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Numerical Homogenization of the Rigidity Tensor
in Hooke’s Law Using the Node-Based Finite

Element Method1

Wouter Zijl, 2 Max A. N. Hendriks,3 and C. Marcel P. ‘t Hart 3

Combining a geological model with a geomechanical model, it generally turns out that the geome-
chanical model is built from units that are at least a 100 times larger in volume than the units of
the geological model. To counter this mismatch in scales, the geological data model’s heterogeneous
fine-scale Young’s moduli and Poisson’s ratios have to be “upscaled” to one “equivalent homoge-
neous” coarse-scale rigidity. This coarse-scale rigidity relates the volume-averaged displacement,
strain, stress, and energy to each other, in such a way that the equilibrium equation, Hooke’s law,
and the energy equation preserve their fine-scale form on the coarse scale. Under the simplifying as-
sumption of spatial periodicity of the heterogeneous fine-scale rigidity, homogenization theory can be
applied. However, even then the spatial variability is generally so complex that exact solutions cannot
be found. Therefore, numerical approximation methods have to be applied. Here the node-based finite
element method for the displacement as primary variable has been used. Three numerical examples
showing the upper bound character of this finite element method are presented.
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INTRODUCTION

The modeling of phenomena such as compaction of hydrocarbon reservoirs and
aquifer–aquitard systems has traditionally been separated into geological and geo-
mechanical modeling. These two activities reflect different aspects of the same
part of the subsurface that is studied: the rock types that have developed during
geological times, and their geomechanical behavior when placed under stress.
The geological model highlights the structural elements of the subsurface—the
geometry and dimensions of its layers and faults—together with its rock types
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and properties. The geomechanical model is set up in terms of quantities like dis-
placement, strain, stress, and energy. These quantities are related to each other by
the rock’s rigidity parameters—Young’s modulus and Poisson’s ratio in isotropic
rocks. When trying to match the geological and the geomechanical model, it gen-
erally turns out that the spatial scales of the two models differ. For example, the
geological reservoir model may be based on cells meters in length and width and
decimeters in thickness, whereas the geomechanical model is based on cells that
are at least a 100 times larger in volume.

One approach to counter this mismatch in scales is to make the geomechanical
model finer. This “megacell approach” will be made feasible by the next generation
of multiprocessor computers (Dogru, 2000). However, there will always be a need
to run geomechanical problems on relatively simple and cheap computers like
PCs. In this way quick and user-friendly assessments can be made, even with run
times that are sufficiently fast to be done in parallel with real-time measurements.
In such a “fast model approach,” the spatial scale of the cells in the geomechanical
model must be chosen much coarser than in the megacell approach. Therefore,
the heterogeneous fine-scale rock parameters of the geological data model have to
be upscaled to “equivalent homogeneous” coarse-scale parameters that relate the
cell-averaged displacement, strain, stress, and energy.

For upscaling of periodic media, homogenization theory is well established,
both for the permeability in Darcy’s law and for the rigidity in Hooke’s law
(Lefik and Schrefler, 1994; Pellegrino, Galvanetto, and Schrefler, 1999; Schrefler,
Lefik, and Galvanetto, 1997). Classical homogenization theory is heavily based
on the mathematics of functional analysis and multiscale asymptotic expansions
(Auriault, 1983; Bakhvalov and Panasenko, 1994; Bensoussan, Lions, and
Papanicolaou, 1978; Sanchez-Palencia, 1980). In this way, homogenization the-
ory can deal with problems in which the course-scale equations have a form that
differs from the fine-scale equations. However, here we consider a problem in
which the fine-scale and coarse-scale equations have the same form. Therefore, it
is possible to base homogenization on a simple principle that yields exactly the
same results as classical homogenization. Based on the principle of “preservation
of expressions,” the coarse-scale rigidities are derived from the cell-averaged dis-
placement, strain, stress, and energy, in such a way that well-known expressions on
the fine scale are preserved, as much as possible, on the coarse scale. Following this
idea, it will be shown that homogenization can be obtained by two independent
procedures: displacement–stress averaging and displacement–energy averaging.
If the medium is periodic, the two resulting coarse-scale rigidity tensors will be
equal to each other (cf. Appendix for a proof). Because classical homogenization
yields identical results, the term “homogenization” for our averaging approach is
justified.

Since the resulting equations are generally too complex to be solved ex-
actly, the node-based finite element method has been applied to solve the elliptic
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equations for the displacement as primary variable. Displacement–energy averag-
ing is then used to assess an error estimate of the finite element approximation.
The theory is implemented in the finite element package DIANA (DIsplacement
ANAlyzer), with which a number of numerical examples have been run.

THREE REQUIREMENTS FOR UPSCALING

Preferably, a procedure for upscaling of the rigidity should satisfy the follow-
ing three requirements.

Requirement (i): Preservation of Expression for Strain

The coarse-scale displacementUi should be equal to a spatial average〈ui 〉
of the fine-scale displacementui while, at the same time, the coarse-scale dis-
placement gradient∂i U j should be equal to the average displacement deriva-
tive 〈∂i u j 〉. If this requirement is satisfied, the coarse-scale strain,Ei j = 〈εi j 〉 =
〈∂i u j + ∂ j ui 〉/2, can be obtained as the symmetric part of the averaged displace-
ment gradient,Eij = (∂i U j + ∂ j Ui )/2. This means that the fine-scale expression
relating strain to displacement is preserved on the coarse scale.

The spatial averaging operator〈·〉 consistent with the above requirement is
given by

〈 f 〉(x ) = 1

1x1y1z

∫ x+ 1
21x

x− 1
21x

∫ y+ 1
21y

y− 1
21y

∫ z+ 1
21z

z− 1
21z

f (x′ ) dx′ dy′ dz′ (1)

(x denotes the row of Cartesian coordinates (x, y, z)). In this paper, the upscaling
cell is a rectangular hexahedron (a block). Thenxi = 〈xi 〉 denotes a Cartesian
coordinate and Equation (1) represents volume averaging. However, if the cell
has another shape, for instance a cylindrical cell around a well,xi represents a
curvilinear orthogonal coordinate, for which averaging is notvolume-averaging
(Zijl and Trykozko, 2001).

Requirement (ii): Preservation of Expression for Stress Divergence

The second requirement is that the coarse-scale stress6i j should be equal to
the averaged fine-scale stress〈σi j 〉. If requirement (ii) is satisfied, it follows from
Equation (1) that〈∂iσi j 〉 = ∂i 〈σi j 〉 = ∂i6i j . This way the divergence of the stress,
which plays a dominant role in the equilibrium equation, has the same from on the
coarse scale as on the fine scale.
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Requirement (iii): Preservation of Expression for Energy

The third requirement is that the coarse-scale energy8 = Ei j6i j should
be equal to the average of the fine-scale energy〈φ〉 = 〈εi j σi j 〉. This requirement
expresses that the energy equation for the fine scale is preserved on the coarse scale.
The energy defined above equalstwo timesthe amount of reversible elastic energy
stored in the upscaling cell, divided by the volume of the cell. If requirement
(iii) is satisfied, thermodynamic expressions—like energy potentials, Onsager’s
reciprocal relations, etc.—have the same form on the coarse scale as on the fine
scale.

Unfortunately, for general heterogeneous media the above three requirements
overspecify the upscaling problem. However, both perfectly layered porous media
and periodicporous media can be upscaled in such a way that the three require-
ments are satisfied simultaneously. Then the above upscaling approach leads to
the same results as classical homogenization.

THREE UPSCALING APPROACHES PRESERVING HOOKE’S LAW

Classical homogenization theory can deal with problems in which the course-
scale expressions differ from the fine-scale expression. However, because we do
not consider such a problem, we may require that Hooke’s law on the fine scale be
preserved on the coarse scale. In the previous section we have already introduced
the principle of “preservation of expressions.” This section presents an extension
to the three possible ways in which Hooke’s fine-scale law can be preserved on the
coarse scale. Since, in general, only two of the three requirements of the previous
section can be satisfied simultaneously, upscaling based on volume averaging can
be performed in the following three ways.

Displacement–Stress (DS) Averaging

Displacement–stress (DS) averaging combines requirements (i) and (ii) using
〈σαβi j 〉 = C(DS)

i jmn〈εαβmn〉 to define the coarse-scale rigidityC(DS)
i jmn. The first two in-

dices,α, β = 1, 2, 3, denote the nine different load cases that have to be solved in
order to find all the 81 components of the coarse-scale rigidity tensor. The second
two indices,i, j = 1, 2, 3, denote Cartesian components. The inverse of the rigid-
ity, the compliance tensor, will be denoted asS(DS)

i jmn. If 〈εmni j〉 is chosen equal to
(δinδ jm + δimδ jn)/2 (δi j is the Kronecker delta function), we findC(DS)

i jmn = 〈σmni j〉.

Displacement–Energy (DE) Averaging

Displacement–energy (DE) averaging combines requirements (i) and (iii)
using〈εαβi j 〉C(DE)

i jmn〈εγ δmn〉 = 〈φαβγ δ〉 to define the coarse-scale rigidityC(DE)
i jmn. Here
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φαβγ δ = εαβi j σγ δi j is a component of the fine-scale energy matrix. If〈εmni j〉 is
chosen equal to (δinδ jm + δimδ jn)/2, we findC(DE)

i jmn = 〈φi jmn〉. The compliance
tensor will be denoted asC(DE)

i jmn.

Stress–Energy (SE) Averaging

Stress–energy (SE) averaging combines requirements (ii) and (iii) using
〈σγ δi j 〉S(SE)

ijmn〈σαβmn〉 = 〈φi jmn〉 to define the coarse-scale compliance tensorS(SE)
ijmn ,

which is the inverse of the coarse-scale rigidityC(SE)
i jmn. SinceS(SE)

i jmn = S(DS)
αβi j C

(DE)
αβγ δ

S(DS)
γ δmn, only displacement–stress and displacement–energy averaging will be dis-

cussed ahead.

Choice of Homogenization Cells

Because the fine-scale rigidity tensorci jmn is symmetric (ci jmn = cmni j) and
strictly positive definite, it follows from the above definitions that also the coarse-
scale rigidity tensorsC(DE)

i jmn and C(SE)
i jmn are symmetric and strictly positive defi-

nite. The coarse-scale rigidity tensorC(DS)
i jmn will generally be nonsymmetric

(Rijpsma and Zijl, 1998).
Both for layered andperiodicmedia the three upscaling approaches yield the

same coarse-scale rigidity, that is,C(DS)
i jmn = C(DE)

i jmn = C(SE)
i jmn = Ci jmn (for periodic

media this is proved in the Appendix). Of course, natural media are neither layered
nor periodic, but in many practical cases one can distinguish subdomains in which
layering or periodicity may be considered as an approximation.

HOMOGENIZATION BASED ON A PHYSICAL POINT OF VIEW

In periodic media the fine-scale rigidity has translation symmetry in three
different directions. For such media the smallest possible homogenization cell is a
parallelepiped with edges that represent the periodicity interval of the translation
symmetry.

The Basic Equation

Homogenization is an upscaling method for periodic media. Classical homog-
enization is based on a mathematical point of a view, in which functional anal-
ysis and multiscale asymptotic expansions play the dominant role (Bensoussan,
Lions, and Papanicolaou, 1978; Hornung, 1997; Sanchez-Palencia, 1980). Here,
a much simpler approach to homogenization is introduced. This approach is



P1: GMC/GYK/IBV/HGL P2: FPQ/GKZ/FTT/LBL/GVT QC: FPX

Mathematical Geology [mg] pp418-369200 March 18, 2002 9:42 Style file version June 30, 1999

296 Zijl, Hendriks, and ‘t Hart

based on a physical point of view and yields exactly the same results as clas-
sical homogenization.

The basis of our “physical approach” is toequatethe net fine-scale force work-
ing on a domain with closed boundary,tniσi j dS+ ∫∫∫ f j dV, to the net coarse-
scale force working on the same domain,tni6i j dS+ ∫∫∫Fj dV, where fi andFi

are respectively the fine-scale and coarse-scale body force. Since
∫∫∫

fi dV= 〈 fi 〉V ,
defining Fi = 〈 fi 〉 yields

∫∫∫
fi dV= ∫∫∫Fi dV. Hence the basis of our approach

simplifies totniσi j dS=tni6i j dS. Using Gauss’s integral theorem and substi-
tuting Hooke’s law yields

∂i (ci jmn(∂mun + ∂num)) = ∂i (Ci jmn(∂mUn + ∂nUm)) (2)

Equation (2) will be used in two different ways: (i) to determine the fine-scale
equations that have to be solved numerically, and (ii) to prove the equivalence
between DS and DE averaging: cf. Appendix.

The Fine-Scale Equation and Boundary Conditions

Equation (2) can be simplified by invoking a “smoothness requirements.” Let
us consider a coarse-scale map with scaleϑ and “map coordinates”yi = ϑxi . For
instance, if the map has scaleϑ = 1:100000, a distanceyi = 1 cm on the map
corresponds to a distancexi = 1 km in reality. On the coarse-scale map the fine-
scale details are smoothed away: a variation of the coarse-scale stress6i j (y) over
a map distance1y = ` (i.e., over the much larger real distance1x = `/ϑ) has
at most the same order of magnitude as a variation of the fine-scale stressσi j (x)
over a real distance1x = `. Equation (2) yields∂σi j (x)/∂xi = ϑ∂6i j (y)/∂yi

and substitution of the perturbation seriesσi j = σ (0)
i j + ϑσ (1)

i j . . . while equat-
ing terms of the same power ofϑ (Van Dyke, 1975) produces the fine-scale
equation of order zero∂iσ

(0)
i j (x) = 0. Omitting the superscript (0) and substi-

tuting Hooke’s law, Equation (2) is approximated by the following fine-scale
equation

∂i (ci jmn(∂mun + ∂num)) = 0 (3)

For periodic media, where6i j is constant with respect to the fine scale,
ϑ = 0, that is, Equation (3) is exact. Then the coarse-scale rigidityCi jmn is con-
stant too and, according to Hooke’s coarse-scale law6i j = Ci jmnEmn, also the
coarse-scale strainEi j is constant. Moreover, sinceEi j = (∂i U j + ∂i U j )/2, the
coarse-scale displacement is linear inxi , that is,Ui (x) = U (0)

i + Ai j x j with Ei j =
(Ai j + Aji )/2 (Appendix). Both for displacement–stress (DS) averaging and for



P1: GMC/GYK/IBV/HGL P2: FPQ/GKZ/FTT/LBL/GVT QC: FPX

Mathematical Geology [mg] pp418-369200 March 18, 2002 9:42 Style file version June 30, 1999

Numerical Homogenization of the Rigidity Tensor in Hooke’s Law 297

displacement–energy (DE) averaging we have already required thatUi = 〈ui 〉 and
Ei j = 〈εi j 〉. Then the fine-scale displacement is equal to the coarse-scale displace-
ment plus a periodic “correction”χi that has the same periodicity pattern as the
fine-scale rigidityci jmn (for a proof cf. Appendix).

Equation (3) has to be solved, either analytically or numerically, in at least
one periodicity cell. The boundary conditions have to be such that the function
χi (x) = ui (x)− Ai j x j is periodic. In other words, the boundary conditions for
the displacement are such that the displacement differences between two similar
points on opposite boundaries are constant (Appendix). In this way, nine linear
independent sets of boundary conditions or “load cases,” denoted byα, β = 1, 2, 3
can be defined (Fig. 1).

Figure 1. Deformations of homogeneous isotropic cell withν = 0 for nine orthonormal
load casesα, β = 1, 2, 3.
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Determination of the Coarse-Scale Laws and Parameters

Scalar multiplication of Equation (2) forui = uαβi andUi = Uαβi by a differ-
ent fine-scale displacementuγ δi , applying Gauss’s divergence theorem, and using
the periodicity, yields

6αβi j = 〈σαβi j 〉 ⇔ 〈εαβi j 〉Cijmn〈εγ δmn〉 = 〈εαβi j σγ δi j 〉 (4)

Appendix, from which it follows that the DS, DE, and SE averaging approaches
yield equivalent results.

In conclusion, the coarse-scale Hooke’s law is6i j = Ci jmn(∂mUn + ∂nUm)/2
in which Ci jmn is the coarse-scale rigidity tensor and the coarse-scale energy
equation is8i jmn = Ei jkl6mnkl. The coarse-scale equilibrium equation can be
obtained by averaging the fine-scale equilibrium equation∂iσi j = − f j yielding
∂i 〈σi j 〉 = −〈 f j 〉.

Orthonormal Boundary Conditions

In general, homogenization theory requires that the displacements on two
opposite boundaries of the rectangular homogenization cell have a constant dif-
ference1 j umni = ki jmn, where1 j umni = umni(xj + 1

21xj )− umni(xj − 1
21xj )

denotes the difference in directionj of displacement componenti between two
equivalent points on opposite boundaries of the homogenization cell. The indices
m, n = 1, 2, 3 denote nine different displacement vectors, each with three compo-
nentsumni, i = 1, 2, 3.

The choice of orthonormal boundary conditions

1 j umni = δinδ jm1xj (no summation over indexj) (5)

is very convenient. For example, ifm= 2 andn = 1, boundary condition (5)
denotes a constant displacement difference1yu21x = 1y between the two oppo-
site boundaries in they direction, and zero displacement differences1zu21x =
1xu21x = 0 between the two opposite boundaries in thez and x directions. In
addition, also the differences of displacement componentsu21y andu21z between
all opposite boundaries are equal to 0.

Using orthonormal boundary conditions (5), the coarse-scale displacement
is Umni = 〈umni〉 = δinxm, from which it follows that the coarse-scale strain is
Emni j = 〈εmni j〉 = (δinδ jm + δimδ jn)/2. Substitution into Hooke’s law and using
Equation (4) yields very simple expressions for the homogenized rigidity:
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displacement–stress (DS) averaging yieldsCi jmn = 〈σmni j〉, and displacement–
energy (DE) averaging yieldsCi jmn = 〈φi jmn〉.

NUMERICAL HOMOGENIZATION USING FINITE ELEMENTS

Node-Based Finite Elements for the Displacement

Homogenization software has been implemented in the node-based finite
element package DIANA (DIsplacement ANAlyzer) with nodal displacements as
degrees of freedom. The mesh has been chosen uniform with equally sized eight-
noded “solids” (blocks). The approximation space consists of piecewise bilinear
functions. DIANA’s “tyings” option has been used to model boundary conditions
with constant displacement difference (De Witte and Hendriks, 1998). In general,
a tying is a user specified linear dependency between degrees of freedom of the
system of equations. In case of homogenization, tyings between two opposite
boundary points enforce the same displacement plus a constant. This way the nine
orthonormal load casesα, β = 1, 2, 3 have been implemented and applied (Fig. 1).

For all nine load cases DIANA computes in each solid block the six strain com-
ponentsεαβxx, εαβyy, εαβzz, γαβxy = γαβyx, γαβyz = γαβzy, γαβzx = γαβxz (γαβ,i j =
2εαβ,i j are the “technical strains”) yielding 54 volume averaged strain compo-
nentsEαβi j . Moreover, the orthogonal load cases lead to 18 additional symmetry
conditionsEαβi j = Eβαi j . This means that only six load cases are linear indepen-
dent, yielding 36 independent coarse-scale strain components and, according to
Hooke’s law, 36 coarse-scale stress components. For all six relevant load cases
γ, δ = 1, 2, 3 DIANA computes in each solid block the six stress components
σγ δxx, σγ δyy, σγ δzz, σγ δxy = σγ δyx, σγ δyz = σγ δzy, σγ δzx = σγ δxz. These stresses
are volume averaged by approximating the volume integrals over each solid block
by a 2× 2× 2 Gaussian integration scheme. This yields 36 volume averaged
stress components6γδi j . Moreover, usingφαβγ δ = εαβxxσγ δxx + εαβyyσγ δyy+
εαβzzσγ δzz+ γαβxyσγ δxy+ γαβyzσγ δyz+ γαβzxσγ δzx yields 36 volume averaged
energies8αβγ δ. Displacement–stress (DS) averaging yields the coarse-scale
rigidity tensorC(DS)

ijmn = 6mni j and displacement–energy (DE) averaging yields the
coarse-scale rigidity tensorC(DE)

i jmn = 8i jmn.

Error Bounds for Numerical Homogenization

For symmetric and strictly positive definite fine-scale rigidity tensorscijmn,
the “principle of least action” holds (Duvaut and Lions, 1976; Lanczos, 1970;
Morse and Feshbach, 1953). This principle states that the solutionuαβi of Equa-
tion (3) is the functionθαβi that minimizes the strictly positive definite functional
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42(θ αβ) = 〈(∂i θαβ j + ∂ j θαβi )cijmn(∂mθαβn + ∂nθαβm)〉 > 0 for all functionsθαβi (x)
with θαβi (xB) = uαβi (xB) on the closed boundaryx ∈ ∂Ä of domainÄ (θ αβ is the
row of componentsθαβx, θαβy, θαβz).

Displacement–energy averaging defines the coarse-scale rigidity tensorCi jmn

by (∂i Uαβ j + ∂ j Uαβi )Ci jmn(∂mUγ δn+ ∂nUγ δm)=〈(∂i uαβ j + ∂ j uαβi )ci jmn(∂muγ δn+
∂nuγ δm)〉. Orthonormal boundary condition (5) yields∂Uαβi /∂xj = δiβδ jα and,
hence, 4Cαβγ δ = 〈(∂i uαβ j + ∂ j uαβi )ci jmn(∂muγ δn + ∂nuγ δm)〉. This means that
Ci ji j = 2(ui j ) > 0 and, as a consequence of the variational principle, displace-
ment fieldsui j are such that the diagonal componentsCijij are minimal.

To find approximate, solutions, Equation (3) is solved by the node-based
finite element method for the displacement. This method is equivalent with the
Ritz method (Strang and Fix, 1973), which is based on the principle of least
action to find nodal displacements that minimize the energy in the domain. There-
fore, this approximation method minimizes the functional2(θ αβ) > 0. However,
in general the approximation space differs from the function space of the ex-
act solution, which means that the exact minimum cannot be obtained and, as a
result, the approximate energy is greater than the exact energy. In other words,
the rock is approximated as too rigid. Of course, when the exact solution is in
the approximation space, the finite element solution is equal to the exact solu-
tion. As a consequence, denoting the node-based approximation of the rigidity by
CNB

i jmn, we find Eαβi j CNB
i jmnEαβmn ≥ Eαβi j Ci jmnEαβmn > 0, from which it follows

that CNB
i j i j ≥ Ci ji j in any arbitrary coordinate system. Because the approximate

solution comes closer to the exact solution when the grid is refined, the diagonal
elements will monotonously approach the exact asymptote.

There exist “complementary” numerical methods for which the same inequal-
ity holds for the compliance tensorSi jmn, which is the inverse of the rigidity tensor
Cijmn. Face-based (mixed hybrid) finite element methods for the facial tractions
(Bossavit, 1998; Penman, 1988; Trykozko, Zijl, and Bossavit, 2000) and block-
centered finite difference methods (Arbogast, Wheeler, and Yotov, 1997) are such
complementary methods. These methods yield coarse-scale rigidities that repre-
sent the mechanical properties as too weak. It is customary define the coarse-scale
rigidity matrix as the 6× 6 matrix that relates the six coarse-scale stress com-
ponents (6xx, 6yy, 6zz, 6xy, 6yz, 6zx) to the six coarse-scale strain components
(Exx, Eyy, Ezz, 0xy, 0yz, 0zx); here0i j = 2Ei j are the “technical strains.” The in-
verse of this matrix is the coarse-scale compliance matrix. It can be proved that
the eigenvalues of the coarse-scalerigidity matrix calculated using thenode-based
method are upper bounds. In addition, the eigenvalues of the coarse-scalecom-
pliance matrix calculated usingcomplementarymethods are upper bounds too
(Bossavit, 1998; Trykozko, Zijl, and Bossavit, 2000). Since the eigenvalues of the
compliance matrix are the inverses of the eigenvalues of the rigidity matrix, node-
based and complementary methods can be used together to confine the numerical
approximation error in an interval between upper and a lower bounds.
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NUMERICAL EXAMPLES

Perfectly Layered Rock

This example considers a perfectly layered linear elastic rock that is isotropic
on the fine scale. Since strain and stress depend only on thez coordinate, Hooke’s
law σi j = λεkkδi j + 2µεi j substituted into equilibrium Equation (3) simplifies to
∂z(µ(∂zux + ∂xuz)) = 0, ∂z(µ(∂zuy + ∂yuz)) = 0, ∂z(η∂zuz+ λ(∂xux + ∂yuy)) =
0. Hereη = e(1− ν)(1+ ν)−1(1− 2ν)−1, λ = eν(1+ ν)−1(1− 2ν)−1, µ = e(1+
ν)−1/2, wheree= e(z) andν = ν(z) are respectively the fine-scale Young’s mod-
ulus and Poisson’s ratio.

The nine fine-scale displacement vectors that satisfy the equilibrium equations
and the orthonormal boundary conditions are

(u11x, u11y, u11z) =
(

x, 0,
∫
η(z)−1{〈λη−1〉〈η−1〉−1− λ(z)} dz

)
(6.1)

(u22x, u22y, u22z) =
(

0, y,
∫
η(z)−1{〈λη−1〉〈η−1〉−1− λ(z)} dz

)
(6.2)

(u33x, u33y, u33z) =
(

0, 0, 〈η−1〉−1
∫
η(z)−1 dz

)
(6.3)

(u12x, u12y, u12z) = (0, x, 0) (6.4)

(u21x, u21y, u21z) = (y, 0, 0) (6.5)

(u23x, u23y, u23z) =
(

0, 〈µ−1〉−1
∫
µ(z)−1 dz− z, y

)
(6.6)

(u32x, u32y, u32z) =
(

0, 〈µ−1〉−1
∫
µ(z)−1 dz, 0

)
(6.7)

(u31x, u31y, u31z) =
(
〈µ−1〉−1

∫
µ(z)−1 dz, 0, 0

)
(6.8)

(u13x, u13y, u13z) =
(
〈µ−1〉−1

∫
µ(z)−1 dz− z, 0, x

)
(6.9)

In this example, the parametersη, λ, andµ are chosen piecewise constant,
yielding a piecewise linear solution. Because in this example the piecewise bilinear
approximation space of the finite elements contains the space of the exact solution,
the finite element solution is equal to the exact solution. Therefore, the small
differences between numerical and exact solution are caused by inaccuracies in
the solution of the algebraic equations.
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From solutions (6) the fine-scale strains and, using Hooke’s law, the fine-
scale stresses can be calculated, as well as the fine-scale elastic energiesφi jmn =
εi jkl σmnkl. It turns out that only 25 fine-scale energy and 21 fine-scale stress com-
ponents are nonzero. Volume averaging of the fine-scale energy and stress com-
ponents yields 21 nonzero coarse-scale energy components8i jmn = 〈φi jmn〉 and
stress components6mni j = 〈σmni j〉. Moreover, we find6mni j = 8i jmn = Ci jmn.
As a consequence, the coarse-scale Hooke’s law is
6xx

6yy

6zz

6xy

6yz

6zx

=


T2R+ 4(M − S) T2R+ 2M − 4S TR 0 0 0
T2R+ 2M − 4S T2R+ 4(M − S) TR 0 0 0

TR TR R 0 0 0
0 0 0 M 0 0
0 0 0 0 L 0
0 0 0 0 0 L

 ·


Exx

Eyy

Ezz

0xy

0yz

0zx

 (7)

whereL = 〈µ−1〉−1, M = 〈µ〉, R= 〈η−1〉−1, S= 〈µ2η−1〉, T = 1− 2〈µη−1〉
are the “Backus parameters.”

Figure 2 shows the mesh consisting of 10× 10× 10 elements. Figure 3 and
Table 1 present the piecewise constant fine-scale rigidities. Table 2 shows the

Figure 2. Finite element mesh in the homogenization cell.
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Figure 3. Homogenization cell filled with perfectly layered fine-scale parameters.

Backus parameters leading to the exact rigidity components presented in Table 3.
The numerical approximations are presented in Tables 4 and 5 for respectively
displacement–stress and displacement–energy averaging. The numerical approxi-
mations of the coarse-scale rigidities differ by less than 1‰ from the exact values.

Table 1. Perfectly Layered Rock With
Piecewise Constant Fine-Scale Young’s

Moduli and Poisson’s Ratios

Layer e (kPa) ν (−)

1 1 0.450
2 100 0.405
3 10 0.360
4 0.1 0.315
5 1000 0.270
6 0.01 0.225
7 1 0.180
8 10 0.135
9 1000 0.090

10 100 0.045
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Table 2. Backus Parameters

L (kPa) 0.035351296
M (kPa) 85.33762335
R (kPa) 0.109754705
S (kPa) 22.84657428
T (−) 0.370299677

Continuous Fine-Scale Rigidity

In this example we consider a rock with geomechanical behavior governed
by the fine-scale Hooke’s law

σi j = eεi j for i = j, σi j = 2e0εi j for i 6= j (8)

wheree(x, y, z) = e0 f (x, y, z) with constante0. The heterogeneity is described
by

f (x, y, z) = 8abccosh2 x cosh2 y cosh2 z

(a+ 1
2 sinh 2a)(b+ 1

2 sinh 2b)(c+ 1
2 sin 2c)

(9)

in the domain−a ≤ x ≤ a; −b ≤ y ≤ b; −c ≤ z≤ c, wherea > 0, b > 0, and
0< c < π/2. Outside this domain the functionf (x, y, z) is continued periodically,
which means that1x = 2a,1y = 2b, and1z= 2c are the smallest periodicity
intervals. The functionf (x, y, z) has been chosen such that〈 f 〉 = 1.

The following nine fine-scale displacement vectors satisfy the equilibrium
equation combined with Hooke’s law [Eq. (3)] and the nine orthonormal boundary
conditions (5)

(u11x, u11y, u11z) = (a coth a tanhx, 0, 0) (10.1)

(u22x, u22y, u22z) = (0, b cothb tanhy, 0) (10.2)

Table 3. Exact Rigidities (kPa) Derived From Equation (7)

C. . . . xx. . yy. . zz. . xy. . yz. . zx. .

. .xx 249.9792461 79.30399937 0.040642132 0 0 0

. .yy 79.30399937 249.9792461 0.040642132 0 0 0

. .zz 0.040642132 0.040642132 0.109754705 0 0 0

. .xy 0 0 0 85.33762335 0 0

. .yz 0 0 0 0 0.035351296 0

. .zx 0 0 0 0 0 0.035351296
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(u33x, u33y, u33z) = (0, 0 ccotc tanz) (10.3)

uαβi = δiβxα, α 6= β (10.4)

In this example, Hooke’s law and the energy equation yield 15 nonzero fine-
scale stressesσmnij and energiesφijmn satisfyingσmnij = φijmn. The volume averaged
stress and energy components then yield the coarse-scale rigidity components
resulting in Hooke’s law on the coarse scale

6xx

6yy

6zz

 = e0

 Fx 0 0
0 Fy 0
0 0 Fz

 ·
 Exx

Eyy

Ezz

 6i j = 2e0Ei j for i 6= j (11)

where

Fx = 2a2 cotha

a+ 1
2 sinh 2a

, Fy = 2b2 cothb

b+ 1
2 sinh 2b

, Fz = 2c2 cotc

c+ 1
2 sin 2c

. (12)

Table 6 shows the parameters used in the numerical example, while the ex-
act coarse-scale rigidities are shown in Table 7. The numerical analyses have
been performed using a1x ×1y×1z mesh refinement sequence of 10× 10×
5, 20× 20× 10, and 40× 40× 20. The rigidities are approximated as piecewise
constant, in such a way that the approximate rigidity in each solid block equals
the exact rigidity in the center of that block. Figure 4 visualizes the approximate
rigidity distribution of the 40× 40× 20 model. Numerical approximations for this
40× 40× 20 mesh are presented in Tables 8 and 9 for respectively displacement–
stress and displacement–energy averaging. The approximation has an accuracy
of 2%, except for componentCNB

zzzz, which is a factor 2.67 too large. This large
error is caused by the fine-scale rigidities are thez-boundaries, which are ap-
proximated as 12 times larger than the exact rigidities. Figure 5 shows the sum
CNB

xxxx+ CNB
yyyy+ CNB

zzzzof the numerically approximated coarse-scale rigidity ten-
sor as it converges to the exact solution under grid refinement.

Table 6. Parameters of Example With
Continuous Fine-Scale Rigidity

a π

b π

c (49/100)π
e0 100 kPa



P1: GMC/GYK/IBV/HGL P2: FPQ/GKZ/FTT/LBL/GVT QC: FPX

Mathematical Geology [mg] pp418-369200 March 18, 2002 9:42 Style file version June 30, 1999

308 Zijl, Hendriks, and ‘t Hart

Ta
bl

e
7.

E
xa

ct
C

oa
rs

e-
S

ca
le

R
ig

id
iti

es
(k

P
a)

D
er

iv
ed

F
ro

m
E

qu
at

io
n

(1
2)

C
..
..

xx
..

yy
..

zz
..

xy
..

yz
..

zx
..

..
xx

1.
44

91
3E
+

04
0

0
0

0
0

..
yy

0
1.

44
91

3E
+

04
0

0
0

0
..

zz
0

0
9.

48
20

1E
+

03
0

0
0

..
xy

0
0

0
5.

00
00

0E
+

04
0

0
..

yz
0

0
0

0
5.0

00
00

E+
04

0
..

zx
0

0
0

0
0

5.0
00

00
E+

04



P1: GMC/GYK/IBV/HGL P2: FPQ/GKZ/FTT/LBL/GVT QC: FPX

Mathematical Geology [mg] pp418-369200 March 18, 2002 9:42 Style file version June 30, 1999

Numerical Homogenization of the Rigidity Tensor in Hooke’s Law 309

Figure 4. Piecewise constant approximation of continuous rigidity distribution.

FIELD EXAMPLE

The heterogeneity pattern of the fine-scale rigidity is taken from a field ex-
ample. We consider a homogenization cell that is part an oil reservoir. Within this
cell the absolute permeabilityk(x, y, z) is known (Zijl and Trykozko, 2001). We
may reasonably assume that the heterogeneity pattern of the rigidity is the same
as that of the permeability. There exists no unique physical relation between per-
meability and rigidity. However, for the sake of providing an example, a simple
but reasonable relationship will be postulated.

For isotropic media, Young’s modulus and Poisson’s ratio can be uniquely
related to the seismic velocitiesvs andvp : e/4ρv2

s = 1− (1− v2
s/v

2
p)−1/4, ν =

1− (1− v2
s/v

2
p)−1/2 (Helbig, 1994).

Table 8. Numerically Approximated Rigidities (kPa) Using Displacement–Stress Averaging

C. . . . xx . . yy . . zz . . xy . . yz . . zx . .

. .xx 1.44E+ 04 1.67E+ 00 −5.27E− 03 5.38E− 03 −4.33E− 05 −3.13E− 04

. .yy 1.67E+ 00 1.44E+ 04 −5.16E− 03 −4.94E− 03 −2.73E− 04 −1.97E− 05

. .zz −6.51E− 06 1.23E− 06 2.53E+ 04 −2.08E− 06 −2.92E− 04 1.84E− 04

. .xy −4.11E− 04 2.64E− 03 6.95E− 05 4.88E+ 04 1.85E− 04 −1.58E− 04

. .yz 9.48E− 06 2.00E− 04 −1.75E− 03 −8.88E− 05 4.97E+ 04 −5.23E− 03

. .zx −5.79E− 04 3.15E− 05 8.82E− 04 6.12E− 05 6.89E− 05 4.97E+ 04
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Table 9. Numerically Approximated Rigidities (kPa) Using Displacement–Energy Averaging

C. . . . xx . . yy . . zz . . xy . . yz . . zx . .

. .xx 1.45E+ 04 −5.12E− 01 −9.51E− 04 6.32E− 03 −1.25E− 05 −2.06E− 04

. .yy −5.12E− 01 1.45E+ 04 −1.02E− 03 −4.72E− 03 −6.79E− 05 1.50E− 05

. .zz −8.47E− 04 −7.92E− 04 2.53E+ 04 7.25E− 05 −4.09E− 04 1.97E− 04

. .xy 5.41E− 03 −4.05E− 03 6.27E− 05 5.00E+ 04 −1.96E− 05 3.38E− 04

. .yz −6.48E− 05 −2.52E− 04 4.18E− 04 1.60E− 04 4.99E+ 04 −6.05E− 03

. .zx −3.44E− 04 −2.57E− 05 1.20E− 04 −1.54E− 04 −5.07E− 03 4.99E+ 04

Let us now consider rock types in which a high permeability correlates with
a high porosity. For such rocks, high permeability regions may contain relatively
large amouts of fluids (water, oil, gas), which have a nonzero compression mod-
ulus κ and a vanishing shear modulusµ→ 0. Hence, fluids have a vanishing
Young’s moduluse= 9κµ/(3κ + µ)→ 0 (Davis and Selvadurai, 1996). There-
fore, for such rock types it is reasonable to assign a relatively low shear velocity
vs to high permeability regions. On the other hand, low permeability rocks that
contain hardly liquids, will have a relatively high shear velocity. Making these
qualitative assumptions quantitative, we assume that the shear wave velocity is
given byv2

s = αk−1 with α = 0.25× 10−6 m4 · s−2 = 0.25× 109m2 · s−2 ·mDa
(De Haan, Giesen, and Scheffers, 2000).

Real rocks have material properties such that 0< v2
s/v

2
p < 1/2, hence 2ρv2

s <

e< 3ρv2
s and 0< v < 1/2. As postulated above, pieces of rock with a relatively

Figure 5. SumCNB
xxxx+ CNB

yyyy+ CNB
zzzzas a function of the number of solid blocks.
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Figure 6. Fine-scale rigidity distribution of field example; inactive cells have been omitted.

low shear wave velocity (i.e., a relatively high permeability and porosity) con-
tain relatively large amounts of fluid. Since for fluidsµ→ 0, Poisson’s ratio
ν = (3κ − 2µ)/(6κ + 2µ)→ 1/2 (Davis and Selvadurai, 1996). In contrast, for
pieces of rock with a relatively high shear velocity, Poisson’s ratio is assumed to
be much smaller than 1/2. This will be accomplished by choosingν2

p equal to two
times the maximum value ofv2

s in the homogenization cell.
Finally, since fluids (ν → 1/2) are less dense than solids (0≤ ν < 1/2) the

density is chosen asρ = 2000(1− ν) kg ·m−3.
In this field examplek(x, y, z) varies from 213.188 to 13984.5 mDa. Ac-

cording to the above “translation rules,” Young’s moduluse(x, y, z) varies from
54 to 4691 MPa (Fig. 6) and Poisson’s ratioν(x, y, z) varies from 0 to 0.4961.
The homogenization cell consists of 6× 8× 8= 384 hexahedral cells, each with
a given permeability. There are 26 “inactive” cells to which the small permeabil-
ity k = 1 mDa has been assigned. In our geomechanical model these cells are
extremely rigid (e= 2004 GPa). In Figure 6, which shows the fine-scale rigid-
ity distribution, the inactive cells are removed. The geometry of this cell is very
anisotropic; the aspect ratio1x/1z is equal to 6, while the aspect ratio1y/1z is
equal to 25.

Figure 7 shows the different meshes used in the analyses. Table 10 shows
the dimensions of the solid blocks of the different meshes. The coarse-scale rigid-
ity components of the finite element model with 1536 elements are given in the
Tables 11 and 12. Note that the displacement–stress averaging method gives an
approximately symmetric matrix while the displacement–energy averaging yields
an exactly symmetric matrix. In Figure 8(a)–(f) the six diagonal components of the
coarse-scale rigidity matrix are plotted as a function of the mesh size. We observe
that these components decrease monotonically when refining the mesh, which is
in agreement with the upper bound properties of the node-based finite element
method.
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Figure 7. Sequence of refined meshes for field example.

CONCLUSIONS

The fine-scale Young’s modulus and Poisson’s ratio of the geological data
model have been homogenized. The resulting coarse-scale rigidities relate the
volume-averaged displacement, strain, stress, and energy in such a way that the
equilibrium equation, Hooke’s law, and the energy equation preserve the well-
known form these expressions have on the fine scale.

Table 10. Dimensions of Solid Block in the Different Meshes

No. of solid blocks Division No. of nodes Solid block size (m3)

384 6× 8× 8 567 6× 40× 150
1536 6× 8× 32 2079 6× 40× 37.5
4608 6× 16× 48 5831 6× 20× 25

23040 6× 32× 120 27951 6× 10× 10
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a)

b)

Figure 8. (a) Coarse-scale rigidityCNB
xxxx for the sequence of refined meshes; (b) coarse-scale rigidity

CNB
yyyy for the sequence of refined meshes; (c) coarse-scale rigidityCNB

zzzzfor the sequence of refined
meshes; (d) coarse-scale rigidityCNB

xxyy for the sequence of refined meshes; (e) coarse-scale rigidity
CNB

yyzzfor the sequence of refined meshes; (f ) coarse-scale rigidityCNB
zzxxfor the sequence of refined

meshes.
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c)

d)

Figure 8. (Continued)
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e)

f)

Figure 8. (Continued)
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The theory of homogenization has been presented in a simple way based
on physical understanding. Two independent approaches can be distinguished:
displacement–stress (DS) averaging and displacement–energy (DE) averaging.
Under the simplifying assumption of spatial periodicity these two approaches
yield the same coarse-scale rigidity (cf. Appendix for a proof).

The spatial distribution of the rigidity is generally so complex that exact so-
lutions of the homogenization equations cannot be found. Therefore, numerical
approximation methods have been applied. Software for the numerical homoge-
nization of 3D spatial distributions of the rigidity has been implemented in the
finite element package DIANA, which is based on the node-based finite element
method for the displacement as primary variable. It is shown that this method is
an upper bound method for the diagonal components of the coarse-scale rigidity
matrix.

The software module has been validated extensively by a number of synthetic
and field-data tests. Moreover, the numerical homogenization model has been
applied to three examples to estimate the numerical error as a function of the mesh
density.
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APPENDIX: EQUIVALENCE OF DISPLACEMENT–STRESS AND
DISPLACEMENT–ENERGY AVERAGING

Displacement and Strain

Homogenization is a method of upscaling in which constant displacement
differences between equivalent points on two opposite boundaries of the homoge-
nization cell are specified as boundary conditions. As a consequence, the volume-
averaged displacement is a linear function of the Cartesian coordinates

Ui (x) = 〈ui 〉(x) = U (0)
i + Ai j x j (A1)

whereU (0)
i andAi j are constants. In case of orthonormal boundary conditions, the

nine constants areAi j = δinδ jm, where each pairm, n = 1, 2, 3 represents a partic-
ular choice—a load case—with nine coarse-scale displacementsUmni, i = 1, 2, 3.
Although orthonormal boundary conditions greatly simplify actual computations,
they are not required in the following proof;constantdisplacement differences
suffice. Then, the fine-scale displacements can be written as a vector that is linear
in the spatial coordinates plus a periodic vector function. (A periodic function
haszerodifferences between equivalent points on two opposite boundaries of the
homogenization cell.)

ui (x) = U (0)
i + Ai j x j + χi (x), (A2)
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Taking the symmetric part of the gradient yields

εi j (x) = 1

2
(∂i u j (x)+ ∂ j ui (x)) = Ei j + 1

2
(∂iχ j (x)+ ∂ jχi (x)) (A3)

whereEi j = (Ai j + Aji )/2. Integration over the periodic homogenization cellÄ

with volumeV = ∫∫∫
Ä

dVyields

∫∫∫
Ä

εi j (x) dV = Ei j V +
∫∫∫

Ä

1

2
(∂iχ j (x)+ ∂ jχi (x))dV. (A4)

Sinceχi (x) is a periodic vector function, the volume average of its gradient is
equal to 0. Hence

Ei j = 1

V

∫∫∫
Ä

εi j (x) dV= 〈εi j 〉 (A5)

which proves that the coarse-scale strainEi j is equal to the volume average of the
fine-scale strain〈εi j 〉.

The Basic Approach to Homogenization

From the physical point of view expounded in this paper, homogenization is
based on the following requirement [Eq. (2)]

∂iσi j (x) = ∂i6i j (x), (A6)

Below, Equation (A6) will be applied in two different ways.

First Application of Basic Requirement

For periodic media, the coarse-scale stress is constant. Substitution of constant
6i j into the right-hand side of Equation (A6) yields

∂iσi j (x) = ∂i (ci jmn(x)[∂u]mn(x)) = 0 (A7)

where the shorthand notation [∂u] i j = (∂i u j + ∂ j ui )/2 has been used. Equation
(A7) has to be solved in at least one periodicity cell with periodic boundary con-
ditions for the vector functionχi (x).
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Second Application of Basic Requirement

Multiplying the left and right sides of Equation (A6) by an arbitrary displace-
ment vectorvi (x), applying some vector differentiation rules, and using Gauss’s
divergence theorem yields∫∫∫

Ä

[∂v] i j (x)Ci jmn [∂U ]mn (x) dV−
∫∫∫

Ä

[∂v] i j (x)ci jmn(x) [∂u]mn (x) dV

= −t
∂Ä
νi (x){σi j (x)−6i j }nj dS (A8)

where the circle in the surface integrals means integration over the closed boundary
∂Ä of the periodicity cellÄ (i.e., the homogenization cell). Let us consider in more
detail the surface integral

= =t
∂Ä
vi (x){σi j (x)−6i j }nj dS (A9)

Similar to Equation (A1), the displacement vectorvi (x) is written asvi (x) =
V (0)

i + Bi j x j + κi (x), whereV (0)
i is a constant vector,Bi j is a constant tensor, and

κi (x) is a periodic vector function. Hence,

= =t
∂Ä

(
V (0)

i + κi (x)+ Bi j x j
)
(σi j (x)−6i j )nj dS

= =(1)+ =(2)+ =(3) (A10)

Using Equation (A6) we find

=(1) = V (0)
i t

∂Ä
(σi j (x)−6i j )nj dS

= V (0)
i

∫∫∫
Ä

∂i (σi j (x)−6i j ) dV= 0 (A11)

Using the periodic boundary conditions ofκi (x) and the periodicity ofσi j (x)
we find

=(2) =t
∂Ä
κi (x)(σi j (x)−6i j )nj dS= 0 (A12)

The evaluation of=(3) is more complex, but also more rewarding. Again using
Equation (A6) we find

=(3) =t
∂Ä

(Bi j x j )(σi j (x)−6i j )nj dS

= −Bi j

(
6i j V −

∫∫∫
Ä

σi j (x) dV

)
(A13)
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Requiring=(3) = 0, which is equivalent with displacement–energy averaging
(see ahead), a similar expression as Equation (A5) is found

6i j = 1

V

∫∫∫
Ä

σi j (x) dV = 〈σi j 〉 (A14)

which proves that the coarse-scale stress is equal to the volume average of the
fine-scale stress.

From Equations (A11) and (A12) it follows that requiring=(3) = 0 yields
= = 0, that is, then the surface integral in Equation (A8) is required to be equal to 0(∫∫∫

Ä

[∂v] i j (x) dV

)
Ci jmn[∂U ]mn =

∫∫∫
Ä

[∂v] i j (x)ci jmn(x)[∂u]mn(x) dV

(A15)
Definingεαβi j = [∂v] ij , εγ δi j = [∂u] ij and using Equation (A5) shows that Equa-
tion (A15) is equivalent with the displacement–energy definition of the coarse-scale
rigidity Cijmn

〈εαβi j 〉Ci jmn〈εγ δmn〉 = 〈εαβi j ci jmnεγ δi j 〉 (A16)

In conclusion, for periodic media displacement–energy averaging (i.e., re-
quiring Equation (A16) be satisfied) implies displacement–stress averaging (i.e.,
Equation (A14) holds). Moreover, it can easily be observed from Equation (A13)
that the inverse is also true: displacement–stress averaging implies displacement–
energy averaging. This proves Equation (4).


