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SUMMARY

Most natural porous rocks have heterogeneities at nearly all scales. Heterogeneities of meso-
scopic scale—that is, much larger than the pore size but much smaller than wavelength—can
cause significant attenuation and dispersion of elastic waves due to wave-induced flow between
more compliant and less compliant areas. Analysis of this phenomenon for a saturated porous
medium with a small volume concentration of randomly distributed spherical inclusions is
performed using Waterman-Truell multiple scattering theorem, which relates attenuation and
dispersion to the amplitude of the wavefield scattered by a single inclusion. This scattering
amplitude is computed using recently published asymptotic analytical expressions and numer-
ical results for elastic wave scattering by a single mesoscopic poroelastic sphere in a porous
medium.

This analysis reveals that attenuation and dispersion exhibit a typical relaxation-type
behaviour with the maximum attenuation and dispersion corresponding to a frequency where
fluid diffusion length (or Biot’s slow wavelength) is of the order of the inclusion diameter. In
the limit of low volume concentration of inclusions the effective velocity is asymptotically
consistent with the Gassmann theory in the low-frequency limit, and with the solution for an
elastic medium with equivalent elastic inclusions (no-flow solution) in the low-frequency limit.
Attenuation (expressed through inverse quality factor 1 /Q) scales with frequency w in the low-
frequency limit and with w~!/2 in the high-frequency limit. These asymptotes are consistent
with recent results on attenuation in a medium with a periodic distribution of poroelastic
inclusions, and in continuous random porous media.
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1 INTRODUCTION

Seismic attenuation and dispersion are wavefield characteristics that can provide important information about the structure and composition of
a medium. It is well known that Biot’s (1962) theory of elastic wave propagation in homogeneous porous media underestimates the observed
attenuation and dispersion by at least one order of magnitude. One possible cause of the larger than predicted attenuation is associated with
the presence of spatial heterogeneities (Pride et al. 2003). When a porous medium contains regions of variable compliance, the passing
compressional wave can cause pore fluid to flow from more compliant to less compliant areas and vice versa. Analysis of this phenomenon
requires a theoretical model of wave propagation in an inhomogeneous porous medium.

Theoretical studies of elastic wave attenuation and dispersion in saturated porous media due to the presence of small-scale heterogeneities
were initiated in the 1970s, when J.E. White and his colleagues introduced two theoretical models of this phenomenon. They developed
a 1-D model of a finely layered porous medium (White et al. 1976) consisting of alternating layers of gas and liquid saturation, and
a 3-D model of an array of spherical gas patches embedded in a homogeneous liquid-saturated porous background (White 1975). The
results of these studies were later rederived using Biot’s (1962) theory of poroelasticity by Norris (1993) and Dutta & Ode (1979a,b),
respectively.

Common to all of the above formulations, was the fact that, they modelled regular (periodic) heterogeneities of the porous medium.
For 1-D media, this was recognized as a limitation by Lopatnikov & Gurevich (1986), who developed a theoretical model for elastic wave
attenuation and dispersion in randomly layered porous materials (Gurevich & Lopatnikov 1995). They showed that behaviour of the frequency
dependent attenuation and dispersion is quite different for random and periodic layering.
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Figure 1. Configuration of the model representing randomly distributed inclusions in the poroelastic background medium. The wavelength of incident wave
is much longer than the size of inclusions, where inclusion is much larger than individual pores (modified from Pride & Berryman 2003).

For 3-D heterogeneities, Johnson (2001) developed an approximate theory, which generalizes the results of White (1975) to a periodic
ensemble of fluid patches of arbitrary shape. Recently, a more general model was proposed by Pride & Berryman (2003) and Pride et al.
(2004), which allows for an ensemble of inclusions with contrast in any material properties (the so-called double-porosity, dual-permeability
medium). However, common to all the 3-D models proposed so far is the fact that, they are limited to regular spatial configurations of
heterogeneities. An exception is the work of Gurevich et al. (1998) who analysed the propagation of an elastic wave in a porous medium with
randomly distributed spheriodal inclusions. However, this particular work was based on the solution of a scattering problem using the Born
approximation. Thus, it was limited to small contrasts in material properties between the inclusion and background medium—a situation of
limited interest for most applications.

This mechanism of attenuation for the continuous random inhomogeneities has been analysed by Muller & Gurevich (2005). In this
paper we analyse the effect of randomly distributed spherical inclusions of another porous material. The size of the inclusions is assumed
to be mesoscopic, that is, much larger than an individual pore size, but much smaller than the wavelength of a fast compressional and shear
wave. The problem is solved by firstly considering the interaction of a plane elastic P wave with a single spherical inclusion, then by applying
an approximate theory of multiple scattering (Waterman & Truell 1961), the effect of an ensemble of inclusions is estimated. The situation
analysed is shown in Fig. 1.

2 APPROACH

2.1 Scattered amplitude from a single spherical inclusion

Following Berryman (1985), we consider the problem of scattering of an elastic wave in a poroelastic medium (called background medium)
by a spherical inclusion of another poroelastic material. Specifically, we consider a fast compressional plain-wave incident on a spherical
inclusion. When this incident wave interacts with the inclusion, it produces fast compressional, slow compressional and shear waves in the
background medium (called scattered or reflected waves), and waves of the same three kinds inside the inclusion (called refracted waves). We
assume that the size of the inclusion is much smaller than the fast compressional wave, but is not restricted with respect to the wavelength of the
Biot’s slow wave. This is the main difference from Berryman’s (1985) long-wavelength solution, which assumes the size of the inclusion to be
much smaller than both wavelength of fast compressional wave and wavelength of Biot’s slow wave. The dynamic behaviour of both materials
is described by Biot’s (1962) equations of poroelasticity. We consider a porous background medium with the uniformly distributed porosity
¢ whose pores are filled with a viscous fluid with bulk modulus K, density p, and viscosity 7. The grains of the solid are characterized
by bulk modulus K,, shear modulus s, and density p,. The solid skeleton formed from grains is characterized by bulk modulus K, shear
modulus w, density p, and permeability «. The inclusion parameters are denoted by the same symbols with prime. We also assume that the
frequencies are lower than Biot’s characteristic frequency so that the undrained bulk moduli of each porous material (background or inclusion)
saturated by a compressible fluid are described by Gassmann’s (1951) equation

K =Ky+0oC, (1
where
K
o=1--2, 2)
Kg
C=0M, (3)
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and
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Alternatively, Gassmann’s eq. (1) can be rewritten for the undrained P-wave modulus H = K + 414/3:

H=L+oC, ®)

where L = K + 4u/3 is P-wave modulus for the dry frame.

Several researchers have studied the problem of scattering in the elastic and poroelastic media (Yamakawa 1962; Ying & Truell 1956;
Gubernatis et al. 1977; Krutin et al. 1984; Korneev & Johnson 1993a,b; Zimmerman & Stern 1993). The general solution of a the problem
of scattering of a harmonic plane wave by a spherical inclusion in terms of spherical Bessel functions and Legendre polynomials is given by
Yamakawa (1962). This solution was extended by Berryman (1985) to poroeleastic media. This solution must obey the boundary conditions
(Deresiewicz & Skalak 1963) on poroleastic interface, that is, continuity of normal and tangential component of stresses, continuity of solid
and relative fluid displacements and continuity of the pore fluid pressure. The detailed analysis of this problem within the low-frequency
regime of Biot’s theory is given by Ciz & Gurevich (2005) who derived simple expressions for the amplitude of scattered Biot’s slow wave.
Here we extend this analysis and derive the fast P-wave amplitude scattered by the spherical poroelastic inclusion embedded in the poroelastic
background medium. The expressions for the fast P-wave amplitude will be used in the next section for computing the attenuation and
dispersion.

According to Ciz & Gurevich (2005), the solution for the radial component of the displacement of the scattered wave into the background
medium in the far field is

Bt eikJrr Bn—

uy = _KZ(;(_I) |:k~2k T - k%

where k, is the wavenumber of the fast compressional wave, k_ represents the wave number of the slow compressional wave and P,(cos 6)

ei k_r

] P,(cos0), (6)

is the Legendre polynomial of the order n. The coefficients for the scattered fast wave are B for n = 0, 1, 2; for the scattered slow wave, they
are B, forn =0, 1, 2.

Since we assumed from the outset that our inclusion is small compared to the wavelength of the fast wave, we can regard eq. (6) as a series
in small parameter k,a. The terms with n > 3 for the scattered fast wave are of the order (k,a)’ and are, therefore, negligible (Yamakawa
1962). Furthermore, it has been shown by Ciz & Gurevich (2005) that the contributions from the terms B and B, for n > 3 are proportional
to k1 a, and these terms are small compared to B, and B; . Thus, the wavefield of the scattered slow wave is given by two terms of the orders
0 and 2. The scattering amplitude for » = 0 is given by the expression (Ciz & Gurevich 2005):

. & CA4y c C
Fo = OE) [ v i) wDeE) 2 H H') @

1 - [N,,—jl(éZ)é_ — th:])(si)g_ + 4H’H” (pL — IL/):|
where prime denotes parameters inside the inclusion, 4 is the amplitude of the incident P wave, h(ll), hél), Jo» j1 are spherical Bessel functions
of the orders O and 1, H" = K’ + 4u/3,& =k a,é§_ =k_a, N=ML/H and N = M'L’'/H' . The full expression for n = 2 (Ciz &
Gurevich 2005) is very complicated, but can be simplified assuming that the amplitude of the scattered fast (normal) compressional and
shear waves are well approximated by the solution of the equivalent elastic problem. This assumption yields a simple approximation for the
amplitude of the scattered slow wave, which is quite accurate for a wide range of material properties and is sufficient for the analysis of the
scattering amplitude as a function of frequency. This expression reads

(me) 3 (1 _ Nfg’Z))XE
_ €D T E Ne? 2
B = 2 1) WE ) ’ ®)
(1 rapL |t (G 3y 1 (MG 3
WEe Nt e (S5 - #) - (2 - 2]
with
—-204,C ! —
E oCu(p — 1) ©)

XE = ,
27 (16 + 6Ap + 142 4+ 9ap)

where h(ll), h(zl) , J1, J 2 define spherical Bessel functions of orders 1 and 2, A, A" represent fluid-saturated Lamé coefficients in the background
and inclusion. In the long-wavelength limit eq. (7) reduces to the long-wavelength approximation of B, derived by Berryman (1985). In the
low-contrast limit eqs (7) and (8) reduce to the solution derived by Gurevich et al. (1998) using the Born approximation. In the low-frequency
limit, Biot’s slow wave amplitude scales with w2 while for inclusions larger than the wavelength of Biot’s slow wave, the scattering amplitude
is proportional to @'/,

To derive the fast compressional wave coefficients of the scattered wave amplitude required for the attenuation analysis, we use the same
concept. We solve the 4 x 4 system of boundary conditions for the coefficient of order n = 0 at the inclusion surface and the 6 x 6 system of
boundary conditions for n = 2. These solutions give the expressions for the fast compressional wave coefficients B and Bj :

iAo —K) &) (HC Y
3H" £ H'C 0>

B =

(10)

© 2006 The Authors, GJI, 165, 957-968
Journal compilation © 2006 RAS




960  R. Ciz, B. Gurevich and M. Markov
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where K = Ky + oC and K’ = K|, + o'C’ are fluid-saturated (undrained) bulk moduli of the background and inclusion, respectively.
Provided the coefficient By is small, the coefficient B can be approximated by the effective elastic solution given by Yamakawa (1962). In
the long-wavelength limit the coefficient B{ from expression (10) reverts to the long-wavelength approximation derived by Berryman (1985):

~ _i%&AoK(’)—Ko-’—C(U/—O') ﬁ

B = By, (12)
0 3 (K +3n) g

where

R i£3CA, (CH" — CH

fr =BG ( ). (13)

3M'H  (Kj+ %)

For completeness we also derive the long-wavelength limit for the scattered coefficient B5 (eq. 11), thus the approximate coefficient ﬁ;

reads:

s 4 g (' — ) 3iB;

By =~ — 5 540— =% ). (14)
3(16pp 4+ 6ap + 14p2 + 91 &

and

A 20 &3 400 C f—

b = i§2 Ao Cpu (i — 1) (15)

3 L(16pp + 6Ap + 1442 + 9ap)”
It is easy to check that if the fluid bulk modulus vanishes Ky — 0, then C — 0 so that B, — 0 and both eqs (12) and (14) reduce to the
expressions B and B, in elastic limit derived by (Yamakawa 1962). Derived expressions (10) and (11) are, therefore, consistent in the limits

with known exact long-wavelength solution of (Berryman 1985) and with the solution for elastic wave scattering from a spherical inclusion
derived by (Yamakawa 1962).

2.2 Multiple scattering formulae

The multiple scattering theorem of Waterman & Truell (1961) provides the method of computation of attenuation and dispersion of seismic
waves in the medium with randomly distributed inhomogeneities. According to Waterman & Truell (1961), effective wavenumber k¢ may
be calculated from the amplitudes of the scattered field as

ket | 27vf(0)1*  [2rvf(m)]?

— ) =1+——| - |— (16)
ky ki ki

where k. = w/v is the real wavenumber of fast P wave, v is the density or number of scatterers per unit volume and f(0), /(7)) are amplitudes

of the wave scattered in the forward and backward direction (with respect to incident wave) by a single inclusion. For spherical inclusions the
scattered amplitude can be related to the coefficients of the scattering series (6) by

1 & o
1(0)= ZXO:’ B, (17)
and

1 & o
S =7 ;(—z) B . (18)

For sufficiently small concentration of inclusions quadratic terms in (16) can be neglected, which yields

4ruf(0)]'" 2muf(0)
+ +
The real part of eq. (19) gives the effective velocity v.g in media with a low concentration of scatterers
1 1 2rv

= — [1 +— Re{f(O)}] . (20)
Veff U4 ki
The imaginary part of eq. (19) gives the dimensionless attenuation (inverse quality factor)

4rrv
07 = - Im((0)). @1
T

The above expressions (20) and (21) allow us to model the dispersion and attenuation due to the scattering of a plane elastic wave by
poroelastic inclusions randomly distributed throughout a poroelastic medium. In this study we investigate the special case of dispersion and
attenuation using the solution for the scattering by a spherical inclusion given in the previous section.
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3 RESULTS

3.1 Analytical results for attenuation

To derive an analytical expression for the attenuation we substitute the scattered amplitude for the fast compressional wave (eqs 10 and 11)
into eq. (21). This yields

38 1
- Im{— (B — B)t, 22
0" = | - (85 — )| 22)

where 8 = v(4/3)ma’ is the fractional volume concentration of scatterers. As shown by Ciz & Gurevich (2005), the slow wave scattering
coefficient of the order n = 1 is small and can be neglected. The imaginary part of the coefficient B} represents the negligible slow wave
contribution. Substitution of the full expressions for Bf (eq. 10) and B5 (eq. 11) into (22) yields

(1) ’ ’ -
o' :am{@(s (1_£> B i — 1) By )} (23)

H'C) "% (16up + 6Ap + 141> + 9rp)

where B and B; are slow wave coefficients given by eqs (7) and (8).

This is the expression for the attenuation of the elastic waves due to mesoscopic fluid flow induced at the boundary of randomly distributed
poroelastic spherical inhomogeneities in poroelastic background medium.

In the special case of patchy saturation, where only the fluid properties between the inclusion and the background medium differ the
second term in eq. (23) vanishes and we have

Ao(CH" — C'HY?

07! =38Im 24)

o | A o€ o i E)
HH |:N j](SL)S* Nh(l”(gf)sf

The eqgs (23) and (24) constitute the main results of this paper. Before we plot effective attenuation in the full frequency range let us analyse
the asymptotical behaviour at low and high frequencies.

In the low-frequency limit we can replace spherical Bessel functions with their approximate expressions for small arguments, that is,
|€ _| < 1 (Abramowitz & Stegun 1965). Using these approximations in the expression (23) we can write Q! in the form

3 . -
o'= E(Saz (XoBy +3B5B;) K x o, (25)

where coefficients X, l-}a , l-}z* and l§2’ depend only on material properties and not on frequency

HC'

Xy = -1, 26

0= e (26)

N C*H"  ApX,

By =— 2 27)
M (K + 110)

.. 4 Ao —

pr=t oH( — 1) ’ (28)

3(16pup + 6ap’ + 142 + 9ap)
B = —s2Cpr 29
2 L 2

In the high-frequency limit we substitute all spherical Bessel functions with their approximations for large arguments, that is, |£ _| > 1
(Abramowitz & Stegun 1965). This yields
38 (XoBy +3B7B7)
N k_a

—1

x 1/v/w. (30)

The expressions (25) and (30) represent asymptotes of elastic wave attenuation in the poroelastic medium with low concentration of
spherical inclusions of another porous material. The obtained high-frequency asymptote is consistent with the asymptotic behaviour of the
solution of general diffusion equation at high frequencies (Muller & Gurevich 2005). Diffusive processes scale in the high-frequency limit as
1//w and the Biot’s slow wave is described by the diffusion equation. The high-frequency asymptote obtained in our model is also consistent
with the result of Gurevich ef al. (1998), whereas our low-frequency asymptote differs from the low-frequency solution of Gurevich et al.
(1998). O~! at low-frequency scales with frequency as /. The low-frequency asymptote obtained by Gurevich et al. (1998) was incorrect
as they neglected near-field terms in wavefield expansion. Low-frequency asymptote derived in expression (25) shows attenuation scales with
frequency as w.
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3.2 Velocity dispersion

To study the effect of dispersion of elastic waves in the model with randomly distributed spherical inclusions we substitute amplitudes [eqs(10)
and (11)] into the expression for effective velocity (eq. 20). This substitution yields

1 1 38
=—[1+§§—3Re{—i3;+31++i3;}], (31
+

Veff Uy

where B} represents the equivalent elastic solution given by Yamakawa (1962):

3 ’
BT:%(l—%), (32)

where p and p’ represent overall densities of background and inclusion. The numerical analysis of the velocity dispersion in the full frequency
range is carried out in the next section.

As stated before, our model is limited to small concentrations of inclusions §. Note, that the velocity limits for low and high frequencies
are known. For low frequencies the velocity is given by Berryman & Milton (1991) and for high frequencies by an effective elastic model with
isolated elastic inclusions. It is, therefore, important to check that our model satisfies those limits. The problem is, however, that in general
even these high- and low-frequency asymptotical velocities are not uniquely defined by the volume concentration of inclusions but depend
on their spatial distributions. This makes the comparisons quite cumbersome. However, for the special case of patchy saturation the low-
and high-frequency velocity are unique functions of volume concentrations and are given by Gassmann-Wood and Gassmann-Hill bounds,
respectively. The Gassmann-Wood low-frequency bound on seismic velocity reads (Johnson 2001)

| H
VBGW = ?, (33)

where Hpgw represents fluid-saturated bulk modulus given by Gassmann’s eq. (5), where the fluid modulus M given by eq. (4) implements

the effective pore fluid bulk modulus K using Wood formula
1 1-6 1)

K K K

The high-frequency velocity vy reads (Johnson 2001):

K 4u/3
YBH = l%“/’ (35)

and Kpgp represents the fluid-saturated bulk modulus given by Hill’s theorem
1 1= n 8
Kpou+41/3 ~ K+4u/3 ° K +4u/3’
where K, K’ are fluid-saturated bulk moduli of background and inclusion media given by Gassmann’s eq. (1). For this case eq. (31) reduces to
1 1 36
— = —|14+-—=Re —iB++B+:|. 37
Veff Uy |: 2 543- { 0 : } @7

Since our model is limited to small concentrations of inclusions, this velocity is not identical to the one given by Gassmann-Wood bound.

(34)

(36)

However, in the limit of low concentrations of inclusions the expression (37) in power of § gives
o). (38)
UBGW
Since the higher order term in low-frequency limit scales with §, we conclude that our model is asymptotically consistent with Gassmann’s
theory for small concentration of inclusions.

In the limit of high frequency, the effective velocity v fulfil the no-flow limit given by Gassmann-Hill bound (eq. 36) on seismic velocity
vpgu and the expression (37) in power of § gives:
L _ 4 o). (39)
UBGH

The more general case, for which the bounds are uniquely determined by §, is the case of effective elastic moduli of an elastic composite

with dilute concentration of elastic spheres (Christensen 1979). For this model effective elastic constants are given by

m_ 151 = w) [1 - (/ﬂ_)]‘s (40)
e 7—5ve+2(4—5ue)(5—§)'

. (K. — K)8
K=K, + (41)

T (K - Ko/ (K + )]

where v, = (3K, — 2u.)/2(3K, + 1.) represents Poisson’s ratio. Using these results and combining them with Gassmann’s equation al-
low constructing general lower and upper bounds on the porous material with the porous inclusions of another material. The only limitations
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Table 1. Mechanical properties of the sample rocks.

Parameter Background Inclusion 1 Inclusion 2
Ko [GPa] 12.6 x 10° 11.97 x 10° 12.6 x 107
wo [GPa] 9.0 x 10° 8.55 x 10° 9.0 x 107
« [m?] 0.95 x 10712 0.95 x 10712 0.95 x 10712
@ 0.16 0.16 0.16

Kgq [GPa] 33 x 10° 33 x 10° 33 x 10°
pg [kgm3] 2760 2760 2760

are saturating fluid and grain material which are the same in both background medium and inclusion. Under these conditions the lower bound
(low-frequency limit) on seismic velocity yields

T TE
v, = % 42)

where K7, and uj, are given by Gassmann’s fluid substitution

K;, =K;+ oM, (43)
KUip = Mo (44)

and K and puj are obtained using eqs (41) and (40) by substituting dry bulk modulus of background and inclusion (K. = K ¢, K, = K{)). The
parameters o* and M* are given by eqs (2) and (4) and read

ot =1 % (45)
8
" =¢(1—38)+¢'s, (46)
Ml — [—61; LA 1‘?/] , 47)
4 .

where K, represents grain bulk modulus.
The upper bound (high-frequency limit) on seismic velocity v, is constructed as follows:

. | Ky +4uy./3
UHf = %’ (48)

where K7, and uj,, are obtained using eqs (41) and (40) by substituting fluid-saturated bulk modulus of background and inclusion (K, =
K,K,=K').

To check that effective velocity in eq. (31) satisfies at low-and high-frequency generalized bounds given by eqs (42) and (48), we expand
our results in powers of §. In the low-frequency limit for small concentration of inclusions the effective velocity v.g from eq. (31) gives

T 14 0(), (49)

Vi,
and in the limit of high frequencies the

W o, (50)

m
Hf

The dispersion curves and their limiting cases are in the full frequency range investigated numerically in the following section.

3.3 Numerical examples

In Figs 2—6 and 7(a) we show the attenuation and dispersion in the broad frequency range We use in our examples sample rock parameters
summarized in Table 1 and the parameters of water and gas (Table 2).

To check the correctness of the expressions (23) and (24) in Fig. 2, we compare the derived analytical model with the numerical solution
for the scattering by single inclusion. The porous background medium and the inclusion were in both cases saturated with water. The two
types of models were tested. The lower attenuation curve (in Fig. 2) represents the comparison for the case of low contrast between elastic

Table 2. Mechanical properties of fluids.

Parameter Water Gas

K [GPa] 2.25 x 10° 0.0001 x 10°
or [kgm?] 1000 12

n [Pas] 0.001 0.000018
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Figure 2. Comparison of the derived analytical solution (eq. 23) of P-wave attenuation with the general numerical solution.
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Figure 3. Effective attenuation due to scattering into the Biot’s slow wave versus frequency for inclusions of different size. Attenuation maximum shifts to
higher frequencies as the inclusion radius a decreases.

constants of background medium and inclusion (Table 1, Inclusion 1). The upper attenuation curve represents the case when the contrast
between background and inclusion is high (Table 1, Inclusion 2). This comparison shows very good agreement between our model and the
numerical solution up to a certain frequency. Beyond this frequency the numerical solution deviates substantially from the analytical solution.
This occurs due to other attenuation mechanisms, namely elastic (Rayleigh) scattering and Biot’s visco-inertial mechanism, both of which
dominate at high frequencies that violate the low-frequency assumptions stated in Section 2.1 (Fig. 2). The frequency dependence of the
attenuation has a form of a relaxation peak, with the maximum of the dimensionless attenuation at a frequency at which the wavelength of the
Biot’s slow wave is approximately equal to the characteristic size of the inclusion. This figure confirms the asymptotical behaviour derived in
the previous section.

Fig. 3 shows the attenuation curves for the special case of patchy saturation (eq. 24). The uniform porous background with parameters
given in Table 1 saturated with air (Table 2) contains randomly distributed spherical patches of water (Table 2). The asymptotical behaviour
derived still holds. The attenuation maximum shifts to higher frequencies as the inclusion radius decreases. The same situation is analysed
in Fig. 4 for effective velocity dispersion (eq. 37). The dispersion curves shift to higher frequencies with the decreasing radius of inclusions.
The dispersion fits the bounds on seismic velocity given by eqs (38) and (39).

The behaviour of effective attenuation as a function of changing permeability in the inclusion’s properties is shown in Fig. 5. The
attenuation maximum keeps the same height and shifts to higher frequencies with increasing permeability. Fig. 6 shows the increase in the
attenuation due to the increasing number of randomly distributed inclusions in the background medium. Maximum attenuation is growing
but in this case it is fixed to constant frequency.
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Figure 4. Effective velocity dispersion due to scattering into the Biot’s slow wave versus frequency for inclusions of different size. Dispersion curves shift to

higher frequencies as the inclusion radius a decreases.
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Figure 5. Effective attenuation versus frequency for different permeabilities of inclusions.
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Figure 6. Effective attenuation versus frequency for different inclusion concentrations.
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The developed model for effective attenuation and velocity dispersion is limited to low concentration of inclusions. Fig. 8 shows that in
some special cases (the case of patchy saturation) this model fits the bounds on effective velocities up to 90 per cent of inclusion concentration.
This figure demonstrates the capability of the model to simulate frequency dependent behaviour of effective velocity due to increasing
concentration of water patches. The limitation given by the assumption of low concentration of inclusions is shown in Fig. 7(a). The dispersion
curve is shifted to higher effective velocities and overestimates the bounds even though the concentration is relatively low (§ = 3 per cent).
The violation of the limit in Fig. 7(a) is due to the high contrast between the fluid properties of the host and inclusion [water vs. air, see
Table 1, Inclusion 1)]. We have deliberately chosen this case to highlight the limitations of the model. The effect has the same cause as very
sharp drop of acoustic velocity with the addition of a only a few per cent of air into a liquid (or a liquid-saturated porous medium).

To show that the high- and low-frequency limits discussed in eqs (42) and (48) are satisfied at low concentrations we plot in Fig. 7(b)
the effective velocity as a function of inclusion concentration. This figure confirms the theoretical analysis. At concentrations as low as 1 per
cent the effective velocity fits the high- and low-frequency bounds.

These numerical examples demonstrate the behaviour of the derived model of randomly distributed poroelastic spherical inclusions in a
poroelastic background medium in full frequency range and confirm the analytically derived limiting cases.

4 CONCLUSIONS

The main result of this study is the quantitative model of scattering of elastic waves by spherical poroelastic inclusions randomly distributed
in a poroelastic background medium. These inclusions cause attenuation and dispersion of the incident fast compressional wave due to mode
conversion into Biot’s slow wave. This mechanism concerns wave-induced flow caused by heterogeneity in the elastic moduli at ‘mesoscopic’
scales. The explicit formula derived in this study quantifies this attenuation mechanism. It needs to be pointed out that this expression is fully
derived without fitting the limits unlike the models of Johnson (2001) and Pride & Berryman (2003).

The analysis of this mechanism reveals following conclusions. At low frequencies, the attenuation scales with frequency w and at high
frequencies is proportional to frequency as w~!/2. Attenuation increases with the concentration of spherical inclusions. The increasing size
of the inclusions causes shift in the position of the attenuation maximum to the lower frequencies. Attenuation maximum shifts to higher
frequencies when the permeability of inclusions is growing. Dispersion curves are consistent with the results obtained for the attenuation and
shift to higher frequencies when the size of inclusions decreases. In the case of patchy saturation the derived dispersion model satisfies the
upper and lower limits expressed by Hill’s and Wood’s theorems. This model is consistent with the upper and lower bounds derived from the
effective elastic moduli of elastic composite material containing dilute concentration of spherical inhomogeneities. The derived analytical
model is in good agreement with the numerical solution.

The model with spherical inclusions is very idealized and is unlikely to explain observed levels of attenuation and dispersion in real
rocks, except perhaps in the case of partially saturated rocks. However, the idealized model presented can be used to develop more advanced
models for more complicated geometries.
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