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Abstract

Contaminant transport by groundwater in a sloping aquifer is considered in the case when contaminant plume has a salinity
(and density) different from that of the groundwater, and is heat generating. Forced convection is present due to regional
groundwater flow and natural convection is also expected to develop due to concentration differences and thermal changes.
Such a situation takes place in deep-well disposal of liquid radioactive waste, in which the heat generation is caused by the
radioactive decay.

Flow and contaminant transport in the aquifer were calculated in 2D approximation in the plane of the aquifer, and the
process of heat conduction in confining rocks was described by a 3D model. The set of equations governing flow, heat and mass
transfer in the system was solved numerically with use of finite differences technique. Accuracy of numerical solution was
checked by comparison with an original analytical solution of the flow problem for concentration-driven convection.

It was shown that the influence of the natural convection component could cause acceleration as well as slowing down of the
contaminant plume movement depending on system parameters. Results of numerical solution were approximated by a
dimensionless analytical expression, which can be used for estimation of the relative impact of different driving forces exerting

influence on the contaminant plume movement. Published by Elsevier Science B.V.

1. Introduction

One method of isolating liquid hazardous waste
from the biosphere is through injection of the
waste into deep permeable layers confined at the
top and bottom by low permeable rocks (Fried,
1975; Apps and Tsang, 1996). This technique is
also used in Russia for the disposal of liquid
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radioactive waste (Spitsyn et al., 1978; Laverov
et al.,, 1991; Foley et al., 1993; Rybalchenko et
al., 1994; Rybalchenko, 1998; Rybalchenko et al.,
1999).

Generally, the liquid wastes injected into the dispo-
sal zone have density which differs noticeably from
the density of formation ground water in that zone.
Also, the disposal zone is not horizontal in the general
case. That is why when the salinity of formation water
is less than the solute mass concentration of injected
waste, the contamination plume can sink down the dip
of the aquifer (Dorgarten and Tsang, 1991). An addi-
tional factor exerting an influence on the flow of this
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waste body

Fig. 1. Scheme of waste disposal.

contamination plume appears when the injected waste
contains a radioactive component. Heat generation
caused by radioactive decay leads to heating of the
injected liquid and, hence, to a decrease in its density.
As aresult, components of buoyancy forces governing
the movement of a contamination plume can vary in
magnitude and can even reverse their direction, caus-
ing an up-dip movement of the injected liquid. One
should take into account the fact that heat generation
rate decreases with time and, therefore, the influence
of this factor on plume movement decreases as well.

One of the main requirements imposed upon selec-
tion of waste disposal site is low velocity of a regional
flow of ground water in the aquifer destined for waste
disposal. Therefore, buoyancy forces can exert a
significant influence on the groundwater flow. Thus,
movement of the injected plume in the aquifer is
governed by both of the following factors: buoyancy
forces (caused by the difference between densities
of injected liquid and native formation water) and
regional flow of ground water in the aquifer. Joint
action of these factors can lead to acceleration or,
conversely, deceleration of contaminant migration.
From the viewpoint of disposal safety, conditions
should be chosen whereby these driving forces
suppress each other, so that the displacement of
the contamination plume from the injection loca-
tion is minimal.

A mathematical model is considered which
describes transport of an injected liquid waste
plume in a sloping aquifer confined from top and
bottom by low permeable rocks. This model is used
for estimations of the influence exerted by different
driving forces on the contaminant plume movement.

Results of these estimations can be used for a preli-
minary selection of an injection site where displace-
ment of the contamination plume is minimal. One
more application of these estimations should be
mentioned. A sufficiently reliable safety assessment
for a particular injection site calls for a more precise
computer simulation of the contaminant transport
process with account for site-specific features of a
geological medium including a heterogeneity of
medium properties (Malkovsky et al., 1999). Solu-
tion of such site-specific problems, which account
for all driving forces exerting influence on the
contaminant plume movement can represent a very
complicated problem. The obtained approximate
estimations permit the identification of components
of driving forces that can be neglected, thus greatly
simplifying the computer simulation problem
(Malkovsky et al., 1999).

2. Problem formulation

Let us introduce some simplifying assumptions.
The aquifer is considered to be flat and the movement
of ground water parallel to the aquifer boundaries. As
the duration of the injection period is much less than
that for which prediction of contaminant migration
should be obtained, we will consider only the time
interval since the completion of waste injection. It is
assumed that the contaminant migration process can
be described satisfactorily by Boussinesq’s approxi-
mation (Gebhart et al., 1988), i.e. the thermophysical
properties of the medium are constant except for
density in the gravity force term in the momentum
equation.

Further, let us assume that the initial waste plume
has the form of a cylinder with circular bases at the top
and bottom aquifer boundaries (Fig. 1). It is assumed
that the cylinder radius is much more than the aquifer
thickness. The Cartesian coordinates system x, y, z can
be introduced as shown in Fig. 1; here the plane xy is
positioned equidistant from the upper and lower aqui-
fer boundaries (with z as normal to the aquifer bound-
aries), and y axis is perpendicular to the vector of
gravity force. A 2D model is considered with the
distributions of temperature and concentration within
the aquifer independent of z.

Then the ground water flow can be described by
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Gebhart et al., 1988:
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Here u,,u, are components of flow velocity field, p is
pressure, T is temperature, C is solute mass concen-
tration (i.e. fraction by weight), and p, n are density
and dynamic viscosity of water at the initial tempera-
ture T,. Further,
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k is permeability of the aquifer, g is acceleration due
to gravity, and « is an angle of the aquifer plane with
the horizon.

It is taken that the injected waste plume consists of
two components. The first represents non-radioactive
substances and the second component represents
radionuclides which are responsible for heat genera-
tion. Mass concentration of the second component is
referred to as K and thus the mass concentration of the
non-radioactive component is equal to C — K. Let us
assume that the velocity of convective transport of
components is equal to the ground water flow velo-
city, and that the dispersion coefficients for both
components are equal, and K < C. Then distributions
of K and C satisfy equations of transient convective
mass transfer
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where ¢ is porosity, k = In 2/t; (when ¢, is the effec-
tive half-life of the radioactive component), D is
effective diffusivity of the solute.

Substitution of the Darcy’s velocity components,
Egs. (1) and (2), into continuity Eq. (3) gives the
Poisson equation for pressure
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Boundary conditions for pressure and concentrations
can be presented in the form

vy
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where v,, v, are the velocity components of regional
flow, i.e. forced components of the flow velocity field,
Py is the hydrostatic pressure at x =y = z = 0 in the
absence of contamination.

Boundary condition (8) reflect a decrease of the
waste plume influence on pressure and concentration
distributions with increasing distance from the plume
(Slattery, 1981).

Initial (at # = 0) conditions for concentrations can
be written as

sz +y =ry, C=Cy K=yC;
V2 +yr>r, C=K=0,

where r;, is the initial radius of the plume.

It is assumed that heat transfer in the system caused
by heat generation of the radioactive component in the
waste plume is governed by conductive heat dissipa-
tion into the confining rock. Then, heat flux normal to
the aquifer boundaries dominates. Further, if the
temperatures within the aquifer are close to some z-
average values (i.e. T = T(¢,x,y) within the aquifer),
then the temperature field in the surrounding rocks
satisfies the equation
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with the following initial and boundary conditions

t=0, T=T,, (11)
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Here & is aquifer thickness, w is heat generation rate
per unit mass of the radioactive component, A, a, are
respectively thermal conductivity and thermal diffu-
sivity of the surrounding rocks.

Let us introduce the dimensionless variables:
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Then equations of fluid flow (7), heat (10) and mass
transfer (5) and (6), can be rewritten in dimensionless
variables as
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Initial conditions (9) and (11) in dimensionless form
are written as

{\/X2+Y25Rin, E=n=1; {17
VX2 + Y2 >R, £E=1n=0.

Boundary conditions (8) and (12) take the form

X1, Y| — oo, P, &m—0; Z=0,
(18)
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It should be mentioned that the functions
£and nePe”

satisfy Eq. (14) and the same initial and boundary
conditions, i.e. it is not necessary to solve the problem
for n because

n=¢g& 7.

It can be seen that the governing equation set (13)—
(16) and boundary and initial conditions (17) and (18)
include 6 dimensionless parameters

F,D.,Vx,Vy,R;,, I

F determines a ratio between buoyancy force compo-
nents caused by nonhomogeneous distributions of
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temperature and those caused by concentration. D,
determines a ratio between time scales for convective
mass transfer and for radioactive decay. Dimension-
less variables Vy, Vy characterize the ratio between
regional flow velocity and velocity of density-driven
flow. Ry, is an analog of Peclet number and charac-
terizes relative contributions of convection and
dispersion to the mass transport. I characterizes the
thermal capacity of the aquifer in the process of heat
exchange with the confining rock beds.

3. Modeling results
The center of mass position of the plume can be
calculated as

[ [Xx&x,v,ndx dy
[ J&X,Y,ndXdY

Xmass ( T)

[ [rax,y,ndx dy
- [ [&X,Y,ndX dY

Y mass(T)

and the components of average plume velocity as
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U mass — , Uma.SS — .
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These are important characteristics of contaminant
migration in the aquifer.

First, let us consider the case when the waste does
not contain a radioactive component. The flow
problem at low 7 can be solved analytically. This
analytical solution is very important because it is
exact at 7= 0, and its comparison with a numerical
solution of the flow problem at 7= 0 permits to esti-
mate accuracy of the numerical solution.

It is worthwhile to introduce dimensionless cylind-
rical coordinates R, ¥ such that X =Rcos ¥, Y =
R sin 0.

Initial condition at 7= 0 can be rewritten as,
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where 6 is Dirac’s d-function.
Then the momentum Eq. (13) can be rewritten at

low T as
1 P
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If P is represented as P = P; cos U then
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With the introduction of a new variable { = In(R/R;,),
and taking into account
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Since Eq. (19) is satisfied (Vladimirov, 1971) at
P(=0) = P (+0), P'(+0) = P'(—=0) = Ry,,
it follows that
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and the net result is

——=Rcosd=——, R=Ry;
P ==
1 R,
_ETCOS 1&, R>Rin
Therefore, we obtain for R = R;,
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and
1
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at small 7.

The solution obtained is precise only at the begin-
ning of the process when the liquid waste plume is of a
circular shape, and its concentration or density is
constant (equal to initial concentration Cj). Later,
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Fig. 2. Contamination plume movement at R;, = 10. Heat generation in the waste and regional flow in the aquifer are absent. a — 7=15,b —

7=10,¢c —17=15,d — 7= 20.

the dissolved component is transported not only by
convection but also by diffusion (dispersion). The
smaller the radius of the plume, the greater is the
relative influence of diffusion on the overall mass
transfer process. This is because the amount of
dissolved component carried by convection per unit
time is proportional to the plume volume (for 2D
model—TrRz), and amount of the substance conveyed
per unit time by diffusion is proportional to the area of
the interface between formation water and the plume
(for 2D model—2mR). That is why the greater the
radius of the injected waste plume, the longer it
retains a near-circular shape and the smaller is a rela-
tive width of dispersion halo of the dissolved compo-
nent relative to the size of the central region where
concentrations are close to the initial value C,.
Modeling of the process at arbitrary 7 was carried
out by computer simulation using the finite differ-
ences method. Successive overrelaxation method

(Roache, 1976) was used to solve the momentum
Eq. (13) (with regard for boundary condition (18)).
Alternating direction method with upwind differen-
cing (Roache, 1976) was used with minor modifica-
tions for the integration of the equation of transient
convective mass transfer (14). Eq. (16) (in the case of
F # 0) was integrated with use of the Crank—Nicol-
son method.

Results of computer simulation at Vy = Vy =0,
F = 0 are shown in Fig. 2 for R;, = 10, and in Fig.
3 for R;, = 100. Changes in the distribution of
dimensionless concentration & are shown by isolines
family (&é,.x = 0.1,...,0.9) and support the infer-
ence about the impact of R;, on the contaminant
transport process.

A plot of Uy™* obtained numerically as a function
of 7 is given in Fig. 4 (points). One can see from Figs.
2—4 that the smaller the R;, value, the larger is the
diffuseness of the plume boundary and the faster is
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Fig. 3. Contamination plume movement at R;, = 100. Heat generation in the waste and regional flow in the aquifer are absent. a — 7= 10,

b—1=50,c—7=100,d — 7= 150.

the decrease in the average center-of-mass velocity of
the plume Uy®®. Rather simple explanation for this
effect can be offered. The larger the diffuseness of the
plume, the less is its average density, and therefore,
the less is the magnitude of the density-induced force,
which causes the movement of the plume down the
dip of the aquifer. This leads to a decrease in the
velocity of this movement.
Let us introduce a variable

Rinass(T) =

3 [ JVIX = X"S@P + [Y = Y"S(D)PEX, Y, dX dY
2 [ J&x, Y, ndx dy

as a characteristic of the effective size of the plume.
It follows from initial condition (9) that

Rmass(o) = Rin' (21)

Analysis of computer simulation results shows that
U™ (T)R pass(T) = const (22)

at each value of R;,. Taking into account initial condi-
tions (20) and (21), it follows from Eq. (22) that

R:
U™ = —-05—"—. (23)
X Ripass(7)
It is seen from Fig. 4 that the values of Uy** obtained

numerically and the values of Uy™® determined by
Eq. (23) are in satisfactory agreement. The function
Riass(7) (different at different R;,) which enters into
Eq. (23) was determined numerically. To make it
possible to use Eq. (23) immediately (i.e. without
numerical calculations) for the evaluation of
Ux™(7), it is necessary to find an approximating
analytical expression for R,(7) at different R;,.
From a fit of the computer simulation results in
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Fig. 4. Time dependence of average dimensionless velocity of the plume center movement. Heat generation in the waste and regional flow in
the aquifer are absent, but there is an initial density difference between the injected liquid and the formation water. Values of Uy“* obtained
numerically are shown by circles. Solid lines correspond to Uy™* values calculated from Eq. (23).
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Fig. 5. Comparison between R,,,;s(7) obtained numerically (circles) and calculated from the approximating expression (24) (solid line) at

F=0.
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Fig. 6. Contamination plume movement at heat generation in the waste volume. F =2, D, = 0.1, Vxy =V, = 0,1 = 1, R;, = 100.

Fig. 5, the following expression was obtained

Rinass(T) 1.87

—— T (24)
Ri R

It can be seen from Fig. 5 that approximating expres-
sion (24) and computer simulation results are in satis-
factory agreement.

In the case of nonzero Vy, the problem is reduced to
the considered one through the substitution of X by the
new variable X; = X — Vy7. Therefore, it can be writ-
ten in general case for F = 0,

[ymass _ _ Rin
Y (N=Vy—05——, (25)
Rinass ()
where Rp.(7) is determined by approximating
expression (24).

This type of contamination plume movement will
be modified in the case when the waste contains a
radioactive component, which causes heat generation

(F # 0). As one can see from the computer simulation
results presented in Figs. 6 and 7, the following situa-
tion can take place. The plume moves first down the
dip of the aquifer (Uy** < 0, see Fig. 7), driven by
the initial excess in waste density over the formation
water density. Later on, the heat generation caused by
radioactive component in the waste leads to tempera-
ture increase (see Fig. 8), with a resulting decrease in
solution density. When the density of the injected
liquid becomes less than the density of formation
water, the plume starts to move in the opposite direc-
tion, that is, up the dip of the aquifer and rises in the
up-dip direction above the initial position (Uy™* > 0,
see Fig. 7). However because of the inhomogeneity in
temperature and solute concentration distributions,
the resulting effect of concentration and thermal
convection is different in central part of the plume
and at its periphery, which leads to a deformation of
initial circular shape (see Fig. 6). Whereas the central
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part of the plume continues to move up the dip of the
aquifer (being driven by thermal convection currents
which are sustained by the heat accumulated in the
rock matrix at the location of the initial position of the
plume), ‘tongs’ appear at the two sides of the plume,
which move down the dip of the aquifer. At a later
time, when the temperature in the aquifer declines to a
level such that thermal convection is not able to
oppose concentration induced convection, the up-dip
movement of the plume in the central part is also
overcome and it gives way to the down-dip move-
ment.

To gain insight into how the average velocity of the
contaminant plume movement depends on dimension-
less governing parameters F, R;,, Vx, Vy, D, and I,
computer simulation of contaminant transport is
carried out for several parameter sets. These sets are
given in Table 1 and combine parameter values which
correspond to conditions of high-level liquid radio-
active waste injection in Russia (Rybalchenko et al.,
1994). Time dependencies of Uy for the different
parameter sets from Table 1 are shown in Fig. 9.
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Fig. 8. Time dependence of maximum 6 in the aquifer. F =2, D, = 0.1, Vx =V, = 0,1 =1, R;;, = 100.
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Table 1
Values of governing parameters for curves in Fig. 9

79

Curve number in Fig. 9 F Ry Vx Vy D, I
1 1 10° 0 0 10°° 10°
2 0 10° 0 0 107 10°
3 0.5 10° 0 0 1073 10?
4 2 10° 0 0 107? 10°
5 1 10° 0 0 107 10°
6 1 10° 0 0 107 2x 107
7 1 10° 0 0 107 5% 107
8 1 2x10° 0 0 107 10?
9 1 10° -05 0 1073 10?
From a fit of the computer simulation results in Fig. (F/D)" 7%
. . . . D, = ,
9 the fo.llowmg approximate analytical expression 27 150%10° + (FIT)17%5
was obtained
s s ass F @) s
SUF™S = U™ — Uy™S|p—p=0.5545— ———, by =4838X 107" .
X X X |F70 71+ @2 (D3 3 R?ng
(26) mass : 1 i
Uy**|p—o is the value of the average dimensionless
velocity at F' = 0 calculated from Eqs. (24) and (25).
O — 1 —exp(—0.35D.7) Auxilliary functions @,, ®,, and P; describe a
: 0.35D, ’ change of a thermoconvective component of the
20—
— mass
| UX
15— ¢
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Fig. 9. Influence of the governing parameters on a character of the time dependence of Uy“* at heat generation in the waste volume. Values of
the governing parameters corresponding to a certain curve are given in Table 1.
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flow at different stages of the simulated process. @,
characterizes the initial stage when the temperature
increases due to the heat generation. @, is a function
of F/I and, hence, reflects the influence of thermal
capacity of the aquifer on the thermoconvective flow.
@5 decreases with a decrease of R;, and an increase of 7
and, therefore, can be considered as a function which
describes the influence of a heat carried away from the
aquifer at the initial stage of the process due to thermo-
conductive heat transfer and accumulated in the enclos-
ing rocks on the thermoconvective flow at later stages
when the heat generation exhausts.

Discrepancy between the numerical calculation
results and the approximate analytical expression
(26) does not exceed 25%.

Naturally, Eq. (26) is not universal and can be used
for an approximate evaluation of the average velocity
of the waste plume movement only in the case when the
governing parameters have the same orders of magni-
tude as corresponding values in Table 1. However this
limitation on applicability of expression (26) is not
excessively strict for two following reasons. First, the
ranges of the dimensionless parameters in Table 1 are
determined in accordance with actual conditions
characteristic to radioactive waste injection sites, in
particular, the range of heat generation rate embraces
possible values for liquid radioactive waste (Spitsyn et
al.,, 1978; Rybalchenko et al., 1994). Second, the
expression (26) can be used for a rough estimation of
the influence exerted by the heat generation on the
contaminant plume movement. This estimation can
show in a particular case whether this influence can
be neglected what is very important for simplification
of rather complicated site-specific models.

4. Discussion

The main mechanisms governing convective trans-
port of an injected waste plume are: (1) forced
convection caused by the regional ground water
flow, (2) concentration induced convection caused
by the difference in salinity and hence in density
between the formation water and the injected liquid,
and (3) thermal convection caused by heat generation
when the injected waste contains a radioactive
component. The joint action of these processes can
lead to an acceleration or, conversely, to deceleration

of contaminant migration along the injection zone of
the aquifer. Therefore, in the design of a liquid waste
injection disposal system, it is advisable from safety
considerations to realize conditions such that the joint
action of these processes brings about maximum
spatial stability of the contamination plume in the
aquifer, i.e. its minimum spatial displacement relative
to the injection well.

For a rough estimation of the rate of injected waste
migration, the above introduced parameter for the
average mass velocity Uy™ of the contamination
plume can be utilized. With its use, an injection site
selection criterion can be defined as Uy**(7y;,) = 0
where ), is the specified time of safe isolation of the
waste from the biosphere. This condition can be used
as one of the criteria for the selection of disposal sites.

When the waste does not contain a radioactive
component and heat generation is absent (F = 0),
the plume shape remains convex, and the function
Riass(7) (Eq. (24)) can be used for an estimation
of the change in plume size. Then, the condition
Ux™*(Tjy,) = 0 is a criterion of disposal site selec-
tion, and R,,(7) characterizes the degree of
disposal safety. The values of Uy™(7) and
Riss(7) can be calculated with use of expressions
(24) and (25).

When heat generation exists (F # 0), the problem
of disposal safety assessment is more complicated.
The values of Uy®*(7) can be calculated from Eq.
(26) (if the governing parameters belong to the region
represented in Table 1). But it is important to bear in
mind that Uy®*(7) characterizes only a preferential
direction of convective transport of the waste but
does not describe the oppositely directed flows at
local parts of the plume which can occur for F # 0
(as can be seen from a comparison of Fig. 6¢ and d. In
this case, the central part of the plume moves up the
dip of the aquifer under the action of thermal convec-
tion, but the colder liquid at the two sides of the plume
moves down under the action of concentration-
induced convection. These local flows can cause a
significant deformation of the initial plume shape
such that R,,(7) cannot adequately characterize the
changes in the plume shape.

In conclusion, it is noted that the considered model
describes the process of contaminant migration only
when the aquifer is thin, i.e. at & << ry,. Otherwise it is
necessary to take into account plume movement normal



V.I. Malkovsky et al. / Journal of Hydrology 258 (2002) 69-82 81

to the aquifer boundaries (Charny, 1963; Dorgarten and
Tsang, 1991) and consider a general 3D model.

5. Conclusion

Underground disposal of liquid wastes is some-
times carried out through their injection into deep
aquifers confined from top and bottom by low
permeable rocks.

One of the possible options for the enhancement of
the long-term safety of such waste disposal system
lies in the selection of disposal sites where geochem-
ical conditions provide sequestration of the injected
waste. The process of sequestration develops through
precipitation, co-precipitation and sorption of
contaminant in the rock formation resulting in
geochemical sequestration of the disposed wastes.

Another possible option for the enhancement of
long-term safety of the liquid waste disposal lies in
minimizing plume movement caused by an inter-
action among the different convective transport
processes. For an examination of this approach, the
2D model of mixed (forced, concentration, and
thermal) convection in the aquifer was considered.
The preliminary investigation of the model presented
in this paper shows that a contributory factor for
enhancing long-term safety of the liquid waste dispo-
sal is a preliminary selection of the injection forma-
tion where the interaction between the processes of
forced, concentration, and thermal convection can be
designed to minimize the waste migration, thus result-
ing in spatial stabilization of the contamination plume
in the aquifer. This can be accomplished by an adjust-
ment of the injected waste density and the portion of
its radioactive component (e.g. through addition of
nontoxic components to the waste).

From a generalization of the computer simulation
results, approximate analytical expressions are obtained
which can be used for this purpose. This expression can
be used to reveal cases where the influence of heat
generation on the contaminant plume movement can
be neglected. Such estimations permit to simplify
significantly site-specific problems and substantiate
applicability of available simulators for solving them.
Because chemical retardation due to reactions between
waste components, rocks, and formation water are not
taken into account in the model, disposal safety assess-

ments obtained are conservative, i.e. corresponding to
the worst variant of the process.

Results of computer simulations show that in the
case when the injected liquid waste contains an
amount of radioactive component causing heat
generation in the waste volume, the mechanism of
contaminant transport process changes that can lead
to an essential deformation of the initial plume shape,
with changes in velocity (and even direction) of the
plume movement.
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