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Abstract

The microboudin method for palaeo-stress analysis is mathematically refined by incorporating the recently proposed shear-

lag model, which describes the relationship between stress distribution along a fibre embedded within an elastic matrix and the

far-field differential stress applied to the matrix. The refined probability density function of fractured fibres (G) with respect to

the aspect ratio of the fibre (r) and the stress parameter (k) is given by

Gðr; kÞ ¼ 1� exp �m� 1

m
rkm

Ef

Eq

� �m

1� 1� Eq

Ef

� �
1

coshðArÞ

� �m� �

where Eq and Ef are the elastic constants of the matrix and fibre, m is the Weibull modulus of the fibre material, and A is a

constant. The stress parameter k is defined as k = r0/S*, where r0 is the far-field differential stress applied to the matrix and S* is

the modal fracture strength of the fibre material at r = 1. This method is applied to tourmaline and piemontite boudins in

quartzose rocks from six areas, and it is revealed that the probability density function adequately models the proportion of

boudinaged tourmaline and piemontite grains. The value of k is determined for each sample, allowing r0 to be determined by

this method when S* is known.
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1. Introduction

Determination of the magnitude of stress during

orogenesis is an important aspect of structural geology

(e.g., Hobbs et al., 1976). In the early 1980s, several

authors (e.g., Weathers et al., 1979; Etheridge and

Wilkie, 1981; Ord and Christie, 1984) attempted to

estimate the magnitude of differential stress acting on

plastically deformed rocks based on the grain size and

dislocation density palaeopiezometers proposed by

Mercier et al. (1977) and Twiss (1986), respectively.

These methods, originally derived for metallurgical

purposes (e.g., Sellars, 1978), assume steady state

deformation. However, steady state deformation is

not likely to occur in nature. The process that most

degrades the performance of these palaeopiezometers

is post-deformation annealing, during which grain size
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and dislocation density will be altered significantly.

Thus, these methods seem unsuitable for natural

deformation (e.g., White et al.,1980).

Two other methods have been proposed from a

geological viewpoint (e.g., Passchier and Trouw,

1996): the calcite-twin method (e.g., Jamison and

Spang, 1976; Rowe and Rutter, 1990; Lacombe,

2001), and the microboudin method (Masuda et al.,

1989, 1990). The calcite-twin method is applicable to

weakly metamorphosed marbles and gives the absolute

magnitude of differential stress, whereas the micro-

boudin method is applicable to schists and gneisses

with mineral boudins and gives the relative magnitude

of differential stress during retrograde metamorphism.

The present paper refines the microboudin method by

incorporating a recently proposed shear-lag model

(e.g., Taya and Arsenault, 1989; Zhao and Ji, 1997)

for the stress distribution along the fibre. The potential

of the microboudin method for estimation of the abso-

lute magnitude of differential stress is also discussed.

2. Outline of existing microboudin method

The microboudin method consists of two inde-

pendent parts: measurement of the proportion of

boudinaged grains embedded in a matrix, and theo-

retical prediction of the proportion as a function of

differential stress (Masuda et al., 1989, 1990). Pie-

montite boudins were selectively analysed in Masuda

et al. (1989, 1990), but other columnar minerals such

as tourmaline, alkali-amphiboles, rutile and apatite

also form good microboudin structures in many

schists and are potentially analysable. The most com-

mon matrix for microboudins is quartz, but calcite

also encapsulates microboudins. The relative magni-

tude of differential stress is determined by comparing

the theoretical and measured proportions of boudin-

aged grains (Masuda et al., 1989). As the measure-

ment of boudinaged grains does not require improve-

ment, we concentrate here on the refinement of

theoretical prediction.

Masuda et al. (1989) proposed the expression

Gðr;BÞ ¼ 1� exp �m� 1

m
rBm 1� 1

coshðarÞ

� �m� �

ð1Þ

for the proportion of boudinaged fibrous grains (G) as

a function of the aspect ratio of the fibre (r) and a

dimensionless parameter (B). B is defined as

B ¼ Ef

Eq

r0

S*
ð2Þ

where Eq and Ef are the elastic moduli of the matrix

mineral and fibre mineral, S* is the average fracture

strength of the fibre mineral at r = 1, and r0 is the far-
field differential stress. Thus, B is proportional to r0.

The parameters m and a in Eq. (1) are the Weibull

modulus of the fibre and a constant that will be shown

later.

Eq. (1) is derived from two mechanical consider-

ations. One is the stress-transfer model (e.g., Lloyd et

al., 1982; Kelly, 1973), which gives the relationship

between the far-field strain (e) and the tensile stress (r)

Fig. 1. Setting of fibre deformation surrounded by a homogeneous

elastic matrix after Zhao and Ji (1997). r0 = far-field differential

stress; 2l = length of fibre; 2r0 = diameter of fibre; and 2R0 = length

of unit cell. Coordinate axes x and y are indicated.
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transferred to the fibre material at position x (Fig. 1) as

follows.

r ¼ Ef e 1� coshðdxÞ
coshðdlÞ

� �
ð3Þ

where l is the half-length of the fibre, and d is given

by

d ¼ 1

w

2pGm

Ef lnðR=r0Þ

� �1=2
ð4Þ

where w is the width of the fibre, Gm is the shear

modulus of the matrix, and R and r0 are the mean

distances between adjacent fibres and the fibre

radius. Masuda et al. (1989, 1990) assumed that

fracturing occurs at the centre of the fibre (x = 0),

and substituted the stress–strain relationship of the

elastic matrix (e = r0/Eq). They obtained the relation-

ship between the far-field differential stress (r0) and

transferred differential stress (r) at the centre of the

fibre as follows.

r ¼ Ef

Eq

r0 1� 1

coshðarÞ

� �
ð5Þ

where ar = dl.
The other mechanical consideration is associated

with the fracture strength of the fibre material. The

fracture strength is a statistical parameter that is

usually well represented by the Weibull distribution

(e.g., Lawn, 1993). S* represents the average of the

distribution, whereas m (the Weibull modulus) is

related to the standard deviation (e.g., Fig. 13 of

Masuda et al., 1989). Masuda et al. (1989) applied

the weakest-link theory (Weibull, 1939; Epstein,

1948) for the fracturing of fibre minerals, and derived

the probability density function of fracture strength

g(r, r) as a function of aspect ratio (r) and applied

stress (r) to give

gðr; rÞ ¼ ðm� 1Þ
ðS*Þm

rrm�1exp � m� 1

m
r

r

S*

� �m� �

ð6Þ

They also derived the cumulative distribution function

G(r,r) as follows.

Gðr; rÞ ¼
Z r

0

gðr; rÞdr ¼1� exp � m� 1

m
r

r

S*

� �m� �

ð7Þ

Eq. (1) is derived by substituting Eq. (5) into Eq.

(7).

3. Refined expression for proportion of

boudinaged grains

The stress-transfer model depicted by Eq. (5)

appears inappropriate when we consider the stress

for the special case Eq =Ef. A homogeneous stress

distribution along the fibre (r = r0) is expected in this

case, but such a stress distribution cannot be repre-

sented by Eq. (5). Recently, Zhao and Ji (1997)

presented a new model (shear-lag model) for stress

distribution along a fibre (Fig. 1) following a review

Fig. 2. Micrographs of analysed samples. (a) Wadi Tayin. A boudinaged tourmaline grain in a quartz matrix (crossed-polarized light). (b)

Greenbushes. Tourmaline grains scattered in a quartzose matrix.
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of the literature on materials science (e.g., Taya and

Arsenault, 1989). They referred to the equation:

r ¼ Ef e 1� 1� Eq

Ef

� �
coshðbxÞ
coshðblÞ

� �
ð8Þ

where

b ¼ r

l

Eq

Ef ð1þ vmÞlnðR0=r0Þ

� �1=2
ð9Þ

and vm is the Poisson’s ratio of the matrix, and R0 and

r0 are the radii of the unit cell and fibre. Eq. (8)

satisfies r = r0 at any x when Eq =Ef. As the stress in

the fibre is well represented by that at the centre (Zhao

and Ji, 1997), by substituting x = 0, we obtain

r ¼ Ef

Eq

r0 1� 1� Eq

Ef

� �
1

coshðArÞ

� �
ð10Þ

where

A ¼ bl
r
¼ Eq

Ef ð1þ vmÞlnðR0=r0Þ

� �1=2
ð11Þ

In this derivation, we use the relationship between

stress and strain of the elastic matrix, e = r0/Eq.

Eq. (10) appears more comprehensive than Eq. (5).

By substituting Eq. (10) into Eq. (7), we obtain the

following new expression for the probability density

of fractured fibres.

Gðr; kÞ ¼ 1� exp �m� 1

m
rkm

Ef

Eq

� �m�

� 1� 1� Eq

Ef

� �
1

coshðArÞ

� �m�
ð12Þ

where k is a new parameter defined as

k ¼ r0

S*
ð13Þ

The parameter k is a stress parameter, proportional to

r0.

4. Analysed samples and proportion of boudinaged

grains

We reanalysed piemontite microboudins of four

samples previously analysed in Masuda et al. (1989)

and two additional samples from Greenbushes and

Wadi Tayin using the refined Eq. (12). The Green-

bushes sample (Fig. 2b) is a pegmatite of the Yilgarn

craton, Western Australia (Partington, 1990), in which

columnar, centimeter-scale tourmaline grains are bou-

dinaged within a quartzose matrix. The age of pegma-

tite deformation is inferred to be the latest Archaean

(Partington, 1990). The Wadi Tayin sample (Fig. 2a)

was collected from the metamorphic sole beneath the

Samail ophiolite in the Sultanate of Oman (Boudier

and Coleman, 1981; Hacker and Mosenfelder, 1996),

and contains tourmaline grains of 10–100 Am in size.

Deformation/metamorphism is inferred to have been

caused by emplacement of hot mantle peridotites

during the initial stage of closure of Tethys during

the late Cretaceous intraoceanic thrusting event (e.g.,

Boudier and Coleman, 1981; Hacker et al., 1996).

In the same procedure as shown in Masuda et al.

(1989, 1990), we measured the length of each micro-

boudins and interboudin gaps if the tourmaline grains

were pulled apart (Fig. 3). Width was also measured

for such grains. The aspect ratio of the tourmaline

grains at the time of fracturing was calculated using the

strain-reversal method proposed by Ferguson (1981).

For intact tourmaline grains, we simply measured the

Fig. 3. Measurement of microboudinaged grains (top) and intact

grains (bottom). L= length; W=width. The aspect ratio r is

calculated by r =L/W. L in the top grain is calculated by L=SLi.
Li and Gi are used to restore the history of microbuodinage by the

strain reversal method (Ferguson, 1981).
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length and width. Fig. 4 shows the grain size distribu-

tion of tourmaline grains. The numbers of boudinaged

and intact grains with respect to the aspect ratio are

shown in Fig. 5, and the proportions of boudinaged

grains are plotted in Fig. 6 for further analysis.

5. Fitting theoretical curves to the measured data

We assume that fracturing of mineral fibres (tour-

maline and piemontite) occurs when the transferred

stress in the fibre (r) becomes equal to the fracture

strength of the fibre. We also assume no size effects

on the fracture strength of tourmaline and piemontite.

G(r, k) in Eq. (12), the theoretical probability density

function of fracture strength, is then compared with

M(r), the measured proportion of boudinaged grains at

r (see Masuda et al., 1989). The parameter k can be

determined by a least-squares fit so as to minimise

T(k) as follows.

TðkÞ ¼
X
r

	
Gðr; kÞ �MðrÞ


2 ð14Þ

However, our situation is not so simple.

G(r, k) is influenced by four constants: Eq, Ef, m

and A. We can obtain appropriate values for Eq, Ef and

A as follows. We consulted Simmons and Wang

(1971) for Eq and Ef at room temperature and pressure

(not high temperature and pressure). However, as the

influence of temperature and pressure on the ratio of

Eq to Ef appears negligible (see Masuda et al., 1995),

we use the values measured under room conditions.

The constant A is given as 0.5 and 0.4 for piemontite

and tourmaline, respectively. These values are derived

Fig. 5. Frequency distribution of aspect ratio of boudinaged and intact grains in Wadi Tayin (a) and Greenbushes (b) samples. Boudinaged grains

are indicated in black.

Fig. 4. Frequency distribution of width of tourmaline grains in Wadi Tayin (a) and Greenbushes (b) samples. Note that the widths of tourmaline

in the two samples significantly differ.
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from Eq. (11) by substituting values of Eq, Ef and vm
(Simmons and Wang, 1971) and assuming R0/r0 = 10.

As A is proportional to [ln(R0/r0)]
� 1/2, the value of

R0/r0 does not greatly influence the value of A. R0/

r0 = 10 is valid as an approximation.

The Weibull modulus, m, is unknown for tourma-

line and piemontite. As the influence of m on G in Eq.

(12) is large, m was treated as an unknown parameter.

The values of k and m were derived simultaneously so

as to minimise T(m, k) as follows.

Tðm; kÞ ¼
X
r

	
Gðr;m; kÞ �MðrÞ


2
: ð15Þ

By a least-square analysis of Eq. (15), m = 4 and 2 is

obtained for tourmaline and piemontite, respectively.

These values are in the range of typical ceramic

materials (e.g., Petry et al., 1997). The best fit

G(r,m, k) curve for each sample is shown in Fig. 6.

The fitting of G(r,m, k) toM(r) was evaluated by a v2-

test with a critical region of 0.05 (e.g., Cheeney,

1983), and was found to be excellent.

6. Estimate of the magnitude of palaeo-stress

Using the above procedure, the value of k can be

determined uniquely for each sample. As r0 = kS*,
quantification of S* is required for estimating r0. S*
is not a constant for each mineral but varies with

temperature, pressure and other conditions such as

partial pressure of H2O (e.g., Paterson, 1976). S*

even has a size effect that is critical in our analysis.

Therefore, the same k value for different samples

does not indicate the same magnitude of differential

stress. Evaluation of S* is the next step in estimating

the magnitude of differential stress by this method.

Determination of m of fibre materials is another

possible means of improving the microboudin

Fig. 6. Proportion of boudinaged grains with respect to aspect ratio. Tourmaline boudins were analysed for Wadi Tayin (a) and Greenbushes (b)

samples. Piemontite boudins were reanalysed for the four samples analysed previously by Masuda et al. (1989): Nuporomaporo (c), Yamagami

(d), Matsunosako (e) and Asemi (f). For details, see Masuda et al. (1989). Solid and open circles indicate reliable and unreliable data (>25

measured grains are regarded as reliable). The curve represents the best-fit G(r, m, k) using reliable data. The k value of each sample is indicated

in the diagram.
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method. S* and m should be analysed through

experimental studies.

7. Summary

We refined the microboudin method to infer the

relative magnitude of differential stress by incorporat-

ing a new shear-lag model for the relationship between

far-field differential stress and differential stress trans-

ferred to the fibre. We successfully applied the refined

method to tourmaline boudinage structures from

Greenbushes (Western Australia) and Wadi Tayin

(Oman), and obtained stress parameters for differential

stress determination. We also successfully applied the

method to piemontite microboudinage structures trea-

ted previously by Masuda et al. (1989). The magnitude

of palaeo-differential stress can be estimated by this

method if the fracture strength of tourmaline or pie-

montite is known.
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Appendix A. Notation of important parameters
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