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ffective elasticity of fractured rocks: A snapshot of the work in progress
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ABSTRACT

Exploration and development of naturally fractured reser-
voirs rely on understanding and interpretation of certain sig-
natures associated with seismic waves propagating through
cracked rocks. This understanding comes primarily from the
effective media theories that predict an overall elastic behav-
ior of a solid containing many inhomogeneities �cracks, in
particular� whose sizes are too small to be “seen” individual-
ly by the waves. To model seismic responses of fractured for-
mations, a geophysicist typically has a choice between the ef-
fective media schemes of Hudson and Schoenberg. While the
two predictions usually deviate slightly for liquid-filled
cracks, the differences are significant when the fractures are
dry. Explaining the origin of these differences and selecting a
more accurate scheme is the first goal of this tutorial. Our sec-
ond, more challenging task, is to prove that simply adding the
compliance contributions of cracks as if they were isolated
and noninteracting remains sufficiently accurate even for
fractures that grossly violate the basic theoretical assump-
tion, of penny-shaped cracks. Real fractures have notoriously
irregular shapes, might be partially closed, and often form in-
terconnected networks.Yet, these details of fracture microge-
ometry turn out to be unimportant for the effective elasticity
given a typical noise level in seismic data. No closed-form
theory exists for irregular fracture shapes. However, take into
account finite-element simulations on so-called digital rocks
demonstrate which features of the crack geometry have to be
taken into account because they influence propagation of
long �compared to the size of fractures� seismic waves and
which features can be ignored.

INTRODUCTION

Continuous depletion of conventional clastic hydrocarbon fields
akes naturally fractured reservoirs an important target for the oil
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W45
ndustry. Production of these reservoirs, whose matrix permeability
ften lies in the microdarcy range, is controlled by the networks of
atural cracks that provide highly permeable conduits for fluid flow.
iven the importance of fractures for production, such reservoir de-
elopment is greatly aided by any information about the cracks ob-
ained from seismic data.Although fractures in the subsurface usual-
y come in all sizes, here we restrict our discussion to the cracks
hose sizes are much smaller than the seismic wavelengths used in a
articular application. Seismic waves cannot “see” such cracks indi-
idually. Instead, the measured wave signatures are governed by cer-
ain average characteristics of multiple fractures.

Analysis of these signatures reveals that a low-frequency seismic
esponse of a fractured rock can be reproduced in a properly selected
omogeneous solid. This fact justifies the use of the so-called effec-
ive media or homogenization theories that aim at replacing a micro-
eterogeneous material with a homogeneous one that is equivalent
o the former in the regime of static deformation. The overall proper-
ies of cracked solids are of obvious relevance to many materials sci-
nce problems, and development of the effective media theories be-
an there with a seminal paper of Eshelby �1957�, which discusses a
ingle ellipsoidal inclusion in an otherwise homogeneous elastic sol-
d, and a paper of Bristow �1960� explicitly devoted to thin cracks.
he first rock physics applications of the effective media theories are
ttributable to Walsh �1965a, b� for rocks with dry cracks and to
’Connell and Budiansky �1974� for cracks filled with a liquid. All

he above mentioned and numerous other authors describe fractures
s compliant inclusions in a relatively stiff unfractured matrix.

hile other possibilities have been exploited also �for instance, one
an treat cracks as contacts of rough surfaces or as infinite thin soft
ayers with occasional asperities�, this tutorial is exclusively devoted
o the inclusion model of cracks as the most common.

It took longer for the exploration community to address these is-
ues, and then papers by Hudson �1980� and Schoenberg �1980� ap-
eared. Even though substantial progress in effective media theories
as been made both in materials and earth sciences since 1980, to-
ay’s typical geophysicist, examining seismic data acquired over a
ractured reservoir, still chooses between the Hudson’s theory and
he linear slip theory of Schoenberg. Such a choice is not straightfor-

e 1, 2006; published online November 3, 2006.
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tts 02155. E-mail: mark.kachanov@tufts.edu.



w
t
f
t
�
e
h
f
s
�
s
2
t
m

s
o
s
c
fi
n

m
v
n
e
i
e
o
s
s
d
t
s
d
i
f
c
n
t
d
r
n

e
t
B
S
l
c
r
fl
m
i

m
b
v
t
t

i
i
o
f

H
a
p

t
e

W
t
m
c
c

B
d

T
fi
c
o
e
e
i

t
t
t
T
t

w
a

c
s
o

W46 Grechka and Kachanov

D
ow

nl
oa

de
d 

07
/0

2/
14

 to
 1

37
.3

0.
24

2.
61

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/

ard, especially for dry cracks where Hudson’s and Schoenberg’s
heories give substantially different predictions. People seem to pre-
er Hudson’s theory because it links the effective properties to densi-
y of circular cracks. In contrast, the linear slip theory of Schoenberg
1980� operates with the quantities — the excess fracture complianc-
s — that usually play the role of adjustable parameters and do not
ave to be expressed through any geometric characteristics of the
ractures. Even after the relations between the geometry of penny-
haped cracks and the fracture compliances have been established
Schoenberg and Douma, 1988�, proponents of the linear slip theory
till refrain from using them �Schoenberg and Sayers, 1995; Sayers,
002a, b; Schoenberg 2002�, preserving the potential generality of
heir approach and sacrificing its explicit connections to the crack

icrostructure.
In our view, this is unfortunate because the accuracy of the linear

lip theory turns out to be superior to that of Hudson’s. The first part
f our tutorial demonstrates that. Specifically, we explain why the
tiffness-based Hudson’s theory is bound to be less accurate than the
ompliance-based Schoenberg’s. While we rely on basic theoretical
ndings made in solid mechanics, we support our statements with fi-
ite-element simulations on the so-called digital rocks.

Being free from assumptions inherent for all existing effective
edia theories, direct computational studies provide an independent

erification of theoretical predictions. Perhaps more importantly, fi-
ite-element simulations allow us to examine realistic fracture mod-
ls that violate the conventional assumptions. These models contain
rregularly shaped cracks that can be partially closed, might intersect
ach other, and form interconnected networks. The second part of
ur tutorial discusses such fracture arrays. Quite remarkably, we
how that the linear slip theory, supplemented by the well-under-
tood behavior of isolated penny-shaped cracks, satisfactorily pre-
icts the effective elasticity of all our models. One of those predic-
ions �made by Kachanov, 1980� is especially counterintuitive. It
tates that the symmetry of effective media resulting from isolated
ry circular fractures, embedded in an otherwise isotropic host rock,
s almost orthorhombic �or orthotropic� regardless of the number of
racture sets and their orientations. We verify this prediction numeri-
ally both for dry and liquid-filled fractures that have circular and
oncircular shapes. This and other results discussed below lead to
he most important message of our tutorial: Virtually all conclusions
rawn for isolated, penny-shaped cracks remain valid for planar, ir-
egular, possibly intersecting fractures that might form intercon-
ected networks.

Most of our tutorial is devoted to dry cracks because they influ-
nce the overall elasticity to the greatest extent. Liquid infill of frac-
ures causes stiffening of the effective properties �O’Connell and
udiansky, 1974; Budiansky and O’Connell, 1976; Hudson, 1981;
hafiro and Kachanov, 1997� and significantly reduces all crack-re-

ated signatures. Consequently, many conventional theories yield
omparable predictions for liquid-filled fractures. We intentionally
efrain from discussing the fractures in porous rocks where fluid
ow between the pores and fractures is important. Analysis of such
edia can be found in Thomsen �1995�, Cardona �2002�, and Gurev-

ch �2003�.
We begin with elementary considerations of the accuracy of the
ost frequently used Hudson’s �1980� theory and then describe the

asics of effective elasticity of fractured media. Next, we compare
arious theoretical predictions with direct computational simula-
ions and, finally, give an overview of literature on the effective elas-
ic properties of solids with cracks �Appendix A�.
ON THE ACCURACY OF HUDSON’S THEORY

There is little doubt that Hudson’s �1980� effective media theory
s the most popular in exploration geophysics. Despite such popular-
ty and perhaps quite unexpectedly, its accuracy is inferior to many
ther theories. Our reason relies on certain obvious features of the ef-
ective stiffness tensor

ce � �ce,ij�, �i, j = 1, . . . ,6� . �1�

ere we employ Voigt notation to represent the fourth-rank tensor ce

s a symmetric 6�6 matrix. We denote the stiffness tensor of isotro-
ic background rock with cb.
To examine the influence of fractures on ce, we need a measure for

he amount of fracturing. This measure is known as the crack density,
, so that ce = ce�e� and

ce�0� = cb. �2�

e now focus our attention on the effective stiffness component ce,11

hat controls the P-wave velocity across parallel cracks whose nor-
als are directed along the x1-axis of a chosen coordinate frame. The

racks reduce the stiffness; therefore, ce,11�e� is a monotonically de-
reasing function of e.

Following Hudson �1980�, we expand ce,11�e� in the power series:

ce,11�e� = cb,11 + �dce,11

de
�

e = 0
e +

1

2
�d2ce,11

de2 �
e = 0

e2 + . . . .

�3�

ecause ce,11�e� decreases with crack density and the linear term
ominates at sufficiently small e,

�dce,11�e�
de

�
e = 0

� 0. �4�

hus, truncating series 3 after the liner term in accordance with the
rst-order Hudson’s �1980� approximation inevitably results in in-
orrect negative ce,11 at some crack density e. Hudson’s �1980� sec-
nd-order theory yields a positive coefficient of the quadratic term in
xpansion 3. Therefore, ce,11�e� begins to increase at some point, also
xhibiting an unphysical behavior. We discuss Hudson’s predictions
n more detail below and illustrate them in Figure 1.

It is instructive to compare Hudson’s theory with the noninterac-
ion approximation �e.g., Bristow, 1960� that ignores elastic interac-
ions between the cracks and sums up their contributions to the effec-
ive compliance, the quantity reciprocal to the effective stiffness.
he noninteraction result, linear in the crack density, can be rewrit-

en in the stiffnesses as

ce,11
NIA�e� =

cb,11

1 + �11e
, �5�

here �11 is a positive dimensionless coefficient. Note that ce,11
NIA�e� is

positive, monotonically decreasing function of e as it should be.
Linearization of the noninteraction approximation 5 in e �the so-

alled dilute limit� recovers expansion 3 up to its linear term, but
uch a linearization results in a significant reduction of the accuracy
f equation 5 �Kachanov, 1992; 1993� and should be avoided.
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BASIC CONCEPTS AND THE
NONINTERACTION APPROXIMATION

The effective stiffness ce of a heterogeneous �for instance, frac-
ured� rock enters Hooke’s law written for the representative volume
:

� = ce:�. �6�

ere � and � are the stress and strain tensors, respectively, averaged
ver V; ce is the effective �that is, constant in V� stiffness tensor, and
he colon denotes a double-dot product.Alternatively, we can use the
ffective compliance tensor,

se = ce
−1, �7�

nd write Hooke’s law in an equivalent form

� = se:�. �8�

Formulation 8 turns out to be more appropriate for fractured solids
ecause cracks are the sources of extra strains. This can be made ex-
licit by splitting se into the background sb and the fracture-contribu-
ion, �s, terms,

se � sb + �s , �9�

nd rewriting equation 8 as

� = sb:� + �s:� = sb:� + ��, �10�

here �� = �s:� is the extra strain resulting from cracks. The strain
� can be expressed in terms of physically transparent quantities —

he displacement discontinuities across crack areas �Vavakin and
alganik, 1975�:

�� =
1

2V
�

k
�

A�k�
�n	u
 + 	u
n��k�dA�k�. �11�

ere 	u
 = u+ − u− is the vector of displacement discontinuity
cross a point at the crack surface A; n is the unit normal to the frac-
ure face, and the sum is taken with respect to all cracks k in volume
.
Let us make our first simplification and assume that the cracks are

at. Then n is constant at A, and the previous equation becomes

�� =
1

2V
�

k

	�nb + bn�A
�k�, �12�

here b = �	u
� is the displacement-discontinuity vector averaged
ver the crack area. Obtaining the effective compliances is thus re-
uced to finding vector b.

The second simplification rests on an important assumption that
nteractions in the stress fields of different cracks can be ignored �the
o-called noninteraction approximation�, so that each crack senses
he far-field stress �. As a consequence, b is calculated for isolated
ractures in terms of the symmetric, second-rank excess fracture
ompliance tensor Z �Schoenberg, 1980; Kachanov, 1992�. The lat-
er relates vector b to the uniform traction n ·� induced at the crack
ace by the remotely applied stress,

b = n · � · Z . �13�

he eigenvectors of symmetric, positive-definite tensor Z are the
rincipal directions of compliance of a flat crack that has an arbitrary
hape. If host material is isotropic, one of the eigenvectors coincides
ith the crack normal n, while the other two, r and t, lie in the crack
lane �Sevostianov and Kachanov, 2002�:

Z = ZNnn + ZRrr + ZTtt . �14�

he eigenvalue ZN is called the normal crack compliance, and ZR, ZT

re the shear compliances.
While Z-tensor was originally introduced by Schoenberg �1980�,

omponents of Z for circular and elliptic cracks can be extracted
rom an earlier paper of Budiansky and O’Connell �1976�; Kacha-
ov �1992; 1993� gave their explicit expressions. Sevostianov and
achanov �2002� obtained estimates of ZN for several irregular crack
eometries, and Grechka et al. �2006� described a numerical ap-
roach for computing Z-tensors for arbitrary fracture shapes.

lastic potential

It is instructive to reformulate the problem of obtaining the effec-
ive properties in terms of the elastic energy stored in a solid or the
lastic potential:

f��� =
1

2
� :�. �15�

efinitions 8 and 15 make it possible to find se by differentiation:

se:� =
�f���

��
. �16�

hile being equivalent to the compliance formulation, the descrip-
ion of the effective properties, in terms of the elastic potential, has
ne significant advantage: The structure of f identifies the proper
ensorial crack-density parameters that govern the overall elasticity.
s implied by equation 10, the potential f is a sum

f = fb + �f , �17�

here �e.g., Landau and Lifshitz, 1998�

fb��� =
1 + �b

2Eb
� :� −

�b

2Eb
	tr���
2 �18�

s the potential of the uncracked solid, �f is its change resulting from
he presence of cracks, Eb and �b are the Young’s modulus and Pois-
on’s ratio of the background, and tr��� denotes the trace of tensor �.
he change �f can be written in terms of tensors Z of the cracks re-
iding in representative volume V:

�f = � :
 1

2V
�

k

�nZnA��k��:�. �19�

calar cracks

The simplest and yet most important case is when Z-tensor is pro-
ortional — exactly or approximately — to the unit tensor:

Z = ZI , �20�

here Z�0 is a scalar. This means that all fracture compliances are
qual; that is, ZN = ZR = ZT = Z. Then, because � :nIn:� = � ·� :
n, and equation 19 becomes
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2�f = � · � :
1

V
�

k

�ZnnA��k�, �21�

hus, identifying the quantity �1/V��k�ZnnA��k� as the proper crack-
ensity tensor. It is symmetric and has the second rank; therefore, a
aterial with any orientation distribution of scalar cracks is ortho-

hombic. Moreover, such orthorhombic media are rather special:
heir anisotropy is elliptical and characterized by only four indepen-
ent constants. We emphasize that

The effective orthotropy is rooted in the �assumed� equalities ZN

= ZR = ZT.
The crack-density tensor is derived from the elastic potential �f .

The proportionality Z = ZI takes place for circular cracks with an
ccuracy dependent on the background Poisson’s ratio �b. Implica-
ions of such a proportionality, identified by Kachanov �1980, 1992,
993�, are discussed in the next section. Schoenberg and Sayers
1995� called the cracks satisfying equation 20 scalar. Grechka et al.
2006� numerically demonstrated that approximate equality Z = ZI
olds on average for multiple, noncircular cracks provided that their
hape irregularities are random.

ry circular cracks

For a circular dry crack that has radius a, the normal and shear
ompliances are not equal,

ZN =
16a�1 − �b

2�
3�Eb

and ZR = ZT =
ZN

1 − �b/2
; �22�

owever, they are relatively close because the �usually positive�
oisson’s ratio �b satisfies inequality �b �1/2. The difference be-

ween ZN and ZT leads to the following form of the potential �f
Kachanov, 1980�:

�f =
16�1 − �b

2�
3Eb�2 − �b�

	�� · ��:� + �:�:�
 , �23�

here

� =
1

V
�

k

�a3nn��k� �24�

nd

� = −
�b

2

1

V
�

k

�a3nnnn��k�. �25�

wo tensors � and � contain all information about the crack distri-
ution over orientations and sizes relevant for the effective proper-
ies in the noninteraction approximation. The second-rank crack-
ensity tensor � can be viewed as a natural tensorial extension of the
calar crack density

e =
1

V
�

k

�a3��k� � tr� �26�

efined by Bristow �1960�.
Remarkably, the crack widths or the aspect ratios 	 do not enter

quations 23–25, implying that the effective properties of solids
ith dry fractures are almost independent of 	 �provided that 	�1�.
onsequently, the crack-related porosity has virtually no influence
n the effective elasticity.

According to equations 23 and 25, dry, circular cracks become
calar �in the terminology of Schoenberg and Sayers, 1995� only
hen the background has zero Poisson’s ratio �b. In reality, �b�0;
owever, the influence of �-term in equation 23 is still relatively mi-
or as a result of the multiplier �b/2 �equation 25� that cannot be
reater than one-fourth. Hence, neglecting this term and retaining �

s the sole crack-density parameter constitutes a reasonable approxi-
ation; computational studies of Grechka and Kachanov �2006a;

006b� confirm its accuracy. Thus, we are back to the conclusion
rawn for the �unrealistic� scalar fractures: A solid with arbitrarily
riented circular cracks is nearly orthorhombic. Moreover, one’s
bility to describe the effective elasticity in terms of just � results in
he following important properties of the crack-induced anisotropy:

The overall influence of multiple, differently oriented dry frac-
ture sets is indistinguishable from that of three orthogonal sets.
The normals to these equivalent sets coincide with the principal
directions of tensor �; the corresponding principal crack densi-
ties are the eigenvalues of �.
The crack-induced orthotropy is elliptical. Furthermore, it is con-
trolled by only four independent quantities �the combinations of
Eb, �b, and three eigenvalues of �; see Kachanov �1980; 1993� for
detail� rather than nine needed for general orthotropy. This fea-
ture was exploited by Grechka and Kachanov �2006a�, who pro-
posed a fracture-characterization technique capable of handling
multiple sets of vertical cracks.

Differentiating �f given by equation 23 with respect to � and us-
ng definitions 9, 16, and 17, we get an equivalent result in compli-
nces �Kachanov, 1980; Sayers and Kachanov, 1995; Schoenberg
nd Sayers, 1995�:

�sijlm =
8�1 − �b

2�
3Eb�2 − �b�

�
il� jm + 
im� jl + 
 jl�im + 
 jm�il

+ 4�ijlm�, �i, j,l,m = 1,2,3� , �27�

here � jm is the Kronecker delta. Either ignoring tensor � in equa-
ion 27 or approximating its components �ijlm with −�b�
il� jm


im� jl + 
 jl�im + 
 jm�il�/8, we recover the effective elliptical
rthotropy.

In summary, the theoretically predicted effective orthotropy of a
implified type for multiple sets of dry, penny-shaped fractures is
ubject to two assumptions:

� The average over cracks equality of the normal and shear frac-
ture compliances

� The noninteraction approximation

We will test both assumptions numerically and show that their ac-
uracy and range of applicability are sufficient for seismic needs.

iquid-filled fractures

The influence of liquid infill on the overall compliance was first
xamined by O’Connell and Budiansky �1974� and Budiansky and
’Connell �1976� for cracks with �somewhat unrealistic for rocks�
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dentical aspect ratios. Shafiro and Kachanov �1997� extended the
nalysis to fractures that have diverse aspect ratios. They general-
zed equation 27 to

�sijlm =
8�1 − �b

2�
3Eb�2 − �b�

�
il� jm + 
im� jl + 
 jl�im + 
 jm�il

+ 4�ijlm� �, �i, j,l,m = 1,2,3� , �28�

here

�� = � −
1

V
�1 −

�b

2
��

k

�
a3nnnn��k�. �29�

he dimensionless parameters

��k� =
1

1 + 	�k�	Eb/Kf − 3�1 − 2�b�

�30�

re called the fluid factors. Their magnitudes are governed by the
ulk modulus of fluid Kf and the crack aspect ratios 	�k�.
The structure of equations 29 and 30 provides important insights

nto the influence of fluids on the effective elasticity. Note the minus
ign in front of the second term in equation 29. It implies that the
resence of fluids in fractures stiffens the overall properties com-
ared to those for dry cracks, exactly as our intuition tells us. Next,
ecause fluids are more compliant than the background rock, the flu-
d factors are bounded by 0���k� �1. Near zero ��k� mean dry frac-
ures �Kf /Eb �0�, while 
�k� �1 indicate either thin cracks �	�k� �0�
r a relatively stiff fluid infill or both. Increasing the aspect ratios of
racks with such a stiff infill reduces the corresponding fluid factors
nd makes the liquid-filled cracks look similar to dry ones, thus
ointing to the importance of the aspect ratios for the effective elas-
icity.As a direct consequence, the crack-density tensor � alone is no
onger sufficient for describing the effective properties; the addition-
l �and essential� microstructural parameters are captured by the
ourth-rank tensor �� �equation 29�.

Analysis of the magnitude of tensor �� reveals another apparent
omplication brought by the presence of fluids in cracks. Equations
4 and 29 indicate that the norms of tensors � and �� are comparable
hen the fluid factors are not small. Therefore, tensor �� cannot be

gnored similarly to tensor �, and, in principle, the effective symme-
ry might be lower than orthorhombic. Nevertheless the deviations
rom orthotropy are expected to be small because of the stiffening ef-
ect of fluids: tensor ��, acting in some sense opposite to �, weakens
he overall influence of fractures. The net result is that the magnitude
f crack-induced anisotropy decreases, and orthotropy still holds be-
ause of the proximity of the effective media to isotropy �Grechka
nd Kachanov, 2006a�.

orelike cracks

For completeness, we mention an extension of the noninteraction
pproximation to ellipsoidal porelike fractures whose aspect ratios
re not small. The crack contribution �s to the effective stiffness is
iven in terms of Eshelby �1957� tensor S as �Shafiro and Kachanov,
997; Kachanov et al., 2003�

�s = �	�si − sb�−1 + cb:�J − S�
−1, �31�

here si is the compliance of infill material � is the crack porosity
fraction of volume V occupied by the crack�, and J is the fourth-rank
dentity tensor. We use expression 31 below to illustrate the influ-
nce of nonzero crack aspect ratios 	 on the effective properties.

choenberg’s linear slip theory

The noninteraction approximation for dry fractures and the linear
lip theory �Schoenberg, 1980� have identical forms. The difference,
owever, is that the former yields the effective elastic constants in
erms of geometric crack-density parameters �at least, for circular,
lliptic, and annular fracture shapes�, whereas the latter lacks a link
o the microstructure �Schoenberg, 1980; Schoenberg and Sayers,
995�.

For liquid-filled fractures, Schoenberg’s �s differs from that giv-
n by equation 28 because the linear slip results were obtained by in-
erting Hudson’s �1981� effective stiffnesses �Schoenberg and Dou-
a, 1988�. Without reproducing these equations here �they are given

n Schoenberg and Douma, 1988�, we note that the quantitative dif-
erence between �s of the linear slip theory and that of equation 28 is
mall because of the overall weak influence of liquid-filled fractures
n the effective properties.

udson’s theory

In contrast to the noninteraction approximation that yields com-
liances as linear functions of the crack density e, Hudson �1980� fo-
uses on the effective stiffnesses ce and constructs them as a power
eries with respect to e. As we discussed in the beginning, he trun-
ates the series after either the linear �the first-order theory� or the
uadratic term �the second-order approximation�.

Hudson’s first-order theory �1980, 1981� has the form

ce = cb + �c . �32�

t represents the dilute limit, which is essentially the noninteraction
pproximation for compliances being inverted and linearized with
espect to the crack density. As demonstrated in Figure 1, such a lin-
arization significantly reduces the accuracy of the noninteraction
pproximation.

For a single set of penny-shaped fractures that has the crack densi-
y e and the normal n = x1, �c in equation 32 is given by

c = −
e

�b
�

�
��b + 2�b�2U33 �b��b + 2�b�U33 �b��b + 2�b�U33 0 0 0

�b��b + 2�b�U33 �b
2U33 �b

2U33 0 0 0

�b��b + 2�b�U33 �b
2U33 �b

2U33 0 0 0

0 0 0 0 0 0

0 0 0 0 �b
2U11 0

0 0 0 0 0 �b
2U11

�
�33�

here �b and �b are the Lamé coefficients of the host rock. The quan-
ities U11 and U33 are �Hudson, 1980; 1981; Peacock and Hudson,
990�

U11 =
16

3�3 − 2gb��1 + M�
, U33 =

4

3�1 − gb��1 + K�
,

�34�

M =
4�i

�	 �3 − 2g ��
, K =

�i + 2�i

�	 �1 − g ��
, �35�
b b b b
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gb =
VS,b

2

VP,b
2 =

�b

�b + 2�b
=

1 − 2�b

2�1 − �b�
, �36�

here VP,b and VS,b are the P- and S-wave velocities of the back-
round, �i and �i are the Lamé parameters of the infill, and all cracks
re assumed to have the same aspect ratio 	. If L differently oriented
racture sets are present, their stiffness contributions �c��� are simply
ummed up �Hudson, 1981�,

�c → �
�=1

L

�c���. �37�

ubstitution 37 is insensitive to the spatial distribution of fractures as
t should be in the noninteraction approximation.

Hudson’s second-order theory �1980; 1991� extends linear ap-
roximation 32 by adding the term quadratic in the crack density:

ce = cb + �c + ��c , �38�

here

��c =
1

�b
�c:�:�c , �39�

�ijkl =
1

15
	�ik� jl�4 + gb� − ��il� jk + �ij�kl��1 − gb�
 ,

�i, j,k,l = 1,2,3� , �40�

nd gb is given by equation 36. Note that the second-order term
equation 39� is constructed from the first-order one �equation 33�
ithout bringing in any additional information about the fractures.
e refrain from discussing the validity of Hudson’s theory here and,

nstead, let equations 32 and 38 speak for themselves in the examples
elow.

NUMERICAL VALIDATION

We now compare predictions of different theories to 3D finite-ele-
ent simulations of the effective elasticity. We examine a number of

racture geometries clearly violating our key theoretical assump-
ions �the absence of crack interactions, equality ZN = ZT, circular
rack shapes� and yet discover that the noninteraction approxima-
ion �equations 23 or 27� is robust and satisfactorily accurate in the
ntire range of crack densities expected in naturally fractured reser-
oirs.

ingle set of dry, penny-shaped cracks

We start with the simplest fracture geometry — a single set of ver-
ical, isolated, penny-shaped cracks — that has been extensively
tudied in the past �e.g., Hudson, 1980; 1981; Schoenberg, 1980;
983; Schoenberg and Douma, 1988; Hsu and Schoenberg, 1993;
homsen, 1995; Hudson et al., 1996; Bakulin et al., 2000�. The ef-

ective media for such crack arrays are known to be transversely iso-
ropic with a horizontal symmetry axis �HTI� pointing in the direc-
ion normal �n = x1� to the fracture faces. Here we will to do the fol-
owing:

Compare Schoenberg’s and Hudson’s predictions of the effective
stiffness ce.
Evaluate the importance of fracture interactions via finite-ele-
ment modeling.
Examine the influence of nonzero aspect ratios on ce.

choenberg’s versus Hudson’s predictions

Figure 1 compares several predictions of the effective stiffness
oefficients ce,11 and ce,22 for a single set of dry circular cracks. The
esults of Schoenberg ��� and the noninteraction approximation
�� almost coincide and are close to those of finite-element model-
ng �bars; we discuss the numerical simulations in more detail be-
ow�. Hudson’s predictions �marked with � and �� significantly de-
iate from them.

Grechka and Kachanov �2006a� investigated the issue of negative
e,11 predicted by the first-order theory of Hudson �� in Figure 1� and
ound �based on equation 21 of Hudson �1981� or on equations 20a
nd 24b of Liu et al. �2000�� that

ce,11�e� � 0 when e �
3

4
gb�1 − gb� , �41�

here gb is given by equation 36. Similar analysis utilizing matrix 33
ields for ce,22

ce,22�e� � 0 when e �
3gb�1 − gb�
4�1 − 2gb�2 . �42�

oth these inequalities indicate that Hudson’s first-order scheme en-
ounters problems for small VS,b/VP,b ratios or, equivalently, for large
oisson’s ratios �b �equation 36�. Interestingly, the first-order Hud-
on’s theory breaks down for any nonzero crack density of dry frac-
ures in the limit gb→0. Its accuracy improves for greater gb but still
emains inferior to that of the linear slip theory. Also, Hudson’s pre-

igure 1. Effective stiffness coefficients �a� ce,11 and �b� ce,22 for a sin-
le set of dry cracks. The background velocities are VP,b = 3.0 km/s;
S,b = 1.0 km/s; and density is �b = 2.2 g/cm3. They yield Lamé co-
fficients �b = 15.4 GPa, �b = 2.2 GPa. Symbols indicate different
heoretical predictions: red � — the first-order Hudson’s �equations
2 and 33�, red � — the second-order Hudson’s �equations 33 and
8–40�, green � — Schoenberg’s �equations 9 and 24–27�, and
lue � — the noninteraction approximation �equations 9 and 31�
hat takes into account nonzero crack aspect ratios �	 = 0.05 for all
ractures�. Bars correspond to the 95% confidence intervals �the
ean values ±2 standard deviations� of the numerically computed

tiffness coefficients obtained for 100 random realizations of the
racture locations.
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ictions are not as poor for shear moduli ce,44, ce,55, and ce,66 �not
hown�.

The second-order theory of Hudson �equations 38–40 and 33,
arked with � in Figure 1� results in obviously incorrect, monoton-

cally growing ce,11�e� and ce,22�e� at e�0.05. Such a behavior im-
lies that adding fractures stiffens rather than softens the rock. This
heory leads to another, equally unphysical prediction: ce,11�e� and
e,22�e� exceed their background values ce,11�0� = ce,22�0� = �b

2�b = 19.8 GPa at e�0.09, thus indicating that a solid containing
ractures is stiffer than the uncracked one. In fact, the tendency of the
econd-order Hudson’s theory to produce unreasonably high effec-
ive stiffnesses displayed in Figure 1 has been known for quite some
ime both for a single fracture set and for randomly oriented cracks
Sayers and Kachanov, 1991; Cheng, 1993�. Jakobsen et al. �2003�
ecently showed that the same tendency holds for an arbitrary distri-
ution of fractures. Grechka and Kachanov �2006a� numerically
onfirmed findings of Jakobsen et al. �2003� for multiple sets of
racks.

Additional insights into the behavior of effective elastic proper-
ies can be gained by examining the anisotropic coefficients ��V�, ��V�,
nd ��V� �Figure 2� introduced for HTI media by
üger �1997� and Tsvankin �1997�. Figure 2a and
does not display the first-order Hudson’s pre-

ictions for ��V� and ��V� because they fall out of
he scale ranges there. Let us make the following
bservations:

The linear slip theory �green �� indicates that
��V� ���V�; therefore, an approximate elliptical
anisotropy ���V� ���V� − ��V� �0� is expected.
It has been pointed out in many papers �see
Bakulin et al., 2000, for a review� that the
shear-wave splitting coefficient is close to the
crack density, ���V���e. Figure 2c clarifies
that this conclusion is based mainly on Hud-
son’s theory �red � and ��. While equality
���V���e is not supported by the linear slip
theory at large-crack densities, it might be
viewed as a reasonable �but unnecessary� ap-
proximation at smaller crack densities, say,
when e�0.1.

verall, we conclude that the linear slip theory �or the noninterac-
ion approximation in compliances� is superior to either first- or sec-
nd-order Hudson’s schemes for a single set of dry penny-shaped
racks.

racture interactions

We now discuss the finite-element modeling �done with software
OMSOL, 2005� that led to bars shown in Figures 1 and 2. The com-
utations were performed following the methodology described by
rechka �2003; 2005�. We simulate the remote stress boundary con-
itions by applying constant loads to faces of a homogeneous cube
hat has the background properties �cb� and envelops the fractured
olume V �this approach is called the framing method in computa-
ional mechanics�.

Let us explain the origin of the bars or the scatter in effective pa-
ameters at a given crack density e. The reason for the scatter is the
nteraction in the stress fields of the adjacent cracks. Figure 3 shows
he local behavior of the stress component �11. When the locations of
rack centers �that are supposed to be random� vary in V, the patterns

Figure 2. Effe
the same as th
f interactions change, introducing variations in the numerically
omputed effective stiffness tensors ce. Such variations, which are
nevitable for any finite-number of cracks �e.g., Zohdi and Wriggers,
001�, are indicative of deviations of our volumes V from the true,
lbeit unattainable in practice, representative volume. Bearing this
ssue in mind and relying on the results already established in com-
utational micromechanics �Zohdi and Wriggers, 2005�, we have
hosen 15 isolated fractures for our tests. The bars in Figures 1 and 2
orrespond to the 95% confidence intervals in the computed quanti-
ies estimated from 25 random realizations of the crack locations for
ach crack density e = 0.05, 0.10, 0.15, and 0.20.

Note that bars in Figures 1 and 2 are located above the predictions
f the noninteraction approximation �� and ��. To understand why
t is so, we need to examine Figure 3 more closely. We observe two
ypes of the stress disturbances caused by cracks: relatively extended
reas of low stress called the shielding �blue� and smaller areas of el-
vated stress called the amplification �yellow and red�. The physical
eason for shielding is easy to grasp. The crack faces are traction free
ecause the cracks are dry. This means that � 11 = 0 at the faces of all
ractures regardless of the applied remote load. As the stress is con-

nisotropic coefficients �a� ��V�, �b� ��V�, and �c� ��V�. The symbols are
igure 1.

igure 3. Horizontal cross section of stress component � 11 through a
ypical model that contains 15 dry fractures �wire spheroids�. The
rack density is e = 0.15. Arrow shows the direction of applied re-
ote load; its magnitude is 1 MPa. Cubes in this and other similar
gures indicates the boundaries of volume V that contains cracks.
See text above for the explanation of the colors.�
ctive a
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inuous in the background, it slowly gets back from zero to its far-
eld value as the distance from a crack face increases. On the other
and, the stress obeys an analog of the Gauss divergence theorem for
inear elasticity �e.g., Markov, 1999�. The theorem says that the vol-
me integrals of the stress components are equal to the surface inte-
rals of the applied constant loads. Therefore, there have to be areas
f higher � 11 that would compensate for the presence of the low � 11

n the vicinity of fracture faces and yield the proper volume average.
hese stress-amplification areas always form at the fracture tips.
igure 3 demonstrates that the shielding occupies a major portion of
olume V, and hence, dominates the amplification. As a result, the
umerically computed effective media come out to be stiffer than
hose predicted by the noninteraction approximation. Figure 1 illus-
rates it directly. The stiffening naturally translates into a reduction
f the magnitude of the crack induced anisotropy; this is why bars in
igure 2 correspond to smaller absolute values of the anisotropic co-
fficients than those shown with the green � and the blue �.

Note that Saenger et al. �2004� observe quite an opposite, soften-
ng effect of the crack interactions in their finite-difference wave-
ropagation experiments.At this point, it is unclear what causes such
discrepancy in the numerical results obtained with different meth-
ds. We suggest that further numerical studies are needed to clarify
his issue.

We can now assess the accuracy of the noninteraction approxima-
ion. If we take a view that errors in the interval anisotropic coeffi-
ients estimated from seismic data are seldom smaller than 0.05
high-accuracy cross-dipole sonic logs and vertical seismic profile
ata might be the exceptions�, the predictions of the linear slip theory
re satisfactory up to the crack density of about 0.15 for ��V� and ��V�

nd in the whole range 0�e�0.2 for ��V�. Either of these values
overs the range of crack densities expected in naturally fractured
eservoirs. Interestingly, Grechka and Kachanov �2006a; b� show
hat the noninteraction approximation tends to perform even better

igure 4. Nearly plan view of a typical model containing four verti-
al fracture sets. The presence of two orthogonal vertical planes of
lastic symmetry is not obvious from the crack geometry.
or multiple fracture sets because diversity in the crack orientations
eads to a more complete cancelation of the competing effects of the
tress shielding and amplification.

nfluence of nonzero aspect ratios

In addition to displaying the crack-interaction patterns, Figure 3
lso illustrates the insensitivity of the effective properties to the
rack aspect ratios. Indeed, all crack faces reside in the areas of near-
ero stresses. Therefore, widening or thinning a crack would either
emove or add the host-rock volumes that contribute to the overall
verages quite weakly because the stresses �and strains� are small
here. Figure 2, which shows the influence of a variation of the aspect
atios from 	 = 0 ��� to 	 = 0.05 ��� on the effective anisotropic
oefficients, directly confirms the virtual absence of such an influ-
nce.

Figure 3 allows us to make a more general inference about the in-
uence of shapes of fracture faces on the effective stiffness ce. Sup-
ose that smooth faces of our penny-shaped cracks become slightly
ough �such cracks are called microcorrugated�. If their jaggedness
s limited to the areas of vanishingly small background stresses and
trains, it has almost no influence on the effective elasticity. Below,
e give an example of such a microcorrugated fracture and show

hat its stiffness contribution �c is equivalent to that of an elliptic
rack with smooth faces.

ultiple sets of penny-shaped cracks

Next, we examine the effective anisotropy caused by several sets
f nonparallel vertical cracks. We establish an approximate overall
rthorhombic elastic symmetry for nonintersecting circular fracture
rrays despite the fact that the crack geometries do not possess it.
he same conclusion is then extended to more realistic intersecting
racks than might create interconnected fracture networks.

ffective orthotropy

Let us turn our attention to multiple sets of nonintersecting penny-
haped fractures. The noninteraction scheme predicts that the crack-
nduced effective stiffness tensors ce are almost orthorhombic re-
ardless of the number of fracture sets and their orientations. Devia-
ions of ce from orthotropy potentially can be caused by the follow-
ng factors:

The fourth-rank tensor � �equation 25� for dry fractures when �b

�0
The fourth-rank tensor �� �equation 29� for liquid-filled fractures
Nonzero crack aspect ratios
Fracture interactions

ere we examine the cumulative influence of all these factors by per-
orming finite-element calculations of ce for crack arrays that con-
ain four vertical fracture sets oriented at azimuths �1 = 0°, �2 =
0°, �3 = 30°, �4 = 40° with respect to the coordinate axis x1. The
rack density associated with the first set varies from e1 = 0 to e1

0.09 while the crack densities of other three sets are kept fixed at
2 = 0.01, e3 = 0.02, and e4 = 0.03. This makes the total crack densi-
y e = ��=1

4 e� �defined by equation 26� change from e = 0.06 to e
0.15.
We generate 25 crack arrays �such as that shown in Figure 4� for

ach of the total crack densities e = 	0.06,0.09,0.12,0.15
 by ran-
omly varying the number of cracks �from 10 to 100�, their aspect ra-
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ios �from 0.04 to 0.08�, and the locations of their centers. For each
racture array, we compute the effective stiffness tensor ce and calcu-
ate its percentage deviations �e

ort from orthotropy

�e
ort =

max�ce − ce
ort�

max�ce�
� 100%, �43�

here the components of ce
ort are obtained from ce by letting

ce,ijlm
ort = �0 when �ij�lm + �il� jm + �im� jl = 0 and

ce,ijlm otherwise, �i, j,l,m = 1,2,3� .
�
�44�

igure 5 displays the 95% confidence intervals for �e
ort for our 100

rack arrays. Clearly, all effective stiffness tensors ce are virtually
rthorhombic. This means that the factors listed above are weak and
herefore unimportant.

Figure 5 also shows that �e
ort are smaller for water-filled cracks

han for dry ones even though ���� �equation 29� is significantly
reater than ��� �equation 25�. The reason for that is the stiffening
ffect of fluids. For example, the largest effective anisotropic coeffi-
ient ���1�� = 0.20 for dry cracks and only ���1�� = 0.06 when the frac-
ures are filled with water �all effective media in this test are mono-
linic; their anisotropic coefficients were introduced by Grechka et
l., 2000�. Thus, we conclude that the crack-induced anisotropy is
rthorhombic �with a good accuracy� for any type of fluid infill.
hile this property is generic and follows from equality ZN �ZT

second equation 22� for dry cracks, it stems from the proximity of
ffective media to isotropy when the fractures are filled with a liquid.

Another, rather trivial, consequence of a relatively weak magni-
ude of anisotropy for liquid-filled cracks is that all effective media
chemes, including those of Hudson �1980�, become sufficiently ac-
urate for seismics. Although their predictions are still different,
hey all are close to each other and to the numerically generated stiff-
ess tensors �Grechka and Kachanov, 2006a�. The reason is simple:
elatively small fracture contributions do not give room for large er-

ors in the effective properties. The presence of pores in the back-
round rock makes it more compliant and thus further reduces the in-

igure 5. Relative deviations of the effective stiffness tensors from
rthotropy for �a� dry and �b� water-filled fractures. Bars are the 95%
onfidence intervals of �e

ort �equations 43 and 44�. The background
oisson’s ratio is � = 0.45.
b
uence of fractures on the effective elasticity. It gives rise, however,
o a host of other issues related to the pressure equilibration and fluid
ow between the pores and fractures. They are outside the scope of
ur tutorial. �See Cardona, 2002 and Gurevich, 2003 for a current
iscussion.�

ntersecting cracks

We now make another step toward reality and allow the fractures
o intersect each other and possibly form interconnected networks.
ecause no theory exists to predict the effective elasticity of solids
ith intersecting cracks, we have to resort to numerical modeling.
ven though fracture intersections violate the main assumption of

he noninteraction approximation, we still compare its predictions
ith our finite-element results to find out whether the former pro-
ides a reasonable proxy for the numerically obtained effective stiff-
esses ce.

Here, following Grechka and Kachanov �2006b�, we examine 175
rrays that contain both the nonintersecting and intersecting cracks.
e compute their effective anisotropic coefficients with the finite-

lement method and compare their values with those predicted by
he noninteraction approximation. The models in this test have three
ets of vertical, dry, circular cracks oriented at azimuths �1 = 0°, �2

30°, and �3 = 40° with respect to the coordinate axis x1. The crack
ensities of sets 2 and 3 are fixed at e2 = 0.02 and e3 = 0.06, while
he density of set 1 changes from e1 = 0 to e1 = 0.06 making the total
rack density e = ��=1

3 e� vary from 0.08 to 0.14. Figure 6 displays
ur typical fracture arrays. Note that intersecting fractures create in-
ricate geometries ranging from relatively simple X-, 8-, and
-shapes �Figure 6b and c� to more complicated ones shown in Fig-
re 6d. Clearly, once we begin dealing with these geometries, our
racks are no longer penny shaped; they even cease to be planar.

Are fracture intersections important for the effective properties?
igure 7 gives the answer. We observe that literally nothing happens

o the stress fields in the vicinities of crack intersections. Therefore,
he latter have little influence on the effective elasticity and can be
afely ignored. Figure 8 substantiates the statements above. It shows
nisotropic coefficients of the effective �monoclinic� media for mod-

igure 6. Arrays of �a� nonintersecting and �b, c, d� intersecting frac-
ures. The cracks that geometrically intersect their neighbors are
haded. The aspect ratios 	 of fractures lie in the range 0.04�	

0.08.
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els containing nonintersecting and intersecting
fractures. Bars in Figure 8 correspond to the 95%
confidence intervals for the anisotropic coeffi-
cients obtained from our finite-element simula-
tions for 40 random realizations of locations of
the nonintersecting fractures at each total crack
density e = 	0.08,0.10,0.12,0.14
. Triangles in-
dicate the same coefficients, except for models
where the fractures intersect each other �such as
those in Figure 6b–d�. Let us observe the follow-
ing:

• Bars and triangles overlap implying the ab-
sence of influence of crack intersections on the
effective anisotropy.

• Both the linear slip and noninteraction predic-
tions �stars and circles� tend to slightly overes-
timate the magnitudes of anisotropic coeffi-
cients. Similarly to models with a single frac-
ture set �Figure 3�, it is a consequence of stiff-
ening resulting from fracture interactions.

• Stars �equations 9 and 24–27� and circles
�equations 9 and 31� in Figure 8 do not signifi-
cantly deviate from each other, confirming in-
sensitivity of the effective properties to the as-
pect ratios of dry cracks.

Thus, the main message of this section is that
geometrical intersections of fractures make virtu-
ally no impact on the effective elasticity. The
same conclusion was drawn by Saenger et al.
�2004�, who performed the finite-difference
wave-propagation experiments rather than static
modeling.

Noncircular fractures

Natural fractures in rocks are notoriously irreg-
ular. Because their shapes resemble neither cir-
cles nor ellipses, it is unclear to what extent the
existing theoretical results are applicable to such
geometries. Numerical simulations are obviously
necessary to answer this question. Here, follow-
ing Grechka et al. �2006�, we illustrate the follow-
ing statement: circular, penny-shaped fractures
can legitimately be used to represent flat irregular
cracks when the shape irregularities are random.

We examine six irregular fracture shapes
shown in Figure 9. Let us use each of the geome-
tries in Figure 9 to build a single vertical fracture
set and allow the cracks in this set to have not only
random locations but also random orientations
�or angles� in the 	x2,x3
-plane. We would like to
know whether these irregular fractures can be re-
placed with penny-shaped ones for the purpose of
obtaining the effective stiffnesses. The problem
at hand is nontrivial even though both effective
solids are transversely isotropic with an HTI. The
reason is that circular fractures form a special
kind of HTI characterized by fewer than five in-
dependent parameters �Schoenberg and Douma,

ays shown in
hose magni-

spond to the
ally comput-
intersecting

aspect ratios
nts for them
.

igure 7. Horizontal cross sections of the stress component � 11 for crack arr
igure 6. Arrows indicate the directions of applied uniaxial remote load w

ude is 1 MPa.
igure 8. Effective anisotropic coefficients of fractured media. Bars corre
5% confidence intervals �the mean ±2 standard deviations� of the numeric
d anisotropic coefficients. Triangles indicate their values for models with
racks. Predictions of the linear slip theory that ignores the nonzero crack
equations 9 and 24–27� and the noninteraction approximation that accou
equations 9 and 31� are shown with and a green � and a red �, respectively
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988; Kachanov, 1992; Thomsen, 1995; Tsvankin, 1997; Bakulin et
l., 2000�. Therefore, the real issue we are addressing here is whether
he ratio ZN/ZT for circular cracks can approximate the ratio ZN/�ZT�
or irregular ones, where �ZT� is the average tangential compliance in
he fracture 	x2,x3
-plane. We restrict the analysis below to dry
racks because their influence on the effective properties is much
tronger than that of liquid-filled ones.

We compute the effective stiffnesses ce numerically for six frac-
ure geometries in Figure 9, average over rotations in the ce in the
x2,x3
-plane �this yields �ce��, and calculate the crack contribution
o the effective stiffness,

��c� = �ce� − cb. �45�

hen we use equations 9 and 31 to get

�cps�efit,	 fit� = se
−1 − cb �46�

or penny-shaped cracks. Their crack densities efit and aspect ratios
fit are the fitting parameters. They are obtained from a nonlinear op-

imization ��c� � �cps�efit,	 fit�. The fit quality is quantified by the
tiffness misfits

�c = ��c� − �cps. �47�

e intentionally compare the stiffness contributions �c rather than
he effective stiffness tensors themselves because the former are

uch more sensitive to the fractures. Figure 10 shows the magni-
udes of misfits �c calculated in the norm

�c
nrm =

max��c�
max���c��

� 100%. �48�

he misfits �c
nrm�0.65% for all our fracture geometries. Clearly, ir-

egular fracture shapes in Figure 9 can be accurately represented by
ircular cracks. Figure 10 extends the conclusion drawn by Kacha-
ov �1992, 1993� for elliptic cracks with random eccentricities to ir-
egular fracture shapes.

Let us note that geometries in Figure 9 are quite complex. They in-
lude both convex and concave shapes; moreover, the fractures 4
hrough 6 contain islands of cohesion between the crack faces. Still,

igure 9. Irregular vertical cracks. All fractures are planar; their nor-
als are directed along the x1-axis. The faces of cracks 2, 3, and 4

ave sharp edges. Geometries 4, 5, and 6, that contain interior rock
slands, represent partially closed fractures.
one of the �c
nrm values stands out in Figure 10, implying that the cir-

ular-crack approximation performs well for all fracture shapes.
Thus, the presented numerical tests indicate that flat cracks with

andom shape irregularities and random spatial locations can be rep-
esented by circular ones as far as the effective elasticity is con-
erned. While we discussed only dry fractures, our conclusion also
emains valid for liquid-filled cracks because a much weaker influ-
nce of the latter on the effective elasticity makes details of their
racture shapes even less important. Our ability to replace irregular
racks with circular ones also implies that the effective elliptical
rthotropy should hold for the former as well as it does for the latter.
rechka et al. �2006� confirmed this statement explicitly for multi-
le sets of rectangular cracks �model 1 in Figure 9�.

icrocorrugated fractures

Finally, we discuss the so-called microcorrugated fractures whose
urfaces are nonsmooth. It has been suggested �e.g., Berg et al.,
991� that a small jaggedness of the fracture faces might cause a cou-
ling between the normal and tangential to the crack tractions and
lips and thus give rise to the nonzero off-diagonal elements of the
racture-compliance tensor Z. Several authors �Berg et al., 1991;
akulin et al., 2000; Grechka et al., 2003� examined the influence of
icrocorrugation on the effective properties by assigning nonzero

alues to the off-diagonal elements of Z. Here we show that, in fact,
he coupling is almost absent, and

Zij � 0 �i � j� �49�

or approximately planar microcorrugated fractures in isotropic host
ocks. Equality 49 follows from the basic principles of mechanics of
eterogeneous materials — the so-called “modification” theorem of
ill �1963�. It says that contribution of an irregularly shaped crack to

he effective elasticity is bounded by contributions of two cracks
hose shapes inscribe and circumscribe the original one. As micro-

orrugation can easily be smoothed out, Hill’s bounds are tight, and,
onsequently, a slight roughness can be ignored for the effective
roperties �see Sevostianov and Kachanov, 2002 and Kachanov and
evostianov, 2005 for further discussion�.
We illustrate Hill’s theorem on a W-shaped fracture shown in Fig-

re 11. While its geometric jaggedness is obvious, no corresponding

igure 10. Misfits �c
nrm �equation 48� for six fracture shapes in Figure

.
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mprint in the overall pattern of stress distribution is observed. This
nequivocally means that microcorrugation is unimportant and that
ur W-shaped crack influences the effective elasticity the same way
s does an elliptic fracture with smooth faces. Direct computation
onfirms it. The normalized difference max��c − �cell�/max��c� be-
ween the stiffness contribution �c of the fracture in Figure 11 and its
lliptic approximation, �cell, is only 0.15%.

In general, we can state that contributions of microcorrugated and
lliptic cracks to the effective stiffness are equivalent; therefore,
oughness of fracture faces does not matter for the overall elastic
roperties.

CONCLUSIONS

Restricting the scope to the model of fractures as highly compliant
nclusions in a stiff matrix, we consistently applied the well-known
oninteraction approximation derived for penny-shaped cracks to
redict the effective elasticity of fracture arrays that explicitly vio-
ated the underlying assumptions of this approximation. Specifical-
y, our cracks had irregular shapes, and their faces were nonsmooth
ith possible areas of partial contacts. In addition, the examined

ractures strongly interacted, could intersect each other, and formed
nterconnected networks. Yet, the simplest noninteraction approxi-

ation was found to be satisfactory in all cases. Thus, this is the sin-
le most important message of our tutorial: The noninteraction ap-
roximation formulated in compliances for penny-shaped fractures
s relevant and sufficiently accurate for irregular and intersecting
pproximately flat cracks.

There are several other points that might be relevant under specif-
c circumstances.

Dry fractures have the strongest impact on the effective elasticity.
t is particularly important to describe it using the compliance-based
ormulations. We show that Schoenberg’s linear slip theory which is
ssentially the noninteraction approximation in compliances, is sig-
ificantly more accurate than the theory of Hudson. Furthermore,
he effective crack-induced anisotropy is nearly orthorhombic re-
ardless of the number of fracture sets, their orientations, and the as-
ociated crack densities. We confirmed this conclusion numerically
or strongly interacting and intersecting dry fractures.

igure 11. Horizontal cross section of the stress component � 11 for
icrocorrugated W-shaped fracture. Arrow indicates the direction

f applied remote load whose magnitude is 1 MPa.
Micromechanics analysis identified a number of geometric fea-
ures of cracks that are insignificant for the effective properties.
hese features are

Fracture intersections
Microcorrugation of fracture faces
Random irregularities of fracture shapes, provided that the
cracks are flat

n the other hand, partial contacts of fracture faces appreciably stiff-
n the effective media. Still, their influence can be described ade-
uately by circular fractures that have an appropriate crack density.

Liquid infill of fractures may significantly reduce their influence
n the overall elastic properties. In this case, many effective media
chemes �e.g., Schoenberg’s and Hudson’s� yield comparable pre-
ictions, and the choice of a particular scheme is not critical for the
nal result.
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APPENDIX A

OVERVIEW OF LITERATURE ON EFFECTIVE
ELASTICITY OF CRACKED SOLIDS

Finding effective elastic properties of cracked materials is a clas-
ical problem. It has been addressed both in materials science and
eophysics. We start our overview with the developments made in
olid mechanics because they began some twenty years earlier than
hose in exploration geophysics.

olid mechanics and materials science

Bristow �1960� was the first who gave explicit results for the ef-
ective �or overall� elasticity of fractured solids. His work rested on
wo assumptions: The elastic interactions between cracks were ig-
ored �the so-called noninteraction approximation�, and the crack
rientations were random resulting in the overall isotropy. Impor-
antly, he identified the scalar crack density e �equation 26� as the
roper effective parameter. It represents individual cracks in accor-
ance with their actual contributions to the overall compliances, that
s, proportionally to their sizes cubed.

Kachanov �1980� extended the noninteraction approximation to
eneral effective anisotropy due to arbitrarily oriented dry fractures
mbedded in an otherwise isotropic background. He obtained a
omewhat counterintuitive result: the effective elasticity is nearly
rthorhombic for any orientation distribution of dry cracks. More-
ver, the crack-induced orthotropy turns out to be of a simplified
ype. It is fully described by only four independent parameters com-
ared to nine needed for general orthotropy. Also Kachanov �1980�
efined the tensorial crack-density parameters: the second-rank
rack density tensor � �equation 24�, which generalizes the scalar
rack density, and the fourth-rank tensor � �equation 25�. The mag-
itude of � is usually much smaller than that of �, so the symmetry
lanes of effective orthorhombic media are approximately co-ori-
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nted with the principal directions of �.Aspecial case of two or three
ystems of parallel dry cracks was discussed by Piau �1980�.

If the host material is anisotropic, general results in the noninter-
ction approximation are available in 2D �Mauge and Kachanov,
994�. In 3D, the closed-form solutions are known only for fractures
onfined to the isotropy plane of a transversely isotropic host �Levin
nd Markov, 2005 and references therein� and to the symmetry
lanes of a cubic background �Mura, 1987�.

The influence of fluid infill of fractures on the overall elasticity
as first analyzed by O’Connell and Budiansky �1974� and Budian-

ky and O’Connell �1976�. Their work was restricted to randomly
riented cracks and based on �generally inapplicable to rocks� as-
umption of identical aspect ratios 	. The latter allowed the authors
o retain the conventional crack density e. An arbitrary orientation
istribution of fluid-filled cracks with diverse aspect ratios was ex-
mined by Shafiro and Kachanov �1997�. They introduced the
ourth-rank tensor �� �equation 29� that properly accounts for the
ontributions of fractures with different aspect ratios to the overall
lasticity.

As the noninteraction approximation was originally thought to be
imited to low crack densities, a number of schemes has been pro-
osed to account for crack interactions. This is typically accom-
lished by putting noninteracting cracks into either an effective ma-
rix or an effective stress field. The self-consistent �O’Connell and
udiansky, 1974� and differential �Vavakin and Salganik, 1975�

chemes place the cracks into the effective matrix; the latter does this
n increments. Both self-consistent and differential techniques re-
uire knowledge of the solution for one crack in the effective matrix;
herefore, they are limited to media where such solutions are known,
pecifically, to random or parallel crack orientations. Another popu-
ar scheme was proposed by Mori and Tanaka �1973� and reformu-
ated for cracks by Benveniste �1986�. It puts the noninteracting
ractures into the average stress field that remains unchanged by the
racks. Perhaps the most advanced extension of the Mori-Tanaka’s
deas is called the method of effective field �Levin et al., 2004; Levin
nd Markov, 2005�. This method can account for statistics of the
rack positions but does not always yield explicit results.

eophysics and numerical studies

It appears that many of the above-mentioned results went largely
nnoticed by the exploration community, and independent develop-
ent took place there. Walsh �1965a; 1965b� was the first to examine

he effective elastic properties of fractured rocks. Similarly to Bris-
ow �1960�, he studied randomly oriented cracks in the noninterac-
ion approximation.

Then two popular noninteraction approximations were proposed
y Hudson �1980� and Schoenberg �1980�. The critical difference
etween them is that Hudson �1980� operates in stiffnesses while
choenberg �1980� operates in compliances. Both theories were
riginally developed for a single set of cracks embedded in isotropic
ost rock and later extended to several fracture sets �Hudson 1981;
choenberg and Muir, 1989; Nichols et al., 1989; Sayers, 2002a;
002b; Jakobsen et al., 2003� and to anisotropic backgrounds
Schoenberg and Helbig, 1997; Bakulin et al., 2000; Grechka and
svankin, 2003; Sayers, 2005�. The developments of Hudson �1980�
nd Schoenberg �1980� and their multiple extensions are not exact;
hey are essentially the noninteraction approximations augmented
y further approximations when the host rock is anisotropic.

Until recently, the accuracy of various effective media schemes
emained mostly unknown. The state of affairs has changed after the
dvances in both computer hardware and software made direct nu-
erical homogenization of the so-called digital rocks feasible

Davis and Knopoff, 1995; Dahm and Becker, 1998; Arns et al.,
002; Saenger and Shapiro, 2002; Saenger et al., 2004; Grechka and
achanov, 2006a, b; Grechka et al., 2006a, b; Ostoja-Starzewski,
006�. These computational experiments not only elucidated the ac-
uracy of many existing approximations but also extended theoreti-
al knowledge to realistic crack microgeometries that cannot be de-
cribed analytically.

Finally, there are approaches treating fractures not as compliant
nclusions in a stiff matrix but as contacts of rough surfaces �e.g.,
oshioka and Scholz, 1989; Baltazar et al., 2002; Biwa et al., 2005�.
hese approaches define the fracture compliances differently, and
erhaps only future measurements on rocks can tell whether the in-
lusion- or contact-type fracture models are more useful.

REFERENCES

rns, C. H., M. A. Knackstedt, W. V. Pinczewski, and E. J. Garboczi, 2002,
Computation of linear elastic properties from microtomographic images:
Methodology and agreement between theory and experiment: Geophys-
ics, 67, 1396–1405.

akulin, A., V. Grechka, and I. Tsvankin, 2000, Estimation of fracture pa-
rameters from reflection seismic data, Part I-III: Geophysics, 65, 1788–
1830.

altazar, A., S. I. Rokhlin, and C. Pecorari, 2002, On the relationship be-
tween ultrasonic and micromechanical properties of contacting rough sur-
faces: Journal of the Mechanics and Physics of Solids, 50, 1397–1416.

enveniste, Y., 1986, On the Mori-Tanaka method in cracked solids: Me-
chanics Research Communications, 13, 193–201.

erg, E., J. Hood, and G. Fryer, 1991, Reduction of the general fracture com-
pliance matrix Z to only five independent elements: Geophysical Journal
International, 107, 703–707.

iwa, S., A. Suzuki, and N. Ohno, 2005, Evaluation of interface wave veloci-
ty, reflection coefficients and interfacial stiffnesses of contacting surfaces:
Ultrasonics, 43, 495–502.

ristow, J. R., 1960, Microcracks and the static and dynamic elastic con-
stants of annealed and heavily cold-worked metals: British Journal of Ap-
plied Physics, 11, 81–85.

udiansky, B., and R. J. O’Connell, 1976, Elastic moduli of a cracked solid:
International Journal of Solids and Structures, 12, 81–97.

ardona, R., 2002, Two theories for fluid substitution in porous rocks with
aligned cracks: 72nd Annual International Meeting, SEG, Expanded Ab-
stracts, 173–176.

heng, C. H., 1993, Crack models for a transversely isotropic medium: Jour-
nal of Geophysical Research, 98, 675–684.

OMSOL Reference Manual, 2005, http://www.comsol.com.
ahm, T., and T. Becker, 1998, On the elastic and viscous properties of media
containing strongly interacting in-plane cracks: Pure and Applied Geo-
physics, 151, 1–16.

avis, P. M., and L. Knopoff, 1995, The elastic modulus of media containing
strongly interacting antiplane cracks: Journal of Geophysical Research,
100, 18 253–18 258.

shelby, J. D., 1957, The determination of the elastic field of an ellipsoidal
inclusion and related problems: Proceedings of the Royal Society, A241,
376–396.

rechka, V., 2003, Effective media: A forward modeling view: Geophysics,
68, 2055–2062.
—– 2005, Penny-shaped fractures revisited: Studia Geophysica et Geoda-
etica, 49, 367–383.

rechka, V., A. Bakulin, and I. Tsvankin, 2003, Seismic characterization of
vertical fractures described as general linear-slip interfaces: Geophysical
Prospecting, 51, 117–129.

rechka, V., P. Contreras, and I. Tsvankin, 2000, Inversion of normal move-
out for monoclinic media: Geophysical Prospecting, 48, 577–602.

rechka, V., and M. Kachanov, 2006a, Seismic characterization of multiple
fracture sets: Does orthotropy suffice? Geophysics, 71, D93–D105.
—–, 2006b, Effective elasticity of rocks with closely spaced and intersect-
ing cracks: Geophysics, 71, D85–D91.

rechka, V., and I. Tsvankin, 2003, Feasibility of seismic characterization of
multiple fracture sets: Geophysics, 68, 1399–1407.

rechka, V., I. Vasconcelos, and M. Kachanov, 2006, The influence of crack
shape on the effective elasticity of fractured rocks: Geophysics, 71, D153–
D160.

urevich, B., 2003, Elastic properties of saturated porous rocks with aligned



H

H

H

—

—

H

J

K

—

—

K

K

L

L

L

L

M

M

M

M

N

O

O

P

P

R

S

S

S

—

—

S

S

S

—

—

S

S

S

S

S

S

T

T

V

W

—

Y

Z

W58 Grechka and Kachanov

D
ow

nl
oa

de
d 

07
/0

2/
14

 to
 1

37
.3

0.
24

2.
61

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/

fractures: Journal ofApplied Geophysics, 54, 203–218.
ill, R., 1963, Elastic properties of reinforced solids; some theoretical princi-
ples: Journal of the Mechanics and Physics of Solids, 11, 357–372.

su, C.-J., and M. Schoenberg, 1993, Elastic waves through a simulated frac-
tured medium: Geophysics, 58, 964–977.

udson, J. A., 1980, Overall properties of a cracked solid: Mathematical Pro-
ceedings of Cambridge Philosophical Society, 88, 371–384.
—–, 1981, Wave speeds and attenuation of elastic waves in material con-
taining cracks: Geophysical Journal of Royal Astronomical Society, 64,
133–150.
—–, 1991, Overall properties of heterogeneous material: Geophysical
Journal International, 107, 505–511.

udson, J. A., E. Liu, and S. Crampin, 1996, The mechanical properties of
materials with interconnected cracks and pores: Geophysical Journal In-
ternational, 124, 105–112.

akobsen, M., J. A. Hudson, and T. A. Johansen, 2003, T-matrix approach to
shale acoustics: Geophysical Journal International, 154, 533–558.

achanov, M., 1980, Continuum model of medium with cracks: Journal of
the Engineering Mechanics Division,ASCE, 106�EM5�, 1039–1051.
—–, 1992, Effective elastic properties of cracked solids, Critical review of
some basic concepts: Applied Mechanics Review, 45, 304–335.
—–, 1993, Elastic solids with many cracks and related problems, in J. W.
Hutchinson and T. Wu, eds., Advances in applied mechanics 30:Academic
Press Inc, 259–445.

achanov, M., and I. Sevostianov, 2005, On quantitative characterization of
microstructures and effective properties: International Journal of Solids
and Structures, 42, 309–336.

achanov, M., B. Shafiro, and I. Tsukrov, 2003, Handbook of Elasticity So-
lutions, KluwerAcademic Publishers.

andau, L. D., and E. M. Lifshitz, 1998, Theory of elasticity, Course of theo-
retical physics, Vol. 7, 3rd ed.: Butterworth-Heinemann.

evin, V., and M. Markov, 2005, Elastic properties of inhomogeneous trans-
versely isotropic rocks: International Journal of Solids and Structures, 42,
393–408.

evin, V., M. Markov, and S. Kanaun, 2004, Effective field method for seis-
mic properties of cracked rocks: Journal of Geophysical Research, 104,
B08202.

iu, E., J. A. Hudson, and T. Pointer, 2000, Equivalent medium representa-
tion of fractured rock: Journal of Geophysical Research, 105, 2981–3000.
arkov, K., 1999, Elementary mechanics of heterogeneous media, in K.
Markov, and L. Preziosi, eds., Heterogeneous media: Micromechanics
modeling methods and simulations: Birkhäuser.
auge, C., and M. Kachanov, 1994, Effective elastic properties of an aniso-
tropic material with arbitrarily oriented interacting cracks: Journal of Me-
chanics and Physics of Solids, 42, 561–584.
ori, T., and K. Tanaka 1973, Average stress in matrix and average energy of
materials with misfitting inclusions: Acta Metallurgica, 21, 571–574.
ura, T., 1987, Micromechanics of defects in solids: Martinus Nijhoff Pub-
lishers.

ichols, D., F. Muir, and M. Schoenberg, 1989, Elastic properties of rocks
with multiple sets of fractures: 59th Annual International Meeting, SEG,
ExpandedAbstracts, 471–474.

’Connell, R. J., and B. Budiansky, 1974, Seismic velocities in dry and satu-
rated cracked solids: Journal of Geophysical Research, 79, 5412–5426.

stoja-Starzewski, M., 2006, Material spatial randomness: From statistical
to representative volume element: Probabilistic Engineering Mechanics,
21, 112–132.

eacock, S., and J. A. Hudson, 1990, Seismic properties of rocks with distri-
butions of small cracks: Geophysical Journal International, 102, 471–484.

iau, M., 1980, Crack-induced anisotropy and scattering in stressed rocks:
International Journal of Engineering Sciences, 18, 549–568.
üger, A., 1997, P-wave reflection coefficients for transversely isotropic —
models with vertical and horizontal axis of symmetry: Geophysics, 62,
713–722.

aenger, E. H., O. S. Krüger, and S. A. Shapiro, 2004, Effective elastic prop-
erties of randomly fractured soils, 3D numerical experiments: Geophysi-
cal Prospecting, 52, 183–195.

aenger, E. H., and S. A. Shapiro, 2002, Effective velocities in fractured me-
dia, A numerical study using the rotated staggered finite-difference grid:
Geophysical Prospecting, 50, 183–194.

ayers, C. M., 2002a, Stress-dependent elastic anisotropy of sandstones:
Geophysical Prospecting, 50, 85–95.
—–, 2002b, Fluid-dependent shear-wave splitting in fractured media:
Geophysical Prospecting, 50, 393–341.
—–, 2005, Seismic anisotropy of shales: Geophysical Prospecting, 53,
667–676.

ayers, C. M., and M. Kachanov, 1991, Asimple technique for finding effec-
tive elastic constants of cracked solids for arbitrary crack orientation sta-
tistics: International Journal of Solids and Structures, 27, 671–680.

ayers, C. M., and M. Kachanov, 1995, Microcrack-induced elastic wave an-
isotropy of brittle rocks: Journal of Geophysical Research, 100,
4149–4156.

choenberg, M., 1980, Elastic wave behavior across linear slip interfaces:
Journal ofAcoustical Society ofAmerica, 68, 1516–1521.
—–, 1983, Reflection of elastic waves from periodically stratified media
with interfacial slip: Geophysical Prospecting, 31, 265–292.
—–, 2002, Time-dependent anisotropy induced by pore pressure variation
in fractured rock: Journal of Seismic Exploration, 11, 83–105.

choenberg, M., and J. Douma, 1988, Elastic wave propagation in media
with parallel fractures and aligned cracks: Geophysical Prospecting, 36,
571–590.

choenberg, M., and K. Helbig, 1997, Orthorhombic media, Modeling elas-
tic wave behavior in a vertically fractured earth: Geophysics, 62, 1954–
1974.

choenberg, M., and F. Muir, 1989, A calculus for finely layered anisotropic
media: Geophysics, 54, 581–589.

choenberg, M., and C. Sayers, 1995, Seismic anisotropy of fractured rock:
Geophysics, 60, 204–211.

evostianov, I., and M. Kachanov, 2002, On elastic compliances of irregular-
ly shaped cracks: International Journal of Fracture, 114, 245–257.

hafiro, B., and M. Kachanov, 1997, Materials with fluid-filled pores of vari-
ous shapes: Effective moduli and fluid pressure polarization: International
Journal of Solids and Structures, 34, 3517–3540.

homsen, L., 1995, Elastic anisotropy due to aligned cracks in porous rock:
Geophysical Prospecting, 43, 805–829.

svankin, I., 1997, Reflection moveout and parameter estimation for hori-
zontal transverse isotropy: Geophysics, 62, 614–629.

avakin, A. S., and R. L. Salganik, 1975, Effective characteristics of nonho-
mogeneous media with isolated inhomogeneities, Mechanics of Solids:
Allerton Press, 58–66 �English translation of IzvestiaAN SSSR, Mekhan-
ika Tverdogo Tela, 10, 65–75�.
alsh, J. B., 1965a, The effect of cracks on the compressibility of rocks:
Journal of Geophysical Research, 70, 381–389.
—–, 1965b, The effect of cracks on uniaxial compression of rocks: Journal
of Geophysical Research, 70, 399–411.

oshioka, N., and C. H. Scholz, 1989, Elastic properties of contacting surfac-
es under normal and shear loads, 1, Theory: Journal of Geophysical Re-
search, 94, 17,681–17,690.

ohdi, T. I., and P. Wriggers, 2001, Aspects of the computational testing of
the mechanical properties of microheterogeneous material samples: The
International Journal of Numerical Methods in Engineering, 50, 2573–
2599.

—–, 2005, Introduction to computational micromechanics: Springer.


