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Automatic history matching is based on minimizing an objective function that quantifies
the mismatch between observed and simulated data. When using gradient-based methods for
solving this optimization problem, a key point for the overall procedure is how the simulator
delivers the necessary derivative information. In this paper, forward and adjoint methods for
derivative calculation are discussed. Procedures for sensitivity matrix building, sensitivity
matrix and transpose sensitivity matrix vector products are fully described. To show the
usefulness of the derivative calculation algorithms, a new variant of the gradzone analysis,
which tries to address the problem of selecting the most relevant parameters for a history
matching, is proposed using the singular value decomposition of the sensitivity matrix.
Application to a simple synthetic case shows that this procedure can reveal important
information about the nature of the history-matching problem.
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1. Introduction

Automatic history matching is based on minimizing an objective function that
quantifies the mismatch between observed and simulated data [1,4,9,11]. A priori
information, such as geostatistics, can be included in this objective function [4,9].
Usually, the problem is formulated as a least-squares problem, with a strong non-linear
character due to the complex nature of the dependence of the simulation results on the
reservoir parameters. Among the possible methods for solving this minimization
problem, gradient-based methods are generally reported as the most efficient ones [6].
According to the method selected, different derivative information has to be delivered.
For instance, in the Gauss—Newton class of methods, the derivatives of the simulated
data with respect to the parameters, which form the sensitivity matrix, are required,
whereas for quasi-Newton, only the gradient of the objective function is needed, and in
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conjugate gradient methods, products of the sensitivity matrix and transpose sensi-
tivity matrix with arbitrary vectors are requested [12,16].

A key point in this context is the interplay between the optimization algorithm
and the procedure for calculating the derivatives. Two classes of methods are
described in the literature for calculating derivative information within reservoir
simulators: the forward method [1], also known as the gradient-simulator method, and
the adjoint method [9—11]. In this work, a unified algebraic framework is presented for
both methods, showing how the adjoint method can be derived directly from the
forward method. Procedures for derivative-related calculation, including sensitivity
matrix building, sensitivity matrix and transpose matrix vector products and gradient
calculation, are reviewed and fully described, highlighting the similarities and
common components shared by all of them.

To show how this framework for derivative calculation can be useful, even
outside the context of optimization algorithms, it is discussed herein a new variant of
the gradzone algorithm, proposed by Bissel [2] for grouping cells into regions for
history-matching purposes. The singular value decomposition of the sensitivity matrix
is used, instead of the eigenstructure of the Gauss—Newton approximation to the
Hessian of the objective function. With the singular value decomposition, it is possible
to have information also on simulator’s response space, trying to identify which
responses (wells, etc.) would be more affected by which parameters. In order to find
the singular value decomposition, the Lanczos iterative method is employed [7,
13,15], since it first approximates the largest singular values, thus being the ones
carrying most of the information content of the problem. The Lanczos method does
not need to build the sensitivity matrix because it only requires products of the rel-
evant matrices and transpose matrices with arbitrary vectors, which can be efficiently
calculated using the framework previously discussed for derivative calculation. Ap-
plication to a simple synthetic five-spot problem is presented, showing how the sin-
gular value decomposition can reveal important information about the nature of the
history-matching problem and help the engineer in deciding which are the relevant
parameters for the match. In a companion paper [14], the idea of combining the
truncated singular value decomposition of the sensitivity matrix with the Lanczos
method is extended to propose a regularizing algorithm for solving the history-match-
ing problem.

2. Derivative calculation in reservoir simulators
2.1. Preliminaries

In this section, the derivation of the forward and adjoint methods for derivative
calculation is reviewed. A fully algebraic presentation is made, which shows how the
adjoint method can be directly derived from the forward method. We start by intro-
ducing some notation and making some assumptions on the simulator.
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Let m € R be the vector of reservoir parameters to be determined (porosities,
permeabilities, etc.), x*(m) € R™ be the vector of simulator primary variables at time
level k (pressures, saturations, compositions at each reservoir cell plus well bottom-
hole pressures at rate-constrained wells) and 7 = max,{my}. The set of non-linear
balance equations and well restrictions solved by the simulator to advance one step in
time can be written as

FEEm), = (m);m) = 0, (1)

where /% : RmFM1P @ and it is assumed that x° represents given initial con-
ditions. Let

Jk = [affk] (2)

axjk i=1,..., my

j=1,...my

be the Jacobian matrix of /¥ with respect to the primary variables at time level &,
which is calculated by the simulator for solving (1) by Newton’s method, and

po ], .

1
8xj

the vector of primary variables for all time steps, x(m) € RM and

T

f= [(fl(xl,xo;m))T(fz(xz,xl;m))T...(fN(xN,xN_l;m))T} , (5)

[ RMP L ®M 5o that the functional relationship defining the simulator is writ-
ten as

f(x(m);m) = 0. (6)

Matrices of partial derivatives are defined as

-

Ox;|i=1...M
=1, M

D, f = [8ﬁ] and D,,x = [axi]il v (7)

i=1,...M
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The simulator response to be compared with the observed data, which can be, for
instance, the water rate or bottom-hole pressure in a particular well, is not given
directly by (6), but is obtained after the calculation of primary variables, and can be
described as

yiim :g,iyim(xk(m);m)J =1,...,n,, (8)

where £ is the time level when the ith observation was taken and », is the number of
observed data. Let g : RM 7 — R

2" (x(m);m) = [gf’m(X(Yn);m) 3" (x(m);m) - -gfqim(x(m);m)r, ©)

be the vector of observed data and

ngsim — |:8gf :| and Dmgsim _ |:
8x_,- :—l

(10)

be matrices of partial derivatives defined similarly to (7). The matrix of (total) de-
rivatives of g, i =1,..., n,, with respect to the parameters is often called sensitivity
matrix and is defined as

d sim
G:[g—’]' o (11)

Given a matrix 4 € R, 4 ; € ®" will denote the jth column of 4, 1 <j <.
2.2. Forward method

It will be shown how the forward method can be used to calculate the sensi-
tivity matrix as well as the product of the sensitivity matrix with an arbitrary vector
veR.

Differentiating (8) with respect to parameter m;,

dglszm _ M 6gis'im Oxye aglgim (12)
dm; & Oxy Om;  Om;

To calculate the derivatives of primary variables with respect to the parameters, dif-
ferentiate (6), using (7), to obtain

(Dxf)(Dmx) +Dmf =0, (13)
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from what follows

Dyx = —(Dof )™ (Duf), (14)

which requires the solution of p linear systems involving matrix D, f. Using the time-
level partition previously introduced and recalling (1), the structure of D, f can be
represented as

D.f = S , (15)

JgN-IN N

where J* and J*~ ¥ are defined by (2) and (3). The derivatives of primary variables
with respect to parameters are obtained marching forward in time,

Jl(Dmx)1 = _(Dmf)l (16)

)

JHDux)F = D) — (D) k=2,... N

requiring the solution of p linear systems. Substituting into (12) provides the desired
derivatives.

Since a system of order equal to the number of primary variables in the simulator
has to be solved for each parameter, the total cost for calculating the sensitivity matrix
using the forward method is proportional to the number of parameters. In terms of
storage, it requires one array of order m x p for D,x, one array of order m for the
right-hand side of (16) and a sparse matrix for J* ', The sparsity structure of J*~ '
depends on the simulator’s time-advancing scheme and is discussed in [14].

Now, it will be shown how the forward method can be used to calculate the
product Gv, where v € R is an arbitrary vector. Using (7) and (10), one sees that

G= (ngSim) (Dmx) + DmgSimv (17)

which, after substitution of (14), results into

G = —(Dig™)(Dsf) " (Dunf) + Dug™™, (18)

so that

Gv = —(Dxg™)(Dxf) (DS )v + (Dug™)v. (19)
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Recalling the structure of D,f (15), it is clear that the product z = (D.f)” '(D,f)v
can be obtained marching forward in time,

Jiz2' = (D, f)'v (20)
JHF = — g (D ) v k=2,... N

After z has been calculated, the components of Gv can be calculated using

Zaggzm Z@gzjvj’i_17,..,no. (21)

=1

A single linear system per time step has to be solved, so that the computational
cost is approximately constant regardless of the number of parameters or observed
data. The storage requirements are limited to one array of size m for holding z and a
sparse matrix for J*~ 1%,

2.3. Adjoint method

The starting point for derlvmg the adjoint method for calculating G is the
observation that only a few 6“ are necessary in (12), since 08 is non-zero only for
those & for which x; is a prlrnary variable that has an effect on observed data i (same
time step and well block). From (14), it can be written that

M
8xk

==Y (Df )iy (Duf) (22)

8mj

which, after substitution in (12) and changing the order of summation, results into

dgfim tm szm
dmj - _Z Z xf kq mf)

M M ) im ) sim
=33 0 e Oy +

15 am,
M M
r 8 im agwm
qz; xf qk x ( mf) amj (23)

Introducing a vector of “adjoint states” given by

A=—(D.f) " (Dg)™) (24)
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and substituting into (23), results into

d im 8 im aszm
gs Z)\ gs = N (D f)., + 5

m; ’ Om;

(25)

The adjoint method is comprised of two steps: first, finding A by solving (24), then
using (25) to calculate the desired derivatives. As before, using the time level partition,
we have

CORNCASN
0T "
(Def)" = R , (26)
o ( N1 N) T
I "
so that A is obtained marching backward in time,
UMW = (Dgm)" (27)

()M = — ()N 4 (D™ k=N —1,...,1}

Since a system of order equal to the number of primary variables in the simulator
has to be solved for each observed data, the total cost for calculating the sensitivity
matrix using the adjoint method is proportional to the number of observed data. In
terms of storage, it requires one array of order 7 x n, for A\, one array of order m for z
and a sparse matrix for J<~ "¢

Given an arbitrary vector v € R", it will be shown how the adjoint method can
be used to calculate the product G'v. Transposing (18), one obtains

G" = —=(Duf) (Duf) " (Dg™) + (Dug™)", (28)

from what

GTv = —(Duf) (D:f) T (Dg™) v + (Dug™) v (29)

follows. From (26), it is clear that the product z = (D, f)~ (D,.g"™)"v can be obtained
marching backward in time,

)2 = ((Dug™)) 6o

I = A2 (Dag™)) vk =N -1
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After z has been calculated, the components of G’v can be calculated using

. M 8fk o HgSim
— ] P —
(G v)j——Z%ZkJrZ o vi, j=1,...,p. (31)
k=1 J i= 7
Similarly to the forward method for sensitivity matrix vector product, a single
linear system solution per time step is required, so that the computational cost is
approximately constant regardless of the number of parameters or observed data.
The storage requirements are one array of size m for holding z and a sparse matrix for

Sk Lk
3. Application to gradzone analysis
3.1. An overview of the history-matching problem

When solving an automatic history-matching problem, we are interested in the
objective function

1
O(m) = ErTWr, (32)
where 7 is a vector of residuals given by
. 4 . T
r(m) = g™ (m) =5 " (m) =4 - g (m) =y (33)

obs

being ;" the observed data, and W is a weighted matrix assumed to be diagonal. A
priori information, such as geostatistics, can also be included in this objective function
(see discussion at the end of section 3.2 and [4,9]). The gradient of O(m) is given by

VOo(m) = G"wr. (34)

Equation (34) shows that, making v = Wr, the transpose sensitivity matrix times vector
procedure discussed in section 2.3 can be used to calculate V O(m).

3.2. Description of the gradzone procedure

To show how the framework presented in section 2 for derivative calculation can
be useful, a new variant of the gradzone analysis will be discussed. This algorithm was
proposed by Bissel [2] and tries to address the problem of parameter selection in a
history-matching process. Note that, in principle, the values of the petrophysical
properties in each grid cell can be treated as parameters to be determined, which
makes the number of potential parameters much larger than the number of
observations. The gradzone analysis, as originally proposed, uses the spectrum of
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G'WG for suggesting to the engineer how to group cells into regions for history-
matching purposes in order to keep the number of parameters manageable by an
optimization algorithm.

By defining one parameter for each grid cell, it takes the largest eigenvalue of
G"WG, associates the components of its eigenvector with each grid cell, and those
components greater than a certain threshold are grouped together. Positive and
negative components are treated separately, so that the first eigenvalue can generate
the first two parameter regions. The second-largest eigenvalue is treated similarly and
so on, until a sufficiently small eigenvalue is reached. Since this procedure was
coupled with a forward method for calculating G, it was not possible to handle G’ WG
matrix for a large number of parameters, and, to make the procedure viable, a set of
sample cells is defined and the eigenvector components are interpolated in order to
generate the eigencomponents for the whole grid.

The motivation for this algorithm, as described in [2], is based on the fact that
G"WG is the Gauss—Newton approximation to the Hessian of the objective function
(32), and, in order for its minimization to proceed smoothly, G’ WG should have good
mathematical properties, such as diagonal dominance. Now, another justification for
the gradzone algorithm will be presented, which will lead to a new implementation.
Let m, be a point in the parameter space and consider a linear approximation for g*”"
around m,,,

2" (m) =~ g™ (m,) + Gém, (35)

where dm = m — m, and G is calculated at m,. Substituting (35) into (32), a linear
approximation to the objective function is found,

1
O(m) ~  (Gom + ro) W (Gém + r,)
1 T
=3 <W1/2G6m + W1/2r0> <W1/2G6m + Wl/zl’o), (36)

where r, is the vector of residuals (33) calculated at m = m,. The problem of
minimizing (36) is a linear least-squares problem, whose the least norm solution can
be expressed in terms of the singular value decomposition of W'2G [3,7],

nSV T 1/2
u, Wer
om=—Y —— %y (37)
where o; are the singular values of W'2G, indexed in decreasing order, u; are the left
singular vectors, v; are the right singular vectors and ny, is the number of non-zero
singular values. Expression (37) reveals that the most relevant information about the
solution is contained in the largest singular values and corresponding singular vectors,
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since small singular values tend to amplify noise in the measurements [8]. Since the
singular values of W'/2G are the positive square roots of the eigenvalues of G’ WG, and
the right singular values of W'?G are the eigenvectors of G'WG [3], the gradzone
analysis can also be interpreted in terms of the singular value decomposition. The use
of the singular value decomposition, however, has one advantage over the
eigendecomposition of G’ WG: associating the components of the left singular values
with the observed data, it is possible to have some information also on the simulator’s
response space, trying to identify which responses (wells, etc.) would be more affected
by which parameters.

Another observation is that (37) is the basis for the truncated singular value
decomposition [3,15], a well-known regularization technique for ill-posed problems,
where only the first few largest singular values are considered in the summation in the
equation. This observation is the basis for an extension to this algorithm, which uses
the singular value decomposition to solve a sequence of problems similar to the
minimization of (36), aiming to solve the history-matching problem. This approach is
further discussed in [14].

It remains to be discussed how to calculate the singular value decomposition of
W'Y2G. In this work, the use of the Lanczos method is proposed [7,13—15], which is
convenient for two main reasons. First, it iteratively approximates firstly the largest
singular values and corresponding singular vectors, which are the ones we are seeking
for. Second, the Lanczos method does not need to build #"?G because it only requires
products of W'2G and GTW'"? with arbitrary vectors, which, as shown in section 2,
can be done at a cost proportional to a single simulation.

It is also possible to include prior information in the gradzone analysis, as
presented in [4]. Now, it is shown how this can be done in the framework discussed
above. When using prior information, the objective function (32) is augmented with a
quadratic term, expressing some known information about the solution, like smooth-
ness or spatial correlation, as described by geostatistics [4,9]. After linearization,
the history-matching process can be expressed as the minimization of the objective
function

1 T
O(m) = 5 ( 12Gém + W1/2r0> (Wl/zGém + W1/2r0> +%(6m)TF6m, (38)

where I' is a matrix expressing prior information, which is assumed to be symmetric
positive definite, and « is a real number expressing the relative weight between the
prior and mismatch terms. Let

=LL” (39)
be the Choleski decomposition of I' and introduce the change of variables

om = L"ém. (40)
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Substituting (40) into (38),

1 _ r _ e
O(m) =5 (W]/ZGL’Tém + W”%,,) (WI/QGL’Tém n W1/2r0> v % (6m)" s,
(41)

whose solution can be expressed in terms of the singular value decomposition of
the matrix 4 = W"?GL™ T [14,15]. Thus, to take into account prior information in the
gradzone analysis, the relevant quantities are the singular vectors associated with the
largest singular values of 4. Once the Choleski decomposition (39) is obtained,
the Lanczos procedure has to be modified so as to make the matrix products with 4,
instead of W'2G. This can be achieved without building A. If the product x = As for an
arbitrary vector s € ” is needed, three steps are required. First, it obtains y = L™ s by
solving the upper triangular system L’y = s, then it applies the forward method from
section 2.2 to get ¥ = Gy and finally multiplies by W'? to obtain x = W'/2%.
Analogously, if s € R and x = 47s = L~ 'GTW'/%s is desired, it starts by multiplying
W'2 by s, obtaining 5 = W'/2s, then it applies the adjoint method (section 2.3) to get
y = G'5 and then solves Lx = y.

3.3. A numerical example

The derivative calculation procedures were implemented in a full-featured
adaptive implicit black-oil simulator [5]. Discussion on some issues related to the
implementation of these methods in existing codes can be found in [14]. In this
section, an application of the gradzone analysis to a simple synthetic five-spot case is
shown. It consists of a 23 x 23 x 5 regular mesh with grid block dimensions of 50 x
50 x 5 m. An injection well is located at the centre of the mesh and four producers at
the corners, all wells perforated in the five layers. A reservoir model with four regions
with different transmissibility multipliers as shown in figure 1 was simulated for 10
years to generate water production rate at the producers. A 10% noise level was added
to the simulated values, and the resulting water rates were used as observed data. The
gradzone analysis was applied to a homogeneous reservoir model with transmissibility
multipliers equal to 1. This homogeneous model will be referred to as the starting
model. Due to gravitational segregation, water moves preferentially through the bot-
tommost layers, and therefore, the information extracted from the water rate history is
concentrated in these layers. Table 1 presents the sum of squares of the components
for the first eight right singular vectors for each layer. Around 75% of the values are
concentrated in the fifth layer for the first four singular vectors. For the next four
singular vectors, around half of the values are concentrated in the fourth layer and
around 30% in the fifth. Figure 2 shows a map of the components for the first right
singular vector for the fifth layer. Note that the components are greater in the region
linking the injector and producer PROD4. Associating the components of the first left
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PROD1 PROD3

TrHor =1.17

.

PROD2 PROD4

Figure 1. Top view of the reservoir model used to generate water rate history. TrHor is the value of
horizontal transmissibility multiplier used in each of the four constant properties regions.

Table 1
Sum of the squares of the components of the first eight right singular vectors for each layer of the grid.

Sum of squares of the components per layer

1 2 3 4 5 6 7 8
Layer 1 0.04 0.04 0.04 0.05 0.03 0.04 0.04 0.07
Layer 2 0.05 0.05 0.05 0.04 0.04 0.04 0.04 0.06
Layer 3 0.06 0.06 0.05 0.03 0.05 0.05 0.05 0.05
Layer 4 0.10 0.08 0.08 0.03 0.56 0.56 0.57 0.57
Layer 5 0.75 0.77 0.77 0.84 0.32 0.31 0.29 0.25

singular vector with the observed data results in the plot shown in figure 3, where,
in accordance with figure 2, the most pronounced components are related to well
PRODA4. A similar map for the components of the second right singular vector is
shown in figure 4. The largest components are in the region linking injector and
producer PROD2, with smaller components in the regions between the injector and
PROD1 and PROD3 and almost null components in the region between injector and
PRODA4. The plot of the components for the second left singular vector in figure 5
follows this trend: the larger components in absolute value are related to PROD2, with
smaller values for PROD1 and PROD3 and almost zero components for PROD4. For
the third singular vectors, a similar correspondence between the most significant
components in the right and left singular vectors are observed. Based on the infor-
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PROD1 PROD3
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PROD2 PROD4

Figure 2. First right singular vector for the fifth layer.
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Figure 3. First left singular vector.
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0.12

- 0.04

—0.04

-0.12

PROD2 PROD4

Figure 4. Second right singular vector for the fifth layer.

LSV component

=—PROD1
~#-PROD2

PROD3
~»<PROD4

0 500 1000 1500 2000 2500 3000 3500 4000
time (days)

Figure 5. Second left singular vector.

mation of these three singular triplets, a gradzone analysis was made, using as
threshold parameter a value of 0.4 times the largest (in absolute value) component of
each right singular vector. Figure 6 shows the resulting six zones in the fifth layer.
Note that there is a trend of generating regions linking the injector and the producers.
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PROD1 PROD3

E | —

=
L ,_
PROD2 PROD4

Figure 6. Zone map for the fifth layer generated using the first three singular vectors.
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Figure 7. Water rates for the producers. Dots are the history rates, dash line is the starting model rates,
continuous line is the result of the match using the zones defined by the first three singular vectors and
short dash line is the result of the match using the zones defined by the first eight singular vectors.



134 J.R.P. Rodrigues/Derivatives for history matching

These regions were used in an automatic history-matching engine, using one as initial
guess for the transmissibility multipliers. No attempt was made to try a better
clustering of the zones, e.g., eliminating the zone consisting of isolated cells near
PROD2 and PROD3. Figure 7 shows the final match for each of the wells together
with the starting model water rates. In all wells, a significant improvement in the
match was reached, particularly near the breakthrough time.

These results can be better understood looking at figures 3 and 5: there is a peak
in the components of the left singular vectors close to the breakthrough time in the
starting model with the components decaying for larger times. In order to see if further
improvement could be achieved, the subsequent singular triplets were examined.
Figure 8 shows a plot of the fifth left singular vector. The larger components (in
absolute value) are in the second half of the water production period, so that a better
match could be expected for this period if the information given by the corresponding
right singular vector were used for generating the zones. The subsequent singular
vectors up to the eighth follow the same trend. The same threshold criterion was used
in a new gradzone analysis with information from the first eight singular vectors.
Thirteen zones were generated. Apart from an isolated cell in the fifth layer, the
additional zones were defined in the fourth layer. As before, an automatic history-
matching procedure was applied to the parameters exactly as generated by the
gradzone analysis, and the resulting matching is shown in figure 7. Note the im-
provement in the match for the late times of the history in wells PROD2, PROD3 and

0.25

0.20

=—PROD1

0.15 =#-PROD2
PROD3

0.10 PROD4

0.05

LSV component

-0.05

-0.10

-0.15

-0.20

T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000
time (days)

Figure 8. Fifth left singular vector.
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PROD4. Well PRODI1, on the other hand, shows degradation in the match for the first
half of the history.

4. Conclusions

Procedures for derivative calculation in reservoir simulators were discussed and
presented using a unified approach. The presentation highlights similarities and
common components shared by all of them. The algorithms were applied to implement
a new variant of the gradzone analysis for grouping cells into parameters for history-
matching purposes. This variant uses the singular value decomposition of the sen-
sitivity matrix, calculated by the Lanczos iterative method. Results of a simple five-
spot synthetic case show that the singular value decomposition can be a useful tool for
revealing information on the nature of the history-matching problem.
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