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Short Note

A new computational technique for processing transmission-line
measurements to determine dispersive dielectric properties

Benedikt Oswald1, Joseph Doetsch2, and Kurt Roth2

INTRODUCTION

Precision measurements of dielectric material properties
over a wide frequency range have advanced considerably with
the use of network analyzers and time-domain spectrome-
ters (Cole and Cole, 1941, 1942; Fellner-Feldegg, 1969; Cole,
1975a, b; Cole et al., 1980; Feldman et al., 1992; Berberian,
1993; Feldman et al., 1996; Berberian and King, 2002;
Huisman et al., 2004). The frequency range of these meth-
ods (1–10 000 MHz) encompasses those of ground-penetrating
radar (GPR) and time-domain reflectometry (TDR) systems
and the relaxation frequencies of polar liquids and dispersive
clays. Some of these materials, especially the swelling clays
(e.g., bentonite, montmorillonite), appear to have discrete re-
laxation times rather than the continuum thought to be char-
acteristic of complex materials (Ishida et al., 2000). In this
note we test an interpretational procedure that incorporates a
genetic optimization algorithm to model dispersive dielectric
properties using a Debye model with discrete relaxation times.
Using network analyzer measurements of bentonite (scatter-
ing coefficients), we produce a Debye model that is physically
reasonable and self-consistent, and it satisfies the Kramers-
Kronig relationships.

Theoretical models have been proposed for dielectric per-
mittivity as a function of frequency (Debye, 1929; Cole and
Cole, 1941; Havriliak and Negami, 1966, 1967). Traditional
commercially available methods from Hewlett-Packard (1985,
1992) for measuring dielectric properties of such media might
experience severe problems. These techniques directly calcu-
late complex permittivity for every measured frequency with-
out being stabilized through the Kramers-Kronig relations
(Kittel, 1976) between the real and imaginary parts of the
complex, frequency-dependent permittivity. Recently, the ac-
curacy of frequency-domain methods, as opposed to time do-
main, for measuring dispersive dielectric permittivity has been
identified to provide the highest accuracy (Huisman et al.,
2004). While these authors use TDR probes with three and
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seven wires, we employ a coaxial cell because it is a very well-
defined microwave system. In this note we describe a robust
approach for measuring complex dielectric permittivity over
frequency and ohmic conductivity of natural materials by as-
suming a Debye-like behavior of the medium.

METHODS

Our approach has been inspired by Schäfer et al. (1996),
who assume that the complex dielectric permittivity εr(ω) as
a function of angular frequency ω is known, and we recon-
struct the distribution of relaxation frequencies. Our measure-
ment method starts from scattering parameters, which can be
measured directly with a microwave vector network analyzer;
this is a definite advantage for dielectrics exhibiting both high-
conductive loss and dielectric dispersion.

The approach is based on a generalization of the Debye mo-
del (Debye, 1929; Schäfer et al., 1996) and global optimiza-
tion techniques that overcome the limitations of traditional
methods.

Dielectric material model

We start out with Debye’s material model equation for the
relative complex permittivity εr(ω) of a homogeneous medium
(Debye, 1929):

εr(ω) = ε∞ + (εs − ε∞)
1 + jωτ

. (1)

In equation 1, εs denotes the static limit, ε∞ the infinite fre-
quency limit, and τ the inverse of the angular relaxation fre-
quency ωr :

τ = 1
ωr

= 1
2πfr

, (2)

where ω = 2πf and f are angular and standard frequency,
respectively. In laboratory measurements a superposition of
multiple relaxation processes with different values of τ or even
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a continuous τ distribution is observed (Ishida et al., 2000;
Zorn, 2002). Then, the Debye model can be extended either
by additional, phenomenological parameters (Cole and Cole,
1941; Havriliak and Negami, 1966, 1967; Scaife, 1989) or by
an ensemble-like superposition of weighted, multiple, discrete
elementary Debye-type models (Böttcher, 1973a, b; Jonscher,
1983; Scaife, 1989). In terms of physical interpretation, the
latter approach is more intuitive, particularly when interpret-
ing relaxation frequencies according to the model given by
Hilhorst et al. (2001). In the latter case,

εr(ω) = ε∞ + (εs − ε∞)
N∑

n=1

gn

1 + jωτn

, (3)

where N denotes the order of the generalized Debye model
and gn the weights for each of the corresponding relaxation
frequencies f n

r . The gn are constrained
N∑

n=1

gn = 1 and gn > 0. (4)

Additionally, in a preliminary study (Oswald, 2000) we inves-
tigate modeling the distribution of gn with Gaussians, corre-
sponding to a continuous distribution of relaxation times. This
yielded almost identical results but with many more parame-
ters. The ohmic conductivity σ of the medium is kept separate,
rather than being included in the dielectric losses because it
is a physically different loss mechanisms; σ is included in the
model of the complex characteristic impedance of the trans-
mission line sections (see equations 5 and 10).

Measurement procedure

To determine dielectric properties at microwave frequen-
cies, we use a vector network analyzer (VNWA) to measure
the complex scattering matrix. The measurement set up con-
sists of a section of a coaxial transmission line with ample
space to contain the sample material between the inner and
outer conductors, both having a circular cross section (Nyfors
and Vainikainen, 1989). In this study we use a coaxial line with
inner radius ri = 13 mm, outer radius ro = 30 mm, and a length
� = 200 mm. For a coaxial transmission line, the scattering ma-
trix is formulated in closed form as a function of the dielectric
and ohmic properties of the material between the conductors
(Ramo et al., 1984). The characteristic impedance Zw of any
transmission line is given by

Zw =
√

R′ + ωL′

G′ + ωC ′ , (5)

where R′ is resistance, L′ inductance, G′ conductance, and
C ′ capacitance, all per-unit length of the transmission line, de-
noted by the prime. For a coaxial transmission line,

R′ =
√

πf µρ

2π

(
1
ro

+ 1
ri

)
(6)

and

L′ = µ

2π
ln

(
ro

ri

)
, (7)

with µ = µrµ0, where µr and µ0 are the relative and the ab-
solute magnetic permeabilities of vacuum, respectively. For a
complex, relative permittivity so that

εr = ε′
r − ε′′

r , (8)

we obtain

C ′ = 2πε′
rε0

ln
(

ro

ri

) (9)

and

G′ = 2π

ln
(

ro

ri

) (ε′′
r ε0ω + σ ), (10)

where ε0 is the absolute dielectric permittivity of vacuum. The
propagation constant γ of any transmission line, guiding the
transverse-electric-magnetic (TEM) mode, is (Ramo et al.,
1984)

γ = α(ω) + β(ω) =
√

(R′ + ωL′)(G′ + ωC ′). (11)

The coaxial section with length � and characteristic impedance
Zw is inserted between two transmission-line sections with
characteristic impedanceZref, whose terminations are matched.
The standard-reference impedance Zref in microwave mea-
surements is 50 ohms. The scattering matrix of a coaxial
transmission-line section is symmetric with coefficients

s11 = s22 = (Z2
w − Z2

ref) tanh(γ �)
2ZwZref + tanh(γ �)

(
Z2

w + Z2
ref

) (12)

and

s12 = s21 = 2

2 cosh(γ �) + sinh(γ �)
(

Zw

Zref
+ Zref

Zw

) . (13)

Dielectric model parameter extraction

We extract the 2N + 3 model parameters for εs, ε∞, σ, f n
r ,

and gn by minimizing the difference between calculated scat-
tering coefficients based on dielectric model parameters and
scattering coefficients measured with the network analyzer.
The order N of the model is selected to be as small as pos-
sible so that it still gives the best fit; it is kept fixed dur-
ing the optimization. The relationship between the scatter-
ing coefficients and the dielectric and ohmic properties is
strongly nonlinear (see equations 12 and 13). Therefore, the
objective function formulated for the optimization has sev-
eral local minima, which forbids using gradient-type opti-
mization procedures such as Levenberg-Marquardt (Huisman
et al., 2002). Instead, we adopt a global-optimization approach
based on genetic algorithms (Rahmat-Samii and Michielssen,
1999); this is greatly facilitated by the availability of the PGA-
Pack (Portable Genetic Algorithm Package) library (Levine,
1996), which provides the basic operators.

Genetic algorithms are computer programs imitating the
evolutionary process in nature, guided by a fitness criterion f
that is roughly proportional to the inverse of a measure for the
residual error r. They rely on the collective learning process
within a population of individuals, each of which represents a
search point in the space of potential solutions. The set of the
model’s parameters — real numbers, in our case — is encoded
into an individual as a bit string. A population encompasses a
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Figure 1. Results for bentonite at 10◦ C and s = 0.0. We plot
the dielectric properties as a function of frequency, the real
part, the imaginary part, the dielectric loss tangent tan δ, and
the weighted relaxation frequencies f n

r .

number of different bit strings. Novel solutions are obtained
from the existing parameter sets by switching the bits (muta-
tion) in an individual’s bit string and/or by exchang-
ing parts of the bit strings between two individuals
(crossover). Genetic algorithms generally avoid the
common pitfalls of local-minimization algorithms
and hold the promise of finding novel solutions.

Our model does not require a starting guess for the
optimization routine, except for physically reason-
able limits such as εs ≥ ε∞ ≥ 1. Based on physical ar-
guments, we require that the relaxation frequencies
f n

r of a solid-aqueous mixture be below the value of
bulk water (Hoekstra and Delaney, 1974). The resid-
ual error r is formulated

r
def=

∑
i,j

µij

∣∣∣∣sc
ij

∣∣ −
∣∣sm

ij

∣∣∣∣
+

∑
i,j

λij

∣∣arg
(
sc
ij

)− arg
(
sm
ij

)∣∣, (14)

where µij and λij are the weights for the deviation
between calculated c and measured m values of mag-
nitude and argument of the scattering coefficients sij ,
respectively. Fitness f is roughly proportional to the
inverse of the residual r :

f = f0

r + r0
, (15)

where f0 is a scale factor and r0 is a residual error to
prevent division by zero. The algorithm is described
in more detail by Oswald (2000).

RESULTS AND DISCUSSION

To test the algorithm, we use scattering coef-
ficients measured for bentonite (ENRESA, 1998;
Garcia-Gutierrez et al., 2001) with two different wa-
ter saturations s = {0.0, 0.15} at a temperature of
10◦C with a dry density of 1.5 g/cm3. We plot the

dielectric parameters for the two data sets in Figures 1 and 2, a
comparison between measured and calculated scattering coef-
ficients and the learning curve in Figures 3 and 4, respectively.
For bentonite containing water, the extracted relaxation spec-

Figure 2. Same as in Figure 1 but for bentonite at 10◦ C and
s = 0.15.

Figure 3. Plot of the absolute values and the argument of measured and
calculated scattering coefficients. Note the learning curve, i.e., a down-
sampled representation of the individuals’ running averages of the resid-
ual for bentonite at 10◦ C and s = 0.0.
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Figure 4. Same as in Figure 3 but for bentonite at 10◦ C and s = 0.15.

tra are consistent with Ishida et al. (2000) in that we also ob-
tain three clearly different relaxation frequencies: namely, at
0.274, 1.584, and 6.67 GHz. Quantitatively, these values dif-
fer from Ishida et al. (2000) but are consistent with Hilhorst
et al. (2001). We use a relatively large volume of bentonite to
achieve a mixture as homogeneous as possible, while the vol-
ume used by Ishida et al. (2000) appears to be smaller. While
Ishida et al. use a triple Cole-Cole model, we merely require a
triple Debye model, additionally providing ohmic conductiv-
ity σ .

We also tested our algorithm by extracting dielectric prop-
erties of known materials, such as water and several alcohols.
Our approach requires an assumption on the number of dif-
ferent Debye relaxation frequencies. While this appears to in-
troduce a bias, the decision on this number is made relatively
easily by observing the fit between measured and calculated
scattering coefficients, depending on the number of relaxation
frequencies. This is also done in Ishida et al. (2000). Hetero-
geneous mixtures that might exhibit a larger number of relax-
ation frequencies thus can be modeled also.

Our approach extracts parameters of the dielectric mate-
rial model by adjusting model parameters through parame-
ter optimization and thus ensures physically consistent results
under the assumption of a Debye-like material model with

a prespecified number of relaxation frequencies.
The Debye model constrains the real and imagi-
nary parts through the Kramers-Kronig relations
(Kittel, 1976). Inclusion of ohmic conductivity to
model conduction currents provides one more de-
gree of freedom and is required because ohmic and
dielectric loss mechanisms are of different physi-
cal origins (Nyfors and Vainikainen, 1989). Tak-
ing into account the considerable dielectric and
ohmic losses of bentonite — a challenging mate-
rial for electrical characterization — the agreement
between scattering coefficients calculated based on
the model parameters and scattering coefficients
measured with the network analyzer is good with
respect to argument and magnitude. From this ar-
gument we conclude that modeling highly disper-
sive and simultaneously lossy materials with a num-
ber of discrete relaxation frequencies is justified if
the agreement between measured and calculated
scattering coefficients is used as a quality criterion.

We note that the measured s11 and s22 scattering
coefficients are not completely identical as postu-
lated by theory. We suspect that the distribution of
the bentonite-water mixture filled into the coaxial
transmission line is not completely homogeneous.
Dry bentonite is best modeled with N = 2, while
wetted bentonite with s = 0.15 is best modeled
with N = 3.

CONCLUSIONS

We present a technique to determine the
frequency-dependent dispersive dielectric proper-
ties using a generalized, physically justified Debye
model together with ohmic conductivity σ from
scattering coefficients only, measured by a network
analyzer. The strongly nonlinear problem demands

a globally optimizing algorithm. We use a genetic algorithm
that does not require any starting guess; only physically rea-
sonable limits are imposed. The extracted dielectric parame-
ters are consistent with published data.
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