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Abstract

We have developed a simple, yet accurate theoretical method for calculating the reduced isotope partition function ratio (RIPFR) for
hydrogen of water at elevated pressures. This approach requires only accurate equations of state (EOS) for pure isotopic end-members
(H2O and D2O), which are available in the literature. The effect of pressure or density on the RIPFR of water was calculated relative to
that of ideal-gas water at infinitely low pressure for the temperature range from 0 to 527 �C. For gaseous and low-pressure (ca. 615 MPa)
supercritical phases of water, the RIPFR increases slightly (1–1.3&) with pressure or density in a fashion similar to those of many other
geologic materials. However, in liquid and high-pressure (>20 MPa) supercritical phases, the RIPFR of water decreases (0.5–6&) with
increasing pressure (or density) to 100 MPa. This rather unique phenomenon is ascribed to the inverse molar volume isotope effects
(MVIE) of liquid and high-density supercritical waters, V (D2O) > V (H2O), while other substances including minerals show the normal
MVIE. These theoretical predictions were experimentally confirmed by Horita et al. [Horita, J., Cole, D.R., Polyakov, V.B., Driesner, T.,
2002. Experimental and theoretical study of pressure effects on hydrogen isotope fractionation in the system brucite–water at elevated
temperatures. Geochim. Cosmochim. Acta 66, 3769 – 3788.] for the system brucite–water. Although the P–T ranges for the EOS of normal
and heavy waters are rather limited, our modeling indicates that the RIPFR of water continues to decrease with pressure above 100 MPa.
The method developed here can be applied to any other geologic fluids, if accurate EOS for their isotopic end-members is available.
These results have important implications for the interpretation of high-pressure isotopic partitioning in the Earth, the outer planets,
and their moons.
� 2006 Elsevier Inc. All rights reserved.
1. Introduction

A quantitative understanding of the isotopic properties
of water and other fluids are of great importance to the
interpretation of isotopic behavior not only at elevated
temperatures, but also at elevated pressures. Trace
amounts of water have been reported for various nominally
anhydrous minerals from the mantle (Williams and Hem-
ley, 2001), suggesting that water may be more abundant
in the deep Earth than previously thought, especially in
subduction zones. The outer planets and their moons in
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the solar system also contain water (ice), methane, and
other fluids at elevated pressures. Despite the primary
importance of pressure as a master variable in controlling
phase equilibria and elemental distributions, our under-
standing is limited on how pressure affects the isotopic
properties of fluids. Since the pioneering works by Singh
and Wolfsberg (1975) and Bigeleisen and Mayer (1947) in
the 1940s, many investigators reported their results of sta-
tistical–mechanical calculations of the reduced isotopic
partition function ratios (RIPFR) of water and other
simple molecules, which provide information on isolated
molecules, i.e., ideal-gas at infinitely low pressures. Calcu-
lations by Wolfsberg and co-workers (Bron et al., 1973;
Kleinman and Wolfsberg, 1973; Bardo and Wolfsberg,
1975, 1977) and by Richet et al. (1977) are among the most
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accurate and updated calculations, including anharmonic,
rotational and rotational-vibration corrections.1 Although
small errors and uncertainties exist regarding the anhar-
monic corrections, the RIPFR of ‘‘ideal-gas’’ water is well
determined.

The calculation of the RIPFR for liquids and supercrit-
ical fluids at elevated pressures by means of the statistical–
mechanical methods requires accurate knowledge of both
inter- and intra-molecular force fields and their contribu-
tions to the RIPFR over a wide range of temperature
and pressure. Such detailed information on the structure
and properties of fluids is currently not available even for
water, the most studied fluid. To circumvent this problem,
several approaches were used in the literature to construct
simple models for the structure and properties of high-den-
sity fluids. For example, several investigators used an aver-
age molecular-cell model to calculate the RIPFR of liquid
water (see a review by Jancso and Van Hook, 1974).
Recently, Driesner (1997) estimated the pressure effect on
RIPFR of supercritical water, assuming that only the inter-
nal symmetric O–H stretching frequency of water mole-
cules red-shits with increasing pressure based on
experimental IR data from the literature. However, these
simplistic models and assumptions yield qualitative results
at best.

Other methods utilized molecular-based simulations,
which are becoming increasingly more powerful for isoto-
pic studies. Bopp et al. (1974) and Driesner et al. (2000) cal-
culated oxygen and hydrogen isotopic fractionation in the
hydration complexes of dissolved electrolytes in water,
using quantum-mechanical (Hartree–Fock and Density
Function Theory, DFT) simulations. Driesner and Seward
(2000) used classical mechanical (molecular dynamics,
MD) and quantum mechanical (DFT) simulations to cal-
culate oxygen and hydrogen isotope fractionations among
different water clusters (monomer, dimmer, trimer, etc.) in
the gas phase. Classical mechanics-based molecular simula-
tions alone cannot be used to directly calculate isotopic
effects, which have their origins in quantum mechanics.
1 The RIPFR is the main concept of stable isotope fractionation theory
(Bigeleisen and Mayer, 1947; Urey, 1947). The RIPFR is defined as (Urey,
1947; Bigeleisen and Mayer, 1947; Singh and Wolfsberg, 1975):
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where ln(s*/s) f is the RIPFR, Q is the partition function (statistical sum),
A is the Helmholtz free energy, k is the Boltzmann constant, T is absolute
temperature, the asterisk * refers to the isotopically substituted molecule,
and the subscript ‘‘class’’ denotes quantities calculated according to clas-
sical (non-quantum) mechanics.

Equilibrium isotope fractionation factor between two substances A and
B (aA–B) can be expressed as:

aA–B ¼
ðs�=sÞfA

ðs�=sÞfB

.

However, using the first- and second-order Kirkwood–
Wigner quantum correction (perturbation method), Chial-
vo and Horita (2003) recently conducted MD and Gibbs
Ensemble Monte Carlo simulations for the liquid–vapor
and solid-vapor isotope fractionation of nobles gases
(Ne, Ar, and Kr), including the compositional dependence
of liquid–vapor fractionation of Ar and Kr isotopes. Their
simulation results agree very well with experimental data in
the literature.

In this study, we have developed a novel approach for
calculating the RIPFR of fluids at elevated pressures, using
thermodynamic data of isotopically pure end-members. All
thermophysical properties (pressure–volume–temperature
relationship, specific heat, entropy, etc.) of fluids are accu-
rately described by equation of states (EOS). However,
thermodynamic functions from the EOS cannot be applied
directly to chemical reactions, especially to isotope frac-
tionation. This is because free energies of isotopologues de-
fined by the EOS’s are not mutually consistent since the
enthalpies of formation are not included in the values of
isotopologues thermodynamic functions. The EOS ap-
proach, however, can provide accurate differences in the
values of thermodynamic functions (free energy, chemical
potential, enthalpy) of a given isotopic species between dif-
ferent pressure–volume–temperature (P–V–T) conditions.
This, in turn, can provide a means of calculating differences
in the reduced partition function of isotopic species relative
to a reference P–T condition. Here, we present the princi-
ples of our new method for calculating the RIPFR of fluids
on the basis of their EOS. We applied this method to water,
the most important geologic fluid, to understand the effect
of pressure on the RIPFR.

2. Equations of states for normal and heavy waters

Because of their primary importance in various disci-
plines of science and engineering, a number of equations
of state (EOS) have been developed for both light (H2O)
and heavy water (D2O) over a wide range of temperature
and pressure in the literature. However, only a few of them
(Hill et al., 1982; Kestin et al., 1984a,b) provide enough
accuracy to calculate their isotopic properties for the both
end-member fluids. Recently, several investigators (Kiselev,
1997; Kostrowicka-Wyczalkowska et al., 2000; Abdulka-
dirova et al., 2002) presented new crossover EOS for
H2O, D2O, and their mixtures in the narrow P–T range
near the critical point. Hill (1990) and Wagner and Pruss
(2002) reported EOS for H2O only. In the present study,
we use the EOS developed by Kestin et al. (1984a,b) for
H2O and D2O because of their high quality and internal
consistency over a wide range of P–T conditions.

According to the formulation given by Kestin et al.
(1984a,b), all equilibrium thermodynamic properties,
exclusive of the region near the critical point, are represent-
ed by the canonical equation A = A (T,q), where A is the
Helmholtz free energy, T is absolute temperature (K),
and q is the molar density (moles per unit volume). EOS
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for both D2O and H2O are written in a non-dimensional
form and include numerous empirical coefficients. An
appropriate formula for calculating the Helmholtz free
energy is given by Kestin et al. (1984a,b). The tempera-
ture–pressure ranges of the EOS are:

H2O:

P 6 100½5þ ðT � 273:15Þ=15� ðMPaÞ
at 273:15 6 T 6 423:15 ðKÞ

and

P 6 1500 ðMPaÞ at 423:15 6 T 6 1273:15 ðKÞ

exclusive of the region around the critical point;

jT � T crj < 1K; jq=qcr � 1j < 0:3;

where the subscript cr stands for the critical point.
D2O:

P 6 100 ðMPaÞ; T tr 6 T 6 800 ðKÞ
exclusive of the near-critical range:

0:991 6 T=T cr 6 1:06 and 0:7 6 q=qcr 6 1:3;

where the subscript tr stands for the triple point.
Although Kestin et al. (1984a,b) presented formulations
of the EOS for H2O and D2O that cover the critical re-
gion, those formulations do not have the canonical form.
For this reason, the critical region of water is not consid-
ered in this study.

EOS cannot be applied directly to computing the RIP-
FR because the enthalpies of formation of both water spe-
cies are not available. Of course, we can compare the
thermodynamic functions relative to those at the different
states on the basis of the EOS. Unlike their partition func-
tions, vapor pressure isotope effects (VPIE) of D2O and
H2O ðVPIE ¼ P H2O=P D2OÞ can be directly evaluated from
the EOS. This is not surprising because VPIE, which is
the ratio of the saturation vapor pressures of two pure iso-
tope species, can be calculated from the derivatives of their
thermodynamic functions. Calculation of the VPIE from
Fig. 1. Comparisons of VPIE calculated by the EOS with experimental data. (
Comparison with data of Harvey and Lemmon (2002) below 100 �C. (c) Comp
mentioned references for further informantion).
the EOS of H2O and D2O serves as a test for the accuracy
of these EOS for calculating isotope effects. The saturation
vapor pressure for light and heavy waters can be calculated
using the condition that the chemical potentials of vapor
and liquid phases are equal along the their boundary,
equivalent to the zero value of Maxwell’s integral between
liquid and vapor phases.Z Vap

Liq

oG
oP

� �
T

dP ¼
Z Vap

Liq

V dP ¼ 0; ð1Þ

where G is the Gibbs free energy and V is the molar vol-
ume. The integration is made along the entire isothermal
line from the vapor (Vap) to the liquid (Liq) phase de-
fined by the EOS (e.g., Kondepudi and Prigogine,
1998). Eq. (1) was solved numerically for the temperature
range from 5 to 360 �C with 5 �C steps. Initial values at
each temperature were estimated using the Clapeyron–
Clausius equation, and results of the calculation for
VPIE are given in Fig. 1. An agreement between exper-
imental data and those calculated from the EOS is excel-
lent. Differences between experimental and our calculated
data do not exceed the experimental error of about 0.2%.
Furthermore, the EOS yield a crossover temperature
ðP H2O=P D2O ¼ 1Þ of 221.34 �C, which is in a good agree-
ment with experimental data (221.00 �C by Zieborak,
1966 and 220.95 �C by Jancso and Van Hook, 1974).
This agreement with experimental data attests to the
accuracy of the EOS for calculating small differences in
various isotopic properties between heavy and light
water.

3. Principles of EOS-based methods for calculating the

reduced isotope partition function ratio of real fluids

Here we present general principles for calculating the re-
duced partition function ratios using EOS of pure isotopic
species. H2O and D2O serve as a good example, but the
approaches presented below can be applied to any sub-
stance, if EOS is available for their pure isotopic species.
a) Comparison with data of Jàkli and Van Hook (1981) below 100 �C. (b)
arison with experimental data in the range from 100 to 360 �C. (See above-
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Two EOS-based methods are presented, which allow the
calculation of the reduced partition function ratio of real
H2O–D2O fluids relative to those of ideal-gas H2O–D2O.
The latter has been reported in the literature by Wolfsberg
and his co-workers (Bron et al., 1973; Kleinman and
Wolfsberg, 1973; Bardo and Wolfsberg, 1975, 1977, 1978)
and Richet et al. (1977).

3.1. Method 1

Bigeleisen (1961) presented a formula that relates the
RIPFR of condensed phases to VPIE. Below, we reproduce
his derivations with some modifications that are convenient
for the use of the EOS. The Gibbs free energy for real-gas
phase (Gr) can be written as

Gr=RT ¼ ln P � 3

2
ln M � 5

2
ln T þ Ai=RT þ Z þ KST; ð2Þ

where KST is the Sackur–Tetrode constant, M is the molec-
ular weight, R is the gas constant, Z (=PV/RT) is the com-
pressibility factor, and Ai is the Helmholtz free energy for
molecular rotation and internal energy. The equilibrium
condition between gaseous and condensed phases, Gc = Gr,
where Gc is the Gibbs energies of condensed phase, for
D2O and H2O leads to

ln
P �

P

� �
¼ G�c � Gc

RT
� A�i � Ai

RT
þ 3

2
ln

M�

M

� �
� ðZ� � ZÞ.

ð3Þ

Hereafter the asterisk denotes quantities relating to D2O.
Note the second and third terms of Eq. (3) represent the
quantum-mechanical partition function for ideal-gas

�A�i � Ai

RT
þ 3

2
ln

M�

M

� �
¼ lnðQ�=QÞquant

¼ lnðs�=sÞfid þ
3

2
n ln

m�

m
; ð4Þ

where Q is the ideal gas quantum partition function (statis-
tical sum), ln(s*/s)fid is the RIPFR of ideal-gas and m and
m* are the atomic masses of protium and deuterium,
respectively. The n is the multiplicity of the isotope substi-
tution (2 for D2O). Unlike the Helmholtz free energy of
ideal gas, the Gibbs free energy of condensed phases can-
not be directly converted to the RIPFR, because the Gibbs
energies in Eq. (3) refer to different pressures. Using the
theorem of small increments (Landau and Lifshits, 1980),
which claims dGT,P � dAT,V, and neglecting the second
and higher-order terms

GðT ; P �;m�Þ ¼ GðT ; P ;m�Þ þ
Z P�

P

oG
oP

� �
T

dP

¼ GðT ; P ;m�Þ þ
Z P�

P
V c dP

� �
ffi GðT ; P ;m Þ þ ðP � P ÞV . ð5Þ
Thus, the first term in the right-hand side of Eq. (3) can be
written:

GcðT ; P �;m�Þ � GcðT ; P ;mÞ
RT

¼ GcðT ; P ;m�Þ � GcðT ; P ;mÞ
RT

þ ðP
� � P ÞV c

RT

¼ � lnðs�=sÞfc �
3

2
n ln

m�

m
þ ðP

� � PÞV c

RT
. ð6Þ

Inserting Eqs. (4) and (6) into Eq. (3), one obtains

ln
P �

P

� �
¼�½lnðs�=sÞfc� lnðs�=sÞfid�þ

ðP � �P ÞV
RT

�ðZ� �ZÞ.

ð7Þ

Using the relationship ln (P*/P) � (P* � P)/P, Eq. (7) is
rewritten

ln
P �

P

� �
1� PV

RT

� �
þ ðZ� � ZÞ ¼ �½lnðs�=sÞfc � lnðs�=sÞfid�.

ð8Þ
The temperature and pressure can be calculated from the
EOS of H2O and D2O, at which Eq. (8) becomes zero

lnðs�=sÞfcðP 0; T 0Þ ¼ lnðs�=sÞfidðT 0Þ; ð9Þ
where T0 = 244.76 �C (517.91 K) and P0 = 3633.5438 kPa
(saturated vapor pressure of H2O).

Using the definition of the RIPFR, Eq. (9), and ln(s*/
s) fid (T0) = 2.4122 at T0 = 517.91 K and P0 = 3633543.8 Pa
(Bron et al., 1973; Bardo and Wolfsberg, 1978), we obtain

lnðs�=sÞf ðP ;T Þ

¼ GðP ;T Þ�G�ðP ;T Þ
RT

�3

2
n ln

m�

m
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RT
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RT

�3
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m
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RT
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2
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Fig. 2. Comparison of the ‘ideal-gas’ RIPFR for D2O–H2O calculated
from the EOS (Method 1) with that by statistical–mechanical method
(Bron et al., 1973; Bardo and Wolfsberg, 1975, 1977, 1978).
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This equation allows one to calculate the RIPFR of
real-fluids of H2O–D2O on the basis of their EOS. A
reference point P0–T0 can be chosen arbitrarily along
the vapor–liquid boundary, including those that yield
non-zero value of Eq. (8). In such a case, a non-zero
term has to be added to the right-hand side of
Eq. (9).

The validity of Eq. (10) can be tested by comparing
results of the RIPFR of ideal-gas H2O–D2O at the limit
of low density with statistical–mechanical calculations by
Richet et al. (1977), and Wolfsberg and co-workers
(Bron et al., 1973; Kleinman and Wolfsberg, 1973; Bardo
and Wolfsberg, 1975, 1977, 1978). A large discrepancy is
observed in the temperature dependency between the ide-
al-gas RIPFR, which is calculated using the EOS, and
those calculated by the statistical–mechanical approach
(Fig. 2). This large discrepancy is most likely due to
the fact that the ideal-gas part of EOS of D2O (Kestin
et al., 1984b) does not have the same accurate formalism
as that for H2O (Kestin et al., 1984a). This deficiency
should be addressed in future developments of EOS for
D2O.

3.2. Method 2

At the low density limit (q fi 0), the EOS for pure flu-
ids is reduced to that for the ideal-gas. Thus, if we can
calculate pressure (and density) derivatives of thermody-
namic properties of H2O and D2O from their ideal-gas
counterparts using EOS, pressure (density) effects on
their thermodynamic properties can be obtained, includ-
ing the RIPFR:
lnðs�=sÞf ðT ;qÞ

¼AðT ;qÞ�A�ðT ;qÞ
RT

�3

2
n ln

m�

m
¼AðT ;0Þ�A�ðT ;0Þ

RT

�3

2
n ln

m�

m
þAðT ;qÞ�A�ðT ;0Þ

RT
�A�ðT ;qÞ�A�ðT ;0Þ

RT

¼ lnðs�=sÞfidðT Þþ
AðT ;qÞ�AðT ;0Þ

RT
�A�ðT ;qÞ�A�ðT ;0Þ

RT
;

ð11Þ

where AðT ; 0Þ ¼ limq!0AðT ; qÞ. It should be stressed that
the molar density (molar volume) in Eq. (11) must be the
same for H2O and D2O. An analogous expression of Eq.
(11) can be written in terms of the Gibbs free energy and
pressure, which is more convenient to compare with exper-
imental data

lnðs�=sÞf ðT ; PÞ ¼ lnðs�=sÞfidðT Þ þ
GðT ; PÞ � GðT ; 0Þ

RT

� G�ðT ; P Þ � G�ðT ; 0Þ
RT

; ð12Þ

where GðT ; 0Þ � limP!0GðT ; P Þ. Thus, the deviation of the
RIPFR of a real fluid is defined by pressure dependency
of the Gibbs free energies of light and heavy isotopic mol-
ecules. This method requires the knowledge of the ideal-gas
RIPFR over the entire temperature range of interest, in-
stead of any single point of P–T used in the first method.
Using the relationship, V = (oG/oP)T, Eq. (12) can be
rewritten as

lnðs�=sÞf ðT ; PÞ � lnðs�=sÞfidðT Þ

¼
Z P

0

V
RT

dP �
Z P

0

V �

RT
dP ¼ �

Z P

0

V � � V
RT

dP . ð13Þ

Thus, the success of this method depends entirely on the
accuracy of thermodynamic data, particularly for the mo-
lar volume isotope effect (MVIE); DV = V* � V, of EOS
for H2O and D2O. The MVIE of H2O–D2O is in the range
of several tenths of a percent (see a review of Jancso et al.,
1993). The EOS developed by Kestin et al. (1984a,b) can
provide the molar volumes at a given pressure and temper-
ature with high accuracy on the order of a few thousandths
to a few hundredths of a percent (see a comparison between
experimental data and those from the EOS in Table 1).

The applicability of this EOS-based approach (Eqs.
(11)–(13)) for calculating the RIPFR for real gases can be
tested by examining D2O and H2O fractionation between
the liquid and vapor phases

H2Oliquid þD2Ovapor $ D2Oliquid þH2Ovapor ð14Þ
and

ln aL�VðD2OÞ ¼ lnðs�=sÞfL � lnðs�=sÞfV

¼ AðT ; qLÞ � AðT ; qVÞ
RT

� A�ðT ; qLÞ � A�ðT ; qVÞ
RT

; ð15Þ

where subscripts L and V denote the liquid and vapor
phases, respectively. In order to compare the calculated
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Table 1
A comparison of the MVIE in heavy (D2O) and ordinary (H2O) water
estimated by Kell (1977) and that calculated from the EOS of Kestin et al.
(1984a,b)

T (�C) Molecular volume (cm3/mol) MVIE,
V D2 O�V H2 O

V H2 O
	 103

H2O D2O

Kell (1977) EOS Kell (1977) EOS Kell (1977) EOS

10 18.0206 18.0199 18.1080 18.1078 4.85 4.88
15 18.0314 18.0308 18.1099 18.1096 4.35 4.37
20 18.0476 18.0471 18.1185 18.1181 3.93 3.93
25 18.0685 18.0683 18.1331 18.1326 3.58 3.56
30 18.0939 18.0938 18.1531 18.1525 3.27 3.24
35 18.1233 18.1234 18.1779 18.1775 3.01 2.98
40 18.1565 18.1566 18.2072 18.2069 2.79 2.77
45 18.1932 18.1934 18.2406 18.2406 2.61 2.60
50 18.2333 18.2335 18.2779 18.2782 2.45 2.46
55 18.2766 18.2767 18.3190 18.3195 2.32 2.34
60 18.3230 18.3230 18.3634 18.3643 2.21 2.25
65 18.3724 18.3723 18.4113 18.4124 2.12 2.18
70 18.4247 18.4246 18.4623 18.4637 2.04 2.12
75 18.4799 18.4797 18.5165 18.5181 1.98 2.08
80 18.5380 18.5376 18.5737 18.5755 1.93 2.04
85 18.5988 18.5984 18.6338 18.6358 1.88 2.01
90 18.6624 18.6619 18.6968 18.6991 1.85 1.99
95 18.7287 18.7282 18.7628 18.7652 1.82 1.97

100 18.7978 18.8002 18.8316 18.8369 1.80 1.95
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values of ln aL�VðD2OÞ with experimental values of
lnaL�V(HDO) for the reaction

H2Oliquid þHDOvapor $ HDOliquid þH2Ovapor ð16Þ
the deviation from the rule of the geometric mean has to be
taken into account (Polyakov et al., 2005)

2 ln aL�VðHDOÞ � ln aL�VðD2OÞ

¼ ðqL � qcrÞ=T ½ð5:6938� 0:1418Þð1� T=T crÞ
� ð18:7921� 0:4156Þð1� T =T crÞ2

þ ð35:2445� 0:4463Þð1� T =T crÞ3� 	 10�3. ð17Þ

Theoretical calculations of the value of lnaL�V(HDO)

from Eqs. (15) and (17) agree very well with those obtained
from direct mass spectrometric measurements by Horita
and Wesolowski (1994) (Fig. 3).

Another example is hydrogen isotope fractionation be-
tween liquid water and gaseous hydrogen. Assuming
hydrogen gas behaves ideally at temperatures above
273 K and at low pressures, a D/H fractionation factor be-
tween liquid water and gaseous hydrogen can be written as

lnaH2OðlÞ�H2
¼ lnðs�=sÞfideal-HDO� lnðs�=sÞfideal-H2

þ1

2

AðT ;qÞ�AðT ;0Þ
RT

�A�ðT ;qÞ-A�ðT ;0Þ
RT

� �
water

þ1

2
ðqL�qcrÞ=T ½ð5:6938�0:1418Þð1�T=T crÞ

�ð18:7921�0:4156Þð1�T=T crÞ2

þð35:2445�0:4463Þð1�T=T crÞ3�	10�3;

ð18Þ
where the term lnðs�=sÞfideal-HDO � lnðs�=sÞfideal-H2
relates

to hydrogen isotope fractionation between ideal
water vapor and ideal hydrogen gas, and the term
1
2
½AðT ;qÞ�AðT ;0Þ

RT � A�ðT ;qÞ�A�ðT ;0Þ
RT �water describes the density effect

on ln (s*/s) fHDO according to the rule of the geometric
mean. The remaining terms in Eq. (18) refer to the devi-
ation from the rule of the geometric mean along the
water liquid–vapor equilibrium curve (Polyakov et al.,
2005).

Using the RIPFR of ideal-gas H2 from Bardo and
Wolfsberg (1975), an excellent agreement is achieved be-
tween calculations and experimental data of Rolston
et al. (1976) (Fig. 4). These two examples demonstrate
the validity of the EOS-based method for calculating the
RIPFR for real fluids.
4. Reduced isotope partition function ratios of water at

elevated pressures

Using Method 2 developed above, we can determine the
pressure dependence of the RIPFR for real H2O–D2O flu-
ids. The pressure effect can be expressed as the ratio of the
RIPFR at a given pressure to that at a reference pressure
(Horita et al., 2002)

CP �
ðs�=sÞf ðT ; P Þ
ðs�=sÞf ðT ; P refÞ

. ð19Þ

A similar quantity Cq can be introduced for the density
effect. Zero pressure (density) is chosen as reference state
for the gas and supercritical fluid phases, whereas the sat-
urated water vapor pressure along the liquid–vapor bound-
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ary is used as the reference for the liquid phase. Assuming
that the pressure effect obeys the rule of the geometric
mean, one can write following expressions.

Gas phase and super critical fluids:

lnCPðHDOÞ � lnðs�=sÞfHDOðT ;P Þ� lnðs�=sÞfHDOðT ;0Þ

¼GðT ;PÞ�GðT ;0Þ
2RT

�G�ðT ;P Þ�G�ðT ;0Þ
2RT

ð20Þ

or

ln CqðHDOÞ � lnðs�=sÞfHDOðT ; qÞ � lnðs�=sÞfHDOðT ; 0Þ

¼ AðT ; qÞ � AðT ; 0Þ
2RT

� A�ðT ; qÞ � A�ðT ; 0Þ
2RT

. ð21Þ
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Liquid phase:

ln CPðHDOÞ � lnðs�=sÞfHDOðT ; P Þ � lnðs�=sÞfHDOðT ; P satÞ

¼ GðT ; P Þ � GðT ; P satÞ
2RT

� G�ðT ; P Þ � G�ðT ; P satÞ
2RT

ð22Þ

or

lnCqðHDOÞ � lnðs�=sÞfHDOðT ;qÞ� lnðs�=sÞfHDOðT ;qLÞ

¼AðT ;qÞ�AðT ;qLÞ
2RT

�A�ðT ;qÞ�A�ðT ;qLÞ
2RT

. ð23Þ

The factor 2 in the denominators of Eqs. (20)–(23) stems
from the rule of the geometric mean between H2O and
D2O.

Results of our calculations for the pressure (density)
effect on the RIPFR for HDO–H2O are shown in Figs.
5–7 for water vapor, liquid water, and supercritical
water, respectively. For water vapor at temperatures
from 10 to 336 ± 1 �C, the RIPFR of real HDO–H2O
fluids increases very slightly (up to +1.3 in the unit of
103 lnCP and 103 lnCq) with increasing pressure or densi-
ty until the pressure reaches that of the liquid–vapor
boundary (Fig. 5). However, at 350 �C the values of
103 lnCP and 103 lnCq increase by +0.9 at 13 MPa
(0.076–0.080 g/cm3), then decrease slightly toward the li-
quid–vapor boundary. The pressure effect of liquid
water is opposite in direction. From the saturated vapor
pressure to 100 MPa, the values of 103 lnCP and
103 lnCq always decrease by 0.5–2& (Fig. 6), and the
magnitude of the pressure effect increases with increas-
ing temperature from 30 to 350 �C. At the liquid–vapor
boundary, there exists isotope fractionation (Fig. 3),
whose magnitude is much greater than that attributable
to pressure effects.
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In supercritical water, the values of 103 lnCP and 103 lnCq

first increase slightly (ca. 1&) with increasing pressure from 0
to 14 MPa, attain maximum values at 14 MPa (density of
0.04–0.06 g/cm3), then decrease gradually by 5–6& with
increasing pressure to 100 MPa (Fig. 7). The net pressure ef-
fects from 0 to 100 MPa range from �4 to �5&. These re-
sults agree qualitatively with the previous theoretical
estimations by Polyakov and Kharlashina (1994) and Dries-
ner (1997). Considering the thermodynamic relationship
ðo lnðs�=sÞf

oP ÞT ¼ � V ��V
RT (Clayton et al., 1975), this complex

behavior of the pressure effect on HDO–H2O fluids can be
readily explained by the fact that the water vapor and low-
density supercritical water have a normal MVIE
(DV = V* � V < 0), but the liquid water and high-density
supercritical water have an inverse MVIE
(DV = V* � V > 0). The maxima in Figs 5 and 7 correspond
to P–T conditions where MVIE has a crossover (MVIE = 0).
Horita et al. (2002) reported experimental results of the pres-
sure effect on brucite–water hydrogen isotope fractionation
at temperature from 200 to 600 �C and at pressure up to
800 MPa. Taking into account small positive pressure effects
on the RIPFR of brucite (Horita et al., 2002), their experi-
mental results agree well with our theoretical calculations
of the pressure effects on water in this study (see Horita
et al. (2002) for detailed discussion of pressure (density) ef-
fects on mineral-water fractionation). A good linear relation-
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ship observed between the value of 103 lnCq and the density
of water (Fig. 7b) suggests that water density could be used
as a proxy for estimating the isotope pressure effects in water
beyond the pressure limit of EOS for D2O (100 MPa).

5. Conclusions

A simple, yet rigorous thermodynamic method was estab-
lished for calculating the RIPFR of HDO–H2O fluids at ele-
vated temperatures (to 527 �C) and pressures (to 100 MPa),
using the EOS of D2O and H2O from the literature. The
validity of this approach was tested by comparing our results
of EOS-based isotope fractionations of liquid–vapor water
and liquid water–H2 with experimental data in the literature.
Successful application of this method to water or any other
fluids depends on the accuracy of: (a) RIPFR of ‘‘ideal-
gas’’ isotopic species and (b) the EOS of endmember isotopic
species available from the literature. The former defines the
RIPFR at infinitely low pressure (density) and the latter al-
lows the calculations of the pressure (density) effect on the
RIPFR relative to that of ‘‘ideal-gas,’’ using the pressure
dependency of the free energies of pure isotopic species.

Our calculations demonstrate that the RIPFR of HDO–
H2O exhibits a complex pressure dependence. For water va-
por, the RIPFR increases slightly (ca. 0.5–1 in the value of
103 lnCP and 103 lnCq) to the saturation vapor pressure at
10–336 �C. From 336 to 350 �C, the value of 103 lnCP

increases first, then very slightly (0.2&) decreases above
13 MPa to the saturation vapor pressures. In the liquid
phase, the value of 103 lnCP always decrease by 0.5–2& with
increasing pressure to 100 MPa. The value of 103 lnCP for
supercritical water first increases slightly (1&) to 15 MPa,
then decreases by 4–5& to 100 MPa. Water is unique in that
the pressure effect on the RIPFR is negative in liquid and
high-density supercritical fluids, due to its inverse MVIE.
This is the main cause for the experimental results of large
(up to 12&) increases in the hydrogen isotope fractionation
factor between brucite, Mg(OH)2, and water (Horita et al.,
2002). In light of increasing recognition of the role of water
and aqueous fluids in the subduction zone and the mantle,
it is of great geochemical importance to understand the pres-
sure effect on the isotopic properties of water and other fluids
beyond the temperature and pressure ranges of this study.
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