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Abstract

This paper analyzes the deformational behavior of mutually interacting spherical inclusions in a multiple inclusion system, considering
two physical factors: viscosity ratio between inclusion and matrix (m) and the ratio of inclusion diameter to mean inter-inclusion distance
(a/b). For a given value of m, the strain partitioning between a stiff inclusion and the bulk system (i.e. ratio of their natural extension rates)
increases non-linearly with increasing a/b ratios and the gradient of increase becomes steeper when the inter-inclusion distance is less than
about twice their diameter (i.e. a/b > about 0.5). The strain distribution within a deformed inclusion is homogeneous when the a/b ratio is
less than about 0.6. For larger values of a/b, the internal deformation becomes heterogeneous, with the strain increasing or decreasing
towards the core in the case of stiff (2 > 1) and soft (m < 1) inclusions, respectively. The deformed shape of inclusions in section also shows
departure from an ideal ellipse with an increase in the a/b ratio. Stiff inclusions develop shapes similar to that of a super-ellipse in contrast to
soft inclusions that resemble a sub-ellipse. The heterogeneity of internal deformation is also reflected in the distortion of passive foliations
initially at right angles to the bulk extension direction, which become curved with convexity outward and inward, respectively, within stiff

and soft inclusions.
© 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Deformed objects, e.g. pebbles, ooids, are widely used in
the estimation of geological strain of rocks (Ramsay, 1967;
Gay, 1968b; Gay and Fripp, 1976; Lisle et al., 1983;
Ramsay and Huber, 1983; Lisle, 1985; Freeman, 1987;
Ramsay and Lisle, 2000). To be able to determine strain, we
need to know how an inclusion deforms depending upon its
initial shape and its competence contrast with the matrix.
According to theoretical results, isolated inclusions of
ellipsoidal initial shape deform homogeneously, and the
axial ratios of their flattened shapes depend on the ratio of
inclusion and matrix viscosities, in addition to the bulk
strain (Eshelby, 1957; Gay, 1968a; Bilby et al., 1975). In a
recent study Treagus and Treagus (2001) have shown that
the finite strain of ellipsoidal inclusions depends also on
their initial axial ratios. For a given finite bulk strain,
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competent inclusions with axial ratios of three or more
undergo more strain than equant inclusions of the same
viscosity, whereas the reverse is true when the inclusions are
incompetent. The deformational behavior of inclusions with
non-ellipsoidal initial shapes is much more complex
(Treagus et al., 1996; Treagus and Lan, 2000; Treagus,
2002). The strain in them is heterogeneous, and their
deformed shapes are remarkably different from those that
would have been developed by an overall homogeneous
strain.

All the studies discussed above deal with isolated
inclusions. In this paper we study the deformational
behavior of mechanically interacting spherical inclusions
in a multiple inclusion system undergoing pure shear. With
the help of Lamb’s (1932) theory we derive the velocity
functions for flow inside and outside an inclusion in their
interacting state (Happel, 1957), and analyze the strain
partitioning between a stiff inclusion and the matrix. The
results are used in two-dimensional numerical models to
show how the concentration of inclusions affects strain
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partitioning, deformed, inclusion shape, and the strain
distribution and distortion patterns of passive foliations in
both stiff and soft inclusions. The numerical simulations are
compared with results of laboratory experiments.

2. Theoretical model

We consider a system of deformable, spherical
inclusions of diameter 2a within a Newtonian viscous
matrix with coherent interfaces (Fig. 1). The inclusions are
uniformly distributed with their centers spaced at an interval
of 2b. The system is subjected to pure shear deformation at a
rate €. To describe the flow field around an inclusion a
Cartesian coordinate frame is chosen at the center of an
inclusion with the x axis parallel to the bulk extension
direction, y axis along the direction of principal shortening,
and z axis along the direction of no bulk flow (Fig. 1). We
adopt Lamb’s (1932) method of analysis that expresses the
velocity field in terms of solid harmonic functions, and
derive the velocity functions in three dimensions for flow
inside and outside an inclusion in a multiple inclusion
system (details given in Appendix A). In the numerical
analysis, for convenience, we consider the velocity func-
tions on a two-dimensional section perpendicular to the
direction of no bulk strain. The section is chosen at z = 0.
The following analysis deals with the circular cross-section
of the inclusion on that plane. The velocity functions (Eqgs.
(A5) and (A6a)—(A6c¢)) on the z = 0 plane are as follows.
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Fig. 1. (a) Model of the inclusion—matrix system under theoretical
considerations. (b) Consideration of Cartesian and spherical coordinates on
the central section of an inclusion normal to the direction of no bulk flow (z
axis). €: pure shear rate of bulk deformation. 2a: diameter of inclusions
(shaded) and 2b: average inter-inclusion distance.

Velocity components of flow outside the inclusion:

21 a? r? 2 r?
5 2 2
. — 1
+B_3a—5<2—5¥)x+ ~Kx + éx, (1a)
r r 2
C, P —y2 1 a P —y2
V:E?(_S_Z 5 y+2A,3 3 r2 y
5
- 1
+B3"—5(—2—5 Y )y— —Ky—¢y.  (Ib)
r r? 2

Velocity components of flow inside the inclusion:
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where > = x% + y2 and a is the radius of inclusion. K, C,,

A_3, B_3, A,, B, are constants, the expressions for which
involve the ratio of inclusion diameter and mean inter-
inclusion distance (a/b) and the viscosity ratio between
inclusion and matrix (m) (Eq. (A19) of Appendix A). The
velocity functions in Egs. (2a) and (2b) reflect the nature of
deformation of an inclusion in inclusion-matrix systems. In
these equations, A, becomes nearly zero when the a/b ratio
is extremely low, indicating a homogeneous deformation
inside the inclusion as in the case of a single inclusion
system (cf. Eshelby, 1957; Gay, 1968a). But, A, becomes a
non-zero quantity for higher values of a/b, implying that the
deformation is heterogeneous when the inclusions are closer
to one another in the system.

We analyzed deformation of an inclusion in two
dimensions using the velocity functions (Egs. (2a) and
(2b)) by varying the viscosity ratio between inclusion and
matrix (m) and the a/b ratio, which is considered a measure
of concentration of inclusions in the inclusion-matrix
system. The results are presented in the following sections.

3. Deformation of ductile inclusions

3.1. Strain partitioning between stiff inclusions and the bulk
rock

This analysis can be applied to understand the control of
inclusion concentration in a multiple-inclusion system (i.e.
a/b ratio) on strain partitioning between matrix and
inclusion. Differentiating Eq. (A8a) with respect to r and
substituting » = a and 6 = 0 in the derived equation, we
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obtain:
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€; is the natural rate of stretching of the inclusion diameter
along the bulk extension direction.

Eq. (3) shows that the strain-rate partitioning between a
stiff inclusion and the bulk medium, i.e. €;/€, increases non-
linearly with the a/b ratio, and the non-linear variations
depend on the viscosity contrast (m) (Fig. 2). For any m, the
variation of strain partitioning factor (é;/€) with a/b is not
significant when a/b is low, but it becomes significant at a
higher a/b, the value of which increases with increasing m.
Again, the rate of change of the strain partitioning factor
with a/b at high a/b is much greater at higher m than at lower
m (Fig. 2). The mathematical calculations reveal that the
effect of mechanical interaction on the strain partitioning
can be significant when the inter-inclusion distance is low,
generally less than about twice their diameter (cf.
Shimammoto, 1975, see discussion in Treagus et al.,
1996; Treagus and Treagus, 2001).

In order to compare the effect of inter-inclusion distance
on the strain partitioning with that of viscosity contrast, we
consider a system with inclusions at a very low volume

1.2

concentration (a/b < 0.05). In this case, the ratio of strain
rates of inclusion and bulk system increases from 0.04 to 0.4
as the viscosity ratio (m) decreases from 40 to 5. On the
other hand, for m = 40, the strain ratio increases to nearly
0.8 as the a/b ratio is increased up to 0.9. This implies that
the concentration of inclusions influences the strain
partitioning relatively more than the viscosity contrast.

3.2. Shapes of deformed inclusions

Using Egs. (2a) and (2b) and a simple computer program
on Visual Basic we performed numerical simulations to
study the nature of shape changes during deformation of an
inclusion in an interacting system. These reveal that the
deformed shapes of inclusions stiffer than the matrix
(m > 1) show elliptical geometry at low values of a/b
ratio (<0.5), as in the case of isolated inclusions (Gay,
1968a). With increase in inclusion concentration, the
deformed shapes depart from an ideal ellipse, and tend to
assume the geometry of a super-ellipse (Fig. 3; cf. Lisle,
1988). Again, for a given a/b ratio the departure of the
deformed shapes from elliptical geometry becomes more
pronounced with increasing viscosity contrast (m) (Fig. 3).

In contrast to stiff inclusions, inclusions softer than the
matrix (m < 1) develop deformed shapes resembling a sub-
ellipse for large values of a/b (Fig. 4), as noticed in naturally
deformed inclusions (fig. 7.3, Ramsay and Huber, 1983; fig.
39.20, Ramsay and Lisle, 2000). Such non-ideal geometry is
more obvious with a decrease in viscosity ratio m (Fig. 4).
However, for low concentrations of inclusions (a/b < 0.5)
the deformed shapes show little departure from an ideal
elliptical geometry with changing viscosity ratio m.

In summary, circular cross-sections of inclusions in an
interacting state generally deform into non-ideal elliptical
shapes. The deformed shapes of stiff (m > 1) inclusions
superscribe an ideal ellipse (cf. super-ellipse), whereas
those of soft (m < 1) inclusions inscribe an ideal ellipse
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Fig. 2. Calculated plots of the ratio of natural extension rates of stiff inclusions to that of the bulk system as a function of a/b ratios for different viscosity ratios

m.



-OO O
-OOC

Fig. 3. Deformed shapes of stiff (m > 1) circular inclusions in numerical models. a/b: ratio of inclusion diameter to inter-inclusion distance; m: viscosity ratio between inclusion and matrix. Thin solid lines show
the shape of corresponding ideal ellipses. Finite strain of models = 0.4.
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Fig. 4. Deformed shapes of soft (m < 1) inclusions in numerical models. Thin solid lines show the shape of the corresponding ideal ellipse. Finite strain of models = 0.4.
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(cf. sub-ellipse). Inclusions occurring in low concentrations
(a/b < 0.5) deform into ideal elliptical shapes, irrespective
of the viscosity contrast between the inclusion and matrix.

3.3. Strain distribution inside deformed inclusions

Using the numerical models, we studied the pattern of
strain distribution in an inclusion containing circular strain
markers, arranged in a Cartesian grid inside the inclusion. A
set of experiments was run on models with stiff inclusions
(m > 1) under varying a/b ratios, keeping the viscosity
contrast constant. The strain distribution is virtually
homogeneous when a/b < 0.5, but shows discernible
heterogeneity at larger values of a/b, showing increasing
finite strain towards the core of the inclusion compared with
the periphery (Fig. 5a).

The nature of strain heterogeneity in inclusions with
m < 1 is strikingly different from that in inclusions with
m > 1. In this case the finite strain increases from the center
to the periphery of the inclusion. At a large value of a/b ratio
(= 0.9) the deformed inclusions show localization of high
finite strain at the tapered ends of the flattened inclusion, and
relatively low strain at the center of the inclusion (Fig. 5b).
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3.4. Distortion patterns of passive markers inside inclusions

The heterogeneous deformation of inclusions is reflected
in the distortion pattern of internal passive foliations
initially perpendicular to the bulk extension direction.
Within stiff inclusions (m > 1), the markers remain straight
when the viscosity ratio is low and the concentration of
inclusions is not large (a/b < 0.5). In other conditions, the
deformed markers become curved, with the convex side
facing the bulk extension direction (Fig. 6a). When the
inclusions are softer than the matrix (i.e. m < 1), passive
markers also develop curved shapes. But, the sense of
curvature is opposite to that within stiff inclusions (Fig. 6b).

4. Test model verification of the theoretical results

Experiments were conducted on physical models con-
taining a number of deformable inclusions hosted in a
viscous matrix of putty. The inclusions were either stiffer or
softer than the matrix. Commercial plasticine was used to
simulate stiff inclusions and the viscosity ratio of plasticine
and putty was estimated to be about four. We prepared soft
inclusions with a mixture of wheel-bearing grease and talc
powder in a 1:1 volume ratio, which gave a viscosity ratio of

(b)
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Fig. 5. Heterogeneous strain distributions inside (a) stiff (m > 1) and (b) soft (m < 1) inclusions in numerical models. Finite strain of models = 0.3.
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Fig. 6. Distortion patterns of internal markers at right angles to the bulk
extension direction within (a) stiff and (b) soft inclusions. a/b = 0.9. Finite
strain of models = 0.3.

inclusion to matrix of about 0.2. Test models were prepared
in the following way. A number of circular, platy inclusions
were embedded in a rectangular slab of putty (Fig. 7), with
their circular sections exposed to the surface of the model.

Experiments reveal the effect of mechanical interaction
on the degree of flattening of the inclusions. The initial
model had an inclusion surrounded by a number of closely
spaced neighbors. A similar inclusion was kept at a large
distance from them to obtain the finite strain of inclusions in
a non-interacting state and to compare it with those in the
multiple association. It was observed that the central
inclusion in the multiple association underwent flattening
larger than the far-field inclusion (Fig. 8a). The observation
agrees with the theoretical inference that the stretching rate
of an inclusion is larger for smaller inter-inclusion distance
(Fig. 2). For example, the axial ratio of the deformed far-
field inclusion was 1.1, whereas the axial ratio of the central
inclusion was 1.3, for a bulk strain ellipse with axial ratio of

2.25. Experimental results thus indicate that in addition to
the viscosity contrast (Gay, 1968a; Lisle et al., 1983;
Treagus et al., 1996), the concentration of inclusions in the
system is another crucial parameter controlling the magni-
tude of flattening of stiff inclusions.

Model experiments also confirmed the theoretical result
that the circular cross-section of an inclusion in an
interacting state deforms into a shape departing from that
of an ellipse. It was observed that the deformed shape of a
stiff inclusion in multiple inclusion system was like a super-
ellipse, whereas that of a soft inclusion was like a sub-
ellipse (Fig. 8b and c).

Similar experiments on inclusions containing circular or
line markers show that the deformation inside inclusions in
an interacting state is heterogeneous (Fig. 9a), as obtained in
the numerical models (Fig. 5a). Within stiff inclusions, the
axial ratio of strain ellipses increases inward, defining a
zone of high finite strain in the central part of the inclusion.
The heterogeneous deformation also led to curved distortion
patterns of passive foliation markers within the inclusions
(Fig. 9b), which conforms to those obtained from numerical
simulations (Fig. 6a). The deformation inside inclusions
softer than the matrix is also heterogeneous, which is
reflected in the inwardly convex distortion patterns of
markers initially at right angles to the bulk extension
direction (Fig. 9c), as in the numerical simulations (Fig. 6b).

5. Discussion

The deformed shapes of inclusions are often used for
estimation of bulk strain. In order to do this, we need to
consider the strain partitioning between the inclusion and
bulk system. Earlier theoretical results show that this
depends mainly on the viscosity contrast between inclusion
and matrix (Gay, 1968a; Bilby et al., 1975). Our analysis
suggests that, for the same viscosity contrast, variations in
concentration of inclusions can result in a significant change
in the ratio of strain rates of inclusion and the bulk rock. It
thus appears that in the use of deformed inclusions for strain
analysis their volume concentration needs to be taken into
account if they occur in large concentration. It may be noted

Wooden bar
#— Top glass plate

Deformable inclusion

Putty block

Fig. 7. Schematic sketch of the experimental setup for deformation of models containing ductile inclusions (shaded) embedded in a putty block. The model was
deformed under approximate pure shear by moving two vertical rigid bars towards each other (arrows). The flow of the model took place in the horizontal
directions, and was restricted in the vertical direction by a horizontal glass plate at the top.
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Fig. 8. (a) Contrasting flattening of inclusions occurring in multiple
association and that away from them under the same bulk deformation.
Note that the isolated inclusion has flattened less than the central one
occurring in multiple inclusions. Deformed shapes of inclusions (b) stiffer
(m = 4) and (c) softer (m = 0.2) than the matrix in test models. The
inclusions in the models were initially circular in cross-section, and had
more or less similar relative dispositions with a/b = 0.7. Length of the
photo-plate (b) is 3.8 cm.

that the strain-partitioning ratio in this analysis has been
derived considering a spherical initial shape of the
inclusion, although for a given viscosity contrast the strain
of stiff inclusions increases with increasing initial axial ratio
of elliptical inclusions (Treagus and Treagus, 2001). It thus
seems that the ratio of strain rates between inclusion and

Fig. 9. (a) Heterogeneous strain distributions inside deformed stiff
inclusions in test models. Note that the finite strain decreases radially
away from the center of inclusions. (b) Deformed models showing outward-
convex distortion patterns of passive markers, initially perpendicular to the
bulk extension direction within flattened inclusions. (c) Heterogeneous
deformation of inclusions softer than the matrix, as reflected from curved
distortion patterns of internal passive markers, initially at right angles to the
bulk extension direction.

bulk rock may not remain constant, but is likely to increase
as the shape of inclusion departs more and more from a
sphere with progressive deformation (Smith, 1975).
Analytical solutions for the flow inside an inclusion show
that the deformation within interacting inclusions is
heterogeneous, which we also demonstrated in two-dimen-
sional numerical models (ZX plane of bulk strain),
representing the central section at right angles to the
direction of no bulk strain. The same solutions can be
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utilized to study the nature of heterogeneous deformation on
any section parallel to the XY and YZ planes of bulk finite
strain. We compare the results obtained from these two-
dimensional simulations with that observed in physical
model experiments, assuming that a thin circular inclusion
might be a representative of the central section across a
spherical inclusion at a right angle to the direction of no bulk
strain. However, the deformation patterns on any other
section are likely to be different from those observed in
laboratory experiments presented here.

We have applied a relatively large amount of bulk strain
in numerical models to show the nature of deformed shapes
of inclusions in an interacting state. On the other hand, the
solutions that are used for the numerical simulations have
been obtained by imposing boundary conditions on
spherical surfaces around the inclusion, which is valid
only for small amounts of bulk strain. We make this
departure intentionally to exaggerate the deformed geome-
try to show qualitatively the non-ideal shape of the
inclusion.

In the two-dimensional consideration of numerical
simulations we have used the ratio of inclusion diameter
to inter-inclusion distance (a/b) as a parameter representing
the effect of concentration. It is evident that the inter-
inclusion distance (b) is related to the volume proportion of
inclusions in the system. In the case of three-dimensional
analysis, an equivalent parameter, (a/b)* can be considered
as a measure of their volume concentration (Happel, 1957).
However, the mathematical entity of this parameter is
different from that of volume fraction, which is also a
measure of volume concentration used in different analyses
(e.g. Mandal et al., 2000; Treagus, 2002). The maximum
value of (a/b)3 can be one for systems with inclusions in
contact with one another, whereas that of volume fraction
cannot exceed 0.74.

6. Conclusions

The main conclusions of this analysis are outlined along
the following points. (1) Spherical inclusions in multi-
inclusion systems deform heterogeneously, and the princi-
pal parameters that control the deformation of the inclusions
are: viscosity ratio of inclusion and matrix and concen-
tration of inclusions. (2) For a given viscosity contrast, the
ratio of flattening rate of stiff inclusions to that of the bulk
system is larger for a larger concentration of inclusion. This
factor needs to be considered for strain analysis of deformed
rocks. (3) Circular sections of stiff inclusions are deformed
into shapes resembling the geometry of super-ellipses,
whereas those of soft inclusions develop geometry similar to
sub-ellipses. (4) Stiff inclusions show increasing finite strain
towards the center of inclusion. In contrast, soft inclusions
describe a low-strain zone at the center. (5) Within
inclusions, passive markers at right angles to bulk extension
direction are distorted into curved shapes with the convex

side facing outward in the case of stiff inclusion and inward
in the case of soft inclusions.
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Appendix A

Considering an irrotational type of bulk flow, the general
expressions of the velocity fields inside and outside a
spherical inclusion, after Lamb (1932), can be represented
by:

u= lz s apn nr2n+3 i DPn
n 22n+1) ox (n+ D@2n+ H(2n + 3) ax 2l

9D,
+> - (Ala)

v=Lly ) " 9 p
= "7 22n+1) ay (n+ D2n+ D@2n +3) gy r2rt!

9D,
+ ZW (A1b)

L SR S o B
w= n 22n+1) oz (n+ 1D)2n+ DH(2n + 3) oz r2+t!
ad,
_n Al
+ Z 0z (Ale)

where p, is a solid harmonic function of degree n for
pressure distribution in the field. &, is another solid
harmonic function of degree n. m is the co-efficient of
viscosity of the medium under consideration. For the
present purpose the expressions of these two functions are
considered retaining the harmonics of orders —3 and +2
(cf. Taylor, 1932; Happel, 1957; Gay, 1968a) for description
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of the flow outside the inclusion. It then follows that:

1 2 2 (Xz _)’2)
P, = ZK(X -y )§ Dy =B 3-——5—

r~ b
(A2)
22
_ X =y
P2 Cra 2()52 - y2)§ P—3”)mA—3a3(75)
-
Tm 18 the co-efficient of viscosity of the matrix. Similarly, in
order to describe the flow inside the inclusion the
expressions of the functions can be chosen retaining
harmonics of order 2 as:
=By~ ) ph=maa (¥ —))  (AY)
7; is the co-efficient of viscosity of the inclusion. In Egs.
(A2) and (A3), K, B_3, C>, A_3, B, and A, are constants,
which need to be determined by applying boundary
conditions.
Substituting the expressions of p,, and @, in Egs. (Ala)—
(Alc), one can have the components of the flow perturbation
outside the inclusion:

u' = %;—2(5—2)62;2))2 )x+ %A%i_szr;zyzx
+B_3l:—:(2 —5)62”;2))2))64- %Kx (Ada)
B e
+B3‘r’—j(—z—sxzr_2y2 )y— %Ky (Adb)

aS x2_ 2
-5B (S ) (Adc)

The entire flow around the inclusion is then obtained by
adding the perturbation to the homogeneous pure shear flow
as:

uzu*+éx,v=v*—éy,wzw* (AS)

Similarly, substituting the expressions of ¢/, and p/, in Egs.
(Ala)—(Alc), the velocity components of flow inside the
inclusion follow:

A r2 x2 2
) A y
u = ﬁ ? (5 - 2 r2 ).x + 232)( (Aéa)
A r2 x2 32
) A2 y

2A 2 2 .2
Mz__iL(L_L% (A6C)

21 42 r?

In order to determine the constants, for convenience, the
velocity functions in Eq. (AS) are transformed in terms of
spherical coordinates (Fig. Al), as:

2 7 2 r (A7a)
r(cos2 6 — sin”fcos> b)
" 1 5 P &
Vg = — _K+_C2_2 +ZB,3—5

rsinfcos6(1 + cos2¢>)

o R PP indcosdsing (A7c)
vp=1| = —C,— _3—= |rsin¢cosgpsin c
20 T2 e 3

Similarly, after writing the velocity functions for flow inside
the inclusion (Egs. (A6a)—(A6c)) in terms of spherical
coordinates, we have:

A P2
v/, = [ 72 % + 232]’”(00529 — sin® Hcos2q§) (A8a)
; 5 r . 2
V= — ﬁA2 ) + 2B, |rsinfcosO(1 4 cos”¢) (A8b)
/ 5 7 . .
Vip = 57A42— + 2B, |rsingcosesing (A8c)
21 “a

Eqgs. (A7a)-(A7c) and (A8a)—(AS8c) contain six
unknown constants, which can be determined with the
help of the following boundary conditions. As our model
considers a non-slip condition at the matrix—inclusions
interface, the conditions of continuity of the velocity and

Y
(Lo

v
<

X

Fig. Al. Consideration of spherical co-ordinates with origin at the center of
an inclusion.
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stress fields across the interface (r = a) are imposed:

V=V Vg =V, Vg =V (A9)
09 = U/rf)’ Orp = O-/rdn O = U/rr (AlO)
where
1 av, aVQ Vg:l
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0 = [—p’ +2om 2t ]

ar
After substituting the velocity components from Eqgs.
(A7a)—(A7c) and (A8a)—(A8c) in the above conditions
(Egs. (A9) and (A10)), the following equations are obtained:
A o1 1 1
72+2192=e+51(+7C2+§A,3—3B,3 (A11)
5 1 5
Ay +2B,=é+ —K+ —

o 5 57 C2+ 2B (A12)

16
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16
= 771[_ 5742 432] (A13)

1
'Y]m[ZE +K - 7C2 - 3A_3 + 24B_3]

1
= 771[_7142 +4B2] (A14)

Now, in order to describe the interacting state of the
inclusion in the system we follow Happel’s (1957) model
that considers a spherical envelope of radius b around the
inclusion (b is the average inter-inclusion distance), and
imposes the conditions of no normal flow and vanishing
stress tensor components at the boundary of the envelope. It
then follows that at r = b:

V=0 (A15)

; 1 9vy = dvy V}S]
— _ —_v_ ¢ =0 Al6
Iro Tlm[ r 00 + or r l=» (Al6a)
« 1oy vy vy
= | —— Lo Lo | —p Al6b
Irg ”fImI: rsinf d¢ + or r ]r_b ( )

From the above conditions, we have:

1 1 . 1, d a
16 b a a

We now have six independent equations (Eqgs. (A12)—
(A14), (A17) and (A18)), relating the constants in the
velocity functions. Following the conventional algebraic
method, the solutions of the constants are:

-1
A,=2¢0"
LI +1
B 2 bV m—1
3= T €— ——
ST d L+17
m—1
C, = 2¢ ,
2T T
K= azm—l’
B LI+1

1 m—1\(5 & b
B,=—-¢él1+[—— )2 -= - =L Al
2 26[ +(LJ+1)<2 Pd )] (A19)

16 b’ 1 b
1
2]<4+ Tgm)

L:
15
190m — 1) + > — (80 + 95m)
a

m is the viscosity ratio of inclusion and matrix.
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