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A B S T R A C T
Seismic velocities and attenuations are influenced by lithology, porosity and permeability
as well as the kind and quantity of the pore fluids. The microstructure of rocks is another
important factor influencing seismic properties. This influence can be used to investigate the
pressure-dependent closure of microcracks. For this purpose, velocities and attenuations of P
and S waves have been determined at ultrasonic frequencies in three different rocks (vacuum
dry and partially saturated with water) as a function of hydrostatic pressure up to 200 MPa.
A new combined model has been developed. With this model an explicit description of the
microstructure [local fluid flow (LF)] and macrostructure (Gassmann effect, global fluid flow)
is possible. Assuming a patchy saturation (i.e. inhomogeneous distribution of the fluid in the
pores) and modulus reduction, both the saturation-dependent measurements and the pressure-
dependent data can be explained. The modelling and the phenomenological interpretation of
the data gained under increasing hydrostatic pressure yields consistent results concerning the
amount of crack closure as well as the range in which crack closure appears: in high-porosity
sandstones (Bentheimer and Obernkirchner Sandstone) a strong closure of cracks already
with a small increase of pressure must be concluded. In a low-porosity Harzer Greywacke
a significantly lower closure of cracks can be concluded within the pressure range of 0–100
MPa. It is shown, however, that there must be open cracks in all rocks even under elevated
hydrostatic pressure, resulting in a measurable effect due to LF.

Key words: attenuation, elastic wave theory, fluids in rocks, laboratory measurements, mod-
uli, sediments.

1 I N T RO D U C T I O N

For the lithological interpretation of seismic measurements lab-
oratory measurements are of fundamental interest (e.g. Bourbié
et al. 1987; Burkhardt et al. 1990; Vernik 1996). In the laboratory,
rocks can be exposed to various defined conditions. In this way the
processes and mechanisms that are effective with elastic wave prop-
agation can be examined under simulated in situ conditions. There-
fore, pressure dependence of seismic properties has to be measured
and understood. For practical reasons most laboratory measure-
ments are conducted in the ultrasonic frequency range (Toksöz &
Johnston 1981). For the transfer of the results at ultrasonic frequen-
cies to acoustic and seismic frequencies, it is essential to know the
frequency-dependent mechanisms of the elastic wave propagation.

In order to get more information about the rocks in both the
laboratory and in the field, attenuation is determined next to the ve-
locities of the compressional and shear waves (e.g. Koesoemadinata
& McMechan 2001).

The seismic velocities and attenuation are affected by mineral
content, the kind and quantity of the pore fluid, as well as by macro-
scopically determined quantities like porosity, permeability, bulk

and shear modulus of the investigated rocks (Schön 1983, 1997;
Bourbié et al. 1987; Mörig 1993). Investigations by e.g. Knight &
Nolen-Hoeksema (1990), Burkhardt et al. (1990, 1992), Murphy
(1982), Wulff & Burkhardt (1996, 1997) show the additional in-
fluence of the microstructure (i.e. distribution, density, dimension,
geometry of the cracks and the constitution of the grain contacts)
on seismic attributes.

1.1 Pressure dependence

Previous measurements on sandstones have shown a strong non-
linear increase in seismic velocities with small increase in the hy-
drostatic pressure. This is observed in dry and in fluid saturated
rocks. Concurrently a decrease of the attenuation is also observed.
Above a certain pressure—typical for each rock—further increase
of velocities with increasing pressure is comparatively small. Dif-
ferent studies (King 1966; Toksöz et al. 1979; Freund 1992; King
et al. 2000) proceed from the assumption, that above this pressure all
microcracks in the rocks are closed and the behaviour of the seismic
waves should only be influenced by the macroscopic properties and
not by the microstructure (e.g. grain contacts, microcracks). Other
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studies (Winkler 1985, 1986; Murphy et al. 1986; Mavko & Jizba
1991; Mavko & Noelen-Hoeksema 1994; Tao et al. 1995; Wulff &
Burkhardt 1997) assume the closure of microcracks too, however,
they state that even under higher hydrostatic pressure there must be
open microcracks in the rock, because the experimental data can
only be explained by processes on the microscopic scale [local fluid
flow (LF)].

All effects influencing elastic wave propagation at low pressure
are effective at high pressure, only their amount is changing: the in-
fluence of macrostructure [global fluid flow (GF)] is approximately
constant with increasing pressure, whereas the influence of LF de-
creases significantly due to closure of microcracks. To infer whether
there are still open microcracks above a certain pressure both effec-
tive fluid flow mechanisms have to be considered, when modelling
the pressure dependence of ultrasonic properties: although a contri-
bution will come from LF as long as there are open microcracks,
a complete closure of all cracks would imply that only GF would
be effective. Therefore, the knowledge of the influence of all mech-
anisms affecting seismic waves is essential for a thorough under-
standing of the pressure dependence of the measured velocities and
attenuations.

1.2 Elastic wave propagation in saturated rocks

By saturating vacuum dry rocks with polar fluids—for instance
water—a reduction of the elastic moduli is observed at all frequency
ranges. This modulus reduction is a surface effect on grain contacts
due to the reduction of surface energy (Johnson et al. 1971; Mörig
1993). The amount of the modulus reduction is dependent on the
kind of rock and frequency range, and differs between P and S waves
(e.g. Murphy 1982; Burkhardt et al. 1986, 1990; King et al. 2000).

The Gassmann effect (Gassmann 1951) leads to a higher P-wave
velocity at full saturation, because the pores are filled with a fluid
having a high compression modulus compared to gas. The S wave is
not influenced, because the shear modulus of water and gas are equal
to zero. Due to this effect compressional and shear waves in fully
and partially saturated rocks are influenced in a different manner
(e.g. Mavko & Noelen-Hoeksema 1994).

Knight & Nolen-Hoeksema (1990), Knight et al. (1998) and
Cadoret et al. (1995, 1998) have shown, that the saturation of
rocks can either be homogeneous, described by a gas–fluid mix-
ture in the pores, or inhomogeneous, also called patchy saturation,
described by a gas-pocket (GP) model. Experiments with differ-
ent degrees of saturation (Wulff & Burkhardt 1997) have shown
that measurements cannot be explained by a homogeneous gas–
fluid mixture in the pores but by an inhomogeneous saturation (gas
pockets).

A strong frequency dependence of the seismic parameters is ob-
served in saturated rocks, with both polar and non-polar fluids. This
is due to GF in the macropores as well as a LF in the micropores
(e.g. Murphy 1984; Burkhardt et al. 1986, 1990, 1992; Mörig 1993;
Knight et al. 1998). Both fluid flow mechanisms are band limited
relaxation phenomena. In both cases at frequencies well below or
above the relaxation frequency fF the system is in a relaxed or un-
relaxed state, respectively, with no attenuation. In the vicinity of the
relaxation frequency fLF—the transition between the two states— at-
tenuation increases due to deformation induced viscous fluid flow.
The velocities change from lower values (relaxed state) to higher
values (unrelaxed state).

The global fluid flow—theory (Biot 1956; Biot & Willis 1957)
is describing a coupled motion of fluid and matrix, therefore, next
to viscosity η and density of fluid ρ f , the hydraulic permeability κ

Figure 1. Local fluid flow: geometry of model after Schütt (1992)
and Murphy et al. (1986). The parameters R, a, b and h are valid for
Obernkirchner Sandstone.

and porosity φ is included in the relaxation frequency:

fG F = η

ρ f

φ

2πκ
. (1)

The Gassmann effect is included in the theory of Biot.
On the other hand the local fluid flow (also called: squirt fluid flow)

is influenced by the microstructure. For the description of the LF,
different approaches are used, cf. Vernik (1996), Wulff & Burkhardt
(1996, 1997) and Mavko et al. (1998). Some authors (Berryman
1988; Mavko & Jizba 1991; Mavko & Noelen-Hoeksema 1994;
Dvorkin & Nur 1993; Parra 1997) have described the effect phe-
nomenologically. Murphy et al. (1986) take into account the mi-
crostructure explicitly by means of an approximative geometry. In
this model, the single grain contact in a sandstone is considered as a
parallel combination of an elastic and a viscous element. The elastic
element is described by the elastic properties in dry rock. For de-
scription of the viscous element, the grain contact is approximated
by means of a torus connected by a small disk-like slit. The torus
corresponds to bigger pores in the rock, the slit to microcracks (Fig.
1). The fluid in the slit leads to the frequency-dependent LF, which
corresponds to the viscous element, that is, the relaxation process.
The relaxation frequency fLF depends on the properties of the fluid
(bulk modulus Kf and viscosity η) as well as on the grain contact’s
geometry (aspect ratio = ratio of the microcrack’s height h to length
a):

fL F = K f

η

(
h

a

)n

(2)

(Murphy et al. 1986). The exponent n has been found to be 2.4 by
varying the aspect ratio h/a in calculating fLF (Mayr 2002). Murphy
et al. (1986) introduce the crack density γ because the effect of
the LF on velocities and attenuations depends on the number of
cracks in a rock. Thus the model is able to describe for instance
crack closure with increasing pressure. Using Gassmann’s relation
(Gassmann 1951), the Gassmann effect is included in this LF model.

1.3 Existing combined models

Investigations by, for example, Burkhardt et al. (1986, 1990), Mavko
& Jizba (1991), Mörig (1993), Mavko & Noelen-Hoeksema (1994),
Wulff (1995) and Wulff & Burkhardt (1997) have shown that the
propagation of seismic waves in high-porosity rocks is influenced
by both GF and LF.

Therefore, combined models and assumptions of Mavko & Jizba
(1991), Mavko & Noelen-Hoeksema (1994), Dvorkin & Nur (1993),
Wulff (1995), Parra (1997) and Diallo et al. (2003) take both fluid
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flow mechanisms into account. Some of these models describe
only the change in the P waves by the squirt flow (Dvorkin &
Nur 1993), while others include the LF phenomenologically in the
high-frequency approximation (Mavko & Noelen-Hoeksema 1994).
None of the existing models includes the microstructure explicitly.

1.4 Strategy

Measurements on various rocks under different saturation condi-
tions at low uniaxial stress in ultrasonic range by Schütt (1992) and
Wulff (1995) as well as in the seismic frequency range by Mörig
(1993) have been investigated in order to understand the mecha-
nisms effective in saturated sedimentary rocks. The interpretation
of these measurements led to theoretical models for description of
the measured seismic parameters (e.g. Burkhardt et al. 1990, 1992;
Schütt 1992; Mörig 1993; Wulff 1995 as well as Wulff & Burkhardt
1996, 1997).

Based on these investigations a new combined model (Biot–
Gassmann–Murphy model), which contains the LF and the GF in-
cluding the Gassmann effect and modulus reduction, was developed
to describe the seismic velocities as a function of microscopic and
macroscopic parameters (Mayr 2002, and section 3). The LF in this
model depends on the microstructure in the same manner as intro-
duced by Murphy et al. (1986).

Numerous measurements under defined conditions were used.
Firstly, measurements under different saturation conditions at low
uniaxial stress (approx. 30 MPa) in the ultrasonic range by Schütt
(1992) were reinterpreted to determine and validate the parame-
ters of the newly developed combined model (cf. Mayr 2002 and
section 3.5). Secondly, three rocks with different properties were
chosen to investigate the changing influence of the microstructure
under elevated pressure taking into consideration both, P and S
waves. Thus new measurements under hydrostatic pressure (up to
200 MPa) were performed on these rocks and interpreted with the
new developed combined model (Mayr 2002). Measurements on
vacuum dry rocks reveal the properties of the matrix (Section 4),
while measurements on partially saturated rocks yield information
on the influence of fluid flow and by this on the pressure induced
changes of microstructure of the rocks (Section 5).

2 M E A S U R E M E N T S : M E T H O D S
A N D S A M P L E S U S E D

2.1 Experimental methods

Attenuation and velocities of P and S waves at ultrasonic frequencies
(0.4–1 Mhz) were determined with an aluminium measurement cell
using a buffer technique for measurements in pulse transmission.
The attenuation 1/Q (with Q = quality factor) was determined with
the spectral ratio method (Toksöz et al. 1979; and e.g. Wulff &
Burkhardt 1997).

For measurements under increasing hydrostatic pressure (Mayr
2002) the samples were protected against the pressure fluid in the
vessel with a 3-mm-thick neopren sleeve. Although they were not
drained, it can be assumed that the pore pressure is negligible due
to the partial saturation (31–73 per cent). Therefore, under these
conditions the effective pressure in the rock equals the applied ex-
ternal confining pressure Pc (cf. Wulff & Burkhardt 1997). At each
pressure three measurements were done directly after reaching this
pressure and another three 10 min later. Tests have shown that after
10 min the system (rock and fluid) is stationary. The measured data
shown are the average of all measurements at one pressure. Addi-
tionally velocity and attenuation were determined at low uniaxial

stress (approx. 3.5 MPa) before each hydrostatic pressure cycle as
an approximation to zero pressure conditions. The errors in velocity
and attenuation determined at hydrostatic pressure are 0.5 per cent
for P-wave velocities, 1 per cent for S waves and 20 per cent for
1/Qp and 30 per cent for 1/Qs, respectively (Mayr 2002).

For reinterpretation data from Schütt (1992) are used. He mea-
sured vp and vs in dependence of water saturation on Obernkirchner
Sandstone under uniaxial pressure of 30 MPa.

2.2 Sample description

All samples have a diameter of 80 mm and a height of approximately
30 mm. The sample surfaces were made parallel and polished dry.
Measurements under different saturation conditions and the mea-
surements at hydrostatic pressure were done on adjacent samples.

For all measurements on vacuum dry samples, they were stored
for at least 4 days at 70◦C in a vacuum oven and saturated with dry
nitrogen. The partial saturation with distilled water was obtained
by drying fully saturated samples controlled by weighting. After
reaching the required saturation, the samples were left several days
wrapped in aluminium foil to achieve a homogeneous saturation
within the sample.

For the experiments under hydrostatic pressure three rocks were
chosen: two sandstones (Bentheimer and Obernkirchner Sandstone)
with high porosity and microcracks next to larger pores, and a Harzer
Greywacke with low porosity due to predominantly microcracks. In
Figs 2, 3 and 4 thin sections of the rocks are shown. All these rocks
have been investigated by Burkhardt et al. (1986, 1990), Schütt
(1992), Mörig (1993), Lebedev et al. (1996), Schopper & Riepe
(1986) and Wulff & Burkhardt (1996, 1997) with respect to mineral
and petrophysical qualities and to seismic and ultrasonic properties.
They differ significantly in their macroscopic parameters, poros-
ity and permeability, and in the microscopic pore size distribution
(Fig. 5). All rocks can be classified as rather homogeneous. The
sandstones have a high content of quartz and a very low content
of clay (Table 1). Next to quartz the Harzer Greywacke contains
feldspar and a small amount of mica and no clay. Petrophysical
parameters are listed in Table 2.

3 N E W C O M B I N E D M O D E L : G L O B A L
A N D L O C A L F L U I D F L O W

3.1 Concept of the model

Local fluid flow in partially and fully saturated sandstones changes
the properties of the rock depending on frequency. This means
that the moduli describing the behaviour of the saturated rock are

Table 1. Mineralogical composition (in mass per cent) of
Obernkirchner Sandstone (OK) after Lebedev et al. (1996)
and Harzer Greywacke (HZ) after R. Bussert (private com-
munication) as well as approximate mineralogical compo-
sition of Bentheimer Sandstone (BH) after H. Holl (private
communication).

Mineral OK HZ BH

Quarz 90.56 59 90-96
Kaolinite 4.99 — 2–4
Muscovite 2.38 2 x
Sphene 1.42 — x
Albite 0.55 27 x
Chlorite 0.11 3 x
Mikrolin — 9 x
Cherts 2
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Figure 2. Thin section of Obernkirchner Sandstone (OK): high-porous
fine-grained sandstone, Lower Cretaceous, Wealden, quarry Obernkirchen.
The pore space is filled with blue harz (dark areas).

Figure 3. Thin section of Bentheimer Sandstone (BH): Lower Cretaceous,
Valendis, quarry Gildehaus; higher porosity than Obernkirchner Sandstone.

Figure 4. Thin section of Harzer Greywacke (HZ). Lower Carboniferous,
outcrop Soesetalsperre. Lower porosity than Obernkirchner Sandstone.

changed by the LF. Thus the real valued elastic bulk and shear moduli
(Kb and N) in the basic equations of Biot (1956) are replaced by
the frequency-dependent complex-valued moduli (KLF and NLF) of
the LF model by Murphy et al. (1986). The resulting equations
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Figure 5. Pore radius distribution, determined with mercury (Hg) of
Obernkirchner Sandstone (top: OK) after Schopper & Riepe (1986), of
Bentheimer Sandstone (middle: BH) and Harzer Greywacke (bottom: HZ)
after Sellmann (1990).
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Figure 6. Velocity vp and attenuation 1/Q vs frequency, calculated for
Obernkirchner Sandstone (31 per cent water saturation) using three dif-
ferent models: GF—global fluid flow, LF—local fluid flow, LF and GF—
combined model. Due to the fact that P and S waves are influenced in a sim-
ilar way, only the P wave is shown. Model parameters are listed in Tables 2,
3 and 4. In the frequency range of ultrasonic measurements (indicated by
vertical lines) a strong influence of both relaxation mechanisms has to be
stated.
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Figure 7. Like Fig. 6 for Bentheimer Sandstone (53 per cent water satura-
tion). The P-wave velocity in ultrasonic range is increased due to GF.

describing the effect of the GF and LF are solved analogous to Biot
(1956) (see Appendix A). As a result the velocities and attenua-
tions of seismic waves in saturated sandstones can be calculated
as a function of macroscopically determined parameters (porosity
and permeability) as well as of microscopic parameters (dimen-
sion, geometry, density of microcracks and the constitution of grain

Table 2. Model parameters for the individual rocks (Mayr 2002).

Parameter Symbol Obernkirchner Bentheimer Harzer
[unit] Sandstone Sandstone Greywacke

Density of matrix material ρ s [kg/m3] 2.657 2.643 2.683
Porosity φ 0.185 0.232 0.018
irreducible water saturation Swred[per cent] 9 10 100
for frequency and pressure-dependent calculations:
saturation Sw[per cent] 31 53 73

for frequency and saturation-dependent calculations:
vp in dry rock vdry[km s−1] 3.8 3.48 5.14
vs in dry rock vdry[km s−1] 2.37 2.13 3.28

Additional: LF model
Meanradius R [µm] 55 110 90
Radius of torus b [µm] 2 22 0.035
Slit height h [nm] 70 110 7
Slit lenght a [µm] 40 77 63.5
Rel. slitvolume Ss [per cent] 9.6 0.2 98
for saturation-dependent calculations:
Crack density γ [-] 0.006 0.005 0.001

Additional: GF model
Permeability κ [10−15 m2] 9 2.3 × 103 20 × 10−5

contacts). The combined model contains the Gassmann model, in-
cluded in the equations of Biot (1956).

3.2 Determination of the parameters

In general the parameters for the GF model can easily be obtained
by direct measurements (see Table 2). The parameters for the LF
model have to be derived from various data. The bulk and shear
moduli (Kb and N), describing the elastic behaviour of grain con-
tacts, are obtained from the measured velocities vp and vs in dry
rock. The mean radius of the grains R and the length of cracks l =
2a are determined by analysis of thin sections (Figs 2, 3 and 4). The
radius of the torus b and the height of the microcracks h are ob-
tained from measurements of pore radius distribution with mercury
(Fig. 5) and nitrogen. The aspect ratio h/a is additionally verified by
modelling of the ultrasonic measurements dependent on saturation
(see Section 3.5). Furthermore, the modelling yields the amount
of the modulus reduction and the distribution of the fluid in the
rock. The crack density γ can be estimated from thin sections or by
matching measurements. In this work the latter is chosen.

3.3 Influence of fluid flow in ultrasonic range

In order to get an estimation about the influence of the two frequency-
dependent fluid flow mechanisms in the ultrasonic range the fre-
quency dependence of velocity and attenuation 1/Q for both, the
GF and the LF, are shown for the three rock types under investiga-
tion (Figs 6–8). The parameters used for the calculations are given
in Tables 2, 3 and 4.

In the high-porosity Obernkirchner Sandstone (porosity =
18.5 per cent) the effect of the GF is smaller than the effect of
the LF (Fig. 6). For water the relaxation frequencies of the two fluid
flow models are nearly the same, thus they cannot be seen separately.
Because they are located within the ultrasonic range (approx. 0.4–
1 MHz), the velocities and attenuations in saturated rock are in-
creased due to both mechanisms.

In Bentheimer Sandstone (porosity = 23.2 per cent), the relax-
ation frequency of the LF fLF is approximately the same as for
Obernkirchner Sandstone, whereas the relaxation frequency of the
GF fGF is shifted towards lower frequencies (Fig. 7). For this reason
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Table 3. Common parameters used for calculations of global (GF) and local
fluid flow (LF), (Wulff 1995).

Parameter Model Symbol[unit] Value

Number of grain–grain contacts LF µ 9
Bulk modulus of matrix material LF Ks[GPa] 38
Structural parameter, Tortuosity GF δ

√
8

Coupling parameter GF α′ 2

Table 4. The parameters of pores’ fillings (Wulff 1995).

Pores’ filling Water Air

Bulk modulus Kf [GPa] 2.19 8 × 10−3

Viscosity η[ 10−3 Ns
m2 ] 1.0 0

Density ρ f [kg m−3] 1000 1.1 × 10−3

the velocities are increased and the waves are hardly attenuated due
to the GF in the ultrasonic range. The LF will lead to increased
velocities and attenuations.

In the case of the Harzer Greywacke (porosity = 1.5 per cent)
fGF is shifted towards higher frequencies (>108 Hz). For this reason
the GF has no influence in the measuring range. The relaxation fre-
quency fLF shifts towards lower frequencies, therefore the velocities
are increased due to the LF in the ultrasonic range and the waves
are hardly attenuated there (Fig. 8).

In the combined model the effect of both types of flow super-
impose linearly (Figs 6–8). For Bentheimer Sandstone and Harzer
Greywacke the linear superimposing is more obvious than for
Obernkirchner Sandstone.

3.4 Implementation of saturation dependence

Homogeneous and inhomogeneous (gas pockets) saturation is in-
cluded in the model. In both cases, it is assumed that small micro-
cracks (represented by the slits) are filled first (Mavko & Noelen-
Hoeksema 1994; Murphy et al. 1986). All slits are fully saturated
at the saturation Ss, and the behaviour is characterised only by the
LF and there is no GF, cf. Figs 9 and 10. Thus in the range of 0 <

Sw < Ss, the saturation for the GF S∗
w is set to 0. Above Ss, the total

saturation Sw is a combination of the saturation Ss and the fraction
of the saturation of the pores (represented by the torus) S∗

w (1 − Ss):

Sw = Ss + S∗
w(1 − Ss). (3)

This means that in the range of Sw > Ss, the GF has an additional
effect on the seismic waves.

In case of homogeneous gas–fluid mixture, at saturations higher
than Ss the fraction S∗

w leads to GF, cf. Fig. 9. In all models—using
homogeneous mixture—the influence of the increasing density can
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Figure 8. Like Fig. 6 for Harzer Greywacke (73 per cent water saturation).
The influence of global fluid flow is small.
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Figure 9. Comparison of theoretical dependence on saturation of the global
(GF), local fluid flow (LF) and the combined model (GF and LF) under
the assumption of a homogeneous gas–fluid mixture with measurements
(uniaxial pressure = 30 MPa) on Obernkirchner Sandstone (OK). Frequency:
1 MHz, mred0 p = 5 per cent, m red0 s = 7 per cent. For other parameters see
Tables 2, 3 and 4. GF leads to an underestimation of the data, the LF and the
combined model with both GF and LF reproduce attenuation and velocity
of the S waves. Data: after Schütt (1992).

be seen. The attenuations calculated with the LF model stay constant
with increasing saturation, while those calculated with the combined
model are increasing due to the GF. At full saturation the attenuation
of both waves, calculated with the LF model and the combined
model, respectively, is slightly decreased because the torus is fully
saturated with fluid having a high compression modulus compared
to gas, thus the LF is inhibited. The P velocity additionally increases
at full saturation in all models due to the Gassmann effect while at
the same time the attenuation is decreasing.

In the gas-packet model the moduli (MGP, NGP) above the satu-
ration Ss are obtained by calculating a mean value after Voigt (e.g.
Mavko et al. 1998). In these calculations the used moduli are an
average of the moduli found in a region were only LF is effective
M (Sw=Ss )

LF and a fully saturated area, influenced by both kinds of fluid
flow M (Sw=1)

LGF :

MG P = S∗
w M (Sw=1)

LG F + (
1 − S∗

w

)
M (Sw=Ss )

L F ,

NG P = S∗
w N (Sw=1)

LG F + (
1 − S∗

w

)
N (Sw=Ss )

L F ,

(4)

with

M = v2
p · ρ, N = v2

s · ρ,

ρ = density of saturated rock.

Because the Gassmann effect is included in calculating MGP, it be-
comes more and more effective in the range of Ss < Sw < 1, cf. Fig.
10. The gas-packet model can be looked upon as an upper bound
and the homogeneous gas–fluid mixture as a lower bound for the
effective moduli. The effect of the modulus reduction is included in
the model in a phenomenological way as introduced by, for example,

C© 2005 The Authors, GJI, 164, 246–258

Journal compilation C© 2005 RAS



252 S. I. Mayr and H. Burkhardt

3.50

3.60

3.70

3.80

3.90

4.00

4.10

4.20

0 0.2 0.4 0.6 0.8 1

V
el

oc
it

y 
v p

 [
km

 s
–1

]

Saturation

2.15

2.20

2.25

2.30

2.35

2.40

2.45

2.50

2.55

0 0.2 0.4 0.6 0.8 1

V
el

oc
it

y 
v s

 [
km

 s
–1

]

Saturation

0.00

0.05

0.10

0.15

0 0.2 0.4 0.6 0.8 1

Q
–1

p

Saturation

0.00

0.05

0.10

0.15

0 0.2 0.4 0.6 0.8 1

Q
–1

s

Saturation

GF and LF 
GF and LF, GP

OK B2

Figure 10. Like Fig. 9, but comparison between combined model with
homogeneous mixture (GF and LF), respectively, combined model with gas
pockets (GF and LF, GP) and data. With the latter one the adjustment of the
data succeeds.

Mörig (1993) and Wulff (1996):

v2
partsat = v2

dry(1 − mred0) . (5)

The modulus reduction m red is constant for saturations above a cer-
tain value Sw red, typical for each rock. This saturation depends on
the irreducible water saturation and has to be determined by exper-
iments. For saturations Sw below Sw red the following m red has to be
used:

mred = mred0
Sw

Sw red
. (6)

For P and S waves different values, m red0 p and m red0 s , respectively,
can occur (Mörig 1993; King et al. 2000).

3.5 Modelling of saturation dependence

The comparison between the calculated and measured data for
Obernkirchner Sandstone shows that with the model of GF nei-
ther the velocity nor the attenuation can be fitted (Fig. 9, data are
taken from Schütt 1992). With the LF model only a restricted fitting
can be achieved with P-wave velocities and S-wave attenuations
being underestimated for saturations higher than 50 per cent. As-
suming homogenous saturation and making use of the combined
model, the same result is yielded for the P-wave velocities. By this
approach the S-wave attenuation can be fitted well. By taking in-
homogeneous saturation (gas pockets) and both types of fluid flow
into account, the increase in the P-wave velocities with saturation
due to the Gassmann effect is smeared over a wide range of satu-
ration. As a result, the velocities and attenuations of the P waves
can be fitted better (Fig. 10). For the S waves there is no significant
difference between the two saturation models. The crack density γ

and the modulus reduction were chosen to achieve a satisfactory fit
of velocities and attenuations at saturations between 40 and 60 per
cent. The modulus reduction for S waves had to be set higher than

for P waves. This is in agreement with the increasing vp/vs-ratio
for increasing saturation, observed by Mörig (1993) in the seismic
range.

For the Bentheimer Sandstone similar observations have been
made. In case of the Harzer Greywacke the data can be explained
with only LF.

The parameters obtained for the rocks are given in Tables 2
and 3.

3.6 Implementation of pressure dependence

The changing strength of the grain contacts with pressure is included
in the model by using the velocities in the dry rocks, measured as
a function of pressure. The increase in velocities in dry rocks with
hydrostatic pressure leads to

(i) an increase in the calculated velocities in saturated rock and
(ii) a decrease in attenuation.
Only the attenuation due to the fluid (i.e. the difference between

attenuation measured in saturated rock 1
Qsat

and in dry rock 1
Qdry

)

is used for fitting. In doing so, the pressure-dependent change of
elastic and inelastic properties of the grain contacts in dry rocks
are removed. Thus they do not have to be included explicitly in the
model.

The pressure induced reduction of the influence of the LF, and by
this of the microstructure, on the velocities and attenuations is mod-
elled by variation of the pressure dependence of the crack density
γ . A crack density function was introduced for this purpose:

γ = (γ0 − γ ∗)e−Pc/P∗ + γ ∗,

where γ 0 is the crack density at low pressure (p0), γ ∗ is the part of
non-closable microcracks, Pc is the confining hydrostatic pressure
and P∗ is the pressure at which the part of closable cracks (γ 0 −
γ ∗) is reduced by 1/e.

With this approach an exponential closure of cracks can be de-
scribed, as proposed by, for example, Johnston et al. (1979) and
theoretically derived by Shapiro (2003). The relation between the
crack density and the variation of elastic moduli is emphasised (see
Zimmerman 1991). The elastic moduli and velocities are often re-
lated to pressure by an exponential law, for example, Zimmerman
et al. (1986), Prasad & Manghnani (1997). Furthermore, it is taken
into consideration that the rocks contain cracks, which cannot be
closed by hydrostatic pressure because they are kept open by, for
example, small spikes at the surface of the crack, that is, the rough-
ness of crack surface.

The parameters velocity vdry and crack density γ have the most
significant influence on the velocities and attenuation in saturated
rocks, (Mayr 2002). The change of less significant parameters are
also considered: Reducing the height h leads, in case of the used
high-porosity rocks ( f ≈ fLF ), to an increase in the attenuation,
but the velocities remain constant in the ultrasonic range (Fig. 11).
Reduction of permeability and porosity leads to a negligible de-
crease in the velocities. The modulus reductions are considered as
independent of pressure, (Wulff & Burkhardt 1997).

4 P R E S S U R E D E P E N D E N C E :
E X P E R I M E N TA L R E S U LT S

4.1 Velocities

In the vacuum dry as well as in the partially water saturated high-
porosity Obernkirchner Sandstone, the increase in velocities is
non-linear with pressure up to approximately 60 MPa. Above this
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Figure 11. Like Fig. 6 but influence of slit height h on LF response.

Figure 12. P- and S-wave velocities of Obernkirchner Sandstone (OK),
Bentheimer Sandstone (BH) and Harzer Greywacke (HZ), dry and water
saturated (31 per cent, 53 per cent, 73 per cent, respectively). To compare
the change of velocities with pressure, the axes for P and S waves are scaled
with a constant ratio between maximum and minimum value with respect to
the mean [(vmax − vmin)/vmean]. Bars indicate error of measurement.

pressure the increase is approximately proportional to the pressure
(Fig. 12). The total increase of the velocity in the dry rock is ≈35
per cent/100 MPa. By partial saturation, the velocity of the P wave
increases at low hydrostatic pressure, while the velocity of the S
wave is hardly changed. The increase in the velocities with pressure
measured in the partially saturated rock is less than in the dry rock.
This is due to the effect of LF being reduced by hydrostatic pressure
(cf. Section 5.1).

In the dry Bentheimer Sandstone the increase of the velocities is
less than in the Obernkirchner Sandstone (≈20 per cent/100 MPa).
Here a linear increase in velocities can be observed above approx-
imately 40 MPa (Fig. 12). By partial saturation, the velocity of the
P wave increases at low hydrostatic pressure, while the velocity
of the S wave is hardly changed in this sandstone, too. Above a
hydrostatic pressure of 40 MPa the velocities of the P wave in vac-
uum dry and partially saturated rock are similar within the range

Figure 13. Like Fig. 12 but P- and S-wave attenuations 1/Q of Obernkirch-
ner Sandstone (OK), Bentheimer Sandstone (BH).

Figure 14. Like Fig. 12 but P- and S-wave attenuations due to fluid flow:
	 1/Q = 1/Q sat − 1/Qdry.
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Figure 15. Measured P- and S-wave velocities and attenuations ( 1
Qsat

−
1

Qdry
) of Obernkirchner Sandstone (OK), partial water saturation (31 per

cent), and results of modelling with combined model under the assumption
of gas pockets (GF and LF, GP): crack density at low pressure: γ 0 = 0,

007; crack density at high pressure: γ ∗ = 0, 002; γ0−γ ∗
γ0

= 0.71; P∗ = 25
MPa, m red0 p = 5 per cent, m red0 s = 8 per cent. For other parameters see
Tables 2, 3 and 4.

of the error (Fig. 12). The velocity of the S wave in the partially
saturated Bentheimer Sandstone is always smaller than in the dry
one. This indicates a different change of the microstructure by the
pressure (cf. Section 5.2).
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Figure 16. Like Fig. 15 for Bentheimer Sandstone (BH), partial water sat-
uration (53 per cent), modelling with combined model under the assumption

of gas pockets (GF and LF, GP): γ 0 = 0, 007; γ ∗ = 0, 0025; γ0−γ ∗
γ0

= 0.64;
P∗ = 10 MPa, m red0 p = 8 per cent, m red0s = 8 per cent.

In both high-porosity sandstones the non-linear increase in velocities
with pressure in dry rocks indicates an increase in the strength of the
grain contacts due to the closure of microcracks. In Obernkirchner
Sandstone these cracks are closed at a higher pressure than in Ben-
theimer Sandstone (approx. 60 and 40 MPa, respectively). Above
this closure pressure it is assumed that no more cracks can be closed,
the increase in the strength of the grain contacts (leading to the lin-
ear increase in velocities with pressure) is only due to the higher
normal force on the contacts. Different amounts of increase in ve-
locities with pressure indicate that in Bentheimer Sandstone less
cracks can be closed by hydrostatic pressure than in Obernkirchner
Sandstone. The different amounts of increase of the velocities in
dry and saturated sandstones with pressure indicate a decreasing
influence of fluid flow on the seismic attributes.

In the Harzer Greywacke, a much lower (approx. 10 per cent/
100 MPa) and less non-linear increase in velocities with increas-
ing pressure is observed, compared to the high-porosity sandstones
(Fig. 12). In this rock the velocity of the P wave in the par-
tially saturated rock is always higher and of the S wave always
smaller than in the dry one (cf. Section 3.5). This implies that less
cracks can be closed and the range of pressure in which they are
closed might be higher than in the high-porosity sandstones (cf.
Section 5.3).

4.2 Attenuation

The attenuation 1
Q of both types of waves in dry and in partially

water saturated Bentheimer Sandstone is in general slightly higher
than in Obernkirchner Sandstone (Fig. 13). This may be due to
different amounts of scattering, because the mean grain radius in
Bentheimer Sandstone (Rmean = 0.11 10−3 m) is greater than in
Obernkirchner Sandstone (Rmean = 0.055 10−3 m), cf. Figs 2 and 3.
The mean wavelength for P waves and S waves are: λ p ≈ 3.5 10−3 m,
λs ≈ 2.5 10−3 m. The attenuation of the P wave in dry and in wa-
ter saturated Harzer Greywacke is much lower than in the other
Sandstones.
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Figure 17. Like Fig. 15 for Harzer Greywacke (HZ), partial water saturation
(73 per cent), modelling with local fluid flow model (LF): γ 0 = 0, 00105;

γ ∗ = 0, 0009; γ0−γ ∗
γ0

= 0.17; P∗ = 100 MPa, m red0 p = 17 per cent,
m red0s = 26 per cent.

In the two dry sandstones, the decrease in attenuation is approxi-
mately linear with pressure above 60 MPa for Obernkirchner and 40
MPa for Bentheimer Sandstone (see Fig. 13). This can be explained
by the fact that after the closure of cracks friction at grain contacts
is still decreasing in this region due to the increasing normal force
on the contacts.

The increase in the attenuations for both types of waves due to sat-
uration (	 1

Q = 1
Qsat

− 1
Qdry

)—being nearly the same for Obernkirch-

ner and Bentheimer Sandstone—are becoming smaller with increas-
ing pressure (Fig. 14). In both rocks the increase due to saturation
can be seen even at an effective hydrostatic pressure above 60 MPa.
This indicates that the influence of fluid flow is decreasing with in-
creasing pressure but has still a measurable effect above 60 MPa.
The 	 1

Q p
in the Harzer Greywacke is much lower than in the other

Sandstones and is constant within the range of error (Fig. 14). This
means that in this rock the fluid flow effects are nearly constant and
less than in the other sandstones.

5 P R E S S U R E D E P E N D E N C E :
M O D E L L I N G A N D D I S C U S S I O N

For modelling the dependence of the measured attenuations and ve-
locities in the partially saturated sandstones the parameters obtained
in Section 3.2 and the conditions outlined in Section 3.6 are used.
The inhomogeneous saturation (gas-pocket model) and both fluid
flow mechanisms are used as this combined model fits the data at
various saturations best (see Section 3.5).

5.1 Obernkirchner sandstone

At low hydrostatic pressures the increase in velocities and attenua-
tions measured in partially water saturated (31 per cent) Obernkirch-
ner Sandstone can be explained by fluid flow, mainly LF in the cracks
combined with GF and inhomogeneous saturation (Fig. 15). Using
the combined model yields modulus reductions comparable to those
obtained for the uniaxial measurements. The crack density γ 0 had
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to be chosen greater than the one obtained by modelling the mea-
surements at different degrees of saturation (Table 2). This can be
explained by the fact that Schütt (1992) did these measurements
at a higher uniaxial stress (≈30 MPa compared to ≈3.5 MPa) and
thereby some cracks have been closed in the sandstones leading to
a lower influence in the LF contribution on the seismic attributes.
The increasing velocities with increasing pressure are attributed to
a decreasing influence of LF. Pressure P∗ (see Section 3.6) had to be
set to 25 MPa to achieve a satisfying fit for all data. This means that
at 25 MPa the density of closable cracks is reduced by 1/e. At higher
pressures the velocities measured in partially saturated sandstones
are lower than the ones in dry sandstone. This can be explained by
both the higher density and the reduction in modulus in partially
saturated rock. However, it is necessary to take the LF into consid-
eration to explain both the velocities and the attenuations at high
pressures. The modelling yields that ≈70 per cent of the cracks can
be closed by the applied hydrostatic pressure.

5.2 Bentheimer sandstone

In the partially water saturated (53 per cent) Bentheimer Sandstone,
the model demonstrates that there is again a considerable closure of
cracks by pressure (Fig. 16), similar to Obernkirchner Sandstone.
Here a lower pressure P∗ had to be chosen (10 MPa) to achieve a
good fit for all data, especially for the velocities and attenuations of
P waves. This is comparable to the phenomenological interpretation.
The modelling yields that only ≈60 per cent of the cracks are closed
at maximum measuring pressure, analogous to Section 4, where a
less effective closure of cracks than in the Obernkirchner Sandstone
was predicted.

5.3 Harzer Greywacke

The Harzer Greywacke, with 73 per cent water saturation, shows
a clearly different behaviour. At low pressure there are less cracks
than in the sandstones (Fig. 17). The pressure P∗ had to be set higher
(100 MPa), the amount of closable cracks is only≈14 per cent. Again
this is comparable to the phenomenological interpretation.

6 F U RT H E R D I S C U S S I O N S

The experimental data can be fitted, within the error bars, with the
combined model, that is, taking into account the GF (Biot 1956) and
the LF (Murphy et al. 1986) and assuming an inhomogeneous fluid
distribution in the sandstones (Figs 15 and 16). However, still there
are some remaining questions which are discussed below.

6.1 Attenuation of S wave

In both sandstones the attenuation of the S wave decreases less
with pressure than the one of the P wave and as predicted by the
modelling. The following possible effects may lead to an additional
attenuation of the S waves:

It may be assumed that the attenuation of P waves is less influ-
enced by LF than that of S waves. However, in the vicinity of the
relaxation frequency, LF is leading to both an increase in velocities
and in attenuation, similar for both waves. Due to the fact that the
velocities have been fitted over the whole pressure range a different
influence of LF on S and P waves is implausible.

Furthermore, friction at grain contacts could be taken into ac-
count, as described by Tao et al. (1995) and by Johnston et al. (1979).

On the other hand measurements on Obernkirchner Sandstone, satu-
rated with non-polar fluids (e.g. cyclohexane and fluid paraffin), are
showing the same behaviour, (cf. Mayr 2002). Therefore, it must be
clarified, why non-polar fluids are changing the friction in a similar
way like polar fluids.

Additionally, scattering of seismic waves could be influenced by
the fluids. For the explanation of the pressure dependence of this
effect, the reflection coefficient must be seen as varying with pres-
sure. This could be due to the squeezing out of the wetting fluid in
the cracks.

6.2 Mean values of radii and heights

For the modelling of the data only mean values for the parameters
grain and pore radii (for determination of torus radius b and slit
heights h) are used, although these parameters have a broad variety
(Schopper & Riepe 1986; Schopper et al. 1990; Sellmann 1990).
The use of mean parameters is justified by the facts that

(i) the saturation-dependent measurements can be fitted with the
mean parameters, and

(ii) using more parameters to describe the pore structure (h and
b) only leads to more free parameters, but does not reveal addi-
tional information about the closure of cracks (cf. Wulff & Burkhardt
1997).

7 C O N C L U S I O N S A N D S U M M A RY

In this paper a new combined model is presented. It includes
global fluid flow and local fluid flow (LF), in combination with
the Gassmann effect and modulus reduction. In addition two dif-
ferent distributions (homogeneous and inhomogeneous) of the fluid
in the partially saturated rock can be modelled. Most parameters,
used for the description of the microstructure, can be determined by
petrophysical measurements. The other parameters (i.e. crack den-
sity γ and modulus reduction mod red) can be obtained by modelling
measurements at low uniaxial stress as a function of saturation. The
results obtained using the parameters γ and mod red give a good fit
to the saturation-dependent data. Together with measurements the
combined model with a mean aspect ratio provides a reasonable ap-
proximation to be used as a tool for the investigation of the closure
of cracks in sandstones. The influence of the Gassmann effect and
an inhomogeneous fluid distribution (gas pockets) models well the
saturation dependence of the P-wave velocities. Thus modelling as
a function of pressure will reveal a reliable crack density function.

The phenomenological interpretation and the results of the mod-
elling are in agreement with respect to the amount and range of
crack closure. The different increase in velocity with pressure in
the Obernkirchner and Bentheimer Sandstone can be explained by a
different amount of crack closure. In contrast to the sandstones, the
modelling shows that in Harzer Greywacke there are fewer cracks
at low pressure. In this rock less cracks can be closed by hydrostatic
pressure and a much higher pressure is necessary to close them. The
different behaviour of the attenuation of S waves can be seen as a
minor effect.

Finally it can be concluded that there must be open cracks in all
rocks under elevated hydrostatic pressure, leading to a measurable
effect due to the LF. These considerations must be taken into account
when transferring velocities and attenuations from measurements
in the laboratory, performed at low pressure, to higher pressures
as found in situ and from ultrasonic frequency range into sonic or
seismic frequency range.
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Schütt, R., 1992. Experimentelle und theoretische Untersuchungen zur
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A P P E N D I X A : E Q UAT I O N S O F T H E
N E W C O M B I N E D M O D E L

Shear wave

Replacing the real shear modulus N in the basic equations of Biot
(1956) by the complex shear modulus NLF , calculated with the for-
mulas of Murphy et al. (1986) leads to the following equations
describing the S wave:

∇2 �ω = 1

NL F

∂2

∂t2
(ρ11 �ω + ρ12 �
) + b

∂

∂t
(�ω − �
)

0 = ∂2

∂t2
(ρ12 �ω + ρ22 �
) − b

∂

∂t
(�ω − �
). (A1)

The coupling parameters b, ρ 12, ρ 11, ρ 22 are defined as:

b = ηφ2

κ

ρ12 = (1 − α′)φρ,

ρ11 = (1 − φ)ρs − ρ12,

ρ22 = φρ − ρ12

(A2)

The coupling is influenced by the hydraulic permeability κ and the
porosity φ of the rock and the dynamic viscosity η of the fluid as well
as the density ρ of the gas–fluid mixture. After Berryman (1980)
the dimensionless factor α′ can lie be between 1 and 3.

For a plane wave with the frequency f and the complex wave
number l = lr + ili

�ω = �C1 exp[i(lx + 2π f t)] = rot �u

�
 = �C2 exp[i(lx + 2π f t)] = rot �U (A3)

is describing the mean displacement of the solid (�u = (ux , uy, uz)T )
and fluid ( �U = Ux , Uy, Uz)T ), respectively. Inserting A3 into equa-
tion A1 and eliminating the constants C1 and C2 the following re-
lationship is obtained:

(lr + ili )2

(2π f )2
= (Er − i Ei )ρ

NL F
(A4)

with

Er =
1 + γ22

γ11γ22−γ 2
12

(γ12+γ22)2

(
f
fc

)2

1+(
γ22

γ12+γ22

)2(
f
fc

)2

Ei = (γ22 + γ12)
(

f
fc

)
1+(

γ22
γ12+γ22

)2(
f
fc

)2

f

fc
= 2π fρ(γ12 + γ22)

b

γ11 = ρ11/ρ , γ12 = ρ12/ρ , γ22 = ρ22/ρ

ρ = ρ11 + 2ρ12 + ρ22.

Eq. (A4) can be rewritten in the following way:

(lr + ili )2

(2π f )2
= (Ẽr − i Ẽi ) = ρ

NLG F
(A5)

using

Ẽr = 	
(

(Er − i Ei )ρ

NL F

)

Ẽi = −

(

(Er − i Ei )ρ

NL F

)
.

The comparison of the real and the imaginary part of eq. (A5) is
leading to the phase velocity vs and the attenuation 1

Qs
:

vs = 2π f

lr
=

√
2

Ẽb

1

Qs
= −2

li

lr
= −2

Ẽi

Ẽb

(A6)

with

lr = 2π f
√

Ẽb
2

li = 2π f Ẽi√
2Ẽb

Ẽb = Ẽr +
√

(Ẽr )2 + (Ẽi )2.

A2 Compressional wave

The basic equations for the P wave after Biot (1956a) are:

∇2[Pe + Qε] = ∂2

∂t2
(ρ11e + ρ12ε) + b

∂

∂t
(e − ε)

∇2[Qe + Rε] = ∂2

∂t2
(ρ12e + ρ22ε) − b

∂

∂t
(e − ε)

(A7)

with P, Q, R being elastic constants. The coupling parameters b, ρ 12,
ρ 11, ρ 22 are given in eq. (A2). Defining the complex wave number
k = kr + iki and inserting

e = C1 exp[i(kx + 2π f t)] = div�u
ε = C2 exp[i(kx + 2π f t)] = div �U

(A8)
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into eq. (A7), setting b = 0 and eliminating the constants C1 and
C2 is leading to the following equation for the determination of
y = k2/(2 π f )2:

b1 y2 − b2 y + b3 = 0 (A9)

with

b1 = (P R − Q2)

b2 = (Pρ22 + Rρ11 − 2Qρ12)

b3 = (
ρ11ρ22 − ρ2

12

)
.

The solution of eq. (A9) (fluid motion is not attenuated, b = 0) is
leading to the square of the reciprocal complex velocities 1

v2
p′1/2

of

the P wave:

y1 = 1

v2
p′1

= b2 − h2

2b1

y2 = 1

v2
p′2

= b2 + h2

2b1

(A10)

with

h2 =
√

b2
2 − 4b1b3

=
√

(Pρ22 + Rρ11 − 2Qρ12)2 − 4(P R − Q2)
(
ρ11ρ22 − ρ2

12

)
.

After Biot & Willis (1957) the constants Q, R, P and H are defined
as:

Q = (1 − φ− Kb
Ks

)φKs

1 − φ− Kb
Ks

+φ
Ks
K f

R = φ2 Ks

1 − φ− Kb
Ks

+φ
Ks
K f

P = (1 − φ)(1 − φ− Kb
Ks

)Ks+φ
Ks
K f

Kb

1 − φ− Kb
Ks

+φ
Ks
K f

+ 4

3
N . (A11)

Again the real moduli Kb and N of the rock matrix have to be
replaced by the complex moduli KLF and NLF calculated using the
formulas of Murphy et al. (1986). Using the solutions y1/2 the basic
eq. (A7) with b �= 0 (i.e. viscosity η �= 0) can be reformulated by

using a harmonic formulation and elimination of the constants C1

and C2:

0 = b1 y2 − b2 y + b3 + ib

2π fρ
(y − 1)

= y2 −
[

(y1 + y2) − i M
ρ

H

]
y + y1 y2 − i

ρ2

H 2

= k4

(2π f )4
−

[
1

v2
p′1

+ 1

v2
p′2

− i M
ρ

H

]
k2

(2π f )2

+ 1

v2
p′1

1

v2
p′2

− i M
ρ2

H 2
, (A12)

with

M = ρ12 + ρ22

(P R − Q2)

H 2

ρ

fc

f

and

H = P + R + 2Q ⇒ H =
(
1 − Kb

Ks

)
φKs

1 − φ − Kb
Ks

+ φ Ks
K f

+ Kb + 4

3
N .

The solution of eq. (A12) reveals:

√
y3 = (kr + iki )

(2π f ) 1

=
√

(h1 −
√

h3) =
√

ρ

M 1

√
y4 = (kr + iki )

(2π f ) 2

=
√

(h1 +
√

h3) =
√

ρ

M 2

(A13)

with

h1 = 1

2

[
1

v2
p′1

+ 1

v2
p′2

− i M
ρ

H

]
h3 = (h1)2 − 1

v2
p′1

1

v2
p′2

+ i M
ρ2

H 2

The velocities and attenuations of the global–local fluid flow model
can be calculated using the values

√
y3 and

√
y4, respectively:

vp1 = 2π f

kr 1
= 1

	(
√

y3)
vp2 = 2π f

kr 2
= 1

	(
√

y4)

1

Q p1
≈ 2

ki

kr 1
= 2


(
√

y3)

	(
√

y3)

1

Q p2
≈ 2

ki

kr 2
= 2


(
√

y4)

	(
√

y4)
. (A14)
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