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Dilatancy-Induced P Waves as Evidence for Nonlinear Soil Behavior

by I. Loukachev, N. Pralle, and G. Gudehus

Abstract A much-discussed topic in seismology deals with how and under which
loading conditions soil shows nonlinear behavior and how this can be verified from
seismograms. Seismologists have been seriously searching for signatures of nonlinear
soil response to earthquakes for about two decades. A mechanism explaining the
dispersion in the P-wave spectra due to the interaction between compressional (P)
and shear (S) waves is presented. Shear waves in granular materials induce longi-
tudinal dilatancy waves (so-called D waves) with approximately double frequency.
This can be explained with dilatancy and contractancy, which is characteristic of
granulates under shear deformations. The predicted dispersion is observed in labo-
ratory experiments and verified by comparing accelerograms from hard-rock and soil
stations from the Vrancea region, Romania. The arrival-time difference between D
waves and S waves may theoretically be indicative of the thickness of nonsaturated
granular layers. These results, modeled with nonlinear constitutive relations of the
rate type, show a specific type of nonlinearity in granular sediments also for earth-
quakes of moderate magnitudes.

Introduction

Geotechnical engineers, who gathered a wealth of evi-
dence for all types of soils under different quasistatic and
dynamic loading conditions through laboratory experiments
(e.g. Terzaghi, 1925; Bernatzik, 1947), have long known that
soil is a nonlinear material. However, geoscientists, most
prominently seismologists dealing with the subsurface re-
sponse during earthquake shaking, have only implemented
nonlinearity in their geological and geophysical models for
soft sediments in the last 10–15 yr. Nonlinear soil behavior
was verified by analyzing seismograms with several tech-
niques. Other verification efforts were based on induced
seismicity through seismic vibrators (Beresnev et al., 1986;
Beresnev and Nikolaev, 1988; Nikolaev, 1988). The re-
search on nonlinear soil behavior during earthquakes has
produced a wealth of literature since it is of importance for
the microzonation of sites vulnerable to earthquakes. Most
often, nonlinearity is synonymously used for shear modulus
degradation during large strains (e.g., Bard, 1994; Beresnev
et al., 1994, 1995; Beresnev and Wen, 1995; Beresnev et
al., 1998), also termed deamplification. Amplification, how-
ever, of seismic-wave amplitudes are particularly observed
in the upper layers of soft sediments, which is incorrectly
attributed to the low velocity of those layers (Beresnev et
al., 1998). It is not because the nonlinearity reduces the wave
velocity that amplification takes place, but because the grain
pressure decreases with decreasing depth, which controls
shear and bulk moduli and in consequence shear-wave veloc-
ity. Amplification, deamplification, and wave-propagation
velocities depend on the local geologic conditions (i.e.,

whether seismic-wave paths lead through soft or stiff, loose
or dense soilsor through cohesive or noncohesive forma-
tions) and on the frequency content and displacement am-
plitude of the propagating wave that determines the hyster-
etic behavior (Jarpe et al., 1988; Chin and Aki, 1991;
Darragh and Shakal, 1991; Aki, 1993; Beresnev and Wen,
1996; Sato et al., 1996; Studer and Koller, 1997; Field et
al., 1998; Suetomi and Yoshida, 1998; Dimitriu et al., 1999;
Dimitriu et al., 2000) and have been numerically modeled
(Yu et al., 1992). One important aspect has been whether
soil behavior during a strong earthquake can be derived from
weak-motion data, an endeavor that has been shown not to
be advisable (Bolt, 1995).

However, the quest for signatures of nonlinear soil be-
havior in earthquake data has unveiled other phenomena. An
extreme case of nonlinear soil behavior is highly significant
to foundation engineers and can be attributed to the category
of deamplification with regard to shear-wave propagation:
the property of nearly and fully saturated sands to liquefy
during undrained shear produces an excess pore water pres-
sure increase and subsequently a drastic reduction of grain
pressure (Terzaghi and Peck, 1967; Castro, 1969), which
significantly reduces the shear modulus (Drnevich, 1972;
Sato et al., 1996; Pease and O’Rourke, 1997; Suetomi and
Yoshida, 1998) and hence shear-wave amplitude (Lou-
kachev et al., 2000; Yang et al., 2000; Gudehus et al., 2001).
Very loose soils can even completely liquefy, that is, the soil
turns into a suspension allowing large deformations, hence
inhibiting any shear-wave propagation (Loukachev, 2002).
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Figure 1. Schematic of a simple shear test showing
dilatancy and contractancy with hysteresis, simulated
using a hypoplastic material law. (a) A granular soil
element is sheared by (b) angle c, producing a extension
e perpendicular to shearing. Upon shear reversal, shear
stress increases. Alternating shearing direction causes
repeated dilation of the granular body. (c) During one
shear cycle, the sand skeleton undergoes approx. two
longitudinal volume changes De. T12/T11 � shear-
stress ratio; e � void ratio (porosity).

Another manifestation of nonlinear soil behavior is the
observation of higher harmonics in the frequency spectra.
Several authors report on this nonlinear soil property based
on studies using seismic vibrators (Beresnev et al., 1986;
Beresnev and Nikolaev, 1988; Nikolaev, 1988), which
seems to be controversial (Solovev, 1990). The generation
of higher harmonics can mathematically be described using
elastic nonlinear constitutive equations (Heitz and Sánchez-
Sesma, 1989). In this case, owing to the nonlinearity, a wave
with frequency f induces waves with a peak frequency 2f ,
which itself generates waves with a peak frequency of 4f ,
and so on. As the base of a soil layer is excited with only
one frequency f , the near-surface-wave motion will show a
frequency spectra with higher harmonics 2f , 4f , and so on.
However, this effect does disperse the seismic-wave spectra
for the same wave component. Johnson et al. (1987) rec-
ognized a nonlinear interaction of elastic waves in a hetero-
geneous (crystalline) rock material but did not suggest any
mechanisms to explain the observation. Belyakov et al.
(1996) attributed acoustic nonlinear processes in rock to its
structure and texture, its rheological properties, and its state
of stress.

In this study we examine and discuss the nonlinear
property of granular soils to undergo volumetric changes
when sheared and its implication on seismic-wave propa-
gation. First, the mechanism of dilatancy and contractancy
is summarized from a soil mechanics point of view. Nu-
merical calculations using a hypoplastic constitutive law,
with which dilatancy can realistically be simulated, are per-
formed for wave-propagation problems. We corroborate our
thesis that P and S waves in cohesionless granular soils are
coupled with laboratory experiments and analysis of earth-
quake seismograms.

Dilatancy and Contractancy: Nonlinear Properties
of Granulates

Granular materials such as sands show peculiar behav-
ior when subjected to shear deformations. Reynolds (1887)
observed the tendency of soil to increase its volume under
increasing deviatoric stress, which is known as dilatancy
(Terzaghi and Peck, 1967). If no porosity changes occur
during large strains, the sand is said to be at the critical void
ratio (Casagrande, 1936).

When shearing an element of granular soil, the grain
skeleton is reorganized, changing the volume (Fig. 1a).
Shearing an initially loose and dry granulate with an angle
c shows hysteretic behavior (Fig. 1b) with contraction during
the first cycles (Fig. 1c, solid line.) With repeated shear cy-
cles the skeleton becomes denser, and the shear-stress ratio
T12/T11 increases sublinearly with increasing shearing angle
c (Fig. 1b,c, dashed lines). With sufficient shearing, the
skeleton dilates, provided no grain crushing occurs, and T12/
T11 increases significantly. Granular soils always show initial
contractant behavior, independent of its initial density

(Goldscheider, 1975), as shown in Figure 1c at the limit
cycle.

Drnevich (1972) applied dynamic and quasi-static tor-
sion on hollow cylindrical sand specimen to study pore pres-
sure, shear modulus, and damping evolution as a function of
initial conditions, strain amplitude, and number of cycles.
He found that dilation caused a dynamic pore water pressure
increase and that torsional vibration initiated longitudinal
vibration, with the longitudinal frequency being exactly dou-
ble the frequency of torsional oscillation. He attributed this
observation to the dilatant property of sand. Resonant col-
umn experiments conducted by Huber (1998) on dry large
ballast samples (diameter, 0.79 m; height, 0.84 m) also
showed a peculiar frequency doubling. The gravel sample
was subjected to a cyclic torque with a strain amplitude of
c � 10�5. Tangential force Ft and acceleration at, as well
as axial acceleration av, were measured. Acceleration time
series show for the axial acceleration av a frequency twice
the frequency of at with an amplitude ratio av/at � 0.03.
(Fig. 2a).

Again, the underlying mechanism for this observed
frequency doubling is contractancy and dilatancy, a charac-
teristic of compressible grain skeletons (compared to incom-
pressible granulates, e.g., when saturated). With dilatancy-
induced frequency doubling being observed in dynamical
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Figure 2. (a) Acceleration versus time acquired
from a large resonant column experiment. Black line,
vertical acceleration av; gray line, transversal accel-
eration at. (b) Phase diagram shows dilatancy and
contractancy of ballast during tangential oscillation
(Huber, 1998).
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Figure 3. Sketch of the experiment setup of
gravel-filled pillow on shaking table.

problems (Fig. 2b) the question that immediately suggests
itself is whether this type of soil behavior can be induced
through wave propagation.

Shaking Table Experiments

Experiments conducted on a shaking table investigating
the behavior of noncohesive granular soils under seismic
loading also show dispersive effects for medium-dense to
dense granular soils. A pillow filled with almost saturated
fine gravel and topped with a dead load was horizontally
sheared at its base at various frequencies using a shaking
table (Fig. 3). Horizontal and vertical accelerations were
measured at the pillow base and its top. Figure 4 shows the
horizontal base acceleration fB

h time series and its frequency
spectrum (gray). For purposes of emphasis, superposed is
the spectrum for a specific 1-sec time window. Both spectra
show a distinct peak at 10 Hz. Figure 5 depicts the vertical
response acceleration time series fR

v and its spectrum that
shows a much greater width than its horizontal counterpart.
It is approximately twice as wide and the peaks shifted to-
ward higher frequencies; hence the P-wave spectrum was
dispersed.

The peak frequency ratio for the selected 1-secv hf /fR B

time window is approximately 2. The frequency doubling
during one shear cycle is even more convincingly shown in
the phase diagram (Fig. 6). However, the dispersive signa-
ture of the P-wave spectra can be also recognized in the
overall spectra. The frequency doubling was observed at all
frequencies and amplitudes, which strongly suggests that
this phenomenon is due to a soil property and not due to a
system resonance frequency.

Numerical Modeling of P- and S-Wave Interaction
in Granular Soils

With several differently setup experiments showing the
same phenomenon, any constitutive law claiming to realis-
tically model soil behavior ought to reproduce the experi-
mental results. Goldberg (1960) was among the first to the-
oretically show the interaction between P and S waves in an
elastic medium for large-amplitude seismic waves. His so-
lution yielded the following results: (1) P and S waves cou-
ple, (2) S waves induce P waves, (3) the induced waves have
a dominant frequency twice the S-wave frequency, (4) the
induced P waves propagate ahead with P-wave velocity.

Large-amplitude wave propagation through dry sand
was numerically modeled by Osinov (1998) based on a hy-
poplastic constitutive model (Gudehus, 1992; Kolymbas and
Wu, 1993) showing that the wave-propagation speed de-
pends on the direction of deformation, hence unveiling non-
linearity.

Granular sediments, however, already show nonlinear
behavior at very small deformations such as e � 10�5 due
to the mechanism of dilatancy and contractancy as shown
by Huber (1998).

In this study, wave propagation for moderate wave am-
plitudes in a dry sand layer (Fig. 7) was numerically modeled
using an extended hypoplastic model that includes a so-
called intergranular strain d (Niemunis and Herle, 1997)—
an internal state variable that describes the deformation his-
tory of the soil.

In this material law the stiffness matrix (M) depends on
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Figure 4. Horizontal excitation accelera-
tion time series (top) and their spectral analyses
(bottom) during shaking table experiments
(gray). Black line shows time series and spec-
trum for a 1-sec window.
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Figure 5. Complete vertical acceleration
time series (top) and their spectral analyses
(bottom) during shaking table experiments.
Black line shows time series and spectrum for
a 1-sec window.

the actual effective stress (T), the void ratio e, and d (see
equation 1)

T M T D
0

= ( , , ) : ,e δ (1)

where D is the stretching tensor, and e � (Vg � Vl)/Vs, void
ratio; Vg, gas volume; Vl-liquid volume; Vs , solid volume.
The elastic and plastic soil behavior depends on the value of
the intergranular strain d. When fully mobilizing d (i.e., large
amplitudes), the soil behavior can be described according to
equation 2:

T L D N D
0

= + ⋅: . (2)
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and the term |D| couples the vertical and horizontal motion.
This can be easily shown for the specific case of plane-wave
propagation. The particle velocity field in this case depends
only on depth and time: vp(z, t) for the vertical components
and vs(z, t) for the horizontal components. For plane waves,
|D| equals
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Figure 6. Phase diagram of acceleration data for
a 1-sec window during shaking table experiments.
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Figure 7. Schematic profile of sand layer for nu-
merical modeling: g1, numerical geophone at sand
layer base; g2, numerical geophone in the center of
layer; vP, longitudinal particle velocities of first ar-
rival; vS, transversal particle velocities; vD, particle
velocities of dilatancy-induced D wave.
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Figure 8. Boundary condition for numerical simu-
lation. Shown are horizontal particle velocities versus
time and their spectrum at sand layer base (Fig. 7,g1).
Thickness of dry sand layer is 10 m, and its average
density is � 1.65 • 103 kg/m3 (resulting in a voidq̃
ratio of e � 0.6). Hydrostatic initial stress distribution
with 0 kPa at the surface and 165 kPa at the base.
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Figure 9. Horizontal particle velocities versus
time and their spectrum at midpoint of sand layer (see
Fig. 7, g2).
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Figure 10. Vertical particle velocities versus time
and their spectrum at midpoint of sand layer (see Fig.
7, g2).
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showing the coupling of P and S waves for deformations
larger than, say, e � 10�5. Figure 8 shows the numerical
boundary condition for a shear-wave excitation at the base
of a sand layer of 10-m thickness at hydrostatic state (Figure
7). Dominant excitation frequency was 4 Hz with an ampli-
tude of 5 cm/sec, which amounts to a moderate seismic event
with a shear deformation of e � 3 � 10�4. As the S wave
propagates upward, particle velocities are not altered much.
In fact, lacking amplitude attenuation or even its amplifica-
tion is consistent with decreasing pressure. The frequency
content remains more or less constant, for example, for a
midpoint in the sandlayer (Fig. 9). On this wave path, D
waves were induced with approximately double frequency
(Fig. 10) due to the dilatancy mechanism explained previ-
ously.

A P-wave predominant frequency shift toward twice the
S-wave frequency was analytically shown by Gottlieb and
Loukachev (1998) and Loukachev (2002).

The amplitude of the D wave reaches for this case 8%
of the horizontal source wave amplitude. The D-wave am-
plitude is not constant because dilatancy and contractancy is
a function of the void ratio e (porosity) and the average grain
pressure (Gudehus, 1981). The D wave is approximately
twice as fast as the S wave.
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Table 1
Geologic Setting of Stations Providing Accelerograms

for This Study*

Station Name
(subsurface type) Geology

INC (soil) Quaternary gravel, sand and sandy clay, clay and loess
(350–400 m) Upper Neogene clays, sands, sandy clays
and marls with chalky layerings (600–650 m)
Cretaceous limestone basement at ca. 1000 m

CFR (rock) slate, quartzitic and limey sandstone, limestone
Silurian and Lower Devonian (down to 500–1000 m)

VID (rock) gneiss down to 4000 m, some mica schist

*Data provided by Fielitz (2000, personal comm.).

Seismogram Analysis with Regard to Dilatancy-
Induced Dispersion

The experimental and numerical results shaped the hy-
pothesis that dispersive signatures in P-wave spectra could
be the result of S-wave-induced longitudinal D waves.
Hence, accelerograms from two moderate earthquakes re-
corded at three stations in the seismically very active Vran-
cea Region (Romania) were analyzed. Data were provided
from one soil station (INC) and two hard-rock stations (CFR
and VID). The earthquake magnitudes (Mw) were 4.1 and
4.6. Table 1 summarizes the geologic setting of the recording
stations whose data were used for this study.

Figure 11a–c shows the unfiltered accelerograms time
series and their smoothed frequency spectra for two earth-
quakes, November and December 1997, for each station.
The spectral analysis was performed on the complete time
series, and smoothing was performed using a time window
of 100 msec (stations INC and VID) and 150 msec (station
CFR), respectively.

Frequency spectra from rock and soil stations are com-
pared. It can be seen that the rock-station data do not show
any major differences between the frequency ranges of P
and S waves. On the other hand, the P-wave spectra of the
soil station show a significant dispersion toward higher fre-
quencies with maxima approximately twice the shear-wave
peak frequency. This dispersion can be explained by the
mechanism of dilatancy and contractancy, provided the soil
allows for volumetric changes, which is only possible if
granular layers show a degree of saturation lower than 1.

Discussion and Conclusions

Based on numerical, experimental, and field investiga-
tions, this study suggests that dispersion observed in the P-
wave spectra can be attributed to the dynamic interaction of
S and P waves in granular soils. Transverse waves of a given
amplitude propagating through granular soils induce volume
changes owing to the dilating nature of granulates with a
density below critical, which manifest themselves as longi-
tudinal, so-called D waves. The D-wave frequency is ap-
proximately double that of the transversal source wave. A
hypoplastic constitutive relation has been verified for various
initial boundary problems and models the observed disper-
sion well. P waves propagate ahead of S-waves producing a
first-arrival signature on a seismogram. As soon as an S wave
with its specific frequency content enters the base of a com-
pressible granular layer, it continuously induces D waves.
The D-wave spectrum will be superposed onto the first-
arrival P-wave spectrum, causing a dispersion as a particular
signature. The P-wave peak frequency is approximately dou-
ble that of the S wave. Since S waves, depending on the
hypocentral distance, can arrive significantly later than P
waves—according to Wenzel et al. (1998) the travel-time
difference between P and S waves amounts to 25 sec for the
Bucharest region—one would expect a time lag ts � tD be-

tween the first arrivals of the P and D waves to be indicative
of the thickness of the dilative granular layer.

However, this is not observed. The P-wave spectra
show a greater width than the S-wave spectra also for incre-
mental successive time windows. This can be explained with
the transversal components of the P wave immediately in-
ducing D waves before the S waves even reach the dilative
layer.

Numerous studies clearly show evidence of nonlinear
soil behavior when comparing mainshock to aftershock data,
for example, Beresnev and Wen (1996), Field et al., (1998),
Beresnev and Wen (1995), attributing nonlinearity to the
hysteretic behavior of soils at large deformations. However,
in those approaches, seismic responses carrying specific in-
formation owing to the particular station are obliterated due
to averaging processes. Other authors filtered the time series
(Bonjer et al., 1999) or explained the observed generation
of P waves as a result of SV conversion (Takahashi et al.,
1992). The notorious disregard for P-wave analyses (or their
filtering) has prevented earlier insight with regard to the in-
teraction of P and S waves. The results presented show that
nonlinear soil behavior (1) has different facets and (2) is
apparently not restricted to a comparison between strong-
and weak-motion events.

Dilatancy and contractacy, which are characteristics of
granular soils, can explain a peculiar fingerprint on the P-
wave spectra, which is not only observed for P waves of
moderate earthquakes, but can also be reproduced in labo-
ratory shaking table and resonant column experiments.

Furthermore, evaluating seismograms also with respect
to D waves may provide a useful tool for acquiring addi-
tional subsurface information of individual loci because soil
allowing for volume changes are not fully saturated—a piece
of information essential for microzonation.
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Figure 11. Caption on facing page.
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Figure 11. (a) Ground-motion accelerograms and their smoothed spectral analysis
from two earthquakes recorded at soil station INC. Each spectrum shows both horizontal
components (north–south, east–west) and the vertical component (up–down). P-wave
spectra of the soil station are broader, with its frequency range being approximately
twice as wide as the S-wave spectra. (b) Ground-motion accelerograms and their
smoothed spectral analysis from two earthquakes recorded at rock station CFR. Each
spectrum shows both horizontal components (north–south, east–west) and vertical com-
ponent (up–down). When comparing the spectra from rock stations they show a similar
frequency range for S and P waves. (c) Ground-motion accelerograms and their
smoothed spectral analysis from two earthquakes recorded rock station VID. Each spec-
trum shows both horizontal components (north–south, east–west) and vertical com-
ponent (up–down). When comparing the spectra from rock stations they show a similar
frequency range for S and P waves.

the University of Karlsruhe for providing earthquake data from Romania.
We are grateful to the anonymous reviewers for the valuable remarks.
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