eventually Uj‘” from equation 46. For migration, on the
other hand, this procedure is performed in reverse order on the
same grid, i.e., we march downward in the z-direction (and obtain
U, from U)) and backward in time (decreasing k). Thus, the un-
known variable in the migration problem is Uj+]l,2, which from
equation 46 results in U%;].

Based on the above procedures and following the details in Ap-
pendix D, the general discretized formula that holds true for both
forward and migration problems can be expressed as

k+{ k+1 k-1 k=¢ k=¢
U] =B,(- U + UJ:y +Uj,) + B3Uj+l + B4(Uj+%
+ JUL - QUL + Bs(- 2U Lt U )
+B(U 1 -U") (50)

where y and ¢ are problem-dependent flags (y = { = 1 for forward
modeling; y = 0 and { = —1 for migration). The coefficient matri-
ces B, to B¢ are defined in Appendix D. The difference equation 50
is written at the middle of the depth layers (j + 1/2) because the
auxiliary variables are needed, calculated, and stored only at these
locations. Such a strategy is critical to the efficiency of the time-
domain implementation [see Guddati and Heidari (2005) for de-
tails].

NUMERICAL EXAMPLES

In this section, we investigate the performance of the proposed
ABCs using numeric examples for both forward propagation and
migration problems. To illustrate the accuracy properties derived
earlier in the paper, we first use the proposed ABC in conjunction
with the 15° equation (the lowest order AWWE). Figure 2 shows
snapshots of a point source propagated using the 15° equation in a
homogeneous medium (¢ = 4000 m/s). For the 15° equation, we
see the phase velocity of horizontally propagating waves ¢, is ¢/ V2
or about 2800 m/s. The single-layer ABC is utilized on the left
edge of the domain, while a Dirichlet boundary condition is used
on the right edge. The phase velocity parameter of the ABC is set
as ¢} = ¢, which should result in perfect absorption of horizontally
propagating waves. One can clearly see from Figures 2c and 2d
that the wavefront impinging on the left boundary is absorbed bet-
ter around the horizontally propagating region. A slight reflection
can be seen on the bottom left and the top left of the front because
the phase velocities of these regions differ considerably from c;.

To investigate the effect of the reference phase velocity, the
same problem (the 15° equation with the one-layer ABC) is ana-
lyzed with varying reference phase velocities. Figures 3a—-3c show
the snapshots at a particular instant (¢ = 264 ms) from these analy-
ses. Figure 3a corresponds to ¢j = 1000 m/s. Since the reference
phase velocity is smaller than c¢,, we expect the evanescent mode
(the bottom wavefront) to be well absorbed, which is clearly seen
in Figure 3a. Naturally, the rest of the wavefront results in some re-
flections. In Figure 3b, the snapshot for ¢{ = ¢, is repeated from
Figure 2 for comparison. Figure 3c shows the case when cj
= 6000 m/s, which is larger than ¢,. As expected, most of the top
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left portion of the wavefront is absorbed. Finally, to illustrate the
flexibility of the proposed ABC, a three-layer ABC with ¢j,;
= (1000, 2800, 6000) m/s is utilized. The result is shown in Fig-
ure 3d, which effectively absorbs the entire wavefront.

Figure 4 illustrates the effectiveness of the proposed ABC for
the AWWE equations. In this example, we consider a homoge-
neous domain with ¢ = 2800 m/s along with a two-layer AWWE
(c1, = 4000, 8000 m/s) as the propagator. The forward propaga-
tion of a point source is shown in Figure 4 at four different time
steps. Here, we utilize a three-layer ABC with ¢}, 5 = (1000,
2800, 6000) m/s on the left edge. With only three layers, practi-
cally all of the wavefront hitting the left edge is absorbed, includ-
ing the evanescent modes.

To study the performance of the proposed ABC in migration, we
(a) used a domain with a simple reflector, (b) generated the surface
trace using the exploding reflector model (Loewenthal et al. 1976),
(c) truncated the domain and, consequently, the surface trace, and
(d) performed migration in the truncated domain with and without

a) b)

0 0

Z (m) Z(m)4

1200. 1200

0 X (m) 1000 0 X (m) 1000
¢) d)
0 0

z (m) z(m)

1200 1200

0 X (m) 1000 0 X (m) 1000

Figure 3. Snapshots of a point source propagated by the 15°
OWWE in a homogeneous domain (¢ = 4000 m/s) at a particular
time (¢ = 264 ms). The proposed ABC is implemented on the left
edge with different orders and parameters in different panels. The
right edge of the domain is modeled as a rigid boundary for all pan-
els. (a) Single-layer ABC with ¢! = 1000 m/s. With the phase ve-
locity smaller than c”, the absorption is good for the evanescent
modes (the lower part of the propagation front). (b) Single-layer
ABC with ¢! = 2800 m/s (same as Figure 2; horizontally propa-
gating waves are absorbed). (c) Single-layer ABC with ¢!
= 6000 m/s. The phase velocity is larger than that of horizontally
propagating waves; hence, the top-left region of the wavefront
is absorbed better. (d) Three-layer ABC with c¢j , 5 = 1000,
2800, 6000 m/s. By combining the effect of panels (a), (b), and
(c), the boundary condition absorbs nearly all of the incident wave-
front.

the absorbing boundary condition. We considered a homogeneous
domain with a single dipping reflector (Figure 5) with a back-
ground velocity of ¢ = 4000 m/s. After obtaining the surface trace
using the exploding reflector model, we truncated the domain
down to x € [600,1600]. The performance of the ABC can be as-
sessed by imaging this model in the truncated domain. Since a por-
tion of the truncated surface trace is associated with the portion of

a) b)

0 0

Z(m)

A=A )

0 X (m)

IR

0 X(m) 1000 0 X (m) 1000

1200 1200

Figure 4. Four snapshots of a point-source disturbance propagating
through a homogeneous domain (¢ = 4000 m/s) with the AWWE
wide-angle wave equation: (a) 40 ms, (b) 154 ms, (c) 220 ms,
and (d) 264 ms. The performance of the proposed ABC is illus-
trated for the AWWE propagator. A three-layer ABC with ¢7 , ;
= 1000, 2800, 6000 m/s is used as the boundary condition for the
left edge. The boundary condition absorbs all of the incident waves
ranging from evanescent modes to the upper part of the wavefront.
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Figure 5. Synthetic model used for evaluating the proposed ABC in
migration. The domain is assumed to be homogeneous with the
background velocity of ¢ = 4000 m/s.
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Figure 6. Migration in the truncated domain x = [600,1600] using

(a) a rigid boundary on the left edge and (b) a three-layer ABC on
the left edge. The rigid boundary results in artifacts, which are
clearly eliminated when the three-layer ABC is used.

the reflector that is outside of the truncated domain, it should have
some artifacts in the image if the left edge of the domain is mod-
eled as a rigid boundary. Such artifacts come from the migration of
the surface trace toward the outside of the truncated domain, which
consequently hits the left boundary in the migration process and
generates reflections that then appear as artifacts. Figure 6 shows
the migration in the truncated domain. As expected, when no ABC
is used on the left boundary, an artifact appears on the top of the
image of the original reflector, as shown in Figure 6a. However,
this artifact is completely eliminated in Figure 6b where a three-
layer ABC is used with ¢ , ;= 1000, 2800, 6000 m/s, which
shows the effectiveness of the proposed ABC in migration prob-
lems.

CONCLUSIONS

We have developed a highly accurate series of ABCs for model-
ing and migration with high-order OWWESs. These ABCs apply to
any OWWE that fits into the framework of equation 1, such as the
15° wave equation, the high-order paraxial wave equation, or the
scalar AWWE equations. The accuracy of the proposed boundary
condition can be controlled by the number of absorbing elements
and their phase velocity parameters. By distributing the parameters
over the proper range of phase velocities, effective absorption of
the entire wavefront can be achieved with very few layers. We
have designed a special finite-difference scheme for time-domain

explicit implementation of downward continuation with ABCs.
Numerical examples clearly illustrate that reflection/artifact-free
results can be obtained for both forward and migration problems
with just three absorbing elements.
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APPENDIX A

AWWE FORMULATION

The general framework of the AWWE equations is introduced in
Guddati (2006), and the acoustic version is implemented in the
context of migration in Guddati and Heidari (2005). The upward-
propagating AWWE is formulated as the following system of equa-
tions:

Fu 1 #u al
d— - (A + Ay)— +cA,— =0, A-1
M 2 o (A-1)
where
-1
Cq C
-1 1 1 -1
— — = —
¢t 6 G O
-1
A= — ,
2 cy
1 1 -1
-y — P
Cp2 Cp—1 Cp-1
-1 1 1
— 0y —
Cp-1 Cp-1 Cn |nxn
(A-2)
€1 Cl
| c1 C +C2 Cy
A, = — c ’ ,
2 2 2
Cpa t Cyy Cp—1
| Cn-1 Cn-1 + cn_n><n
(A-3)
and
d={10 - 0}],. (A-4)

Where, n is the order of the AWWE and the parameters ¢, , are
the phase velocities that can be used to control the accuracy of the
AWWE. For details on the effects of n and ¢; on AWWE accuracy,
see Guddati and Heidari (2005).
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APPENDIX B

COEFFICIENT MATRICES FOR BAMBERGER
ET AL.’S HIGH-ORDER PARAXIAL EQUATION

The original form of the high-order, one-way (paraxial) wave
equation, introduced by Bamberger et al. (1988), when modified
for upward propagation is given by

Fu 1u &

_u - - C_ + _E Bkﬂ = 03

vz ¢ o C o (B-1)
1 P o Fu

-~ +tcYi 5 tc 53 =0
c or x ax

for the (n — 1)™ order of approximation [see Bamberger et al.
(1988) for the definition of parameters]. Defining u as

u=[ue ¢ - @1 (B-2)

and writing equation B-1 in the form of equation 1 yields the fol-
lowing coefficient matrices:

0
0 0 :
Cl = : .. } (B_S)
0 - 0
L =B -5 - Bt
1
1
C=-- 1 . (B-4)
C .
1
and
B
L %
C3 =cC| . )/% . (B'S)
1 ..
! Yot |

APPENDIX C

CALCULATION OF THE STIFFNESS MATRICES
FOR THE INTERIOR AND THE EXTERIOR

We start with equation 11

N Xq+1
S, = (f Ng(wkCI - a)ZCz)qux>

q

Tl gNI N
- (f 4@—%). (C-1)
N ox ox

q

Because the coefficient matrices C,,; are independent of x, ex-
pression C-1 reduces to

Xg+l
= (0kC, — 0’C,) * ( f ’ NZqux>

g+l aNT(?N
- C‘; ( _tl_qd ) (C-Z)
ox ox

The * operator is defined as follows: A, * B,,x,, results in a ma-
trix C,,,x.» Which is obtained by replacing each element of B by a
submatrix b;;A. Assuming that B is a 2 X 2 matrix, we can write

A * B = . C-3
o e LzlA bzzA]znxzn ()

For the interior elements, the integrals in equation C-2 should be
calculated using nodal-point integration (the trapezoidal rule),
which results in

Xg+1 L
T — 24 NT T
JX NN =~ [NoNgl, + NONL, ]

q

L|+1 0
=— (C-4)
210 +1
and, similarly,
Yo+ INT 9N 1+1 -1
f —L—Agyx = — . (C-5)
% ox ox L,l-1 +1

For simplicity, assume a uniform grid in the x-direction for the in-
terior, i.e., L, = Ax. Hence, the stiffness for the interior elements
becomes
N Ax ) +1 0
Sq = _((chl — W C2) *
2 0 +1

L L )
k . -
3 1 1 s q x

On the other hand, for the exterior elements, we use midpoint inte-
gration, i.e.,

b
f f)dx = (b - a)f<b : “), (c-7)

which results in
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qu+lNTNd LE +1 +1 (C-8)
N = )

and

g1 GNT 9N 1|+1 -1
J —L4w=7{ } (c9)
% ox ox L, -1 +1

where L; is the length of the exterior element g. Substituting equa-
tions C-8 and C-9 into equation C-2 results in the following stiff-
ness matrix for the exterior elements:

LS +1 +1
= Z(i((l)kcl - (.UZCQ) * |: :|

+1 +1
+1 -1
LeCS [_1 +1], qg<0org=N,.
(C-10)
APPENDIX D

THE FINITE-DIFFERENCE SCHEME

In the case of the forward problem, U}, should be obtained
from the rest of the points in the stencil. Eliminating U, in equation
49, based on equation 46, and rearranging for U"J'I],2 results in

k+1 k-1 k-1
U 1 =B,(Uj + U - U 1) +B3U 1
J+ 2 J J j+§ h j+§

+ B, (UM - U+1+U 1)+B5( 2U 1+U )

Jj+l
k
+ BG(UJ_',% - j+l) (D_l)
where
B, = (Cl*ﬂz)"‘ A(Cz*ﬂz C; « Q)
Ax Ax =
- A_At(cl * () + F(Cz ()|,
1
B, =- A_ZBI(CI * ),
B; = ﬂ&(cz # (), — Cy % £)y),
Ax Ax
B,=- AZAtBl(Cl *€)), Bs= Y 231(C2 * 4)),

2
Bs = A_B1(C3 * 4)y). (D-2)
x

Note that ¢ is set to 1. For the migration problem (£ = —1), the ex-
pression should be solved for U’:i Here, Uy, is eliminated and

equation 49 is rearranged to yield

U’;i B,(- U"+l VAl iy ‘)+B3Uk+1
2

. B4(Uk+1 UM+ U + 135(U"+1 -2} )
2

+ B6(U/+ - U l) (D_3)

i+

where the coefficient matrices remain unchanged from equation
D-2. It is possible to write a single expression for both the forward
equation D-1 and migration equation D-3 solutions using a param-
eter v, defined as

y=301+9. (D-4)

The general expression, by combining equations D-1 and D-3, can
be written as

Ut = By(- U + Ue! Uk 4 BUYY + BLUYS
J+— j+§

J+y J+y
* 2

+§U§:;—§Uj+y)+35( 2U 1+U )

+By(U L - U, (D-5)
]+2

5

Note that the interior points are completely uncoupled and solved
explicitly, while the boundary points are coupled with their associ-
ated auxiliary variables. This can be seen by observing that B, is an
inverse of a nondiagonal matrix (see equation D-2). However,
since there are only a few auxiliary variables used at each bound-
ary point, the size of B, is small (usually less than five). Hence, the
added computational effort is negligible.
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