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Abstract

The energy conservation law, when applied to the Earth’s core and integrated between the onset of the crystallization
of the inner core and the present time, gives an equation for the age of the inner core. In this equation, all the terms can
be expressed theoretically and, given values and uncertainties of all relevant physical parameters, the age of the inner
core can be obtained as a function of the heat flux at the core-mantle boundary and the concentrations in radioactive
elements. It is found that in absence of radioactive elements in the core, the age of the inner core cannot exceed 2.5 Ga
and is most likely around 1 Ga. In addition, to have an inner core as old as the Earth, concentrations in radioactive
elements needed in the core are too high to be acceptable on geochemical grounds. © 2001 Elsevier Science B.V. All

rights reserved.
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1. Introduction

The ages of the Earth and of mantle—core dif-
ferentiation are now precisely known [1] by the
use of radiogenic methods on both meteorite
and mantle samples. However, as no sample of
the Earth’s core is available, no such possibility
exists to date the onset of the formation of the
inner core, and the only way to find its age is by a
Kelvin-type method [2,3]: modeling core evolu-
tion in order to match all available constraints.

In a recent paper [4] we claimed that if the
Earth’s inner core was older than 1.7 Ga it would
be larger than it is. This conclusion was based on
a cooling model for the core and is dependent on
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several assumptions concerning parameter values
and cooling processes. However, this conclusion
was in general agreement with previous studies
[5,6] with the exception of the global cooling mod-
el by Mollett [7]. The main difference between his
model and ours is our assumption of no radio-
genic heating in the Earth’s core, based on the
partition coefficient values of Oversby and Ring-
wood [8]. If this assumption was relaxed, a small-
er part of the heat flux at the core-mantle bound-
ary (CMB) would correspond to the cooling of
core and the inner core growth would then be
slower, allowing a greater age of the inner core
with the same constraint of its present size.

The goal of this paper is to show that the age of
the inner core is the solution of an equation in-
volving intrinsic expressions which can be solved
analytically in the zero radiogenic heat case and
numerically if we allow some radioactive ele-
ments. Also, this allows derivation of an estimate

0012-821X/01/$ — see front matter © 2001 Elsevier Science B.V. All rights reserved.

PII: S0012-821X(01)00387-9



112 S. Labrosse et al. | Earth and Planetary Science Letters 190 (2001) 111-123

of the uncertainty on the age of the inner core and
an investigation of its sensitivity on the less well
known relevant physical parameters.

2. Radial profiles

The computation of the heat balance of the
core requires the definition of profiles for the
average temperature, density and gravity. Convec-
tive motions are assumed to transport both heat
and light elements in the whole outer core which
is then taken as hydrostatic, well mixed and adia-
batic:

VP =—pg (1)
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where P is the pressure, & is the concentration in
light elements, g is the gravity, Ts[c(?)] is the solid-
ification temperature at the radius of the inner
core ¢(t), o is the expansion coefficient and Cp
is the heat capacity at constant pressure. The log-
arithmic equation of state of Poirier and Taran-
tola [9] is used:
P=KLmm? @)
Po  Po
with py and K, the density and incompressibility
at zero pressure, respectively. Using this equation
of state and the hydrostatic balance (Eq. 1) leads
to:
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where p. is the density at the center. In order to
integrate this expression, one needs to know the
gravity profile, which itself is given by:

anG [T
g(r) =

=, (u)uPdu (6)

with G the gravitational constant. There is no way

to solve this coupled problem exactly and we
chose to develop both profiles to the third order
in radius. The coefficients of these developments
are obtained by an iterative procedure described
in Appendix A. The resulting two profiles are:

p = peexp (—L) )
et = Tapor(1-25) )

L being a length scale for the compression given
by:

3K (log Pe

T 1)
po = 7400 £ 150 km  (9)

L =
2nGPOPc

The numerical value of L given here is chosen to
give a good fit of Eq. 7 to the PREM density
values in the outer core. The density jump at
the inner core boundary (ICB) Ap is added to
the density profile in the whole inner core to fit
the PREM inner core values. This extra density
modifies the gravity to give:

rif0=sr=c¢
4n 3/r\2] 4=n
=—Gp.r |1—=(= —GA .
&) 3Gpr{ 5<L>}+3Gp{éifr>c
r

(10)

The correction to the density profile due to the
extra term in the gravity profile is of the order
Aplp. X PIL* < r*/L* < 0.05 and is neglected (see
Table 1).

Assuming that o/Cp is uniform, the adiabatic
temperature profile can also be obtained by direct
integration of Eq. 3 to give, to the same order:

T 0) = 7.0 oxp (<57 (i)

with the adiabatic height D = /3Cp/2naxp.G=
88301000 km (Table 1) close to the numerical

value of L. Note that, as in the case of the density
profile (Eq. 7), the terms involving Ap in the grav-
ity give a negligible contribution to the temper-
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Table 1

Parameter values

Parameter Value

Gravitational constant®, G 6.6873+0.0094x 107" m? kg~! 572
Core radius®, b 3480+ 5 km

Present inner core radius®, ¢; 1221+1 km

Density at the center®, p.
Density jump at ICBY, Ap
Specific heat®, Cp

Thermal expansion coefficient’, o
Entropy of crystallization’, AS
Temperature of solidification at the centerf, Ty
Griineisen parameter®, y

25U half lifeg, sy

28U half lifeg, sy

40K half life?, zog

23zTh half lifeg, To32Th

25U heat production”, Hasy
23U heat production”, Hassy

40K heat production”, Huy

22Th heat production®, Haop,

12.5£0.55x10° kg m™3
500+ 100 kg m ™3
86086 J kg™! K~!
6.3+0.6X107° K~!
118+12J kg™ ! K!
5270+ 500 K

1.3£0.2
7.0381+0.0048 X 10% yr
4.4683%0.0024 X 10° yr
1.2511£0.002% 10° yr
1.401+0.008x 10 yr
5.687X107* W kg !
9.465x107° W kg™!
1.917X 1075 W kg~!
2.638X107° W kg !

2From [43].

YFrom PREM [44] with a reasonable estimate for CMB and ICB topography.

‘From PREM with 5% uncertainty [45] and after subtraction of the density jump at the ICB.

dFrom PREM after subtraction of up to 1.7% density change upon freezing [46,47].

°From [28] with 10% uncertainty (see text for a discussion about the choice of Griineisen parameter).

"From [46].
£From [48].
hFrom [49].

ature profile. The solidification temperature is ob-
tained from Lindeman’s law of melting ([10],
p-132):

olog T 1

=2 y—= 12
dlog p <y 3) 12)
with y the Griineisen parameter, giving (see Ap-
pendix A):

Ts(r) = Ty exp [—2(1—%) ;—22} (13)

Ty is the solidification temperature of core mate-
rial at the pressure of the center of the Earth.
3. Heat balance of the core

The energy balance in the core [4,5,11-13]
states that the total heat flux across the CMB

Q(¢) has to be equilibrated by the sum of four
terms: secular cooling, latent heat, gravitational
heat due to inner core differentiation and radio-
genic heat if present. This equation can be inte-
grated from the onset of the inner core (1= —a) to
present (¢ =0) to give an equation involving total
energies:

0
O(dt=C+ L+ G+ H (14)

with C, £, G and 'H, the total secular cooling,
latent, gravitational and radioactive energies re-
leased since the onset of the crystallization of
the inner core, given by:

41 2 2
C=—p b CpTy-L [ 1—— 15

L = MiASTy (16)
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p is the mean density of the core, Ap is the part of
the density jump across the ICB which is due to
compositional change, ¢f is the present inner core
radius, AS is the entropy of solidification (the la-
tent heat being L=TAS), b is the radius of the
core, M. is the mass of the present inner core, C,
is the massic concentration in radioactive element
e, H, and 7, being the heat release and half life
associated, respectively.

For the sake of clarity, we only give here the
expression for the secular cooling term (Eq. 15) as
a development limited to the first non-zero term
in powers of b/D and c¢¢/D of the total expression.
However, the total expression obtained in Appen-
dix B is used when computing numerical results.
This expression is obtained from the only assump-
tions of a hydrostatic balance, an adiabatic tem-
perature profile in the whole core, as presented in
Section 2.

The approximation of an adiabatic inner core
can be proved to be very good (see Appendix Bl).
However, the error coming from this approxima-
tion is taken into account in the forthcoming un-
certainty computation. Another approximation
we have done is that the adiabat holds throughout
the liquid core even if a low heat flux across the
CMB imposes a sub-adiabatic temperature gra-
dient at the top of the core, a possibility which
cannot be ruled out [4]. However, we have shown
[4] that this situation, although affecting the ther-
mal evolution of the core, would not have an
important effect on the growth of the inner core,
hence on its age.

The latent energy released by inner core crys-
tallization ( £, Eq. 16) has been computed with
the reasonable approximation of a constant den-
sity and solidification temperature between r=0
and r=¢. This assumption could easily be re-
laxed (see Appendix B3) but this would give an
unnecessarily complicated expression.

The total gravitational energy coming from the

change of density and thereby gravity has to be
separated into two parts: one due to rapid
changes in the mass distribution associated with
convective motions and one due to the slow ad-
justment of the core to its cooling. The former is
converted in Joule heating and is the part to be
included in the heat balance (see Eq. 44 and its
limited development Eq. 17). The latter does not
drive any motion and, as stated by Buffett et al.
[14], is totally converted in compressional energy
and a negligible adiabatic heating (see Appendix
C). Therefore, it does not enter the heat budget of
the core. Stacey and Stacey [15] recently produced
an estimate of the total gravitational energy re-
leased during core cooling history and also com-
puted that part of this energy stored as compres-
sional energy. The value they obtain for the
compressional energy is much smaller than the
gravitational energy coming from core cooling,
in contradiction with the argument of Buffett et
al. [14]. However, they did not compute the sen-
sitivity of their numerical results to the choice of
input parameters. These energies are subject to
large uncertainty since they are very small differ-
ences between very large energies. We then believe
that their numerical result is not sufficient to dis-
miss the simple physical argument of Buffett et al.
[14].

The expression for the gravitational energy G
given in Eq. 17 is, as in the case of the secular
cooling term, only the first term in the develop-
ment of the more complete result given in Appen-
dix C. The complete result is however used when
dealing with numerical values.

The only term involving the age of the inner
core in the RHS of Eq. 14 is the radioactive en-
ergy term H given by Eq. 18. In the past, only
40K was considered, but the small difference in the
Th/U ratios of the chondrites and mantle allows
in the core a small fraction of 2%U, U and
22Th (Bourdon, personal communication). A
general form for the total radioactive energy is
then used, the concentrations in all the elements
being considered as free parameters in this study.

The precise knowledge of the history of the
heat flux at the CMB, Q(t), requires modeling of
coupled mantle and core thermal evolution. This
has been done by several authors using parame-
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terized convection models for the mantle
[6,7,16,17] based on the relation between the Ray-
leigh number and the non-dimensional heat flux
obtained in experiments of convection at high
Rayleigh number. This relation, of the form
NuxRaP (Ra is the Rayleigh number and Nu is
the Nusselt number or the non-dimensional heat
flux), is dictated by boundary layer theory and
well satisfied in many configurations ([18], and
references therein). The dynamics of the system
being controlled mostly by radioactive internal
heat generation, the heat flux at the surface de-
creases with time following a exp (—#/7) form and
global energy conservation of the mantle leads to
the same kind of time evolution for the heat flux
at the CMB. This is what all the cooling models
of the Earth based on the parameterized approach
give [6,7,16,17].

Other authors proposed to model heat transfer
in the mantle by separating the contributions of
different geodynamical objects, namely plates,
plumes and thermals. Stacey and Loper [19] pro-
posed a thermal history model of the Earth based
on the assumption that the core is totally cooled
by hot plumes departing from the D" layer. Their
parameterization is based on different models of
the D” layer as the source of the plumes at the
origin of hotspots [20-22] and the heat flux ob-
tained is, after a sharp increase, fairly constant
and low (1.7 TW). However, this is an unavoid-
able result of assuming that ‘the inner core has
been present and growing for most of the Earth’s
history’ [19]. Relaxing this constraint and using
the same parameterization Davies [23] obtained
a heat flux that, after the same sharp increase, is
decreasing with time with an exponential shape.
He also recognized the existence of other modes
of cooling of the core, principally the arrival of
cold down-welling currents (plates) on the CMB.
This mode actually dominates the heat flux at the
bottom in a fluid between isothermal surfaces
which is, in addition, volumetrically heated
[18,24], as is the mantle by radioactive elements
and secular cooling. This mode of core cooling is
proportional to the surface heat flux which is con-
trolled by the heating rate of the mantle, decreas-
ing exponentially with time.

The sharp increase in the CMB heat flux at the

beginning of the models by Davies [23] and Stacey
and Loper [19] comes from the assumption of an
initial thermal equilibrium between the core and
mantle. This initial stage being very short it will
not affect the age of the inner core as long as this
age is smaller than about 4 Ga, which will turn
out to be the case.

Following all these lines of evidences, the heat
flux at the CMB can be assumed to vary exponen-
tially with time, Q(¢) = O, exp (—t/7p), the present
heat O, and the characteristic time 7y being then
the free parameters. The constant heat flux case is
also considered as a limit (7p =) of this evolu-
tion function. This type of time variation agrees
well with global thermal evolution models but any
other form of Q(¢) could be used. The linearly
varying heat flux previously considered [4] has
also been investigated here, resulting in similar
values for the age of the inner core. Of course,
this type of idealized time evolution has to be
interpreted as the average evolution, the short
(~100 Ma) fluctuations inherent to high Ray-
leigh number convection [18] being neglected.
The equation for the age of the inner core a is
then:

a Te
= )-1|-M H, —
arve o ()| et s

oxp (“22) 1) = Buntar) (19)

Te

in which the total energy FEi(cf)= C+ L+ G re-
leased by cooling of the core since the onset of
the crystallization of the inner core does depend
neither on the free parameters Q,, 7p and C, nor
on the age of the inner core itself.

4. Parameter values, uncertainties and resulting
age of the inner core

We see that the age of the inner core is the
solution of Eq. 19 involving several exponentials,
which can be solved analytically in the case of
zero concentration of radioactive elements and
numerically otherwise. All the parameters are giv-
en in Table 1 with estimated uncertainties and the
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Table 2

Total energies

Energy Value
Gravitational, G 41%+1.0
Latent, £ 6.0+1.6
Cooling, C 7.7£5.0
Total, Eioy= G+ L+ C 17.81£7.83

Computed total cooling energies and uncertainties in units of
10? J. The uncertainties comprise the formal uncertainties
on the parameter values and those coming from the various
assumptions made (see text).

resulting total energies of cooling are given in
Table 2.

There are several and much different estimates
for the present heat flux at the CMB, ranging
from 3 to 10 TW [5,25-27]. We will then explore
this whole range of possibilities. If there is no
radioactive element in the core, then the age ob-
tained for the inner core is shown on Fig. 1 as
well as the uncertainty resulting from the uncer-
tainties prescribed on the various parameters. On
all the figures, the present heat flux at the CMB
Oy is on the abscissa and the initial (1=t =—4.5
Ga) heat flux Qy is on the ordinate. Qy is related
to 79 by Qo= 0p exp (fo/79). We can see that an
age between 600 Ma and 1.8 Ga is obtained with
less than 50% uncertainty.

There are two kinds of uncertainties involved in
that problem: those attached to the estimates of
the different parameters (Table 1) and those due
to simplifying assumptions. If the first ones are

40

Initial flux, TW

30

-
20
10

4 5

3

z
3

2
a\
6 7 8 9 1

Present flux, TW

0

well estimated (which is not always an easy
task), their effect on the results can readily be
computed from differentiation of Eq. 19. In order
to ensure that we do not underestimate this un-
certainty, the highest acceptable values of the un-
certainties on all parameters were chosen. We see
that, for each chosen value for the two parameters
defining the heat flux at the CMB (Q,, Qo), the
uncertainty on the age of the inner core is less
than 50%. Of course, the highest uncertainty lies
with the heat flux at the CMB, then chosen to be
a free parameter.

The Griineisen parameter that enters in Linde-
man’s law of melting (Eq. 12) is the vibrational
parameter ([10]). Two other definitions for this
parameter are often used: the thermodynamical
Griineisen parameter and the Slater Griineisen
parameter. These three definitions can be proved
to be equivalent if Debye theory holds [10]. The
thermodynamical Griineisen parameter, estimated
by Stacey [28], is %n = 1.38. On the other hand, the
Slater Griineisen parameter can be estimated from
PREM by using the approximation ¥ =—1/6+1/
2(AKI/AP), giving a value of 1.1 at ICB. A satis-
factory agreement between these two estimates
can be obtained by affecting a reasonable uncer-
tainty of 0.2 to each of them, giving support to
Debye theory in the core. We then chose to use
the thermodynamical definition since it allows to
relate the gradient of solidification temperature to
the adiabatic gradient. Consequently, Stacey’s val-
ue [28] is used. This value is also consistent with a

100

Initial flux, TW
w &2 w2 9 = w
2 & 2 2 3 g 8

9
S

®

=

/

3 4 5 6 1 8 9 10
Present flux, TW

Fig. 1. Age of the inner core in Ga (left panel) and % uncertainty (right panel) as a function of the parameters entering the rela-
tion between the heat flux at the CMB and the time (present heat flux, Q, on the abscissa, and initial heat flux, Qp, on the ordi-
nate) if there is no radioactive element in the core. Initial flux is the heat flux just after core differentiation, t=—4.5 Ga. Equiva-

lently, 7o (see text) varies between 1.3 and 47 Ga.
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recent experimental determination of the vibra-
tional Griineisen parameter [29].

Several assumptions were made and it is neces-
sary to estimate the errors they imply. First, the
inner core was assumed to be adiabatic. In a pre-
vious study [4], we solved the conduction problem
in the inner core and obtained temperature gra-
dients always sub-adiabatic so that our present
value of the total cooling energy for the inner
core is slightly underestimated. An overestimate
can be obtained by assuming a perfectly conduct-
ing inner core [5] so that the corresponding cool-
ing energy to be added is Cj. =2/5CpM;. TS(Cf)C%/
D? (see Appendix B2), M;. being the mass of the
present inner core. This energy amounts to about
2.5%10%7 J and is then a small contribution to the
total uncertainty of the cooling energy (Table 2).

Another simplification in the computation
comes from neglecting the possible presence of a
conduction shell at the top of the core, but it was
shown to have no detectable effect on the inner
core growth [4]. The assumption that the solid-
ification temperature does not change with the
gradual enrichment in light elements accompany-
ing the inner core growth is well justified: the
present inner core is 3% of the total volume of
the core and the increase in light element concen-
tration in the outer core due to the inner core
growth is less than 5% of its present value. This
means a temperature variation much lower than
the prescribed uncertainty on Ty.

The lowest value we accept for the present heat
flux across the CMB, 3 TW, is the estimated total
heat coming from hotspots [25,26]. If one believes
that hotspots are surface expressions of mantle
plumes originating at the CMB, this value can
indeed be taken as a lower bound of the heat
flux at the CMB since in volumetrically heated
convection (as the mantle is) a large part of the
heat flux at the bottom boundary is due to cold
matter going down and can be significantly non-
null even if hot plumes are totally absent [18,24].
Also, in convection with internal heating, many
hot plumes start from the lower boundary but
do not make their way up to the surface, because
of the sub-adiabatic temperature gradient in the
central region. This means that in the mantle
many hot plumes will not produce any surface

expression even without taking into account
phase transitions or the lithospheric filter [30].

This estimated heat out of the hotspots was
taken by Stacey [27] as the actual heat flux at
the CMB to infer a maximum possible value for
the thermal conductivity of core material, arguing
that the heat flux conducted down the adiabatic
temperature gradient cannot exceed the heat flux
at the CMB. We think that this possibility needs
not to be excluded [4] and a 3 TW CMB heat flux
can be accepted even if independent estimates of
the thermal conductivity lead to a heat flux down
the adiabat about twice this value [4,31]. How-
ever, even though the thermal conductivity of
the core is a badly known and much discussed
parameter, it does not directly appear in the prob-
lem of the age of the inner core.

5. Effects of radioactive elements

The possibility of radioactive elements in the
core was previously rejected because the most
likely candidate was “°K and partition coefficients
were not favorable [8]. However, this view might
be altered depending on the exact scenario for
core differentiation [32,33] and other radioactive
elements might also enter the core (**U, 2°U,
232Th, [34]). Finding the exact values of the con-
centrations for these elements requires under-
standing accretion and differentiation processes
and measuring the partition coefficients at the cor-
rect conditions of temperature, pressure, oxida-
tion and composition of the alloy forming the
core. If one knew the concentration of all radio-
active elements in the core, it would be possible to
compute the age of the inner core for each possi-
ble heat flux history, from Eq. 19. As an example,
using the maximum acceptable difference in Th/U
between mantle and chondrites, one can obtain
maximum values of concentration of U and Th
in the core as 5 ppb and 0.17 ppb (B. Bourdon,
pers. commun.) and solving numerically Eq. 19
using these values for the only three isotopes con-
cerned, we obtain the age given in Fig. 2. As
anticipated, the age obtained is greater than with-
out radioactive elements but not by a large
amount.
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Fig. 2. Age of the inner core and % uncertainty as a function of the heat flux parameters in the case of a 5 ppb U concentration

and a 0.17 ppb Th concentration (see text).

The same problem may be treated the other
way around: if, by any means, the age of the
inner core was known, it would be possible to
compute the required concentration in radioactive
elements compatible with it, depending on the
heat flux history. For example, Hale [35] claimed
that a sharp increase of the magnetic field is ap-
parent in paleomagnetic records at 2.7 Ga and
that it can be attributed to the onset of the inner
core. Although the suggestion is interesting, it re-
lies too much on a single value of paleointensity
at 2.5 Ga and needs more quantitative results to
be confirmed. However, as an exercise, we can use
that value in Eq. 19 and compute the needed ra-
dioactive element contents of the core. To that
end we have to fix the concentration ratios, for
example to bulk Earth values [36], and parameter-
ize all concentrations by the uranium concentra-
tion. In the previous computation, we needed a
maximum value for the concentrations in radio-

100 z
%0
80
70

60

Initial flux, TW
- w

Present flux, TW

active elements which were obtained by maximiz-
ing the possible difference between Th/U in chon-
drites and in the mantle. Here, as this difference is
small, we assume it is actually zero, which means
that core segregation does not fractionate these
radioactive elements. Resulting from this assump-
tion, Fig. 3 gives the values of concentration in
uranium needed to have a 2.7 Ga old inner core
for the same heat flux histories as previously used,
as well as the concentration needed to have an
inner core as old as the Earth itself.

We can see that a 2.7 Ga old inner core could
be accepted if we account for all the uncertainties
but the values obtained for a 4.5 Ga old inner
core are unrealistically high. The minimum ura-
nium concentration needed to have an inner core
as old as the Earth is about 10 ppb, which corre-
sponds to a present heat production of 3 TW.
This value is of the same order than the one
used by Mollett [7] without any geochemical con-

100
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7
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%

70

\

Initial flux, TW

30

m—

3 4 5 6 7 8 9 10
Present flux, TW

Fig. 3. Concentration (ppb) of uranium in the core in order to have an inner core 2.7 Ga old (left panel) or 4.5 Ga old (right
panel) as a function of the heat flux parameters. Th and K are present with ratios Th/U=4 and K/U =10*.
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straints. To our knowledge, this value would not
be accepted by most geochemists.

6. Conclusion

Accepting the usual assumption of no radioac-
tive elements in the core, it is seen that, for rea-
sonable CMB heat flux histories and taking into
account accepted uncertainties in all the relevant
parameters, the age of the inner core cannot ex-
ceed 2.5 Ga and this extreme value is obtained for
an extremely low heat flux (3 TW) during all inner
core’s life and assuming that all uncertainties act
in the same way. A more acceptable value would
be around 1+ 0.5 Ga. If radioactive elements are
present in the core, the age of the inner core could
be extended to a value of 3 Ga but it seems un-
realistic to extend it to the age of the Earth’s
magnetic field, known to be at least 3.8 Ga [37].

In contrast with a widespread opinion, inclu-
sion of radiogenic heat in Kelvin’s calculation of
the age of the Earth would not have changed the
result [38] as much as would have the inclusion of
convective transport or equivalently a greater
conductivity in deep Earth than at the surface
[39,40]. In the problem of the age of the inner
core, the radiogenic content is a more important
parameter and this points out the necessity of
constraining it more precisely. The effect of the
inner core radius on magnetic observables cur-
rently studied [41] could also be used to find evi-
dence of the onset of the crystallization of the
inner core in paleomagnetic records, thus helping
to constrain the core geochemistry. The question
of the age of the inner core builds a bridge be-
tween geochemistry, paleomagnetism, accretion
and thermal evolution models.

Acknowledgements

We would like to thank Bernard Bourdon for
providing possible values of concentration of ra-
dioactive elements prior to publication. Discus-
sions with Régis Doucelance, Yves Gallet, Julie
Carlut, Jean-Pierre Valet, Marianne Greff-Lefftz,
Gauthier Hulot were much appreciated. The con-

structive remarks of three anonymous reviewers
were also useful in improving the present paper.
This is IPGP contribution no. 1752.[AC]

A. Reference state of the core

The gravity is first formally written as:

4 roor?
= Tper(1+ 4 20
o) =F6par(1+2+ 1) (20)

the coefficients a; and @, being unknown. This
expression is used to compute the density profile
from Eq. 5 which in turn can be developed to
give:

P = pPcCXp
_r2 14 2r +r2 1 . 1
— ., -y - 4=
L a2 <log&+ 1>L2 @
Po

(21)

where L, given in Eq. 9, is a length scale for the
compressibility. The gravity can then be obtained
by integration of Eq. 6 and after development:

47 312 IS
— 1l 22

Identification of this expression with Eq. 20 shows
that 1/a; =0 and a,=—5L%3. This implies that
the order 4 which is included in Eq. 22 is actually
zero and that the next correction is of order 5.
This procedure can be performed to get the devel-
opment to any order but we think that the third
order is enough, the following order being about
2% of the leading order for the density. This gives
the expressions in Egs. 6 and 7).

B. Computation of the secular cooling

Bl. Totally adiabatic core

We first assume the core to be adiabatic, in its
solid part as well as in its liquid part and the error



120 S. Labrosse et al. | Earth and Planetary Science Letters 190 (2001) 111-123

due to this approximation for the inner core will
be estimated. The total energy released by core
cooling between the onset of the inner core
(t=—a) and present (z=0) is:

0 b oT
C= —/ / 4T|:}’2pCP a—td}’d[ (23)
—aJ0

Neglecting secular density variation in the cooling
energy (its gravitational effect appears in G) and
assuming Cp to be constant leads to:

b OaT
cz—/ 4T|:r2pCp/ —drdr =
0 7aat

/ P P ColTog(r—a)—Tua(r Odr  (24)
0

where the temperature profiles at the onset of the
inner core Toq(r,—a) and at present To4(r,0) are
given by Eq. 11:

—2

Tulri=a) = Taexp (77 ) (25)
CZ_rZ

Tl 0) = Tiler) exp (1) (26)

The total energy which has been released by going
from profile (Eq. 25) to profile (Eq. 26) is:

2
C=4nCp [Tso—Ts(cf) exp (%ﬂ

b 2
/0 pr exp (F) dr (27)

Using the density profile of Eq. 7, this equation
can be integrated to give:

2\
= 31— f
C=2np.CpTywH [1 exp [ <1—§) _2” X

()l

with H= LD/ L?> + D?. Ty(cr) has been replaced
by using Eq. 13, obtained from Lindeman’s law

(Eq. 12) after transformation of the density deriv-
ative to a radius derivative:

dTy, dPdp dT; P 1\ T,

dar _drdpdp Pk

P
B 1\ pg
2 (y 3> KSTS (29)

where the hydrostatic balance and the definition
of the isentropic incompressibility parameter Kg
have been used. Using now the following identity
for the thermodynamic Griineisen parameter:

y = OZKS
pCp

(30)

leads to Eq. 13.

Eq. 28 can be developed in powers of b/H and
ce/D (D=6500 km with parameters in Table 1) to
give:

ZE c 2 b

(31)

C:

Although Eq. 31 is simpler and more elegant, the
total Eq. 28 was used in the computation of C to
avoid unnecessary errors. Eq. 31 was however
useful to estimate the uncertainty on C.

B2. Perfectly conducting inner core

In a previous study [4], solving the conduction
equation in the inner core proved that it was al-
ways sub-adiabatic. The preceding calculation
gives then a lower bound of the inner core cooling
energy. An upper bound can be obtained by as-
suming a perfectly conducting inner core [5] lead-
ing to a uniform temperature in the core. To Eq.
28, the heat corresponding to the area between
the present adiabat in the inner core and the con-
stant profile 7= T(cr) has to be added:

CiC:/ 4T|:r2pCp[Tad(cf,r)—Ts(cf)]dr (32)
0

cr Cz_r2
= 4T|:pCst(cf)/ r? [exp ( sz )—l]dr (33)
0
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I “a —r? a
=4np CpTs(cr) |exp i /0 rmexp { oy dr—g
(34)

the approximation of a uniform density in the
inner core being totally justified. Again, this ex-
pression can be computed and developed in
powers of ¢;/D, giving:

2 ¢
Cic = MgCPTs(Cf)gﬁ (35)
M, being the mass of the inner core.
B3. Latent heat
The latent heat released at time ¢ is:
) de
OL(1) = 4nc”p (NAST(e(1)) g (36)

p(?) being the density of the newly formed inner
core material. Integrating this expression between
the onset of the inner core and present gives the
total latent energy released:

L = 47AS / Y (&) To(e(t))de (37)
0

We then see that the same integral as in Eq. 27
has to be computed but, in the present case, the
integral is only running between 0 and ¢y and we
know that a limited development is totally justi-
fied. This means assuming both constant density
and solidification temperature, leading to the ex-
pression of Eq. 16.

C. Gravitational energy

The global gravitational energy released by for-
mation of the core is:

b
Eg = 4T|:/ gpridr (38)
0

and this quantity has to be computed for the core
at the onset of the inner core and at present. The
present density profile is:

( r2)+A 1if0<r=c¢ (39)
= Pc €&X Ty .
P = PP\ T P 0if r > ¢

and the corresponding gravity is given in Eq. 10.
At the onset of the inner core, the light elements
were present in the whole core instead of the outer
core only at present. The initial density profile
was then:

l’2
Pi= Pc €Xp (—ﬁ) + Api (40)

the initial excess density being computed by con-
servation of mass:

4m 4 4j

?cpr =3 b Ap; (41)
The resulting gravity profile is:

4n 3 /r\2] 4m
6 = Fopa[1-3 (1) +Fasor @

Obviously, the additional terms proportional to
Ap in the gravity profiles modify the density pro-
files by use of Eq. 5. But the corrections to the
density profiles given here (Egs. 39 and 40) are of
order (Ap/p.)(r*/L?) < r*/L* and can be neglected.

The density also changes with time due to core
cooling but as argued by Buffett et al. [14] this
part of the gravitational energy is retained in the
core as compressional energy and does not enter
the heat balance, as well as the work of the pres-
sure forces acting on the CMB. Then, we only
consider the changes mentioned in the above
equations and the volume change of the core is
not taken into account. The change of density
distribution accompanying inner core chemical
differentiation induces a change in gravity and
pressure. The adiabatic heating hence produced:

b
Eaq = 4n / a TAPdr (43)
0

is, to first order (the pressure change is computed
by integration of the hydrostatic equilibrium
down from the CMB where it is equal to zero,
taking no effect of the mantle), equal to
6.5x10% J, two orders of magnitude smaller
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than the gravitational heat (Table 2), and is then
neglected.

The total gravitational energy in the core can
be computed from Eq. 38 both at present and at
the onset of the inner core and the difference gives
the energy entering the heat balance of the core:

2

G,
o S|V e (S TG | Ve (B P,
G=4n"GApp.L 5 erf (L) ¢ 5| erf <L ¢

In this energy, the term involving Ap? is clearly
negligible. In the limit of infinite L (incompressi-
ble core) Eq. 17 is obtained and is the same as the
expression obtained by Loper [42].
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