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Qualitative and Quantitative Characteristics
of Modeled and Natural Oscillatory Zoning Patterns

in Calcite1

N. A. Bryksina,2,3,4 N. M. Halden,2 and S. Mejia2

Four types of oscillatory zoning patterns (OZP) produced by a dynamic model are described qualita-
tively and quantitatively and displayed as simulated cathodoluminescence images. The behavior of the
dynamic model was investigated in terms of the parameter θ , which is the ratio of diffusivities of Ca2+
and H2CO3, and in terms of the parameter γ , which is the product of θ and the ratio of concentrations
of Ca2+ and H2CO3 far away from the crystal surface. Qualitatively, the dynamics of the model has
been characterized by a stable focus, an unstable focus changing to a stable node or to a stable limit
cycle, and by periodical behavior with constant amplitude. Quantitative characteristics, including
amplitude of oscillations and duration of oscillations, change between the patterns. It is shown that the
process of forming oscillatory zoning in calcite with conditions corresponding to periodical behavior
with constant amplitude is very slow in comparison to other OZPs. The oscillatory zoning pattern
in a natural calcite crystal is described qualitatively in terms of four general OZPs produced by the
dynamic model.

KEY WORDS: dynamic model; limit cycle; stable and unstable focus; cathodoluminescence; trace
element.

INTRODUCTION

Oscillatory zoning patterns (OZP) are most commonly interpreted as reflecting
temporal changes in properties of the bulk fluid from which crystallization oc-
curs (Yardley and others, 1991; Jamtveit, Wogelius, and Fraser, 1993; Bryxina
and others, 2000a). Oscillatory zoning may result from the response to sys-
tematic or random variations in the external parameters controlling the growth
environment (Jamtveit, 1991; Holten, Jamtveit, and Meakin, 2000; Katsev and
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L’Heureux, 2000). However, other mechanisms are possible. It is known that
spatio-temporal pattern can arise by self-organization. Self-organization is the
spontaneous patterning of a system through its own internal dynamics (Nicolis
and Prigogine, 1977; Merino, 1984; Ortoleva and others, 1987). There is many
examples where self-organized oscillatory zoning has been interpreted to have
occurred during crystal growth (Shore and Fowler, 1996). The best known exam-
ple of a mineral commonly exhibiting oscillatory zoning is plagioclase feldspar,
a solid solution series between the end-members anorthite and albite (Pearce and
Kolisnik, 1990). Oscillatory zoning may also result from variations of trace ele-
ments in minerals, for example Mn in calcite. Observations of oscillatory zoning
in solution-grown calcite crystals are reported by Reeder, Fagioli, and Meyers
(1990). In these calcites periodic zonal variations in Mn2+ content observed by
cathodoluminescence microscopy were not correlated with changes in any bulk
solution parameters, and it was interpreted that the oscillatory behavior developed
autonomously.

Natural zoning patterns in minerals often look complicated. Minerals show
zones of variable width and the zones may have differing concentrations of ele-
ments as well as differing optical characteristics (Halden, 1996; L’Heureux and
Fowler, 1996; Fowler and L’Heureux, 1996; Bryxina and others, 2000b, 2001a;
Bryxina, Halden, and Ripinen, 2002). Optically zones may appear to be more
intense while other zones might dwindle to the point they disappear, some zones
may appear sharply defined while others are diffuse, also minerals might show
what look like continuously changing zoning patterns. A study of OZP includes
not only the examination of natural occurrences and experimental synthesis, but
also physicochemical modeling (Haase and others, 1980; Allegre, Provost, and
Jaupart, 1981; Wang and Merino, 1990, 1992, 1993, 1995; L’Heureux and Fowler,
1996; Jamtveit 1991; Wang and Wu, 1995; Merino and Wang, 2001; L’Heureux
and Jamtveit, 2002).

Wang and Merino (1992) describe a dynamic model for calcite grown from an
aqueous solution containing growth-inhibiting cations such as Mn2+. This model,
based on a feedback involving H+ accumulation, surface adsorption, repulsion
of inhibiting Mn2+ ions, calcite growth acceleration and faster generation of H+

ions (which closes the cycle) is able to autonomously produce oscillatory changes
of Ca2+ and H2CO3 concentrations adjacent to a calcite growth surface without
large-scale changes in bulk water chemistry. The linear stability analysis of this
model is made by Wang and Merino (1992), and the periodical solutions have been
found for specific parameter values. The complete qualitative analysis by taking
into account non-linear terms of the model was made by Bryxina and Sheplev
(1997, 2001b), and all possible phase portraits were found: four in the parameter
value’s region of unique equilibrium, and 47 in the region of multiplicity. While
51 phase portraits can be produced by the equations, a real physical system may be
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represented by fewer portraits, these being limited by the magnitude of the natural
parameters involved.

Here we present four examples from the 51 possible phase portraits which
capture, in a general way, the appearance of oscillatory zoning patterns. Each
example corresponds to specific parameter values of the model. We describe
qualitatively and quantitatively four general types of OZP and establish in a
“petrographic” sense what such patterns might look like. Then we investigate the
behavior of the model in terms of these four OZPs depending on the parameter
θ , which is the ratio of diffusivities of Ca2+ and H2CO3. We also investigate the
behavior of the model depending on the parameter γ , which is the product of
θ and the ratio of concentrations of Ca2+ and H2CO3 far away from the crystal
surface. And last we present a natural oscillatory zoning pattern in calcite crystal
from the Rossland area (BC, Canada) and characterize it qualitatively in terms of
four modeled OZPs.

DYNAMIC MODEL FOR CALCITE CRYSTALLIZATION

Wang and Merino (1992) provide both a physicochemical model as well
as a physical sense of the parameters they used, including diffusion rates and
species concentrations for oscillatory calcite growth. After a series of simplifying
assumptions this model can be reduced to the following two-dimensional model
with five parameters (θ, λ, β1, β2, γ ):

du

dt
= 1 − u − λ(1 + β1v + β2v

2)u

dv

dt
= −v + γ λ(1 + β1v + β2v

2)u, (1)

where u and v are scaled concentrations of Ca2+ and H2CO3, respectively, next
to the crystal surface; all quantities are dimensionless. Wang and Merino (1992)
evaluated the magnitude of the parameters involved in the model (Eq. (1)) and
deduced the following approximate parameter ranges within which calcite can
incorporate oscillatory concentrations of trace elements: λ > 0.0065, γ > 1.4,
β1 > 18, β2 > 8 and θ < 1.

Using these results and a computer package MATHEMATICA we integrate
the model (Eq. (1)) numerically and calculate the concentrations of Ca2+ (u) and
H2CO3 (v) with respect to time. According to the assumptions made by Wang
and Merino (1992) the amount of a trace element (such as Mn2+) incorporated
into calcite is proportional to the amount of a trace element adsorbed on the
growth surface and depends on pH at the growth front. The oscillatory pH leads
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to an oscillatory variation of trace elements (including Mn2+) in calcite crystals.
We calculate the H+ content at the crystal surface using (Eq. (18)) from the
paper (Wang and Merino, 1992, p. 590) together with H2CO3 concentrations (v)
obtained from the model (Eq. (1)). As the Mn2+ content is inversely proportional
to the H+ content, the next step is to construct a synthetic image to simulate
cathodoluminescence. Here the Mn2+ concentrations are fitted to a 255 gray
level scale and assigned colors from black to the yellow orange region of the
spectrum where yellow is assigned the highest values, orange intermediate values
and black the lowest values. The zoning is then reproduced as a 2 dimensional
synthetic image. Output of Mn2+concentrations (cMn2+ ) from MATHEMATICA
are normalized to a 255 color scale using:

cMn2+ × 255

max
,

where max was the maximum value of Mn2+ concentrations, this scale pro-
vides for a visual representation and comparison of the OZP. When the ampli-
tude of oscillations is small, the scale for Mn2+ concentrations can be stretched
using

(cMn2+ − min) × 255

max − min
,

where min was the minimum value of Mn2+ concentrations.

DYNAMIC BEHAVIOR AND ZONING CHARACTERISTICS
OF FOUR MAIN OZP

Numerical solving of the model (Eq. (1)) requires parameter values (Table 1)
and a description of the initial conditions for variables u and v. In choosing the
initial conditions, it is very important to know the number, type and stability
of the equilibrium solutions. Taking initial values close to the coordinates of
equilibrium gives the solution which is defined by the behavior of the dynamic
model near this equilibrium. On the other hand, taking initial values relatively far
away from the coordinates of equilibrium may result in missing some solutions of
the model, because of the multiplicity of the equilibrium solutions. In this case, the
qualitative analysis (Bryxina and Sheplev, 1997, 2001b) is very helpful, because
it gives a clear view of the behavior of the dynamic model near all equilibrium
solutions.
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Table 1. Parameter Values Used to Generate OZP

Type of OZP θ λ β1 β2 γ

OZP I 0.07 0.01 70 100 2
OZP II 0.2 0.01 60 80 2
OZP III 0.25 0.01 30 80 2
OZP IV 0.3495 0.0108 40 100 1.5093

OZP I

When the parameter θ changes over a very limited range: 0.07–0.11 and the
remaining parameters are kept constant (λ = 0.01, β1 = 70, β2 = 100, γ = 2),
the scaled concentrations of Ca2+ (column A, Fig. 1) show asymmetric profiles
with a gradual sloping increase followed by a sharp decline. Sharp spikes in the
scaled concentrations of H2CO3 (column B, Fig. 1) correspond to the sudden
drops in Ca2+ concentrations. The relation of Ca2+ concentrations to H2CO3

concentrations is shown by the plots in column C of Figure 1. These plots show
the behavior of the model (Eq. (1)) on the phase plane {Ca2+, H2CO3}. Here
are the phase trajectories, which began at the point {0.22; 1.56}, move away
from it, and then go to a closed trajectory called a limit cycle (LC). The starting
point is the coordinates of the equilibrium (which is unique for the parameter
values used in this example), because we wish to illustrate the behavior of the
model near equilibrium. For example, taking the initial conditions relatively far
away from the coordinates of the equilibrium, such as {0.5; 1.5}, will give the
phase trajectory moving from this starting point directly to a limit cycle without a
region of oscillations with increasing amplitude (OIA). The behavior of a dynamic
model near equilibrium is characterized by the signs of determinant (�) and the
trace (σ ) of Jacobian matrix of linearized dynamic model (Andronov and others,
1967; Bryxina and Sheplev, 1997, 2001b). Calculating � and σ for all three
cases presented in Figure 1 gives: � > 0, (σ/2)2 − � < 0, σ > 0. Therefore, in
this case, the equilibrium is characterized as an unstable focus (UF). In terms of
describing the dynamics of the system, an unstable focus is where the tendency of
the system is to diverge in time with oscillations of increasing amplitude (OIA),
and the phase portrait is essentially a divergent spiral until it reaches a LC. That is
what we see in column C of Figure 1.

Column D in Figure 1 shows a graphic representation of the zoning patterns.
From a “petrographic” perspective, if these were views of a crystal, the growth
history would be from left to right and the pattern would be described as an oscil-
latory zoning pattern. The zones would be described as showing an asymmetric
gradational change in color from yellow to orange followed by a sharp boundary.
The synthetic OZPs (Fig. 1(D)) are all very similar to each other showing only
small changes in the onset of oscillations with constant amplitude (OCA) after a
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Figure 1. Behavior of the model (Eq. (1)) when the values of parameter θ vary from
0.07 to 0.11, and all other parameters are fixed: λ = 0.01, β1 = 70, β2 = 100, γ = 2.
Starting point: u = 0.22, v = 1.56. Quantitative characteristics of OZP I at θ = 0.07:
time = 2, ALC: |u| = 0.7, |v| = 15. (A) Scaled concentrations of Ca2+ (u) depending
on dimensionless time (time). (B) Scaled concentrations of H2CO3 (v) depending on
dimensionless time (time). (C) Phase portraits of the model. (D) OZP generated by
the model.
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region of oscillations of increasing amplitude (OIA). Also, there are small changes
in the intensity of the color (Fig. 1(D)). With increasing θ the onset of OCA be-
comes later and the color intensity declines slightly. The pattern is characterized
by a time of OIA, and the amplitude of a limit cycle (ALC) described by |u|—
amplitude of oscillations of Ca2+ concentration and |v|—amplitude of oscillations
of H2CO3 concentration; these may be used to quantitatively characterize OZP I.
For θ = 0.07, the quantitative characteristics are: time = 2, |u| = 0.7, |v| = 15.
As θ increases, the duration of the OIA increases, but the amplitude of the LC
decreases.

OZP II

At the parameter values for OZP II (Table 1) there is also one equilibrium
solution of the model (Eq. (1)). Qualitative analysis gives � > 0, (σ/2)2 − � < 0,
σ < 0, that is, the equilibrium is a stable focus (SF). In this case, the model
produces oscillations with decreasing amplitude (ODA) for Ca2+ concentrations
(Fig. 2(A)) and for H2CO3 concentrations (Fig. 2(B)). The visible ODA for Ca2+

concentration go until time = 35. This quantity may be used as a quantitative
characteristic for OZP II. The phase trajectory corresponding to these oscillations
is a convergent trajectory in the phase plane (Fig. 2(C)), which goes from the
starting point {0.5; 1.5} to the equilibrium with the coordinates {0.29; 1.43}.
The two-dimensional pattern (Fig. 2(D)) shows symmetrical gradational zones of
color that decrease in intensity. OZP II evolves to a stable focus irrespective of the
starting point for the model in terms of the concentrations of Ca2+ and H2CO3.

OZP III

In contrast to OZP I and OZP II, three equilibrium solutions can be generated
by the model (Eq. (1)) using the parameter values for OZP III (Table 1). In this
case, depending on the initial conditions the model may evolve to one or another
equilibrium solution separated on the phase plane by what is known as a saddle
which is itself equilibrium (Andronov and others, 1967). Location of a saddle and
another two equilibrium solutions (State 1 and State 2) on the phase plane {Ca2+;
H2CO3} are shown in Figure 3(C). For State 1, and the region around State 1,
concentrations of Ca2+ are low (u = 0.39) and the model will evolve from what is
an unstable focus (UF). State 2 has the highest Ca2+ concentration (u = 0.97) and
the model will evolve to a stable node (SN), which attracts the system. The third
equilibrium solution (a saddle) exists between State 1 and State 2 at intermediate
Ca2+ concentrations but does not produce oscillatory zoning. Note, even though
there is an UF characterizing State 1, there is no limit cycle, in this case, the
system is attracted to another equilibrium, which distinguishes this pattern from
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Figure 2. Behavior of the model (Eq. (1)) at the parameter
values: θ = 0.2, λ = 0.01, β1 = 60, β2 = 80, γ = 2. Start-
ing point: u = 0.5, v = 1.5. Quantitative characteristics of
OZP II: time=35. (A) Scaled concentrations of Ca2+ (u)
depending on dimensionless time (time). (B) Scaled con-
centrations of H2CO3 (v) depending on dimensionless time
(time). (C) Phase portraits of the model. (D) OZP generated
by the model.
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OZP I. If we take the starting point {0.4; 1.2} close to State 1, then the system
evolves away from State 1 in an oscillatory fashion as OIA and is finally drawn
gradually towards a constant value (State 2). On the other hand, if the starting
point is chosen somewhat farther from State 1, for example at point {0.45; 1.3}
on phase plane {Ca2+; H2CO3}, then the system moves from the starting point to
the constant value (SN) without oscillations, which means there will be no zones.
There is a region of starting points around State 1 which will produce OIA, outside
this region the system will be right away attracted to a constant value.

Figures 3(A) and (B) show oscillations with increasing amplitude (OIA)
depending on time for scale concentrations of Ca2+ and H2CO3 respectively. OIA
go until time = 15. This quantity is taken as a quantitative characteristic of OZP
III. Zoning produced by the model in this case is characterized by increasing color
intensity changing finally to a zone of homogenous color (Fig. 3(D)).

OZP IV

Figure 4 shows oscillatory zoning produced by the model (Eq. (1)) at the bi-
furcation parameter values (OZP IV, Table 1). Bifurcation values of the parameters
are some critical values, which when changed can cause qualitative differences
in the behavior of a dynamic model. To find these values we use the results of
the qualitative analysis of the model (Eq. (1)) obtained by Bryxina and Sheplev
(1997, 2001b), and calculated by them Lyapounov coefficients L1, L2 and L3. It
is shown (Bryxina and Sheplev, 1997, 2001b) that L1 and L2 may have positive
or negative values, but L3 is negative in the whole domain of parameters in which
σ = 0, L1 = 0 and L2 = 0. Also, they showed that the number of parameters of
the model (Eq. (1)) can be reduced to four by the following substitution:

x = 1 − u y = β1v B = β1γ /θ g = 1/β1γ β = β2/β
2
1 (2)

Bifurcation values of the parameters are found from the conditions: σ = 0, L1 = 0,
L2 = 0. The expressions for σ , L1, L2 depending on the parameters of the model
can be found in Bryxina and Sheplev (1997, 2001b). As we have four parameters
(λ,B, g, β) and only three equations, one parameter must be fixed, for example
β = 0.0625. This value of the parameter β is obtained from (Eq. (2)), when we
take β1 = 40 and β2 = 100, at which three equilibrium solutions can be generated
by the model. From the conditions L1 = 0 and L2 = 0 we find λ = 0.0108 and
g = 0.017, and from the condition σ = 0 we find the value of the parameter
B = 172.75. Using (Eq. (2)) we can return to the primary parameters remembering
that there is an option to choose one parameter. So, taking β1 = 40 and β2 = 100
we calculate θ = 0.3495 and γ = 1.5093.
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Figure 3. Behavior of the model (Eq. (1)) at the parame-
ter values: θ = 0.25, λ = 0.01, β1 = 30, β2 = 80, γ = 2.
Starting point: u = 0.4, v = 1.2. Quantitative characteristics
of OZP III: time = 15. (A) Scaled concentrations of Ca2+
(u) depending on dimensionless time (time). (B) Scaled con-
centrations of H2CO3 (v) depending on dimensionless time
(time). (C) Phase portraits of the model. (D) OZP generated
by the model.



Qualitative and Quantitative Characteristics of Modeled and Natural OZP in Calcite 645

Figure 4. Behavior of the model (Eq. (1)) at the param-
eter values: θ = 0.3495, λ = 0.0108, β1 = 40, β2 = 100,
γ = 1.5093. Starting point: u = 0.646, v = 0.534. Quan-
titative characteristics of OZP IV: AOCA: |u| = 0.004,
|v| = 0.006. (A) Scaled concentrations of Ca2+ (u) de-
pending on dimensionless time (time). (B) Scaled con-
centrations of H2CO3 (v) depending on time. (C) Phase
portraits of the model. (D) OZP generated by the model.
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There are three equilibrium solutions of the model (Eq. (1)) at the bifurcation
parameter values (OZP IV, Table 1): a center (CE), a saddle and a stable node (SN).
Using initial values close to the center, such as {0.646; 0.534}, gives periodic
solutions, which are symmetrical around the coordinates of the center (Figs. 4(A)
and (B)). In this case, the phase trajectory is a closed line (Fig. 4(C)). Taking initial
values relatively far away from the coordinates of the center results in convergence
to the equilibrium solution with the highest Ca2+ concentration (u = 0.964) which
is a stable node (no oscillations). Figure 4(D) shows the OZP produced at the
bifurcation values of the parameters, where zones in terms of color are symmetrical
and change from light to dark. However, the amplitude of the oscillations is very
small in comparison to the other patterns. In this case, in order to make the OZP IV
pattern more visible, we stretched the scale as described early. As the quantitative
characteristic for OZP IV we can use the amplitude of oscillations:|u| = 0.004,
|v| = 0.006.

Comparison of OZP

As the model (Eq. (1)) gives us the variations in Ca2+ content depending on
time, we can compare the times, which are needed for forming different OZPs.
Figure 1 (columns A and B, the first row) shows that when the process of form-
ing oscillatory zoning in calcite corresponds to the regime described by OZP I,
the dimensionless time of one period of the limit cycle is approximately equal
to 2. From Figure 2 we can see that the dimensionless time of one period of
oscillations with decreasing amplitude (OZP II) is approximately equal to 3. The
dimensionless time of one period of oscillations with increasing amplitude (OZP
III) is approximately equal to 8.5 (Fig. 3). The dimensionless time of one period
in OZP IV is approximately equal to 45 (Fig. 4). This means that OZP IV would
form very slowly in comparison to other OZPs. The fastest process for forming of
oscillatory zoning corresponds to the conditions required to form OZP I.

EFFECT OF DIFFUSIVITY

It might be anticipated that in natural systems we could expect a wide range
of starting concentrations for ions of interest and variations in diffusivity that could
be affected by temperature and bulk geochemistry. According to Li and Gregory
(1974), the diffusivity of Ca2+ can increase from 3.73 × 10−6 to 7.93 × 10−6

when temperature is changed from 0 to 25◦C. We might expect the system to
respond to changes in temperature and or concentrations making the broader
system much more complex. However, in an attempt isolate some of the potential
differences created by these variables, first of all, we have used fixed parameters
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for equilibrium solution and allowed the diffusivity to vary over a wide range. We
call this analysis as “effect of diffusivity”, and the “effect of concentrations” is
described in the next section.

As the parameter θ does not enter into the right hand side of (Eq. (1)), the
number and the coordinates of the equilibrium solutions do not depend on θ , but as
it will be shown later their type and stability depend on θ very strongly. The range
predicted by Wang and Merino (1992) for θ (θ < 1) is reasonable because the
diffusivity for aqueous Ca2+ is indeed less than that for H2CO3 (Li and Gregory,
1974). We consider two examples, in which the parameter θ varies from 0.1 to
0.6, and two sets of other parameters are used. The first set corresponds to the case
when the model has a unique equilibrium, and the second one corresponds to the
case when the model has three equilibrium solutions.

Table 2 shows the changing of behavior of the model (Eq. (1)) in the first
example. All parameters (except θ ) correspond to OZP II (Table 1) and are fixed;
the initial conditions close to the equilibrium, which is unique in this case. When
θ is in the range from 0.1 to 0.17, the behavior of the model is an unstable
focus and is similar to that shown in Figure 1; as θ increases, the time taken
for oscillations with increasing amplitude (OIA) to change to limit cycle (LC)
increases and the amplitude of limit cycle (ALC) decreases. This persists until
θ is equal to 0.1855; here the type of equilibrium changes to a center with the
amplitude of oscillations, such as |u| = 0.016, |v| = 0.053 and the behavior of the
model becomes similar to that shown in Figure 4. Further increasing θ results in
another change in type of equilibrium to a stable focus preceded by ODA, similar
to that shown in Figure 2. Oscillations are visible when θ < 0.2; as θ exceeds
0.2 visible oscillations eventually disappear. The time of disappearance becomes
earlier as θ becomes bigger. When θ is 0.5 and higher, the model (Eq. (1)) does
not produce oscillatory zoning.

Table 3 shows the results of our investigation in the case when the model
(Eq. (1)) has three equilibrium solutions. Again we change only θ , and all other
parameters are fixed and have the values from OZP III (Table 1). As it was men-
tioned above, the equilibrium solution with intermediate Ca2+ concentrations is
a saddle. Using the results of qualitative analysis (Bryxina and Sheplev, 1997,
2001b) we calculate � and σ for equilibrium state with the highest Ca2+ concen-
trations (ES 2) and obtain a stable node. The equilibrium state with the lowest
Ca2+ concentrations (ES 1) may change its type as θ changes. Table 3 shows such
changes, when the initial conditions are chosen in the local region surrounding ES
1, such as {0.39; 1.22}. In Table 3, when θ changes from 0.1 to 0.27, the behavior
of the model (Eq. (1)) is similar to that shown in Figure 3. As θ increases, the
time taken for OIA to change to ES 2 increases. When θ is equal to 0.2934, the
type of equilibrium changes to a center with the amplitude of oscillations, such as
|u| = 0.027, |v| = 0.01, similar to that shown in Figure 4. Further increasing in θ

results in another change in the type of equilibrium state becoming a stable focus
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(SF) after a region of ODA, similar to that shown in Figure 2. The appearance of
ODA corresponds to values of θ from 0.3 to 0.5. The point at which the visible os-
cillations disappear occurs earlier as θ becomes bigger. When θ is 0.6 and higher,
the model (Eq. (1)) does not produce oscillatory zoning.

EFFECT OF CONCENTRATIONS

For a given natural system, the parameter θ , the ratio of diffusivities of Ca2+

and H2CO3, is expected to be more or less fixed, but the actual concentrations
of these two species may vary greatly. Here is an analysis of the behavior of the
model (Eq. (1)) depending on the parameter γ , which is the product of θ and
the ratio of concentrations of Ca2+ and H2CO3 far away from the crystal surface.
Wang and Merino (1992) predicted the range for γ , such as γ > 1.4, where calcite
can incorporate oscillatory concentrations for trace elements. Table 4 collects the
results of our investigation of the behavior of the model (Eq. (1)) with changes in
the value of γ between 1.7 and 6.0; all another parameters correspond to OZP III
(Table 1) and are fixed. The initial conditions are chosen close to the equilibrium
solution, which coordinates are different at different values of γ . In regard to the
physical conditions, higher values of γ will correspond to the bulk concentration
for Ca2+ increasing and or the bulk concentration for H2CO3 decreasing.

When γ is equal to 1.7, the model (Eq. (1)) has one equilibrium solution,
a stable node (SN) with no oscillations. When γ is equal to 1.8, the model has
also one equilibrium solution, a stable focus (SF), and behavior of the model is
similar to that shown in Figure 2. When γ is equal to 1.85, two more equilibrium
solutions appear: a saddle and an unstable focus (UF). A saddle does not produce
oscillatory behavior. Behavior of the model near an unstable focus (ES2) is similar
to that shown in Figure 3. As γ increases, the quantitative characteristics of pattern
development near one equilibrium state (ES 1) are not changed, but those near
another one (ES 2) are changed strongly: the time taken for OIA to change to ES 1
increases. When γ is equal to 2.137, the type of ES 2 changes to a center with the
amplitude of oscillations, such as |u| = 0.0023, |v| = 0.012, similar to that shown
in Figure 4. Further increases in γ results in the equilibrium state (ES 1) becoming
a stable node, which disappears at γ = 2.3, and another second equilibrium state
(ES 2) becoming a stable focus (SF) after a region of ODA similar to Figure 2.
The appearance of ODA corresponds to values of γ from 2.2 to 5. The point at
which the visible oscillations disappear occurs earlier as γ becomes bigger. When
γ is 6 and higher, the model (Eq. (1)) does not produce oscillatory zoning.

APPLICATION TO A NATURAL OZP

Figure 5 shows a cathodolumenescence (CL) imaging of oscillatory zoning
pattern in calcite crystal from the Rossland area, BC, Canada. This pattern was



Qualitative and Quantitative Characteristics of Modeled and Natural OZP in Calcite 651
Ta

bl
e

4.
C

ha
ng

es
in

C
ha

ra
ct

er
of

Z
on

in
g

an
d

Ty
pe

of
E

qu
ili

br
iu

m
St

at
e

U
si

ng
D

if
fe

re
nt

V
al

ue
s

of
γ

Ty
pe

of
Pa

tte
rn

Q
ua

nt
ita

tiv
e

Fi
gu

re
fo

r
Ty

pe
of

Pa
tte

rn
Q

ua
nt

ita
tiv

e
Fi

gu
re

fo
r

γ
σ

E
S

1
de

ve
lo

pm
en

t
ch

ar
ac

te
ri

st
ic

s
co

m
pa

ri
so

n
σ

E
S

2
de

ve
lo

pm
en

t
ch

ar
ac

te
ri

st
ic

s
co

m
pa

ri
so

n

1.
7

−2
.6

SN
E

S
1

N
o

os
ci

lla
tio

ns
N

o
1.

8
−2

.4
SF

O
D

A
to

E
S1

O
D

A
go

un
til

Fi
g.

2
tim

e
=

1
1.

85
−2

.3
SF

O
D

A
to

E
S1

O
D

A
go

un
til

Fi
g.

2
0.

49
U

F
O

IA
to

E
S

1
O

IA
go

un
til

Fi
g.

3
tim

e
=

1
tim

e
=

10
1.

95
−2

.0
SF

O
D

A
to

E
S1

O
D

A
go

un
til

Fi
g.

2
0.

25
U

F
O

IA
to

E
S

1
O

IA
go

un
til

Fi
g.

3
tim

e
=

1
tim

e
=

20
2.

0
−1

.9
SF

O
D

A
to

E
S1

O
D

A
go

un
til

Fi
g.

2
0.

17
U

F
O

IA
to

E
S

1
O

IA
go

un
til

Fi
g.

3
tim

e
=

1
tim

e
=

25
2.

1
−1

.6
SF

O
D

A
to

E
S1

O
D

A
go

un
til

Fi
g.

2
0.

04
U

F
O

IA
to

E
S

1
O

IA
go

un
til

Fi
g.

3
tim

e
=

1
tim

e
=

86
2.

13
7

−1
.4

SF
O

D
A

to
E

S1
O

D
A

go
un

til
Fi

g.
2

0
C

E
O

C
A

A
O

C
A

:
Fi

g.
4

tim
e

=
1

|u|
=

0.
00

23
,

|v|
=

0.
01

2
2.

2
−1

.0
SN

E
S

1
N

o
os

ci
lla

tio
ns

N
o

−0
.0

6
SF

O
D

A
to

E
S

2
O

D
A

go
Fi

g.
2

an
y

tim
e

2.
3

−0
.1

5
SF

O
D

A
to

E
S

2
O

D
A

go
un

til
Fi

g.
2

tim
e

=
20

3.
2

−0
.5

7
SF

O
D

A
to

E
S

2
O

D
A

go
un

til
Fi

g.
2

tim
e

=
5

4.
0

−0
.7

2
SF

O
D

A
to

E
S

2
O

D
A

go
un

til
Fi

g.
2

tim
e

=
1

6.
0

−0
.8

7
SN

E
S

2
N

o
os

ci
lla

tio
ns

N
o

A
ll

ot
he

r
pa

ra
m

et
er

s
co

rr
es

po
nd

in
g

to
O

Z
P

II
I

ar
e

fix
ed

.S
ta

rt
in

g
po

in
ts

ar
e

cl
os

ed
to

th
e

eq
ui

lib
ri

um
st

at
es

,a
nd

th
ey

ar
e

di
ff

er
en

tf
or

di
ff

er
en

tv
al

ue
s

of
γ

.D
es

ig
na

tio
ns

:σ
,t

ra
ce

of
Ja

co
bi

an
m

at
ri

x
of

th
e

lin
ea

ri
ze

d
dy

na
m

ic
m

od
el

(E
q.

(1
))

;U
F,

un
st

ab
le

fo
cu

s;
C

E
,c

en
te

r;
SF

,s
ta

bl
e

fo
cu

s;
O

IA
,o

sc
ill

at
io

ns
w

ith
in

cr
ea

si
ng

am
pl

itu
de

;O
C

A
,o

sc
ill

at
io

ns
w

ith
co

ns
ta

nt
am

pl
itu

de
;O

D
A

,o
sc

ill
at

io
ns

w
ith

de
cr

ea
si

ng
am

pl
itu

de
;A

O
C

A
,a

m
pl

itu
de

of
os

ci
lla

tio
ns

w
ith

co
ns

ta
nt

am
pl

itu
de

.



652 Bryksina, Halden, and Mejia

studied by Bryksina and Halden (2005) by analyzing laser ablation microprobe
data for trace elements: Mn, Fe and Sr. Using statistical and fractal characteristics
it was described as a sequence of quantitatively different patterns: Part 1, . . . , Part
6 (Fig. 5).

In this paper, we describe this natural pattern qualitatively using the four
general OZPs produced by the model (Eq. (1)). Natural oscillatory zoning patterns
in calcite can appear very complicated, than we see in the model simulations.
However, some qualitative features of the modeled OZPs are consistent with the
natural example. Part1 and Part 6 show no zones (Fig. 5). Part2 shows weak
oscillatory zoning, has small changes in intensity of color similar to OZP IV,
and is labeled as type IV. Of the next three parts showing distinct oscillatory
character, Part 3 has four sub-zones, two of them show small variations of light
color changing to small variations of dark color; these are also labeled as type
IV. We might suggest that the dynamics of calcite growth in this case had two
non-saddle equilibrium solutions including a center, and the pattern development
was from unstable equilibrium state to stable one. Another sub-zone of Part 3
is marked as type III because it shows increasing color intensity changing to
homogenous color similar to OZP III. The last sub-zone of Part 3 has decreasing
intensity of color similar to OZP II, this is labeled as type II. By analogy, Part 4
has three sub-zones; the first one is similar to OZP III and last two to OZP II. All
three sub-zones of Part 5 show an asymmetric gradational change in color similar
to OZP I, these are labeled as I. So, using the four modeled OZPs, the natural
oscillatory zoning pattern can be described as a sequence of eleven growth stages.

DISCUSSION AND CONCLUSIONS

This paper describes four qualitatively different types (OZP I, OZP II, OZP
III, OZP IV) of behavior of the self-organizational dynamic model proposed by
Wang and Merino (1992) and displays them as simulated cathodoluminescence

Figure 5. CL image of oscillatory zoning pattern in calcite crystal from the Rossland area, British
Columbia, Canada. The numbers 1, 2, 3, 4, 5, 6 are the designations for quantitatively different parts
1, . . . , 6 of the pattern respectively (Bryksina and Halden, 2005). The labels I, II, III, IV are the
designations for OZP I, OZP II, OZP III, OZP IV respectively. The scale rule is equal to 1 mm.
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images. In terms of these OZPs, the behavior of the model was investigated
depending on the parameter θ , which is the ratio of diffusivities of Ca2+ and
H2CO3. It was shown that small changes in values of θ may produce qualitatively
similar OZP with different quantitative characteristics, and big changes in values
of θ may produce qualitatively and quantitatively different OZPs. The special case
of bifurcation parameter values is also shown, when small changing in values of θ

may produce qualitatively different OZPs. Because the parameter θ plays special
role in the model (the number and the coordinates of the equilibrium solutions
do not depend of θ ), two examples of the influence of θ on the model were
described (Tables 2 and 3). By changing this parameter we see how the numerically
identical equilibrium solution changes in type and or between stable and unstable
states.

The behavior of the model was also investigated depending on the parameter
γ (Table 4), which is the product of θ and the ratio of concentrations of Ca2+

and H2CO3 far away from the crystal surface. It was shown that small changes as
well as big changes in values of γ may produce not only quantitatively different
OZPs, but also qualitatively different OZPs, because this parameter influences
the number of equilibrium solutions and their disposition in phase space. The
results of the investigation of the behavior of the model depending on the other
parameters, such as λ, β1 and β1, show that the influence of these parameters on
the model is similar to that described for parameter γ .

This paper also shows that the dynamics proposed by Wang and Merino
(1992) can be used as a reasonable analogue for Mn distribution in natural
calcite. An oscillatory zoning pattern in calcite crystal from the Rossland area
(BC, Canada) is described in terms of four general OZPs produced by the model
(Eq. (1)). According to previous study (Bryksina and Halden, 2005), along the
chosen profile, this natural OPZ can be presented as a sequence of six quantita-
tively different parts, which represent the response of the crystal to some external
geological event that brought the system sufficiently far from equilibrium, such
as the influx of new fluid or a sudden temperature change. As it follows from the
cathodoluminescence image of the natural pattern (Fig. 5), there are no zones at
the beginning (Part 1) and at the end (Part 6) of the crystal. All other parts show
one, two or three different modeled patterns, which would be a result of its own
growth dynamics: Part 2 shows OZP IV; Part 3 shows OZP IV, OZP III, OZP
IV and OZP II; Part 4 shows OZP III, OZP II and OZP II; Part 5 shows OZP
I, OZP I and OZP I. So, in one crystal we can see how the pattern evolves as a
sequence of OZPs. The cathodoluminescence image of synthetic OZP shown by
Reeder, Fagioli, and Meyers (1990, Fig. 2a) is similar and it can be described by
the model proposed by Wang and Merino (1992) and qualitatively characterized as
OZP II.

As a consequence of the modeling we see that different OZPs have different
dimensionless times (time) for one cycle of the oscillatory zoning. The fastest
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process corresponds to OZP I (time=2), then goes OZP II (time=3), then OZP III
(time=8.5), and the slowest process corresponds to OZP IV (time=45). There-
fore, we suggest that the rate of crystal growth changes during the formation of
oscillatory zoning in this crystal. Using very fast, fast, slow and very slow to de-
scribe the rate of growth of parts 2 to 5, the OZP would indicate a growth history
that followed this sequence: very slow, very slow, slow, very slow, fast, slow, fast,
fast, very fast, very fast, very fast. So, the modeled OZPs have allowed us not
only to describe qualitatively the natural OZP, but also to compare crystal growth
rates in different parts of the crystal. In the natural setting the next step will be
to compare the growth histories of adjacent crystals and crystals from different
environments.
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