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Abstract

We present an extension of the conventional geochemical reservoir model for the evolution of the Earth’s crust—
mantle system in which we calculate not only the mean isotopic ratios, but also the distribution of those ratios within
the reservoirs. Owing to low chemical diffusion rates, subreservoirs that are created by mass transport into and out of
the mantle effectively exist as distinct geochemical entities for all time. By tracking these subreservoirs, we obtain a
model of the full range of isotopic values represented in the mantle. Using results from numerical calculations of
mixing, we also track the length scales associated with each subreservoir. Applying simple statistics, we obtain the
distribution of expected measurements as a function of the stirring time, effective melt fraction, sampling volume, and
mass transport history. We present calculations of isotopic heterogeneity for two simple mantle evolution models and
explore the sensitivity of geochemical observables to the variables mentioned. We focus on the Rb-Sr and Sm-Nd
systems and are able to reproduce much of the observed complexity of oceanic basalts. We infer that the stirring time
of the mantle falls between 250 and 750 Myr, and that the initial length scale of mantle heterogeneity before stirring is
of the same order as the length scale of sampling. We also conclude that the differences between isotopic data from
mid-ocean ridge basalts and ocean island basalts cannot simply be due to differences in sampling volume, but must
also reflect differences in the source reservoirs and/or melting processes. Increasing the size of the ocean island basalt
source region by 45% with respect to the mid-ocean ridge basalt source region reproduces the offset between the two
distributions, but still fails to explain the more isotopically extreme measurements. Our results show that the
argument suggesting that the absence of samples with a primitive isotopic signature indicates that no primitive
material remains in the mantle is not valid.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The apparently contradictory evidence of geo-
physics and geochemistry has long complicated
) efforts to understand the evolution of the Earth’s
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lution seismic tomography and other geophysical
data that indicate whole-mantle flow. However,
with the whole-mantle convection model favored
by most geophysicists, it is difficult to satisfy the
constraints of geochemistry, particularly the iso-
topic mass balance of the rare earth elements
and the noble gases. Resolving this issue requires
simultaneous improvement of both the data sets
and the models used to understand them.

We focus here on the measurements of Nd and
Sr isotopic ratios in oceanic basalts, as shown in
Fig. 1. Efforts to understand this array of data
have generally focused on two features: the
roughly linear relationship between the Nd and
Sr isotopic systems [5-7], and the end members
of the distribution (e.g. [4]). We believe there is
more information contained in these data, but we
need to develop quantitative models to extract it.

An important modeling tool used by geochem-
ists for some time has been geochemical reservoir
modeling [8-15]. To a first approximation the
Earth may be broken into a number of homoge-
neous reservoirs with mass transported between
them, subject to chemical fractionation effects.
This parameterization allows one to track the
average chemical/isotopic evolution of the various
reservoirs through time and constrain this evolu-
tion using observational chemical/isotopic data
from both young and old rocks.

While popular among geochemists, this tech-
nique has been slow to gain favor among geo-
physicists. A significant amount of geophysical
modeling has focused on the behavior of tracers
within a full convective system. The tracers range
from passive particles [16-18], to strain markers
[19-21], to passive tracers carrying chemical/iso-
topic information [22,23], to chemical/isotopic
tracers which also affect the density field [24-26].
This last category, thermochemical convection, is
computationally expensive and technically chal-
lenging (e.g. [27]), but has yielded significant in-
sight, particularly into the dynamics of a hypo-
thetical deep layer in the mantle.

Allégre and Lewin [28] and Allegre et al. [29]
attempted to use the variance in the isotopic
data by relating it to the stirring time (analogous
to the mixing time scale of [30]). They did this by
essentially creating reservoir models for heteroge-

neity; within each reservoir there were source and
sink terms for chemical variance. These source
terms depended on the mass transport between
the reservoirs. However, they were considered un-
known and canceled out of the problem. Further-
more, the models included the effect of sampling
length scale only indirectly (it is bound up in Ol-
son et al.’s mixing time scale), obscuring its im-
portance to the problem.

In this work, we use the conventional reservoir
formulation to model the evolution of the bulk
geochemical reservoirs. We then investigate the
heterogeneity created within the Earth’s mantle
by mass transport between the bulk reservoirs.
This extension is, by design, limited. We allow
the bulk evolution to control the growth of het-
erogeneity, but we do not allow the heterogene-
ities to affect the bulk evolution. We then address
the question of how the heterogeneous mantle will
appear when sampled on a finite length scale by
present-day melting. Ultimately, we generate syn-
thetic geochemical data which we compare di-
rectly with the real data shown in Fig. 1.

2. Methods and application to the case of uniform
crustal growth

In this section, we derive our extended reservoir
model and apply it to one of the simplest scenar-
ios for Earth evolution: a linear extraction of the
continental crust from a limited region of the
mantle with no crustal recycling (Model II of
[8].) In this scenario, only roughly 1/3 of the man-
tle is depleted, whereas the rest of the mantle re-
mains primitive. This depleted mantle fraction is
at the low end of current estimates based on mass
balance constraints [31] and may not be easily
reconcilable with modern seismic tomography.
However, we want to stay as close to previous
modeling efforts as possible while building this
model.

2.1. Conventional box models
Our method for the modeling of average reser-

voir evolution follows that laid out previously
[8,11].
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Fig. 1. (A) Measurements of Nd and Sr isotopes in mid-
ocean ridge basalt (MORB) glasses and ocean island basalts
(OIBs) from the PetDB and GeoROC databases. MORB
data are partially obscured by the OIB data. Large circles
show the isotopic compositions of proposed mantle compo-
nents (e.g. [4]). The classical anti-correlation between eng and
& 18 evident, as are higher-order features, such as a general
concavity and increased heterogeneity away from the DMM
end member. (B) Normalized histograms of the real data,
binned at 0.5 £ units. The MORB curve is close to Gaussian,
although skewed slightly left. The OIB curve has a signifi-
cantly lower mode and is much more skewed left (although
the non-random sampling on which this curve is based
makes interpretation difficult). Note that there are essentially
no measurements of eyq in the OIBs that plot to the right of
the mode of the MORB curve.

For each isotopic system (e.g. Sm—Nd, Rb-Sr)
we identify three types of species, denoted r, d,
and s. These represent the radioactive parent iso-
tope, the stable, radiogenic daughter isotope, and

the stable, non-radiogenic isotope, respectively.
We divide the Earth into a small number of major
reservoirs numbered 1-4, representing the Bulk
Silicate Earth (BSE), depleted mantle, continental
crust, and undepleted or enriched mantle as
shown in Fig. 2. We avoid the terms ‘upper’
and ‘lower’ mantle, because geochemical reservoir
models do not by themselves constrain the geom-
etries of the reservoirs, only their masses and the
transport between them.

We define N; to be the number of atoms of
species i residing in reservoir j. We combine the
Njs to obtain the following three quantities:

- (M—1>x10“ (1)

Nai/Ns
/s _ N"]'/NAY'_I 2
fj _er/Nsl ( )
C.:
E;, =Y 3
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The mass of reservoir j is M;, and the mass trans-
port from reservoir i to reservoir j is M;. The
concentration of species 7 in reservoir j is:

N
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Fig. 2. Cartoon of the conventional reservoir model geome-
try with a homogeneous crust and depleted upper mantle
overlying a primitive or enriched lower mantle. In the gener-
al case, there is bidirectional mass transport between each
pair of reservoirs. In the models presented here, however,
Reservoir 4 will remain completely isolated. This cartoon is
conceptual only; reservoir models may be used to determine
the volume of the reservoirs and the mass transport between
them, but may not constrain the geometry.
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Partial melting creates different chemical con-
centrations in the liquid and solid. To account
for this difference, we define c; as the concentra-
tion of species i in a new parcel of mass added to
reservoir k from reservoir j and also:

Cik

dl]k Cl] (5 )
which represents the enrichment of species i in the
transported parcel relative to the source reservoir.
We assume that mass fractionation effects are
negligible, so dg =dgu (i.e. there is no fractiona-
tion between isotopes of the same element). In
single stage melting, dj is related simply to the
degree of partial melting F and the bulk partition
coefficient, D;. Here we treat it as a free parameter
that can be adjusted so that a given transport
history yields the observed present-day isotopic
compositions of the various reservoirs.

The time evolution of the reservoirs is con-
trolled by the following coupled ordinary differ-
ential equations (ODEs):
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where A, is the decay constant for the radioactive
isotope r, and nes is the number of reservoirs,
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Fig. 3. Evolution of &yg and &, in the mean depleted mantle
(DM) and continental crust (CC). Crosses are placed at
1 Gyr intervals, and circles represent the present-day composi-
tion of the average DM and CC. The rather uninteresting in-
set figure shows the assumed mass transport history: the solid
curve shows the rate of mass transport from the depleted
mantle to the continental crust (here constant), while the
dashed line (here identically zero) shows the rate of crustal re-
cycling. The transport history corresponds to Model II of [§].

taken to be 4 in this paper, as shown in Fig. 2.
If we do this for ngy, isotopic systems, we get a
total of npes+3ngysnres coupled ODEs that we solve
simultaneously using a fifth-order Runge-Kutta
scheme (e.g. [32]) starting from an initially undif-
ferentiated (chondritic) Earth.

Jacobsen and Wasserburg [8] proposed a simple
reference model of unidirectional mass transport
in which the continental crust is extracted from a
limited region of the mantle (representing roughly
1/3 of the bulk silicate Earth (BSE)). The tempo-
ral evolution of this model in eng—&s; space is
shown in Fig. 3. The parameters for this and all
other calculations are listed in Table 1.

2.2. Creating heterogeneity in the mantle

Mantle chemical heterogeneity can be created
in two ways (illustrated in Fig. 4): partial melting
within the mantle and the influx of material from
outside the mantle. Partial melting events yield
two distinct components: a melt and a residue.
For simplicity, we only consider the melting asso-
ciated with the creation of continental crust. In
this case, melt is transported out of the mantle
and added to the mean continental crust. The res-
idue, however, stays behind.



J.B. Kellogg et al. | Earth and Planetary Science Letters 204 (2002) 183-202 187

There is still debate as to the actual mechanism
by which continental crustal growth occurs, and
the process may well have changed since the Ar-
chean (for a recent review, see [33]). Given the
complexity and the lack of consensus on the
mechanism, we will adopt a very simple model
of crustal growth: a simple one-stage, small-de-
gree melt, leaving behind a single uniform residue.
While this simplification does not closely approx-
imate processes such as intracrustal differentiation
and subsequent delamination, it should capture
the first-order behavior of systems dominated by
subduction zone processes, assuming the residual
material enters the mantle as a roughly coherent,
if heterogeneous, package.

In all models presented here, we consider
roughly 2/3 of the mantle to be isolated through-
out Earth history. Therefore, the only material

Table 1

Present-day values of parameters used in the calculations
Parameter Sm-Nd Rb-Sr Sys. See

independent Eq. #
M>IM, 0.3050 4
M3/ M, 0.0056 4
Tytir 500 Myr? 26
oy 100 km 26
I 10 km 26
Ar 0.00654 0.0142 8
Ga™! Ga™!

N1/Ngy 0.1967 0.0827 1
Nai/Ny 0.511847  0.7045 1
Cy 1.26 ppm 22 ppm 4
diji 1° 1° 5

Linear evolution, with no recycling of continental crust (CC)
dis 16.5 72.0

ds3 25.5 19.1

Time-dependent evolution, with recycling of mean CC

di3 14.2 200.0

ds3 28.3 21.5

Time-dependent evolution, with recycling of fractionated CC
di3 6.0 200.0

dos 28.8 15.1

di32 1.7 2.0

ds32 1.7 0.7

Equation references in rightmost column indicate the first ap-
pearance of the parameter; definitions can be found there.
Masses and elemental concentrations taken from [11].

4 Unless otherwise noted in text.

® Except parameters listed in this table.

‘ B
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Fig. 4. Cartoon illustrating our model for the creation of
subreservoirs in the depleted mantle. (A) At each time step,
we partially melt a portion of the bulk depleted mantle (Res-
ervoir 2) to create a chemically fractionated melt and residue.
(B) The melt is added to the mean crust (Reservoir 3),
whereas (C) the residue is put back into the depleted mantle,
resulting in the creation of a new subreservoir (2.ia). (D) In
addition, continental crust may be recycled into the depleted
mantle, creating another subreservoir (2.ib).

injected into the depleted mantle originates in
the continental crust. While the crust is observ-
ably heterogeneous itself, we will treat it as a uni-
form reservoir. In the Earth, chemical differences
within the recycled crustal component are likely
small compared with the difference between the
bulk continental crust and depleted mantle.

Once created, these chemical heterogeneities
represent ‘subreservoirs’ within the main depleted
mantle reservoir. They will not diffuse into the
rest of the mantle on a scale greater than 1 km
[34,35], and therefore they each evolve chemically
as a closed system.

2.2.1. Derivation of the model

To calculate the evolution of mantle heteroge-
neity, we use a discrete time history with steps
At=100 Myr. At each time step, we calculate
the mean isotopic composition of the continental
crust and depleted mantle as described above, and
also quantify the mass and composition of any
new subreservoirs created. We consider all the res-
idue created during this time step to constitute a
single uniform subreservoir and do likewise for all
crust recycled during this time step.
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Quantitatively, the mass of the residual subre-
servoir created at ¢#; is:

Mo = (F'=1)MayAt (10)

where F is the effective degree of partial melting.
Estimates of the degree of partial melting in mid-
ocean ridge environments and subduction zones
are on the order of 0.1. However, our effective
F likely reflects the net result of two or more
melting events and therefore will likely be signifi-
cantly less than this value. For example, two melt-
ing events of 0.1 apiece will yield an effective F of
~0.1X0.1=0.01. In addition, the enrichment of
incompatible elements in the continental crust
places strict upper bounds on this number; we
discuss this more fully in Section 3.1.

The isotopic composition of the subreservoir is:

Epia = Ei (11)

r/s 1—Fd»3 r/s

2 = Ty 2 +1)—1 (12)

- OB p (13)

From these equations, we can see that in the
absence of chemical fractionation (i.e. djx =1), the
melting process will not create heterogeneity in
the depleted reservoir. Chemical fractionation is
key to the development of isotopically distinct
subreservoirs.

The mass of the subreservoir created by the
recycling of continental crust at #; is:

Mo = MyAt (14)

Its isotopic composition is:

En.ib = €43 (15)
dsr

=gty (16)

Eryip =daEs (17)

Note that the composition reflects that of the

mean continental crust; we do not calculate the
heterogeneity within the continental crustal reser-
voir. Also, chemical fractionation plays only a
secondary role in the creation of heterogeneity
through crustal recycling. Even if the recycled ma-
terial undergoes no chemical fractionation, it will
represent a source of heterogeneity, assuming that
the isotopic composition of the continental crust
is distinct from that of the depleted mantle.
Initially, Reservoir 2 is composed entirely of
primitive material. Mass balance requires that
the mass of primitive material in Reservoir 2,

m5"™, as a function of time obeys:

mpz)rim = MQ—ZI’YIQ_,' (18)
i

where we have dropped the subscripts a and b
because the distinction between them is no longer
necessary.

Because each of the subreservoirs represents a
closed system, fg/ [ and E,; remain constant with
time, whereas &;,; evolves through radioactive de-
cay according to:

dean
de

which has the solution:

e X 10740 (19)

“(t) ., 0
eni(t) = eni(ty; + Qj{( ) ’z/,s (e'l"(’ ’2-">_1) (20)
r

where

0;(1) = w0

Ndl(l)

A, %10 (21)

is a bulk Earth parameter, and 5, is the time of
the subreservoir’s creation.

Physically, the subreservoirs are simply part of
the general mantle flow. Therefore, when the de-
pleted mantle is melted to generate new continen-
tal crust, portions of the subreservoirs may be
partially melted. On average, each subreservoir
will contribute to the melt region in proportion
to its mass and the mass of the melt region. The
mass of the melt region at time ¢; is:

Mmelt + Miresidue = M23F71At (22)



J.B. Kellogg et al. | Earth and Planetary Science Letters 204 (2002) 183-202 189

Therefore, the mass of each subreservoir
evolves according to:

dmy mp; - —1
= — M F 23
ds M, (23)

This description is entirely consistent with the
conventional reservoir model formulation in
which additions to the continental crust represent
fractionated material from the average depleted
mantle. This agreement leads to a new interpreta-
tion of the conventional reservoir models: they do
not require that the reservoirs be perfectly (or
even well) mixed. Rather, they require that there
be no bias in the sampling of the various regions
within the reservoirs, each region has an equal
chance of being included in a mass-transfer event
so that on average the material being exchanged
represents the mean composition of the source
reservoir.

This assumption of a bias-free mantle could
break down in two respects. First, more fertile
material is more likely to contribute to the melt
portion of a melt-residue pair than previously
melted, depleted material. This complexity has
been ignored in all previous reservoir-modeling
efforts of which we are aware, and we will con-
tinue to neglect it here, although it may be an
important effect to include in future work. Sec-
ond, it may be reasonable to expect a time-lag
between the depletion and likely re-sampling of
a subreservoir associated with the transit of the
subresevoir through the mantle before being re-
melted near the surface. However, given that
our time steps are of the order of the transit
time of the mantle for whole-mantle flow (~ 100
Myr) and also that patterns of return flow in the
mantle are very complex [36], we believe that er-
rors introduced by the neglect of this effect are
minimal.

2.2.2. Application to the simple transport history
Applying this methodology to the simple case
of linear crustal extraction, we obtain an array of
isotopic compositions, as shown in Fig. 5A. The
light gray curve in this figure shows the evolution
of the mean depleted mantle through time (this is
identical to the curve in Fig. 3. The dark curves
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Fig. 5. The spectrum of heterogeneity generated in the de-
pleted mantle by linear crustal extraction with no recycling.
(A) The light gray curve shows the evolution of the mean
isotopic values as in Fig. 3. The dark curves show full range
of subreservoir isotopic values at (from right to left) 1 Gyr,
2 Gyr, 3 Gyr, 4 Gyr, and present day, assuming the melt
fraction F is 0.005. Continuous curves are drawn through
discrete points which represent the isotopic composition of
the individual subreservoirs. (B) Curves here show present-
day heterogeneity in the depleted mantle given melt fractions
of (from right to left) 0.002, 0.004, 0.006, 0.008, and 0.010.
(The solid curve in A would fall between the F=0.004 and
F=0.006 curves.) The cross at the end of each curve repre-
sents the isotopic composition of the oldest subreservoir,
whereas the circle at the intersection of the curves shows the
isotopic composition of the most recently formed subreser-
voir (and the composition of the mean DM). Note that the
relationship between age and isotopic composition is highly
non-linear and that results are highly dependent on F.
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are drawn through the isotopic composition of all
the subreservoirs present in the depleted mantle at
different stages in the system’s history. For exam-
ple, the solid curve is drawn through all the sub-
reservoirs in the system at the present day. In
addition, the depleted mantle will contain some
volume of primitive material, in accordance with
Eq. 18.

It is striking that the curves are so non-linear;
there is not a simple relationship between the age
of a subreservoir and its isotopic composition.
This is due to the fact that the source from which
the subreservoirs are derived is being continuously
depleted; melt is not simply extracted from prim-
itive material (as was done in Model I of [8]).

The tips of all five dark curves (the ends far-
thest from the mean evolution curve) correspond
to the same subreservoir evolving through time,
specifically the first one created. It is worth noting
that these points all lie very close to a straight
line. This is a consequence of Eq. 20, which, to
first order in A, yields:

eari(t) = eni(15,) + Q0T (1—13,) (24)
so that

ENa2i(t) = [Esm.i(t)—€sm.i(15,)]

Q) 37 )
W + enaz.i(13;)- (25)

Because grln/ N and f5 ?/ ST are of opposite sign,
the slope of the straight line so described is neg-
ative.

Fig. 5B illustrates the effect of changing the
melt fraction F. Each curve corresponds to the
spectrum of isotopic heterogeneity expected in
the depleted mantle at the present day for a given
value of F, ranging from 0.002 to 0.010. If F is
large, the volume of mantle which is needed to
produce a given volume of melt is small, and
the depletion in the residue is large. The high
degree of depletion in the large-F case is evident
in the extreme isotopic character of the oldest
subreservoirs in Fig. 5B.

Marked in Fig. 5B with a cross is the oldest
subreservoir present in each system. It is impor-

tant to note that this subreservoir does not neces-
sarily represent the most isotopically extreme
component of the mantle. This is an interesting
point which, to our knowledge, has not been pre-
viously noted. For example, the dashed curve rep-
resenting F'=0.002 shows the oldest subreservoir
plotting almost on a straight line between the
mean depleted mantle and primitive mantle.
Because our melting model is a simplification of
a complex, multi-stage, and possibly time-depen-
dent process, it is difficult to argue strongly for a
specific value of F. Instead, we show results from
a range of values and identify this as an area for
improvement in future generations of this model.

2.3. Mixing and sampling of subreservoirs

The curves in Fig. 5 represent the observations
we would expect if we were to sample our model
mantle on a point scale. The basalts we observe
on the Earth surface, however, are the end result
of a melting process which samples the mantle
over a finite scale, thereby mixing any number
of components. If we are to compare our model
results with observations, we need to model this
sampling process. This requires understanding the
spatial evolution of the subreservoirs.

2.3.1. The parameterization of mixing

For simplicity, we consider an initially spherical
subreservoir of radius /,5; deforming in the man-
tle flow, as shown schematically in Fig. 6A. (Note
that this assumption of sphericity is merely for
illustration; a blob of virtually any starting shape
will behave in roughly the same way.) With time,
the subreservoir will become stretched, thinned,
and folded, ultimately leading to a ‘marble-cake’
structure as discussed by [37]. There are two
length scales evident at each stage in Fig. 6A.
The long axis, in most cases, will be significantly
longer than any length scale of interest (i.e. the
sampling length scale), and therefore may be ne-
glected. The short axis, on the other hand, is cen-
tral to the sampling problem.

Studies of mixing in the mantle have often fo-
cused on the question of whether stretching is in
the turbulent or laminar regime (e.g. [30,38]). In
the former case, the evolution of the short length
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Fig. 6. Two-dimensional cartoons illustrating the mixing and
sampling models. (A) Time evolution (clockwise from top
left) of a single subreservoir as it is distorted in the mantle
flow. The long axis of the distorted ellipse is, in general, lon-
ger than any sampling length scale of interest and can be
ignored. The length of the short axis, /,;, decreases expo-
nentially with a characteristic time constant 7. (B) Illustra-
tion of sampling in a reservoir containing two isotopically
and chemically distinct subreservoirs of comparable total
mass but different length scale. We break each subreservoir
into a number of sub-subreservoirs of volume £,, which we
assume to be scattered randomly throughout the mantle. We
then ask the following statistical questions: how many sub-
subreservoirs of each variety are contained in a box of vol-
ume £ placed randomly in the reservoir, and what is the re-
sultant chemical/isotopic composition of the box? We repeat
this process for an arbitrary number of samples.

scale of a subreservoir, /,»;, would behave as:
i = lﬁjke(”*f%,)/fsm 26)

where /. is the initial length scale of the hetero-

geneity, ¢, is the time at which the subreservoir
was created, and Tty is the characteristic time
scale of stirring. This is the time required for the
short length scale to decrease by a factor of e.

In the laminar case, /y,; would evolve according
to:

1
s = I, : ”
h2.0 = Tk [&(t—13,)]? “

where € is the average strain rate of the system. In
general, mixing in the laminar regime is much
slower than that in the turbulent regime.

In three dimensions, the inclusion of toroidal
motion enhances mixing and places mixing in
the turbulent regime even for steady state flows
[39], although isolated regions of laminar mixing
may persist [36,40]. Accordingly, we will use Eq.
26 in calculating the length scales. As a nominal
value for 7y, we will use 500 Myr, in accordance
with numerical experiment [41], but we vary this
value and investigate the system’s sensitivity to
this parameter in Section 3.3.

2.3.2. The sampling function

Having parameterized the spatial character of
the subreservoirs, we can approach the sampling
problem. We ask the following question: if we
place a sampling box of volume /; randomly in
the mantle (simulating a melting event at the sur-
face), what is its composition?

We proceed by breaking each subreservoir into
a number n,; of sub-subreservoirs, each of vol-
ume £, ; such that:

ny

a Pl

ny.; (28)

where p is the density. We then assume that these
sub-subreservoirs are scattered randomly through-
out the mantle (we have no information as to
where in the reservoir each sub-subreservoir re-
sides). Conceptually, we move the sampling vol-
ume around the mantle and determine the contri-
bution of each subreservoir to its mass, as
illustrated in Fig. 6B. In practice, we reduce the
problem to one of geometrical statistics.

First, we randomly select one subreservoir on
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which to focus and determine whether /s >/, ; or
vice versa. If the former case holds, then each sub-
subreservoir could lie completely within, partially
overlap, or be completely outside the sampling
volume. The probability of each option is, respec-
tively:

(ls—In2.i)?
in =" — 29
P Vo (29)
Zs +1 q 3
Dedge = (Vihz)_pin (30)
tot
Pout = 1—pin " Pedge (31)

where Vi, is the total volume of the depleted
reservoir.

Assuming that my; << M, and B, <, we can
treat the location of each sub-subreservoir as an
independent event (in practice, this is not a strict
condition; we find that this method works for all
i =1). To find the number of sub-subreservoirs
lying completely within the sampling volume, we
effectively conduct np; trials of an experiment
with probability p;, of success. This situation
yields the binomial distribution, whereby the
probability of ¢ successes is:

plg) = (Zz'i>p?n(1—pin)”2-"q (32)

We pick a random number from such a distri-
bution (a binomial deviate) to determine the num-
ber of sub-subreservoirs contained within the
sampling volume.

In the case of large n; and small p;, we can
approximate the binomial with the Poisson distri-
bution, according to which the probability of ¢
successes is:

eH ﬂq
rq) = i (33)
where
U = nypin (34)

3
maif I (1—19 )/ Tgi
= D2 gl ) mir— (35)
M <lﬁjk

i1s the mean number of successes.

The case in which the sub-subreservoirs only
partially overlap the sampling volume is slightly
more complicated in that we must calculate the
degree of overlap for each sub-subreservoir (or a
statistical description thereof). The details of this
part of the calculation are not central to the
present discussion.

After calculating the total volume that a given
subreservoir contributes to the sampling volume,
V3P, we adjust the sampling length scale and the
total reservoir volume as:

Is= (F—5)'" (36)
Vit = Vtot_"?imp (37)

where the unprimed variables represent the old
values and the primed variables represent the
new. This adjustment takes care of the fact that
the sampling of different subreservoirs are not
truly independent events.

All of the above can be easily generalized for
the case in which /4p; > L.

This procedure is repeated for all subreservoirs,
or until the sampling volume is completely full. In
the latter case, we move immediately to calculat-
ing the isotopic composition of the sample. In the
former case, we first fill the remaining sample vol-
ume with primitive material and then calculate the
chemical characteristics.

By running the sampling algorithm numerous
times, we are able to generate an array of syn-
thetic geochemical data, predicting the distribu-
tion of results one would expect from measuring
samples of the depleted mantle given a set of
starting assumptions. This ability to create syn-
thetic data greatly facilitates the comparison of
model results with real data, allowing a fuller
evaluation of the model.

It is instructive at this stage to investigate the
non-dimensional parameters that control the sam-
pling. Eq. 33 shows that, to the extent that the
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Poisson approximation to the binomial distribu-
tion is valid, these parameters are three: my /M,
Tyie/ (1—13 ), and [/l . The first two are different
for each subreservoir and depend on the details of
the flux history. In principle, these could be re-
lated to the mean age of the subreservoirs in gen-
eral, but it is not clear that such a relation makes
the parameterization any more transparent. The
third parameter, //lj;, is more useful; it appears
that we need not specify absolute length scales for
s and I, but rather just the ratio between them.
However, this simplification breaks down along
with the Poisson approximation if np; is small.
In that case, Eqs. 28, 29 and 32 show that the
ratio p(lfljk)3/m2j is also relevant. Because of this
complexity, we will show results with particular
values of 5 and /,. Specifically, we assume that
the £ is 100 km for residual mantle and 1/10
that for recycled mantle. If one translates the re-
sults shown to non-dimensional values, they
should apply reasonably well to other dimensional
values of [} with the above caveats in mind.

2.3.3. Application to the simple transport history

Fig. 7A shows the results of applying the sam-
pling function to our simple model mantle 10 000
times at sampling length scales of 10 and 100 km.

We first note that much of the higher-order
structure has been filtered out in these plots.
This results from the fact that the older subreser-
voirs, making up the outer part of the curves in
Fig. 5, are less massive than the younger sub-
reservoirs as a consequence of Eq. 23, and also
from their short length scales, which limit their
ability to dominate a large sample. We are left
with a roughly linear anti-correlation between
eng and &, the so-called ‘mantle array’. We dis-
cuss this in more detail in Section 4.1.

In addition to observing the trend of the data in
Nd-Sr space, it is useful to look at the distribu-
tion in one dimension in the form of a histogram.
Fig. 7B shows histograms of measurements of eng
for a system with F=0.01, sampled on various
length scales. For short length scales, the distribu-
tion is bimodal, with the dominant peak plotting
toward the depleted (high eng) end of the graph.
As the sampling length scale increases, however,
the magnitude of this initially dominant peak de-
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Fig. 7. (A) Synthetic geochemical data. Each point is the re-
sult of applying the sampling algorithm described in the text.
We have assumed a linear evolution of the continental crust
with no recycling. The melt fraction F is 0.005, and the sam-
pling length scale is 10 or 100 km, as marked. (B) Histo-
grams of synthetic data, binned at 0.1 & units, for various
values of /, with F=0.01. In these and all subsequent histo-
grams, the vertical scale has been normalized such that the
area under the curve is equal to one, effectively making the
curves probability density functions. (C) Same as B, but / is
a constant 30 km, and F is varied.
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creases and the two modes merge into a single
intermediate peak. Note that the changing shape
of the distribution makes a characterization of the
data in terms of mean and standard deviation
difficult and somewhat misleading.

This behavior can be understood quite simply.
The samples represent a mix between depleted
subreservoirs and primitive material. The subres-
ervoirs represent a very large volumetric fraction
of the depleted mantle, but the chemical concen-
trations within them are very low. Conversely, the
primitive mantle is volumetrically small, but the
chemical concentrations therein are relatively
high. When we sample on a short length scale,
the observations frequently represent the sampling
of a single depleted subreservoir, leading to the
high values of the probability density function at
the depleted end of the distribution. As the sam-
pling length scale increases, it becomes increas-
ingly difficult for the depleted subreservoirs to
dominate any given sample. The samples tend to
include mixtures of a larger number of subreser-
voirs along with primitive material. The relatively
high chemical concentrations in the primitive
mantle allow it to contribute in greater proportion
than its relative mass, shifting the mean of the
distribution to lower eng values. At ;=300 km,
the distribution is very nearly Gaussian with the
mode centered at eng =9.8.

In Fig. 7C we investigate the dependence of the
distribution on the melt fraction F. Assuming a
constant sampling length scale /5 of 30 km, we
vary F and again plot the histograms of the sam-
ple eng values. With greater melt fraction F, we
observe a greater variability. In particular, the
distribution stretches further towards depleted
eng values. This can be understood in terms of
two effects. First, as shown in Fig. 5B, the older
subreservoirs have increasingly high exg values
with greater melt fraction. Second, the masses of
the older subreservoirs will be increasingly large
with greater melt fraction. This effect is a direct
result of Eq. 23: a higher melt fraction leads to a
more rapid reduction in the mass of the existing
subreservoirs, as well as the remaining mass of
primitive material. Therefore, for small values of
F, a large percentage of the mass of the depleted
mantle is concentrated in the youngest subreser-

voirs, those whose eygq and &s; values are closest
to the reservoir mean.

3. Application to a time-dependent transport
history with recycling

In the previous section, we applied our model
for the evolution of isotopic heterogeneity in the
depleted mantle to a very simple transport histo-
ry, that of uniform extraction of the continental
crust. As this history was unidirectional, the only
source of heterogeneity in the mantle was the res-
idue from partial melting. We now examine the
effects of continental crustal recycling, applying
our method to the transport history presented in
[11]. The transport history and the evolution of
the mean continental crust and depleted mantle
reservoirs are shown in Fig. 8.

3.1. Composition of the subreservoirs
Fig. 9A shows the full range of heterogeneity

expected at various points in time, as in Fig. SA.
Because this transport history includes recycled
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Fig. 8. Evolution of &yg and &, in the mean depleted mantle
(DM) and continental crust (CC), assuming the time-depen-
dent history of bidirectional mass transport presented in [11]
(compare with Fig. 3). The inset figure shows the transport
history: the solid curve shows the rate of mass transport
from the depleted mantle to the continental crust, while the
dashed line shows the rate of crustal recycling. Time runs
right to left, so the present day appears on the left end of
the inset graph. The fluxes are scaled such that the integrated
difference between the two curves is the present mass of the
continental crust.
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Fig. 9. The spectrum of heterogeneity generated in the de-
pleted mantle by time-dependent crustal extraction with recy-
cling of continental crust (compare with Fig. 5). (A) Hetero-
geneity at various times, assuming a melt fraction F of 0.005.
Note that in this case there are subreservoirs with enriched
isotopic compositions, due to the recycled material. (B) The
effect of changing F on the isotopic composition of the de-
pleted subreservoirs, for values of F ranging from 0.002 to
0.005 (see text for explanation). Because the composition of
the enriched subreservoirs is dependent only on the continen-
tal evolution curve, which is independent of the melt fraction
F, the present-day composition of the enriched subreservoirs
will always fall on the solid curve in the lower right quad-
rant of A.

continental crust, we have subreservoirs that plot
in the enriched (lower right) as well as the de-
pleted (upper left) quadrant. We can expect
much higher variance in this case, due both to

these enriched components and the more highly
depleted residual subreservoirs.

Again, we show the effects of changing F on the
predicted heterogeneity. However, we only show
isotopic values of the depleted subreservoirs; be-
cause the composition of the enriched subreser-
voirs is dependent only on the composition of
the continental crust at the time of their creation,
and this evolution is independent of F, the en-
riched subreservoirs will always fall on the solid
curve in the lower right quadrant of Fig. 9A.
Note that we have not shown any results for
F>0.005. Table 1 indicates that drpr3 =200.0
for this transport history. Such an enrichment is
impossible if F£>0.005; even if all of the Rb in
the source goes into the melt, the source region
must be 200X larger than the melt to provide
enough atoms. Thus, to the extent that this
mass transport history is correct, it provides con-
straints on the process of continental crustal for-
mation: however complicated this process, it must
have the net effect of depleting a residue at least
200 X greater than the continental crust created.

3.2. The sampled mantle

We show the results of sampling the model sys-
tem in Fig. 10. When compared with the linear
growth case (Fig. 7), these results show a greater
spread in both the depleted and enriched quad-
rants. The difference between sampling on a 10
km and a 100 km scale is even more pronounced
than it was previously. However, the linear anti-
correlation between &ng and &, remains. This
strong linearity is a bit surprising, given the ex-
treme non-linearity of Fig. 9, but again the oldest
components are not volumetrically very signifi-
cant and have the smallest associated length
scales. These effects limit their ability to affect
the isotopic composition of the samples.

We illustrate the sampling length scale depen-
dence of the distribution in Fig. 10B. At shorter
sampling lengths, the distribution is very skewed
to the right, as the abundant depleted subreser-
voirs dominate the samples. As the length scale of
sampling increases, the less abundant but more
isotopically enriched low-eng subreservoirs have
a greater effect. At [;=100 km, the distribution
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Fig. 10. (A) Synthetic geochemical data for a time-dependent
evolution of the continental crust. Each point is the result of
applying the sampling algorithm described in the text. The
melt fraction F is 0.005, and the sampling length scale is 10
or 100 km, as marked. (B) Histograms of synthetic data
sampled at various length scales. F is held constant at 0.005.
(C) Histograms of synthetic data for various characteristic
stirring times, given a melt fraction F of 0.005 and a sam-
pling length scale /5 of 30. (Note that this is different from
Fig. 7C, in which we vary F.) Shorter characteristic stirring
times both tighten the distribution and shift the mode to-
ward a more primitive composition.

is actually slightly skewed left. Finally, at /=300
km, we recover the tight normal distribution ob-
served earlier.

With this transport history, the effects of
changing the effective melt fraction F are signifi-
cantly muted. Increasing F increases the observed
heterogeneity, but only slightly. We do not show
these results here.

3.3. Sensitivity to stirring time

A significant amount of computational effort
has been directed toward constraining rates of
stirring in the mantle. These rates are meaningful,
however, only insofar as they are reflected in geo-
chemical observations.

Fig. 10C shows histograms reflecting the distri-
bution of expected observations for various char-
acteristic stirring times, given a melt fraction F of
0.005 and a sampling length scale /5 of 30 km. The
samples, obtained by simulating 4.6 Gyr of man-
tle evolution with 10 Myr time steps, followed by
taking 50000 random samples of the depleted
mantle so generated, are stacked in bins 0.1 €
units wide.

As expected, shorter stirring times lead to
smaller variations in &yg. In quantitative terms,
a change in 7y, from 1 Byr to 50 Myr reduces
the standard deviation in observed eng values by
about a factor of two. This change also shifts the
mode of the distribution by close to two &xg units.
The volume of each of the subreservoirs remains
the same in all the calculations; only the /y;
change. Recall that the volume of each sub-sub-
reservoir is 4, ,. Therefore, the smaller values of
lnp; associated with shorter characteristic stirring
times limit the ability of a single sub-subreservoir
to dominate a given sample. Depleted subreser-
voirs, with their large initial length scales and
low chemical concentrations, are particularly sus-
ceptible to this effect, giving rise to the asymmetry
observed in Fig. 10C.

3.4. Quantitative inferences
If we assume that this flux history is correct, we

can draw some inferences about the appropriate
parameter values for the real Earth. Comparing
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Fig. 10B with the mid-ocean ridge basalt (MORB)
curve of Fig. 1, we conclude that values of I less
than ~ 30 km yield distributions whose skewness
is inconsistent with the data. Sampling lengths /
significantly greater than 100 km yield much
tighter histograms than observed. Therefore, we
feel reasonably confident putting bounds on the
sampling length scale: 20 km </, <200 km. In
non-dimensional terms, this corresponds to 1/
S<LIRP,y<2.

Comparing Fig. 10A with the MORB curve of
Fig. 1, we can also put bounds on the stirring
time, although there is some degree of trade-off
between this parameter and the length scales men-
tioned above. It appears that 250 Myr and 750
Myr effectively bracket the range of values of
Tyir that reproduce something resembling the
MORB curve. This range is in agreement with
those found in numerical studies of mixing [41].

4. Discussion and conclusions
4.1. The mantle array revisited

The strong anti-correlation between eng and &g,
has been noted for some time [5-7] and dubbed
the ‘mantle array’. The two most popular explan-
ations for this relationship are that it (a) results
from a continuous differentiation process in which
each component of the mantle lies on the mantle
array and (b) represents a mixing line between
two end-member compositions of nearly homoge-
neous composition [42-44]. Each of these applies
strict conditions on the melting process to explain
the observations.

In our model, none of these conditions holds in
the strict sense, and yet we are able to recover an
approximately linear trend. Despite the very non-
linear appearance of a plot of the eng vs. &; val-
ues of the subreservoirs (e.g. Figs. 5 and 9), the
sampling process eliminates most of this complex-
ity, leaving behind the simple trend. This trend is
a fairly robust feature (see below for exceptions)
which therefore cannot be used to place strong
restrictions on the melting process. We suggest a
very inhomogeneous source region for the oceanic
basalts, similar to the marble cake mantle of [37],

with widely varying isotopic compositions and el-
emental concentrations that reduce to the simple
linear trend in Nd-Sr space when sampled on a
large enough length scale.

4.2. The ocean island basalts

Fig. 1B shows that there is a fundamental dif-
ference between the ocean island basalts (OIBs)
and the mid-ocean ridge basalts (MORBs). The
OIBs are less depleted on average than the
MORBs, with a significant fraction actually show-
ing enriched compositions. In addition, the OIBs
appear to be more heterogeneous than the
MORBs, with a broader, less peaked histogram.

One should exercise caution in interpreting the
OIB data, as they are not randomly distributed
geographically. As a more thorough evaluation
of the data is beyond the scope of this work,
however, we will take the data at face value and
assume that they are representative of the OIB
source region.

One possible explanation of the greater isotopic
heterogeneity exhibited by the OIBs is that the
sampling length scale of OIBs could be shorter
than that of MORBs. Fig. 10 shows that shorter
sampling lengths correspond to a broader distri-
bution of isotopic measurements. However, these
broader distributions are always accompanied by
a shift of the mean toward more depleted compo-
sitions. This is exactly the opposite of what is
observed in the OIBs, whose composition is less
depleted than the MORBs. Therefore, we can re-
ject this hypothesis.

There are two non-mutually exclusive explana-
tions for the less depleted character of the OIBs.
The first is a simple difference in melting process.
If OIBs represent a smaller melt fraction of the
source region than the MORBs, they may tap the
more enriched components contained therein. The
second is that the OIBs tap an additional, less
depleted source region. In our models, this region
would correspond to the roughly 2/3 of the man-
tle that does not participate in the creation of
continental crust.

Focusing on the second explanation, we can
model the OIBs as a mixture between the unde-
pleted mantle and our depleted, heterogeneous
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Fig. 11. (A) Model MORB and OIB data plotted on real data. By increasing the source region available to the OIBs, we shift
the distribution towards the undepleted composition. These calculations employ the time-dependent mass transport history with
continental recycling and assume a 100 km sampling length scale. (B) Histograms of the model data shown above. The light, dot-
ted curves represent the real histograms, as previously shown in Fig. 1A. In both cases we fail to reproduce some of the less de-
pleted or more enriched material observed in the real data.

MORB source region. One simple way to go region by 45% (chosen so that the peak of the

about this is to assume that the OIBs simply distribution would match observations) and as-
have access to a greater fraction of the mantle. sume that any new material in the source region
We apply the same sampling function as before, is undepleted. The results of this experiment are

but we increase the total volume of the source shown in Fig. 11.
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Fig. 12. Synthetic data from our preferred model. All parameters identical to those in Fig. 11 but recycled continental crustal
material is enriched in Sm, Nd, and Rb, and depleted in Sr relative to the bulk continental crust.

This model fits the data reasonably well. In the
OIB case, however, the model fails to reproduce a
significant number of more isotopically enriched
observations. Choosing a shorter sampling length
scale for the OIBs could alleviate this discrepancy
somewhat, but would also increase the number of
highly depleted samples, contrary to observation.
We conclude instead that our model must be ne-
glecting the process(es) that produced the more
enriched OIBs.

Despite the fact that at least 1/3 of the OIB
source region in this model consists of completely
undepleted material, we never observe samples
that are completely undepleted. The oldest subres-
ervoirs are so well mixed that they contribute to
any sample one takes. It has been argued that the
absence of samples showing a completely primi-
tive signature indicates that no primitive material
remains in the mantle. Our results suggest that it
may be possible for significant fractions of the
sampled mantle to remain primitive and yet not
be discernible as such at the surface.

4.3. A more heterogeneous model: recycled
terrigenous sediments

While the previous models have been successful
in reproducing the trend in the oceanic basalt

data and the differences between MORBs and
OIBs, the real data are not nearly so well behaved
as our model system. There is a great deal of
scatter about the main trend in the data. In addi-
tion, there appears to be some concavity in the
data which is not as pronounced in our model.

We believe it is likely that the recycled conti-
nental crust is dominated by terrigenous sediment
that is derived primarily from the upper crust and
transported as suspended load in rivers to subduc-
tion zones, where it is injected into the mantle.
Taylor and McLennan [45] and Rudnick and
Fountain [46] show that the upper crust is en-
riched in Rb, Sm, and Nd relative to the bulk
continental crust, whereas the concentration of
Sr is relatively uniform throughout. In addition,
Rb, Sm, and Nd have limited mobility in weath-
ering, implying that they tend to remain in sus-
pended sediments; Sr is highly mobile and rapidly
lost to solution. These effects lead to a suspended
load which is enriched in Rb, Sm, and Nd and
depleted in Sr relative to the bulk continental
crust, as observed by Goldstein and Jacobsen
[47]. If this material dominates the recycled con-
tinental crust, the recycled component will corre-
spondingly reflect these compositions.

We model this situation by changing the dj3;
enrichment factors so that dsmz > 1, dngzn > 1,
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drp32 > 1, and dg3p <1 (all of these were equal to
one in all previous calculations). Adjusting these
values as listed in Table 1 leads to the model
results shown in Fig. 12.

This model reproduces some of the concavity
observed in the data by generating two distinct
trends in the data: a MORB trend and an OIB
trend. Linear regression on the MORB and OIB
data indicates that the MORB array is indeed
steeper in Sr—Nd space than the OIB array. How-
ever, it is unclear whether this difference repre-
sents two distinct linear arrays or merely different
portions of a continuous curve.

One implication of this result is that it may be
dangerous to use the mantle array to define the
87Sr/%Sr and Rb/Sr ratios of the bulk silicate
Earth as was done by DePaolo and Wasserburg
[5] and O’Nions et al. [7]. It is possible to have a
linear trend in Nd-Sr space which does not point
to the origin. Rather, it may represent the extreme
end of a mixing curve which only appears locally
linear.

This model also reproduces some of the scatter
about the main trend, but it still fails to explain
many of the more isotopically enriched observa-
tions, particularly those trending towards the pro-
posed EM2 end member.

4.4. Limitations of the models presented

Because we introduce a new methodology in
this paper, we have kept the models as simple as
possible. We stress, however, that many of the
limitations of the models shown can be easily re-
moved in the future.

In modeling the generation of continental crust,
we have chosen to fold all the complexity of what
is likely a multi-stage and time-dependent phe-
nomenon into a single parameter F. Our method
is flexible enough, however, that the future inclu-
sion of a more complicated melting model, if jus-
tified, would be straightforward.

Our sampling model neglects potential minera-
logical effects. Depleted subreservoirs are likely to
have a higher solidus than the enriched subreser-
voirs, making the latter likely to dominate a sam-
ple created by partial melting. It may be valid to
incorporate a fertility function to parameterize

these effects. However, the very low chemical con-
centrations in the depleted subreservoirs already
limit their contribution to any mixture, so these
effects are likely to be small.

These models have focused on the heterogeneity
associated with the creation and recycling of con-
tinental crust. We have chosen to neglect the gen-
eration of oceanic crust and the heterogeneity as-
sociated therewith. This process is especially
important in the U-Th-Pb system and will be
investigated in future work.

All of the calculations shown in this paper as-
sume that only 1/3 of the mantle has been de-
pleted to create the continental crust. This is con-
sistent with mass balance data, although current
uncertainties allow the depleted portion of the
mantle to be significantly larger. We reiterate
that this assumption does not imply anything geo-
metrically about the structure of the mantle; the
‘blob’ model of Becker et al. [48], the ‘stagnant
core’ model of Spohn and Schubert [49], and a
layered mantle all look the same in a reservoir
formulation. Neither is this assumption central
to our model here. One could just as well choose
a hot abyssal layer [26] or the enriched D’ model
of Coltice and Richard [50]. However, those mod-
els introduce new assumptions about the evolu-
tion of the enriched layer, complexities we elect
to avoid at this stage.

Finally, we have limited ourselves to the well-
behaved Sm—Nd and Rb-Sr systems. The simple
flux models we have used will not be sufficient to
explain even the bulk behavior of the U-Th-Pb
system or the noble gases. The application of the
methods presented here to those systems will be
the topic of a later paper.

4.5. Summary

There are two complementary approaches to
improving our understanding of the Earth
through geochemistry: expanding the data set
and improving our models. This paper seeks to
expand our modeling capabilities so that we can
take better advantage of the geochemical data al-
ready present. Specifically, it allows us to consider
the distribution of isotopic measurements as a re-
flection of the processes at work.
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This work builds on the conventional reservoir
models of geochemistry, which track the evolution
of the mean isotopic concentrations in various
hypothetical Earth reservoirs. By applying basic
understandings gained from dynamical studies of
mixing in the Earth, we are able to quantify the
processes that create and destroy chemical hetero-
geneity in the Earth’s mantle. Ultimately, we are
able to generate synthetic distributions of isotopic
data which can be compared directly with real
data.

Our models predict much of the observed com-
plexity in the Rb—Sr and Sm-Nd systems, includ-
ing some higher-order features. The mantle array
and even the deviations from it fall quite naturally
out of the simple cases considered here. We are
able to place limits on the ratio of heterogeneity
length scale to sampling length scale, as well as on
the stirring time of the mantle. Sampling length
scale alone is unable to explain the more enriched
character of the OIBs with respect to MORBs.
However, by increasing the size of the source re-
gion of the OIBs, we are able to reproduce the
main offset.
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