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1. Introduction

A fundamental problem in rock mechanics is that of determining the extent of the
plastic zone and radial convergence for a circular tunnel excavated in a Mohr-
Coulomb perfectly plastic material subject to uniform far-field stresses. The solu-
tion to this problem has applications in the civil, mining and petroleum engi-
neering industries. Examples include the design of tunnel liners according to the
Convergence-Confinement method, the stability analysis of underground galleries
and shafts in mines, the stability analysis of boreholes for site investigations and
for petroleum and gas extraction.

Closed-form analytical solutions for this problem have been presented by
many authors in the past. Brown et al. (1983) presented a thorough literature
review of analytical solutions published by that time. Many of these solutions
include simplifying assumptions, specifically in the derivation of expressions for
radial convergence around the tunnel. A few other solutions present a rigorous
(correct) treatment for the radial convergence. Among these ‘exact’ solutions one
can mention the ones by Salençon (1969), Detournay (1986), Duncan Fama (1993)
and Panet (1995).

This paper presents a graphical representation of the exact solution for this
fundamental problem. This graphical representation uses a scaling rule for
Mohr-Coulomb elasto-plastic behavior discussed by Anagnostou and Kovari
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(1993). It should be noted that a similar graphical representation has been dis-
cussed by Kovari (1985) and Kovari (1986), although in that case the author
introduced simplifications in the formulation for radial convergence around the
tunnel.

The graphical representation described in this paper applies to both frictional-
cohesive and cohesive-only Mohr-Coulomb materials. The representation can also
be applied in the construction of ‘Universal’ Ground Reaction curves. These dia-
grams summarize every possible relationship between internal pressure and wall
convergence obtainable from the fundamental (rigorous) solution of symmetrical
excavation of a circular tunnel in a Mohr-Coulomb material.

2. Description of the Problem

The problem considered in this paper is represented in Fig. 1a. A long circular
tunnel of radius a that is subject to far-field stresses so and internal pressure pi is
excavated in a perfectly-plastic Mohr-Coulomb material (plane strain conditions
are considered). As a result of decreasing the internal pressure pi below the initial
value so, the wall of the tunnel converges a certain amount ua

r . When the internal
pressure pi falls below a critical value pcr

i a circular failure zone of radius Rpl

develops (concentrically) around the tunnel.
The elastic behavior of the material is characterized by the Shear Modulus G

Fig. 1. a) Circular tunnel in a Mohr-Coulomb elasto-plastic material subject to uniform far-field
stresses and internal pressure. b) Mohr-Coulomb failure envelope in terms of principal stresses
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and the Poisson’s ratio n – the Young’s Modulus E is related to the Shear Mod-
ulus G according to the classical relationship E ¼ 2Gð1 þ nÞ.

The plastic behavior of the material is characterized by the internal friction
angle f, the cohesion c, and the dilation angle c.

According to the Mohr-Coulomb failure criterion, the relationship between
major and minor principal stresses, s1 and s3 respectively, is given by the follow-
ing relationship

s1 ¼ Kfs3 þ sci; ð1Þ

where Kf is the passive reaction coe‰cient, that is computed from the internal
friction angle f as follows,

Kf ¼
1 þ sin f

1 � sin f
ð2Þ

and sci is the unconfined compression strength that is computed from the cohesion
c and the coe‰cient Kf according to,

sci ¼ 2c
ffiffiffiffiffiffi
Kf

p
: ð3Þ

The Mohr-Coulomb failure criterion (Eq. (1)) is represented in Fig. 1b. The
coe‰cient Kf is the slope of the linear failure envelope and the unconfined com-
pression strength sci is the intercept of the linear envelope and the vertical axis.

The volumetric response of the material is controlled by the dilation angle c. If
the dilation angle is zero (i.e., c ¼ 0�) then the plastic flow rule is said to be non-

associated and there is no volumetric change while the material plastifies. If the
dilation angle is equal to the internal friction angle ðc ¼ fÞ, then the plastic flow
rule is said to be associated and the material undergoes volumetric expansion while
it plastifies.

The dilation angle c enters the elasto-plastic formulation presented in this
paper through the parameter Kc, that has a similar form as the parameter
Kf, i.e.,

Kc ¼ 1 þ sinc

1 � sinc
: ð4Þ

The parameter Kc controls the inclination of the plastic-strain rate vector rep-
resented in Fig. 1b. If the plastic flow-rule is non-associated with Kc ¼ 1 (or zero
friction angle), then the vector _eeNA

p is normal to the line _ss1 ¼ _ss3. If the flow-rule
is associated with Kc ¼ Kf then the vector _eeA

p is normal to the yield envelope given
by Eq. (1).

3. Solution for the Case of Frictional-cohesive Material (fI 0˚ and cF/ 0)

Anagnostou and Kovari (1993) showed that the cohesion c (or alternatively the
unconfined compression strength sci) can be ‘hidden’ in the Mohr-Coulomb failure
criterion (1) if the principal stresses s1 and s3 are transformed as follows
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S1 ¼ s1 þ
sci

Kf � 1
ð5Þ

S3 ¼ s3 þ
sci

Kf � 1
: ð6Þ

Note that according to Eqs. (2) and (3) the term sci=ðKf � 1Þ in the equations
above is equal to the term c=tan f.

With the principal stresses transformed as in Eqs. (5) and (6), the Mohr-
Coulomb failure criterion (1) is written in the simpler form

S1 ¼ KfS3: ð7Þ

Figure 2a represents the same failure envelope in Fig. 1b, but this time in terms
of transformed stresses S1 and S3. The new failure envelope passes through the
origin of the reference system so the material can be regarded as cohesionless or
purely frictional.

The formulation of the problem introduced in Fig. 1a can be conveniently
simplified if the stress variables entering the problem are transformed, as in Eqs.
(5) and (6).

Figure 2b represents the same problem in Fig. 1a, but in terms of transformed
variables So, Pi and Pcr

i that are computed from the variables so, pi and pcr
i

respectively, as in Eqs. (5) and (6), i.e.,

Fig. 2. a) Mohr-Coulomb failure envelope in terms of transformed principal stresses. b) Problem of
tunnel excavation in the ‘transformed’ Mohr-Coulomb elasto-plastic material
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So ¼ so þ
sci

Kf � 1
; ð8Þ

Pi ¼ pi þ
sci

Kf � 1
; ð9Þ

Pcr
i ¼ pcr

i þ sci

Kf � 1
: ð10Þ

A rigorous solution for the transformed problem in Fig. 2b is discussed in
Carranza-Torres (2002). The solution will be presented here without a demon-
stration (the interested reader is referred to the article mentioned above). It should
be noted nevertheless that the following expressions are completely equivalent to
the other rigorous solutions listed in the Introduction to this paper.

The transformed critical internal pressure Pcr
i , below which the plastic zone

develops, depends on the value of transformed far-field stress So and the param-
eter Kf as follows

Pcr
i

So

¼ 2

Kf þ 1
: ð11Þ

If the given value of transformed internal pressure Pi is below the critical value
Pcr
i (i.e., Pi < Pcr

i ), then the radius Rpl of the plastic zone is

Rpl

a
¼ Pcr

i

Pi

� �1=ðKf�1Þ
: ð12Þ

For this case the radial convergence at the tunnel wall is

ua
r

a

2G

So � Pcr
i

¼ ðKc � 1ÞðKf � 1Þ � 2C

ðKc þ 1ÞðKf � 1Þ þ 2ðKf þ KcÞ þ 2C

ðKc þ 1ÞðKf þ KcÞ
Rpl

a

� �Kcþ1

þ 2C

ðKf þ KcÞðKf � 1Þ
a

Rpl

� �Kf�1

; ð13Þ

where the constant C is

C ¼ ð1 � nÞðKfKc þ 1Þ � nðKf þ KcÞ: ð14Þ

If the given value of transformed internal pressure Pi is above the critical value
Pcr
i (i.e., Pi > Pcr

i ), then the wall convergence is given by Lamé’s classical solution
(see for example Jaeger and Cook, 1979),

ua
r

a

2G

So

¼ 1 � Pi

So

: ð15Þ

Equations (11), (12) and (13) are represented in Figs. 3 and 4 – Fig. 4a con-
siders the case of non-associated flow rule with dilation angle c ¼ 0� while Fig. 4b
considers the case of associated flow rule with dilation angle c ¼ f.

To illustrate the application of these diagrams we consider the problem of
excavating a deep gallery in hard rock, as represented in Fig. 5a (geometry
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dimensions, loading conditions and elasto-plastic properties are listed under the
heading Data in the figure). The objective is to compute the critical internal pres-
sure below which the plastic zone starts to develop, the extent of the plastic zone,
and the convergence of the tunnel wall.

The first step of the solution is to compute the transformed loading conditions
according to Eqs. (8) through (10) – see Step 1 in Fig. 5. The second step is to
compute the critical value of internal pressure from Fig. 3a – see Step 2 in Fig. 5.
For this particular problem Pcr

i =So ¼ 0:5 (see point A1 in Fig. 3a) and since

Fig. 3. Charts for the determination of a) critical internal pressure below which the failure zone devel-
ops around the tunnel and b) radius of the failure zone in the case of frictional-cohesive material

(f > 0� and c0 0)
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Pi=So ¼ 0:11 then Pi < Pcr
i and the plastic zone actually develops. The third step

is to compute the value of radius of plastic zone from Fig. 3b – see Step 3 in
Fig. 5. For this particular problem the extent of the plastic zone is 2.12 times
the radius of the tunnel – see point A2 in Fig. 3b. The fourth step is to compute
the value of wall convergence from Fig. 4a and 4b – see Step 4 in Fig. 5. In
this case the scaled values of radial convergence are ðua

r =aÞð2G=ðSo � Pcr
i ÞÞ ¼ 5:86

and ðua
r =aÞð2G=ðSo � Pcr

i ÞÞ ¼ 19:47 for non-associated and associated flow rule
respectively (see points A3 and A4 in Fig. 4), so the final convergence are 7% and
22% times the radius of the tunnel (respectively).

Fig. 4. Charts for the determination of the wall radial displacement for a) associated and b) non-
associated flow rules for the case of frictional-cohesive material (f > 0� and c0 0)
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Fig. 5. Example of elasto-plastic analysis of a gallery in a mine showing the application of Figs. 3 and 4
(gravity is neglected in the problem and conditions of plane strain are considered for sections perpen-

dicular to the axis of the gallery)
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4. Solution for the Case of Frictionless Purely-cohesive Material (fF 0˚ and cF/ 0)

The transformation discussed by Anagnostou and Kovari (1993) does not apply in
the case of frictionless material, since the term Kf � 1 in Eqs. (8) through (10)
becomes zero and the transformed stresses become indeterminate.

The solution for the problem in Fig. 1a can still be found from the solution
presented above (Eqs. (11) through (15)) if the values of transformed stresses So,
Pi and Pcr

i are replaced by their definition in Eqs. (8), (9) and (10) and the limit
Kf ! 1 is computed in the resulting expressions using L’Hospital rule.

For the frictionless Mohr-Coulomb material (also known as the Tresca mate-
rial), the solution is given by the following expressions.

The critical internal pressure pcr
i is

pcr
i

so
¼ 1 � 1

2

sci

so
: ð16Þ

For the case pi < pcr
i the extent of the failure zone is

Rpl

a
¼ exp 1 � pi

pcr
i

� �
so

sci
� 1

2

� �� �
; ð17Þ

and the corresponding radial convergence is

ua
r

a

2G

so � pcr
i

¼ Kc � 1 � 2ð1 � 2nÞ
Kc þ 1

þ 4ð1 � nÞ
Kc þ 1

Rpl

a

� �Kcþ1

þ 2ð1 � 2nÞ ln
a

Rpl

� �
: ð18Þ

For the case pi > pcr
i the wall radial convergence is obtained again from

Lamé’s solution, i.e.,

ua
r

a

2G

so
¼ 1 � pi

so
: ð19Þ

Equations (16), (17) and (18) are represented graphically in Figs. 6 and 7. An
example showing the application of these diagrams is presented in Fig. 8. The
example considers the analysis of a section of borehole drilled in a non-frictional
material (e.g., in clay) and with internal support provided by a material of lower
density (e.g., by bentonite). As a simplification, gravity is neglected and conditions
of plane strain are considered for sections perpendicular to the borehole axis (the
value of so considered in Fig. 8 corresponds then to the mean value of horizontal
stress at the depth of interest). Results for this problem are presented in Fig. 8.

5. ‘Universal’ form of the Ground Reaction Curve in Mohr-Coulomb

Perfectly-plastic Materials

As mentioned in the Introduction to this paper, the Ground Reaction curve is the
graphical representation of the relationship between decreasing internal pressure

Dimensionless Graphical Representation of the Exact Elasto-plastic Solution 245



pi and resulting wall convergence ua
r (see Fig. 1a). The ground reaction curve is the

basis of tunnel support design according to the Convergence-Confinement method
(see for example, Hoek and Brown, 1980; Brady and Brown, 1993; Hoek et al.,
1995).

A ‘Universal’ form of the ground reaction curve for circular tunnels in Mohr-
Coulomb perfectly-plastic material can be constructed from the expressions pre-
sented earlier.

For example, in the case of frictional-cohesive material (f > 0�; c0 0),
replacing Eqs. (11) and (12) into Eq. (13), the plastic part of the ground reaction
curve is given by

ua
r

a

2G

So

¼ Kf � 1

Kf þ 1

"
ðKc � 1ÞðKf � 1Þ � 2C

ðKc þ 1ÞðKf � 1Þ

þ 2ðKf þ KcÞ þ 2C

ðKc þ 1ÞðKf þ KcÞ
Kf þ 1

2

Pi

So

� ��ðKcþ1Þ=ðKf�1Þ

þ 2C

ðKf þ KcÞðKf � 1Þ
Kf þ 1

2

Pi

So

#
: ð20Þ

Similarly, for the case of frictionless purely-cohesive material (f ¼ 0�; c0 0),
replacing Eqs. (16) and (17) into Eq. (18),

ua
r

a

2G

so
¼ 1

2

sci

so

�
Kc � 1 � 2ð1 � 2nÞ

Kc þ 1
þ 4ð1 � nÞ

Kc þ 1
exp ðKc þ 1Þ so

sci
� pi

so

so

sci
� 1

2

� �� �

� 2ð1 � 2nÞ so

sci
� pi

so

so

sci
� 1

2

� ��
: ð21Þ

The ‘Universal’ Ground Reaction curves defined by Eqs. (20) and (21) are

Fig. 6. Chart for the determination of the critical internal pressure below which the failure zone
develops around the tunnel for the case of frictionless purely-cohesive material (f ¼ 0� and c0 0)
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represented graphically in Figs. 9 and 10 respectively. Note that Fig. 9a corre-
sponds to non-associated flow rule (c ¼ 0�), while 9b corresponds to associated
flow rule (c ¼ f). The linear curve in these diagrams represents the elastic behav-
ior of the tunnel – note that the scaling of the horizontal axis is such that the
scaled convergence is equal to 1 if the tunnel in Fig. 2b is unsupported; i.e.,
Pi=So ¼ 0. The non-linear curves in these diagrams correspond to the plastic
behavior of the tunnel – the di¤erent curves are for di¤erent values of internal
friction angle f.

In essence, every Ground Reaction curve that can be constructed with the
rigorous solution of the circular tunnel problem in a Mohr-Coulomb material will

Fig. 7. Charts for the determination of a) the radius of the failure zone and b) the wall radial conver-
gence for the case of frictionless purely-cohesive material (f ¼ 0� and c0 0)
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be contained in these curves. For example, the points indicated as C and D in
Figs. 9 and 10 respectively represent the solution for the examples discussed in
Figs. 5 and 8.

A potential practical application of these diagrams is the interpretation of
results from parametric studies of tunnel convergence. Studies of this type in which
elasto-plastic models like the one in Fig. 1a are ‘fed’ with Mohr-Coulomb
parameters estimated from the quality of the rock mass have been presented, for
example, by Hoek (2001) – relationships between Mohr-Coulomb parameters
and the quality of the rock mass for applications in tunnel design can be found in
Hoek et al. (2002). To illustrate the application of the diagrams, let us consider

Fig. 8. Example of elasto-plastic analysis of a vertical borehole in clay showing the application of
Figs. 6 and 7 (gravity is neglected in the problem and conditions of plane strain are considered for

sections perpendicular to the axis of the borehole)
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the results obtained from statistical analysis of tunnel cases in which the friction
angle of the material was kept constant (e.g., f ¼ 30�) and the ‘exact’ solution
of the tunnel problem (as given by Eqs. (8) through (15) or by the solutions
mentioned in the Introduction to this paper) was applied to find the relationship

Fig. 9. ‘Universal’ Ground Reaction curves for a tunnel excavated in frictional-cohesive elasto-plastic
Mohr-Coulomb material for a) non-associated (c ¼ 0�) and b) associated (c ¼ f) flow rules
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between internal pressure and wall convergence for di¤erent values of far-field
stresses so, internal pressure pi, unconfined compression strength sci, Shear Mod-
ulus G and tunnel radius a (see Fig. 11a).

The di¤erent points in Fig. 11b represent results of scaled internal pressure
pi=so and scaled wall convergence ua

r =a for randomly generated cases with prop-
erties in the ranges indicated in Fig. 11a.

Figure 11c represents the same results as in Fig. 11b, but this time plotted on
the ‘Universal’ Ground Reaction curve of Fig. 9a. The random nature of the
results has clearly disappeared and all points align now to the fundamental
Ground Reaction curve for the value of friction angle used in the generation of
cases (i.e., the value f ¼ 30�).

6. Discussion

The dimensionless graphical solution presented in this paper can be conveniently
used to perform a rigorous elasto-plastic analysis of circular tunnel excavation
problems in perfectly Mohr-Coulomb material under hydrostatic loading, for both
frictional-cohesive materials and frictionless purely-cohesive materials.

The scaling rule considered by Anagnostou and Kovari (1993) can be easily
applied to the solution of elasto-plastic problems involving the Mohr-Coulomb
failure criterion. A practical application of this particular form of scaling was

Fig. 10. ‘Universal’ Ground Reaction curve for a tunnel excavated in frictionless, purely-cohesive,
elasto-plastic material

C. Carranza-Torres250



illustrated here with the construction of ‘Universal’ Ground Reaction curves for
tunnels in a Mohr-Coulomb perfectly plastic material.

The same scaling rule can be applied, under certain conditions, to the case of
perfectly brittle Mohr-Coulomb failure criterion. Carranza-Torres et al. (2002)
describes how the ‘Universal’ Ground Reaction curve for this material behavior
can be obtained.

The advantages that the transformation rule brings in the representation of
results of tunnel problems in Mohr-Coulomb materials (mainly in terms of sim-
plification of the representation), make it worth examining the possibility of

Fig. 11. a) Randomly generated tunnel cases. b) Representation of the results in the classical Ground
Reaction curve. c) Representation of the results in the ‘Universal’ Ground Reaction curve
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deriving diagrams similar to the ones presented here for other fundamental
solutions, such as the solution of a circular tunnel subject to non-hydrostatic
loading derived by Detournay and Fairhurst (1987) and Detournay and St. John
(1988).
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