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Abstract

In this thesis, concepts from inverse scattering and modern statistics are combined into
a powerful tool for imaging interfaces in Earth’s deep interior. Specially, a generalized
Radon transform (GRT) approach is developed to image heterogeneity at and near inter-
faces in Earth’s lowermost mantle with broadband, three-component seismograms from
Global Seismograph Networks (GSN). With this GRT method I transformed ~100,000
transverse-component S¢S waveforms into image gathers of a core mantle boundary (CMB)
patch beneath Central America and juxtaposition of stacks of these gathers produces a 2-
D image profile. To enhance this image profile, I collaborated with statisticians and used
mixed-effects statistical modeling to produce the best estimates of reflectivity along with
their uncertainty. I demonstrate that the method outlined above works well and — thus —
paves the way to large-scale seismic exploration of the lowermost mantle. With the new
technology I mapped the structure at and near the CMB beneath Central and North Amer-
ica. Several interfaces are detected, and some of them are consistent with expectations
from phase transformations in Magnesiiim perovskite. If we know which interface is as-
sociated with a particular phase transformation, and if we know the thermodynamic (P-T)
relations of the stability fields of the phases, then we can estimate temperature from the
pressure as inferred from the depth at which the transition occurs in the seismic sections.
Here we associate a seismically observed wavespeed increase with the perovskite to post-
perovskite transition and a wavespeed decrease with the back transformation to perovskite.
Using P-T data from experimental and theoretical mineral physics we can then estimate the
lateral temperature variations and radial (thermal) gradients near the CMB. In addition, the
temperature of the CMB and global heat loss are estimated. To improve D” imaging even
further, I have constructed a generalized Radon transform approach, compensating for the
liquid outer-core, which can be used to transform seismic signals passing trough the outer-
core, such as SKK S and its precursors and coda. I apply this method to the same region as
used in Sc§ studies. The image gathers computed from SKKS are in excellent agreement
with the results (for the same image points) obtained from ScS. With this development
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we now have a tool for detailed D” imaging — on sub-global scale ~ with joint interpreta-
tion (by means of the GRT and mixed-method statistics) of the broadband S¢S and SKKS
wavefields.
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Chapter 1

Introduction

Earth’s large scale radial stratification was a prime focus of seismology in the first half of
the 20th century. In the past decades research emphasis has shifted to mapping the lateral
variations in seismic propagation speed, changes in the depth to and character of deep
mantle interfaces, and the boundary layers associated with thermo-chemical convection.
The remote sensing of deep mantle discontinuities and, in particular, the lowermost mantle
(that is, the core mantle boundary — or CMB — and D"), is a challenge because the seismic
waves used to probe them propagate through Earth’s heterogeneous shallow mantle before
they are observed.

The rapidly increasing availability of broad-band global network data and data from
dense receiver arrays, such as the USArray component of EarthScope, defines a need for
the development of methodologies for automated extraction of structural signal from large
data sets. To enable the detection, imaging, and characterization of singularities (includ-
ing interfaces) using large data volumes, I combine concepts from inverse scattering and
modern statistics into a two-step strategy. I first develop a generalized Radon transform

(GRT) of broad-band global seismic network data to produce so-called ‘common image-
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point gathers’, which reveal and characterize multi-scale variations in elastic properties
at and near interfaces. Subsequently, in collaboration with my colleagues, we develop a
theory for statistical inference of singularities (discontinuities).

In the rest of this chapter, I first discuss the relationship between inverse scattering
and tomography, between inverse scattering and forward modeling, and between the GRT
approach and other inverse scattering methods. Second, I argue that GRT is inseparable
from the statistical analysis. Third, I introduce the wavefields used in this thesis. Finally, I

give the outline of the thesis.

1.1 Inverse scattering

(Seismic) inverse scattering refers to a class of inverse theories used to characterize Earth’s
structure on scale lengths comparable to or smaller than the wavelengths of the seismic

waves used as data.

1.1.1 Inverse scattering vs tomography

In current inverse scattering approaches, linearization of discontinuous perturbations (fine
scale) about smooth variations (coarse scale) is required. In such a framework, smooth
variations are determined with tomographic methods.

Seismic (transmission and normal mode) tomography has been successful in reveal-
ing long-period (smooth) changes in wavespeed (Dziewonski [1984]; Van der Hilst et al.
[1997]; Romanowicz [2003]). Structures at length scales far smaller than can be resolved
by tomography cause wavefield scattering, including reflections and phase conversions.

The scattered wavefield has been used in many studies, for instance, to estimate stochas-
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tic properties of deep mantle heterogeneity (e.g., Hedlin et al. [1997]; Margerin and Nolet
[2003]), to determine variations in depth to and reflectivity of known mantle discontinuities
(e.g., Paulssen [1988]; Van der Lee et al. [1996]; Shearer and Flanagan [1999]; Shearer
et al. [1999]; Gu and Dziewonski [2002]; Deuss and Woodhouse [2002]; Chambers et al.
[2005]), to explore the lowermost mantle (Garnero [2000]; Castle and Van der Hilst [2000],
and many others), and to search for previously unknown interfaces (e.g., Lay and Helm-
berger [1983b]; Revenaugh and Jordan [1991]; Kawakatsu and Niu [1994}; Vinnik et al.

[2001]; Castle and van der Hilst [2003]).

1.1.2 Inverse scattering vs forward modeling

Forward modeling of judiciously selected seismological phases has shown convincingly
that at and near the CMB strong heterogeneity exists on a wide spectrum of length scales
(e.g., Garnero [2000]; Rost and Revenaugh [2004]; Helmberger and Ni [2005]). How-
ever, forward modeling of complex waveforms is, as yet, only practical for relatively sim-
ple structural geometries, and it requires waveforms in which the signal of interest has
sufficient amplitude. The latter often implies a restriction to fairly small epicentral dis-
tance ranges, which — in turn — restricts the CMB regions that can be studied. More-
over, one needs to have prior knowledge of the target structures. As a complementary
technique, imaging by inversion of seismic data can overcome some of these limitations
and can be used to explore ‘Terra Incognita’. Traditional seismic inverse theory, how-
ever, allows for the correct interpretation of only a fraction of the information contained
in multi-component broad-band waveform data. Moreover, noise from various sources can
mask weak signals in the seismic data. Signal can be enhanced by stacking, and in recent

years several exciting applications to lowermost mantle imaging have been published (e.g.,
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Thomas et al. [2004]; Hutko et al. [2006]; Avants et al. [2006b]). However, these studies
require laborious data analysis (including visual inspection and forward modeling at some
stage of the analysis), which complicates application to large data sets and geographical

regions.

1.1.3 GRT vs other inverse scattering approaches

We investigate scatterers (e.g., interfaces) in Earth’s lowermost mantle (that is, the core-
mantle boundary and the so called D" region above it) with a generalized Radon transform
(GRT) adapted from application to near surface (hydrocarbon reservoir) imaging. A GRT
maps singly scattered waves to multiple images (or ‘common image-point gathers’) —for
different opening or scatter angles (source-receiver distances)— of the same target structure.
The theoretical analysis dates back to Guillemin [1985], but the first application to seismic
waves is credited to Beylkin [1985]. This early work was done in the context of hydrocarbon
reservoir imaging with acoustic waves and in the absence of caustics. Later extensions
included anisotropic media (Burridge et al. [1998]), resolution analysis (De Hoop et al.
[1999]), and generic elasticity with caustics (Stolk and de Hoop [2002]).

The GRT is a comprehensive theory/framework. Kirchhoff migration can be viewed as
a special case, typically, assuming the absence of caustics; in Kirchhoff migration one often
uses surface offset as the redundant variable, which leads to fundamental artifacts in image
gathers in the presence of caustics. [Revenaugh, 1995] presents an example of classical
Kirchhoff migration using all the data but loosing their sign information. Kichhoff time
migration is a special case of Kirchhoff migration — it assumes straight rays in an effective
medium that changes with the depth of image point (Simon et al. [1996]). Double beam-

forming (Scherbaum et al. [1997]) provides the input to so-called map migration (Hedlin
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et al. [1991]) revealing, geometrically, the propagation of singularities by the imaging op-
erators. Applying the GRT to a single data point generates an image distribution with as its
singular support an isochrone. If one has only a few isolated data points, one can overlay

the corresponding isochrones to localize the scatter point(Lay and Young [1996]).

1.2 GRT and statistics

The generalized Radon transform (GRT) of global seismic network data in heterogeneous,
anisotropic elastic media to map tens of thousands of seismograms results in a set of mul-
tiple images of the same target structure. These ‘common image-point gathers’ reveal
multi-scale variations in elastic properties. Presumably, any (local) reflector should show
up at least at (or close to) the same radius for any processed angle. However, due to the
difference in coverage, quality of data for different epicentral distances and inaccuracy in
background wavespeed model, this is not always the case. Therefore, instead of simply
stacking the image gathers (short for ‘common image-point gathers’) over different scat-
tering angles (and azimuths) into a single reflectivity profile, we use statistical methods to
estimate and enhance the GRT images (Chapter III, Ma et al. [2006]). A key notion of our
approach is that noise in the data and the image gathers is allowed to have mixed (that is,
white and coherent) components. The correlated components can be due to, for instance,
uneven source-receiver distribution, conflicting phases, multiple scattering, and the use of
an inaccurate reference model for (3D) mantle wavespeed, and the parameters that control
them can be estimated from the image gathers through prediction error minimization (also

known as generalized cross-validation).

Along with improved estimates of the reflectivity profile (the image), it also produces
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rigorous Bayesian confidence bands. These confidence bands replace forward modeling as
the initial model validation tool. This allows (routine) application to very large data sets
and can be used to focus the interpretation to structures that are imaged at a particular level

of confidence.

1.3 About the data

To investigate the lowermost mantle, core-related phases, such as Sc§S (PcP) and SKKS
(PKKP), and their precursors and coda are pertinent. Rost and Revenaugh [2004] found
a strong arrival in the early coda of major-arc PKK Pab and interpreted it as an underside
reflection from D” . With this arrival, they found a D” at 280 km above the CMB by con-
verting the traveltime to depth. Energy stack of seismograms (Figures 2-6B and 4-3) and
theoretic traveltime calculation show that the S¢S and SKKS phase are rather clean from
other major phases for large distance ranges (ScS: 0 —75%; SKKS: 90— 180°). In this thesis,
we use ScS wavefield to scan the core mantle boundary (CMB) area from the topside and
SKKS wavefield to scan from the underside !. If we indeed see the same structures from
two totally different data sets, it is probably the best way to validate our results. Or even
better, we can do a joint inversion of Sc§S and SKKS data to scan the CMB area from both
the topside and underside. In principle, ScS and SKK S can be combined (through compen-
sation of the outer core) to form a GRT integration over migration dip directions covering
entire (unit) sphere. However, one should do the integration with caution: The integra-
tion will be sensitive to anisotropy. Conversely, we could use the integration to detect the

presence of anisotropy. The use of SKKS has several advantages. First, with $45 (we use

IThe GRT approach developed in this thesis is ready for application to PcP and PKKP wavefields
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the subscript d for topside reflection and superscript d for underside reflection) phase, the
detection of lower interface of double crossing is relatively hard (Flores and Lay [2005]),
whereas the amplitudes of phase SKS?SKS are almost the same for a wavespeed increase
and decrease (see Figure 4-5). Furthermore, SKK'S provides excellent data coverage. Since
the maximum epicentral distance for ScS data is about 80°, and because there are almost
no receivers and events in large intraplate regions, such as oceans, the ScS middle point
coverage is very sparse there. Indeed, Central America and Eastern Eurasia are among the
few regions where ScS data coverage is likely to be sufficient for successful application of
the GRT with ScS§ data. On the other hand, the SKKS middle point coverage is very good
in most regions (see Figure 4-2). The main reason is that the epicentral distances used for
SKKS data are from 100-180°. All these features make the SKK S phase an excellent com-
plementary phase of ScS. On the other hand, to use SKK S data to image the CMB area from
the underside has its challenges. i) the lower limit of the earthquake magnitude which can
be used to image with SKKS data is higher; ii) SKKS is a ‘mini-max’ phase and its wave-
form is distorted by a 7/2 phase shift; iii) SKKS propagates not only in the solid mantle but
the liquid outer core, so that one has to compensate for the liquid outer-core; iv) For SKKS
imaging one has to deal with the coupled P-SV system. The potential mixture of SKS4SKS
and SKP?PKS seems to make this method almost infeasible. Fortunately, one can select
an epicentral distance range (100-180°) in which there is no SKP¢PKS energy because the
incidence angle of K at the CMB is beyond the post-critical angle for the mantle P-wave

(see Figure 4-1).
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1.4 Outline of thesis

In Chapter 1II (published in Journal of Geophysical Research, (11), B12034, 2006), I con-
struct a generalized Radon transform (for heterogeneous, anisotropic elastic media) to map
broadband seismogram windows —comprising main arrivals with their coda and precursors—
into multiple images of a target structure. The method is applied to the CMB area be-
neath Central America. In Chapter III (published in Journal of Geophysical Research,
in press), we develop a theory for statistical inference of singularities (discontinuities).
Several “mixed-effect” models are introduced to enhance the GRT images and provide un-
certainty estimates. In Chapter IV (Geophysical Journal International, in preparation),
an extended GRT approach is developed to deal with both solid-solid and liquid-liquid
medium perturbations. I compare the results by this method with those by the method in
Chapter II. In Chapter V (adapted from a published paper in Science, (315), 1813-1817,
2007), I interpret our images in terms of mineral physics and geodynamics. The discus-
sion of this thesis is given in Chapter VI, where the key results of this research work are

summarized and future work related to this research is discussed.



Chapter 2

Imaging of structure at and near the
core mantle boundary using a
generalized Radon transform: I-

construction of image gathers’

Abstract

We introduce a new method for imaging heterogeneity at and near interfaces in Earth’s low-
ermost mantle with broadband, three-component seismograms from global seismograph
networks. Our approach is based on inverse scattering and allows the extraction of perti-
nent signal from large data sets and requires few a priori assumptions about the hetero-
geneity under study, which makes it complementary to the forward modeling of selected
waveforms. Here (Paper I) we construct a generalized Radon transform (for heteroge-

*Published as: Imaging of structure at and near the core mantle boundary using a generalized Radon
transform: I- construction of image gathers, J. Geophys. Res., 111, B1230, doi:10.1029/2005JB004241,
2006.
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neous, anisotropic elastic media) to map broadband seismogram windows — comprising
main arrivals with their coda and precursors — into multiple images of a target structure.
The ‘common image-point gathers’ thus produced reveal multi-scale variations in elastic
properties near deep interfaces. The GRT can be applied to narrow and wide angle data,
and the (automated) extraction of signal from data over a wide range of epicentral distances
enables exploration of CMB regions that cannot — with present-day data coverage — be im-
aged with the triplicated waveforms used in forward modeling studies. Tests with synthetic
data, produced both with idealized and actual source-receiver distributions, illustrate per-
tinent aspects of the theory and show that (multiple) weak interfaces can be detected and
located correctly, even in the presence of (random) noise that would prohibit visual inspec-
tion and modeling of the subtle signals. We transformed ~ 100,000 transverse-component
ScS waveforms into image gathers of a core mantle boundary (CMB) patch beneath Central
America. Juxtaposition of stacks of these gathers produces a 2-D image profile revealing
contrasts in elasticity near the target depth of the CMB and ~280 km above it. The latter
may mark the top of the so called D" region. The images also reveal a richness of structures
in between these depths. Combined with a statistical analysis of the significance of these
singularities (described in Paper 11, Chapter III), the approach to imaging presented here
paves the way to large-scale seismic exploration of the lowermost mantle.

2.1 Introduction

Earth’s large scale radial stratification was a prime focus of seismology in the first half of
the 20th century. In the past decades research emphasis has shifted to mapping the lateral
variations in seismic propagation speed and changes in the depth to and character of deep
mantle interfaces and boundary layers associated with thermo-chemical convection. The
relatively smooth variations in seismic wavespeed can be delineated by transmission and
normal mode tomography, e.g., Dziewonski [1984]; Van der Hilst et al. [1997]; Romanow-
icz [2003]. Structures at length scales far smaller than can be resolved by tomography
cause wavefield scattering, including reflections and phase conversion. Scattering of seis-
mic waves has been used, for instance, to estimate stochastic properties of deep mantle
heterogeneity (e.g., Hedlin et al. [1997]; Margerin and Nolet [2003]), to determine vari-

ations in depth to and reflectivity of known mantle discontinuities (e.g., Paulssen [1988];



2.1. INTRODUCTION 25

Van der Lee et al. [1996]; Shearer and Flanagan [1999]; Shearer et al. [1999]; Gu and
Dziewonski [2002]; Deuss and Woodhouse [2002]; Chambers et al. [2005]), to explore the
lowermost mantle (Garnero [2000]; Castle and Van der Hilst [2000], and many others),
and to search for previously unknown interfaces (e.g., Lay and Helmberger [1983b]; Reve-
naugh and Jordan [1991]; Kawakatsu and Niu [1994]; Vinnik et al. [2001]; Castle and van

der Hilst [2003]).

The remote sensing of deep mantle discontinuities and, in particular, the lowermost
mantle (that is, the core mantle boundary — or CMB — and D), is a challenge because
the seismic waves used to probe them propagate through Earth’s heterogeneous shallow
mantle before they are observed. Forward modeling of judiciously selected seismologi-
cal phases has shown convincingly that at and near the CMB strong heterogeneity exists
on a wide spectrum of length scales (e.g., Garnero [2000]; Rost and Revenaugh [2004],
Helmberger and Ni [2005]). However, forward modeling of complex waveforms is, as
yet, only practical for relatively simple structural geometries, and it requires waveforms in
which the signal of interest has sufficient amplitude. The latter often implies a restriction
to fairly small epicentral distance ranges, which — in turn — restricts the CMB regions that
can be studied. Moreover, one needs to have prior knowledge of the target structures. As
a complementary technique, imaging by inversion of seismic data can overcome some of
these limitations and can be used to explore ‘Terra Incognita’. Traditional seismic inverse
theory, however, allows for the correct interpretation of only a fraction of the information
contained in multi-component broad-band waveform data. Moreover, noise from various
sources can mask weak signals in the seismic data. Signal can be enhanced by stacking,
and in recent years several exciting applications to lowermost mantle imaging have been

published (e.g., Thomas et al. [2004]; Hutko et al. [2006]; Avants et al. [2006b]). However,
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these studies require laborious data analysis (including visual inspection and forward mod-
eling at some stage of the analysis), which complicates application to large data sets and

geographical regions.

With the rapidly increasing availability of broad-band global network data and data
from dense receiver arrays, such as the USArray component of EarthScope, there is a well
recognized need for the development of methodologies for automated extraction of struc-
tural signal from large data sets. To enable the detection, imaging, and characterization of
singularities (including interfaces) using large data volumes, we combine concepts from
inverse scattering and modern statistics into a two-step strategy. The first step, presented
here, is the development of a generalized Radon transform (GRT) of broad-band global
seismic network data to produce so-called ‘common image-point gathers’, which reveal
and characterize multi-scale variations in acousto-elastic properties at and near interfaces.
In a companion paper, hereinafter referred to as Paper II, Ma et al. [2006] analyze these
gathers using ‘mixed-effects’ statistical models. The statistical analysis is used to enhance
the images and estimate formal (Bayesian) confidence levels. In our automated imaging of
Earth’s deep interior, the latter replaces forward modeling of (stacks of) waveforms as the

(initial) means for model or image validation.

We develop a GRT for imaging of the lowermost mantle with the broad-band wavefield
formed by direct ScS and its precursors and coda. In Section 2.2 we develop the theory un-
derlying the GRT and describe how three-component broad-band data can be transformed
into image gathers. The GRT was introduced to seismic imaging by Beylkin [1985] and
Miller et al. [1987] but the development followed here builds on generalisations due to De
Hoop and collaborators (e.g., De Hoop et al. [1994]; De Hoop and Bleistein [1997]; Bur-

ridge et al. [1998]). In Section 2.3 we use synthetic seimograms to illustrate key aspects
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and test the performance of our methodology. We show that — in principle — the GRT can be
used to detect (multiple) deep Earth interfaces and estimate their reflection coefficients. We
also analyze how the radial resolution depends on the scattering angle. This dependence,
which is shown to be related to what is called the dilation in a wavelet transform, is of key
importance for the space-scale characterization of the interface. Furthermore, we demon-
strate that the GRT is effective in suppressing (random) noise. Finally, in Section 2.4 we
discuss pertinent aspects of the data processing, including the use of principal component
analysis (PCA) for identifying and separating the direct and scattered wavefields, and we

present preliminary results of our study of a CMB patch beneath Central America.

2.2 GRT to ‘uniform’ common image-point gathers

2.2.1 Historical perspective (anisotropic elastic case)

There have been many publications about high-frequency methods to invert seismic data
in acoustic media. These methods date back to Hagedoorn [1954]; from a seismic per-
spective, it has taken thirty years to develop the basic analysis (Schneider [1978]; Clayton
and Stolt [1981]; Stolt and Weglein [1985]; Miller et al. [19871; Schleicher et al. [1993)).
From a mathematical perspective, the analysis started with the reconstruction of the sin-
gular component of the medium coefficients in the Born approximation, in the absence of
caustics, by Beylkin [1985] — using the framework of generalized Radon transforms. Bleis-
tein [1987] discussed the case of a smooth jump using Beylkin’s results. The simplest form

of an asymptotic inversion procedure, however, can already be found in Norton and Linzer

[1981].
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Beylkin and Burridge [1990] discussed the asymptotic imaging of seismic data in the
Born approximation in isotropic elastic media, under a no-caustics assumption. The gen-
eralized Radon transform in anisotropic elastic media was developed by De Hoop and co-
workers (De Hoop et al. [1994]; Burridge et al. [1998]; De Hoop et al. [1999]). De Hoop
and Bleistein [1997] introduced the imaging and inversion in general anisotropic elastic
media, using a Kirchhoff-type approximation.

Guillemin [1985] discussed the so-called Bolker condition in the context of generalized
Radon transforms, which ensures invertibility of the modeling or single scattering oper-
ator in the least-squares sense. Stolk and de Hoop [2002] made use of this result in the
development and analysis of the generalized Radon transform in anisotropic elastic media
allowing the presence of caustics; explicit expressions and algorithmic aspects in this case
can be found in De Hoop and Brandsberg-Dahl [2000]. The foundations of the use of the
Kirchhoff approximation in the generalized Radon transform, in the presence of caustics,
were also given by Stolk and de Hoop [2002]. An implementation and application of these
results to exploration seismic data can be found in Brandsberg-Dahl et al. [2003].

In global seismology, applications and adaptations of the no-caustic isotropic elastic
generalized Radon transform to scattered teleseismic body waves can be found in Bostock
et al. [2001] and Poppeliers and Pavlis [2003]. Poststack migration in the context of re-

ceiver functions was discussed by Rydberg and Weber [2000].

2.2.2 GRT imaging of deep mantle interfaces

In essence, the GRT enables the transformation of a large number of broad-band seismic
waveform data into (multiple) images of a singularity in physical medium properties, for

instance a deep mantle interface. In order to do so, however, one has to account carefully
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for (smooth, possibly anisotropic) 3-D wavespeed variations in the background medium,
geometrical aspects such as the focal depth and the radiation patterns of the earthquakes
considered, and the uneven and sparse sampling (that is, acquisition geometry). Moreover,
in applications to earthquake data (that is, passive seismics) one has to estimate and remove
(for each earthquake) the source signature and (for each receiver) the instrument response.

In the subsections below we introduce the notation regarding the sources and receivers,
define the ray-geometrical aspects, and develop the transform itself. We explain the multi-
resolution aspects of ‘common image-point gathers’, and we discuss (anti-)aliasing and

other issues related to uneven spatial and spectral sampling.

Sources and receivers — definitions

We consider waveform data from many sources (earthquakes), indicated by superscript s,
recorded at many receivers (seismograph stations), indicated by superscript . The stations
are not required to be part of a contiguous, geographically restricted array.

The earthquake epicenters are denoted by x*. We assume that the origin times ¢° are
reset to zero, and that the earthquake’s time-rise function is deconvolved from the data
(the related practicalities are discussed in Section 2.4.2). For each earthquake we write the

equivalent body force f as

filx,t) = —M;;0;6(x—x*) H(t —1°),with * set to 0, 2.1

where M;; is the moment tensor. Note that we use the subscript summation convention.
The receivers, located at x", record three displacement components u,(x*,x",t), p=1,2,3,

which — after pre-processing — will be used as input in the GRT.
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Scattering geometry — definitions

The geometry considered in transforming seismic data in a heterogeneous, anisotropic
elastic medium is illustrated in Figure 2-1 (top), where the image point is denoted by
y = (¥1,¥2,¥3). The superscripts s and r indicate the association with a ray from a source
and a receiver, respectively. The ‘two-way’ travel time for a particular diffraction branch
associated with a ray path connecting x* with x” via y is denoted by T = T (x*,x", y).

The slowness vector of the ray connecting x° with y (evaluated at y) is given by p*(y);
in particular, p*(x*) indicates the slowness along this ray evaluated at the source. The
projection 7*(x*) of p*(x*) onto Earth’s surface is a horizontal slowness. Furthermore, we
introduce the phase direction (that is, a unit vector normal to the wavefront) k* = p*/|p’|
and, following the notation by Cerveny [2001], the phase velocity V* = 1/|p*|. A similar
notation is used for the quantities along the ray connecting the image point with the receiver
(that is, p"(y), p"(x"), n"(x"), k", and V" ). With @ the angular frequency, on® and wn”
are (horizontal components of) wave vectors. (We note that (s,r,t,0n°, ®n", @) — that is,
space, time, and their Fourier duals, wave vector and frequency — defines a point in data
phase space.) Likewise, the polarization vector, k, associated with compressional- or shear
waves, is defined at the source, receiver, and image point.

The quantity that controls image resolution is what we will call the migration slowness
vector, p"(y) = p*(y) + p"(y), with a direction — known as the migration dip in the ex-
ploration literature — v™(y) = p™(y)/|p™(y)|- (We note that (y, p™(y)) defines a point in
image phase space.) Together, the migration dip and the phase directions of incoming and

scattered rays define the scattering vector

v = (K’ xK") x v" (2.2)
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at image point y.
For a travel-time diffraction branch, and away from caustics at x” or x°, the scattering

angle 0 between incoming and scattered rays at y is related to the scattering vector as

sinf = |y|, 6=0(x"x,y), 2.3)

and the scattering azimuth y is the angular displacement of the scattering vector at y,

v =y x,y), (2.4)

normalized to one (that is, y/|y|); see, again, Figure 2-1(top).

2.2.3 Map (de)migration and isochrons

Map migration describes how the geometry of a (specular) reflection — defined as a com-
bination of source and receiver coordinates, travel time, and horizontal slownesses — is

mapped to the location and orientation of a reflector:

(), m) e (y,p") at t=T(,X,y), (2.5)

see, for instance, Kleyn [1977]; Douma and de Hoop [2006].

For given (x°,x",t), the set of equal times T(x*,x",y) =t defines an isochron. With
slownesses ° and z”, which can be inferred from the data (for instance from travel time
slopes, polarization analysis, or vespegrams, see Rost and Thomas [2002]), the mapping X
locates y on an isochron. If such slowness information is not used, a data point (x*,x",¢)

smears over an isochron in the interior of the Earth, see Figure 2-1 (bottom). In fact,
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CMB

Figure 2-1: Schematic illustration of the path geometry (top) and the isochron concept
(bottom) considered in the generalized Radon transform (GRT) of ScS data. Top: The
source (x°) and receiver (x") are separated by epicentral distance A. The image point at the
CMB is denoted y. Slowness vectors are given by p, and m denote horizontal slownesses.
The scattering angle is 0 and scattering azimuth is y. The image is, essentially, created
by integration over p™. All other symbols are in the text. The two seismograms illustrate
that information about a predescribed image point y is gleaned from different parts of data
recorded at the different stations; for non-specular reflections part of the coda contributes
to the stacks, whereas for specular reflections the information is retrieved from the main
arrival. Bottom: For given (x°,x",t), the set of points y constrained by T (x*,x",y) =1t is
identified as an isochron; p™ is normal to the isochron.

the impulse response of the kernel of the generalized Radon transform (considered as an
integral operator) coincides precisely with an isochron.

The use of isochrons for deep Earth imaging is not new. For example, Lay and Young
[1996] used them in their study of scattering in Earth’s lowermost mantle. Isolating a
proper time window of the coda wave (such as S to ScS), they applied a convolutional model

approach to estimate for any scattered waves the arrival times ¢ (at a station located at x”

for a given earthquake at x°) and the amplitudes. Thus a combination (x*,x",¢,amplitude)
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is a data point, and multiple data points smear over a collection of isochrons. Instead of
integrating over all isochrons at a particular image point, as done by the generalized Radon
transform, Lay and Young [1996] considered a smooth mantle wavespeed model and kept
track of how many isochrons associated with their data points hit a particular scattering

(image) point in the lower mantle.

2.2.4 Generalized Radon transform inversion

With the geometrical concepts developed above we derive the basic form of the operators
that transform the waveform data to a set of common image-point gathers in a heteroge-
neous, anisotropic medium. The elastic properties of the medium under consideration,
here Earth’s mantle and crust, are described by a stiffness tensor c; i (@, j,k,1 € {1,..,3}
and mass density p. These parameters are decomposed as a sum of a smooth part (with

superscript (0)) and a (non-smooth) perturbation (superscript (1)):
p(x) =p@ ) +pV (), cijule) = clgh () + () (2.6)
’ ijkl ijkl ijkIN" /e :

Accordingly, the (singly scattered) part of the displacement field associated with the per-
turbed medium properties is denoted with superscript (1), so that u = u(®) 4+ 4(1). For now
we assume that an estimate of the smooth wavespeed variations (the background model)
is available, for instance from tomography. For a given background model, the medium
perturbations, which contain the discontinuities and other types of scatterer, are then found
by imaging (or inverse scattering) through application of the GRT.

We further assume that the perturbations are (non-smooth) changes in elastic parame-

ters across a local, laterally contiguous interface defined by a specific value of some func-
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tion ¢ (De Hoop and Bleistein [1997])!. Such a function would describe, for example, the
topography of the interface. The interface normal is given by vy = V¢ /|V¢|. Multiple

interfaces are simply treated as a combination of such functions.

We can now formulate the migration of waveform data to uniform image gathers at a
predescribed (common) image point y. These image gathers will be inferred from S, (y; 6, V),
which in turn is obtained from the pre-processed waveform data @'!) through a GRT of the

following form?:

$,050.9) = [ aV( X, )[p"()Pav. ex)

Vm

As illustrated in Figure 2-1, the source and receiver positions are here explicit functions of
the image point, migration dip, scatter angle, and azimuth; that is, x* = x*(y, v"", 8, y) and
X" =x"(y,v", 0, y); these positions can be determined by ray tracing from image point y
upward until the rays intersect Earth’s surface at the source and receiver side. The integra-
tion over migration dip v is restricted to E,», which depends on (0, y) and reflects the
effect of the acquisition imprint on the final image. In (2.7), al represents the waveform
data of the singly scattered constituent ﬁﬁ,l) (here ScS and its precursors and coda) corrected

for amplitude, polarization, phase, and travel time at y [Burridge et al., 1998, (4.2)]:

ot waveform data
source polarization o

Yyt e N
@0y =W y) W) aay) (¢, T(F,x,))

2[p OV )WV )V ()p O ()Y ()] [detQa(w, y) detQa(y,#)] /32.8)

~
weights related to Green’s functions geometrical spreading

IMathematically, the jump function can be readily replaced by an element of a Zygmund class of order be-
tween O (i.e., a step function) and 1 (i.e., a ramp function), which also determines the local scaling properties
of the singularity. This generalization is important, for example, in investigations of phase transitions.

2This expression is a stripped down version of equation (20) in Brandsberg-Dahl et al. [2003]; for in-
stance, the radiation-pattern inversion has been removed to enable the direct estimation of a single reflection
coefficient instead of multiple combinations of stiffnesses.
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Here, the contraction with h; (x") represents rotations of the receiver components, and

W, y) = EM () (B (%) pi(x%) + S (x*) pi () 2.9)

accounts for the different source mechanisms. Furthermore, ﬁ},l) represent the original,

singly-scattered data ug) corrected for possible phase shifts due to caustics:

iy (04 T (6,0, y)) = AU (0 X T (8, ), (2.10)

with ## the Hilbert transform and o(x,y,x*) = k(x’,y) + k(y,x*) is the accumulated
KMAH index (C‘ervenj [2001]) that keeps track of caustics that occur between x” and y
and between y and x’°. Such caustics readily appear in heterogeneous (but smooth) media.
Finally, Qx(x",y) and Qa(y,x*) are the relative geometrical spreading (Cerveny [2001])
for the receiver and source rays, respectively. All other parameters are as defined in Sec-

tion 2.2.2.

Based on [De Hoop and Bleistein, 1997, equations (37)-(38)] the GRT in (2.7) is de-
signed to reconstruct a combination of a singular function that characterizes some interface
and a smooth (amplitude) function S(!) that represents the associated scattering coefficient,

S(l)(y;97 ll/) (V¢ -pm)_] |Vy¢‘ 6(¢(y))a

N RN )

smooth amplitude interface characterization

with §() strictly defined only for y on the interface defined as a zero level set of a function
¢; the normal to the interface at point y is given by vy = V,¢/|V,¢|. We note that if the
singularity represents a jump (that is, a first-order discontinuity) the scattering coefficient

represents the reflection coefficient.
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For given x* and x”, let x? be the specular reflection point with associated interface dip
Vo (x?). For y in the vicinity of this specular reflection point, p™ aligns with ve. Using
the first-order Taylor expansion of ¢(y) about x? while noting that ¢(x?) = 0, that is,

O(y) =V, - (y—x?), it follows that the interface characterization can be written as

(Vo P™) " 1V,018(8() = ()" [Viblo (Vb - (y—x%)) = () 7' 8(v - (y—x%)),

where

p® =1p"(x?)|, suchthat v"(x?)=v,(x?). @.11)

Using the homogeneity of the delta function (easily checked in its Fourier representation),

the interface can then be characterized as

(P)718(ve- (y=x%)) = 8(pPvy - (y— %)),
and the assumption of a (common) source signature leads to the factorization
Sw(:0,9) =8 (x?:0,y) w(g ) (P* Vo (8, ) - (y—2?)), for [y—x?| small,  (2.12)

where w(g ) are smooth functions that reveal the imprint at x? of the source-receiver dis-
tribution [De Hoop and Bleistein, 1997, equation (94)]. We recognize in (2.12) a dilation
(scaling with 1/p?) and a translation (by x?). Hence, for given direction vy, Sw(y:0,v)
behaves like a wavelet transform of the singularity being imaged at y. We will see later
(Section 2.3) that the dilation plays an important role in characterizing the (radial) scaling

properties of the singularities being imaged. In(2.12), .§(1)(x¢; 0, y) denotes the estimate
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of the scattering coefficient S((x?; 0, y) (see Appendix).

By adjusting the weighting functions inside the integral of (2.7) we change the GRT
given by S, (y; 0, ) to a mapping #(y; 0, y) of @) to (approximately) uniform image
gathers (IGs) in scattering angle 0 and azimuth y (cf. (2.18), Appendix):

a2y PO m

f(yaealI’) = Em W(xS,x’,y)Z |w(x‘,x’,y)| v

With this result we derive the structural image through integration over 6 and y:

#0)= [ [ #(36,v)doay. 2.13)

In the presence of caustics, .#(y; 0, y) commonly generates false image events while the
stack #(y) over (8, y) does not (see Stolk and de Hoop [2004] for details). In Paper II
this linear stack will be replaced by an integration over y followed by formal statistical

inference of singularities in the gather.

2.2.5 Sampling

Finally, in the construction and subsequent statistical analysis of the image gathers we have
to understand the effects of sparse and uneven sampling. Typically, the global wavefield is
sampled irregularly in x° and x” but regularly in ¢. By itself, irregular spatial sampling is
an advantage for our approach; in fact, regularly sampled data from regional arrays should
be subjected to aliasing tests. Irregular source-receiver sampling obtained by quasi-Monte
Carlo sampling of migration dip and scattering angle and azimuth even results in optimal

spatial resolution kernels for inverse scattering for a given number of data points (De Hoop
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and Spencer [1996)).

The sampling properties of the GRT can be described using a table generated by map

migration 2 (cf. (2.5))

{(, X 1,0 0on”, w;x,0p™) | t =T (X, x",x)}.

The braces, here, indicate that this set of points is a relation; note that, in general, there is
not a mapping between (x, ®p™) and (x°,x",t, 07°, 0", ®).
For a given grid, the Fourier duals in this table, that is, (x*, ®n*), (X", 0n"), (¢, ®) and

(x, @p™), should satisfy the Nyquist criterion, which essentially provides an upper bound

for frequency, fmax = “3’;:". For example, if Ar denotes the (average) station spacing on a

gridded array, then

< —.
Fimax| |_2Ar

If needed, an anti-alias filter (for a design, see Lumley et al. [2001]) can be applied. For
sampling the image, we note that the magnitude of the (migration) slowness vector is given
by

p" = (V)2 +2(v*) "' (V") cos(8) + (V1) 7]/, (2.14)

which also shows how |p™| changes with scattering angle 6. In practice, spatial aliasing in

the image is not an issue because its sampling is part of the (computational) algorithm.

2.3 Resolution tests with synthetic data

We evaluate the performance of the methodology developed above with broad-band WKBJ

seismograms (Chapman [1978]) calculated from a radially stratified wavespeed model
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(akl35, Kennett et al. [1995]), on which we superimpose jumps in elastic parameters at
certain distances above the CMB. For example, Figure 2-2 (left) depicts seismograms cal-
culated for a 1.5% S-wavespeed contrast at 150 km above the CMB; the records on the
right are generated with contrasts at 150, 200, and 250 km above the CMB. Tests such as
the ones presented here demonstrate that the GRT can detect small medium contrasts in
noise-free data or if the noise in the data is random and white. Other types of noise can de-
grade the GRT stacks, however, and in Paper II (Chapter III, Ma et al. [2006]) we assess
the performance of the GRT in the presence of non-random ‘noise’ (e.g., due to uneven
data coverage, errors in the assumed background medium, or multiple scattering) and dis-
cuss how the GRT stacks can be enhanced through statistical inference (with mixed-effects

models).

We consider different geographical source-receiver distributions. In one series of tests
we use an idealized geographic distribution of source-receiver pairs (Figure 2-3A,B); in
another we use the actual earthquake-station distribution (Figure 2-3C). We show results

for (synthetic) data bandpass filtered between 1-10 s.

For the wavespeed models and associated ray geometries considered we can calculate
the reflection coefficient R as a function of scatter angle. The theoretical curve (Figure 2-
3B) and the synthetic data (Figure 2-2B) suggest that three angles are of particular interest.
(1) The intramission angle i;, at which no energy is reflected (that is, R = 0). In accord
with theoretical predictions, Figure 2-3A shows that the amplitude of S;S decreases with
increasing opening angle (with R < 0) for i < i;, becomes zero at i = i;, and increases again
for i > i;, but with opposite polarity (that is, R > 0). (2) The cross-over angle i, beyond
which ScS§, the CMB reflection, arrives before S, the reflection off the shallower interface

(which happens because of the imposed increase in wavespeed in the lowermost layer). (3)
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Figure 2-2: Record section of synthetic data for models with one (left) and three (right)
contrasts above the CMB, calculated with WKBJ. The red solid lines are the travel time
curves of ScS phase and the red dotted lines are the travel time curves of S;S phases. At
wide angles this reflection becomes stronger and crosses over with, and eventually arrives
in the coda of direct ScS. The inset in B shows, for narrow angle reflections, the weak
precursory energy (amplified). Narrow angle (0-i;); Wide angle (i;-i.), with i; and i. the
intramission and critical angle, respectively. For the parameters used here, i;=44.6° and the
critical angle for S, is at 80.6 °; the cross-over between S;S and ScS occurs at 83.5°.

The critical angle i., beyond which no energy is transmitted into the D” (head wave). We
define narrow angles as i less than i; and wide angles for i between i; and iy (or i, if ip < iy).
In Figure 2-3B we compare the magnitude of the reflection coefficient inferred from the
GRT (see Appendix) and from Snell’s law. The inferred reflection coefficient matches the
theoretical curve remarkably well, except near and beyond the critical angle (which in this

case is 2x ~ 80.6°).

In addition to illustrating how i;, iy, and i, affect the appearance of the angle gath-
ers, Figure 2-3A,C demonstrates that the width of the reflectors increases (dilates) with
increasing scatter angle. This dilation — see (2.12) and the text below it — depends on 0 as
1/cos(6/2). The degradation of radial resolution with increasing distance can be under-
stood from simple ray geometrical considerations: with increasing angle of incidence the

vertical slowness decreases and the travel time becomes less sensitive to perturbations in
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Figure 2-3: Illustration of the construction of GRT stacks (images) from image gathers at
different scatter angles. The traces on the left of panels (A) and (C) are image gathers at 53
scattering angles produced from the synthetic data as in Figure 2-2. The traces on the right
are stacks over narrow and wide angles (as defined in the text and in the caption to Figure 2-
2). We integrate over narrow and wide angles seperately because of the change in polarity
upon crossing the intramission angle i;; stacking over all angles would involve signals with
opposite polarities and cold thus mask interfaces. We use a 1-10s bandpass filter. The gath-
ers and stacks in (A) are produced from an artificial (regular) source-receiver distribution;
the results in (C) were computed using the data coverage depicted in Figure 2-6A. In (A)
and (C) the dilation shows up as 1/cos(6/2) — the theoretical values are depicted by the
thin blue lines around the depth of the CMB. To aid visual inspection, the amplitude in the
(dashed) box in (A) and (C) is amplified by a factor of 20. In (B), the solid line depicts the
reflection coefficient calculated from the input model and the star is the reflection coeffi-
cient picked up by our GRT method (see Appendix). The intramission angle i; = 44.6° and
the critical angle i, = 80.6°.

discontinuity depth (in the limit of grazing rays the sensitivity vanishes because at the im-
age point the depth perturbation is perpendicular to the ray). Most forward modeling stud-
ies consider (triplicated) waveforms at distances larger than ~ 75° (which is at the large
distance end of what we call wide angle data) because the S;S phase is weak at smaller
distances. This leaves a fairly small epicentral distance range that can be used. Moreover,
these data have relatively poor resolution to the depth of interfaces. For our purposes, how-

ever, the (predictable) variation in depth resolution provides valuable information; indeed,
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Figure 2-4: Images obtained from narrow angle stacks produced from synthetic data, illus-
trating the resolution of the GRT. (A) The recovery of the input model with a contrast at
150 km above the CMB. (B) The recovery of the input model with contrasts at 150 km, 200
km, and 250 km above the CMB. The amplitudes above the dashed line are multiplied by
a factor of 35 to make them comparable to those of the CMB.

the redundancy contained in the narrow and wide angle data helps us constrain both the fine
scale and coarser scale radial variations in elastic properties. This property can be exploited

to quantify the space-scale properties of the singularities being imaged.

The ability to reproduce the dilation (1/p? in (2.12)) and the reflection coefficients con-
firms the correct behavior of our GRT. We can also demonstrate that our GRT is able to
detect multiple interfaces. For this purpose, we chose 41 imaging points along the great
circle transect from (-105W, 0) to (-75W, 30N). Figure 2-4 was generated by the lateral
Juxtaposition of image gathers stacked over narrow angles. Using the synthetic data in Fig-
ure 2-2A,B, the images depicted in Figure 2-4A,B demonstrate that the CMB and multiple

interfaces within D" are well recovered by the GRT.

Finally, we demonstrate that random noise in the data is suppressed effectively by the
GRT. For this test we add noise to data generated from a model with, as before, a CMB and
a wavespeed increase at 150 km above it (Figure 2-5). In Figure 2-5, top right, we show the

image obtained by applying the GRT to the data without noise (shown in top left panel).
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The CMB as well as the shallower reflector are resolved at depths that correspond to the
contrast in wavespeed in the background model used. Next, we perform the GRT to the
data contaminated with noise; the result is shown in Figure 2-5, bottom right. The result is
practically the same as that of the noise-free data case. Tests like this demonstrate that the
GRT is robust under the addition of white random noise. Even if the signal-to-noise is so
low that it is impossible to see the signal from the ‘top’ reflector in the raw data (see inset
in Figure 2-5, bottom left), the GRT still yields the contrasts at the right position because it

makes use of the redundancy in the data.

24 Imaging the CMB beneath Central America

We apply the GRT to a broadband wavefield formed by Sc§ (and its precursors and coda)
that sample a 50° x 50° core mantle boundary (CMB) beneath Central America (Figure 2-
6A). This region has been studied intensively and several investigators have found evidence
for structural complexity within D’ (e.g., Garnero [2000]; Buffett et al. [2000]; Thomas
et al. [2004]). Here we present a sample 2-D image of lowermost mantle structure; a more
complete analysis and interpretation of such images is presented in Chapter II (Ma et al.

[2006]) and Chapter V (Van der Hilst et al. [2007]).

2.4.1 ScS data selection and pre-processing

For all events considered here, origin times and source locations (hypocenters) were ob-
tained from Engdahl et al. [1998] and moment tensors and magnitudes from the Harvard
CMT catalog. For all events in our data set, three-component broad-band waveforms were

retrieved from the Data Management Center of the Incorporated Research Institutions for
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Figure 2-5: Illustration of the robustness of the GRT in the presence of random noise in the
data. Top left: same as Figure 2-2A. Red lines are theoretical travel time curves for ScS
(solid) and §4S (dashed). Top right: GRT image trace (solid red line) constructed from the
synthetic data shown on the left and the wavespeed profile used to generate the synthetic
waveforms (blue curve). Bottom left: Data as in top panel after addition of (random) noise.
The arrival of ScS can still be discerned in the noisy data, but signal from the top reflector
has disappeared in the noise. Bottom right: GRT image trace (solid red line) constructed
from the noisy data shown on the left. The image is practically identical to the noise-free
image.

Seismology (IRIS).

The range of epicentral distances that show the most prominent specular ScS reflections
is 20 —70°, but as input to the GRT we used data in the distance range from 0 — 80°. We
further require that the image points y are within the CMB patch considered here. The
~1,300 earthquakes (with m; > 5.2, origin times 1988-2002) recorded at one or more of a

total of ~1,200 stations (Figure 2-6A) yield a total of ~65,000 broad-band data (Figure 2-



2.4. IMAGING THE CMB BENEATH CENTRAL AMERICA 45

30
25r
°
g 201
£
1E
[
E 15f
101
230 250 270 290 310 0 20 40 60 80

distance (degree)

Figure 2-6: (A) Geographic map of the region under study, depicting the epicenters of
the ~1,300 earthquakes (blue stars) and the locations of the ~1,200 stations (inverted red
triangles) that yielded the data used in the construction of the common image-point gathers.
The 50° x 50° CMB bin is indicated by the densely sampled rectangle: small black dots
mark specular CMB reflection points of the ~65,000 ScS data displayed in the panel on
the right. The small yellow dots that delineate the NW-SE trending section line mark the
locations of the image gathers constituting the 2-D profile presented in Figure 2-9; the
large yellow dot represents the location of the IGs and angle stacks shown in Figure 2-
8. (B) Stack of the ~65,000 ScS(SH) data with reflection points in the CMB bin shown
in (A). Processing details: data source IRIS-DMC; bandpass filter: 1 — 10s; earthquakes:
myp > 5.2, origin time between 1988-2002. Inset, top left: generic ray geometry of ScS. NB.
of these data, ~ 35,000 were used for the construction of the 2-D profile shown in Figure 2-
8. (~ 30,000 data were rejected either because the specular reflection point was too far
from the image points or because the number of seismograms for particular earthquake
was inadequate for PCA.)

6B). Subsets of this data set are use to construct GRT images at specific CMB locations.

Before we can perform the GRT we subject the data to several pre-processing steps.
First, we account (by deconvolution) for the different instrument responses of the seismo-
graph stations from which data are used. Second, we band-passed all data between 1-10
s. Third, we remove effects of source and receiver differences on the displacement field
u. To obtain a (common) band-limited source signature, which allows the factorization

in (2.12), we account as well as we can for the differences in rupture mechanisms of all
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earthquakes involved. For this purpose we check the first-onset polarity and deconvolve
the time derivative of the source time-rise functions, which can be estimated from CMTs
or from a principal component analysis (see Section 2.4.2). Furthermore, all travel times
are corrected for Earth’s ellipticity (Kennett and Gudmundsson [1996]).

For the CMB bin and the source-receiver pairs considered here, the cone of associated
dip directions has an opening of about 24 deg, which restricts the detectable structural dip
angles. (We note that we only consider a cone perpendicular to the CMB, which restricts
the structural dip angles; this limitation can be removed by considering multiple cones.)
Furthermore, we invoke a bound on the difference between two-way travel time T (x*,x",y)
and the travel time of the specular reflection at image point y. Finally, the broad-band
seismograms are subjected to windowing in order to obtain time series that comprising

main arrivals, their coda, and their precursors.

2.4.2 Principal Component Analysis (PCA)

As with other techniques involving stacks of earthquake data, we need to account for the
differences in source signature of the many different earthquakes involved. Of primary
interest here is the source time (rise) function. This can be inferred from the Harvard
CMTs, but the frequency content and the type of data used to obtain the CMT solutions
is quite different from those used in our study. Instead of CMTs we use a principal com-
ponent analysis (PCA) — see, for instance Rondenay and Fischer [2003] — to estimate the
relevant parameters directly from the data. As the direct wavefield we can use either ScS
or (teleseismic) S; the latter has the advantage of not being involved in scattering in the
CMB region but a disadvantage is that we cannot use some very narrow angles (associ-

ated with epicentral distances less than 30°). The following steps are used to estimate the
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time-rise functions and to separate the direct and scattered wave fields: (1) The transverse
components excited by the same earthquake are divided into different groups according to
epicentral distances — if there are fewer than three records in one or more groups, the event
(and associated data) is not used; (2) For each group, a Hilbert-transform is applied to the
seismograms; (3) The transformed seismograms are time-normalized using delay times ob-
tained from multi-channel cross-correlation (e.g., VanDecar and Crosson [1990]); (4) The
seismograms are projected onto the first principal components (see Ulrych et al. [1998]),
which are determinined for each group. (5) A 100 s window around the calculated travel
time of the direct wave is then used to obtain an emperical ‘time-rise’ function for each
record, which is deconvolved from the direct and scattered wave fields to obtain the data
used for imaging of the CMB and structure above it, respectively. For PCA with ScS as the

reference phase this process is illustrated in Figure 2-7.

2.4.3 Preliminary 2-D image

We draw from the ~65,000 ScS displacement records in Figure 2-6B to construct GRT
images of the lowermost mantle beneath Central America (Figure 2-6A). We first consider
an image gather and angle stacks at a particular image point y and then construct a 2-
D profile by lateral juxtaposition of 41 angle stacks. In the current study we restrict the
analysis to the bottom 400 km of the mantle in order to avoid contamination with the §
wavefield.

For y at (—90°W, 15°N) we integrate over scattering azimuth y and form image gathers
for different scattering angles 6 and, hence, radial resolution bands (Figure 2-8). The
preliminary results shown here are obtained by integration (according to (2.13)) either over

narrow and wide opening angles, for ScS as the primary phase (Figure 2-8A), or over wide
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Figure 2-7: Illustration of principal component analysis. (A) (Preprocessed) raw data (see
Section 2.4.1). (B) Deconvolution of the raw data using PCA estimation of the derivative
of the Sc§ time rise function (using a time window of 100 s around ScS). (C) Raw data
deconvolved with the ScS estimate minus the field shown in (B). Traces as in (B) and (C)
are used to image the CMB and shallower structure, respectively, as shown in Figure 2-
8A. Similar such estimates based on teleseismic S as the direct wavefield were used for
Figures 2-8B and 2-9.

angles only, for § (Figure 2-8B). We integrate over narrow and wide angles seperately
because of the change in polarity upon crossing the intramission angle; stacking over all
angles would involve signals with opposite polarities and cold thus mask interfaces. The
resulting angle stacks are depicted on the right of Figures 2-8A,B. The stacks for either ScS
or § as the primary phase used in PCA both reveal contrasts in elastic parameters at ~0 km
(that is, the reference depth of the CMB) and ~280-340 km above it. There is also strong

evidence for structure in between.



2.4. IMAGING THE CMB BENEATH CENTRAL AMERICA 49

300t
g IR
m 200 g o o
= o ) s )3 { 3
o
(4 ‘}
>
§ 1ofa] ) 1 [=]
£ (
n- i
CMB}
3 — |
_1OOT| L B n N
(i} 50 100 150 (] 50 100 150
opening angle (degree) opening angle (degree)

Figure 2-8: Construction of image gathers and angle stacks with real data for an (arbitrary)
image point marked by the yellow dot in Figure 2-6: (A) PCA with Sc§ as the direct
wavefield, (B) PCA with (teleseismic) S. Similar to Figure 2-3, in each panel we show
to the right of the image gathers the stacks over the scattering angles. (As before the
theoretical prediction of the dilation is given by the thin blue lines around the depth of the
CMB.) Note that for PCA with § we only considered wide angle data.

We repeat this procedure to create angle stacks at other image points along a ~2,500
km long great-circle transect from (—105°W, 30°N) to (—75°W, 0). Lateral juxtaposition
of these stacks creates a (scatter) density plot for the deepest 400 km of Earth’s mantle. Of
the ~ 65,000 records depicted in Figure 2-6B, ~ 35,000 were involved in this calculation.
The other data were not used either because their specular reflections were too far from the
line of section considered or because the number of seismograms for particular earthquake
was inadequate for the principal component analysis (see above). The image in Figure 2-9
shows high scatter from the depth corresponding to the CMB, and it indicates substantial
structural complexity in the lowermost mantle above it. In addition to a weakly undulating
feature near 280-340 km above CMB, which seems laterally continuous over many hun-
dreds of km, the image reveals pronounced structures at smaller distances above the CMB.

We note that these structures are not present in the tests with synthetic data calculated from
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Figure 2-9: 2-D image of the CMB and lowermost mantle beneath Central America. Using
a total of ~ 35,000 broad band records, this 2,500 km long profile is produced by juxtapo-
sition of and linear interpolation between angle stacks of the image gathers for 41 image
points, evenly spaced along the line of section depicted in Figure 2-6A. As an example, the
stack depicted in Figure 2-8B is plotted at the NW (that is, left) end of the profile (large
yellow dot in Figure 2-6A). The gray-scale part of the image depicts the CMB contrast
whereas the part in color (amplified by a factor of five relative to the CMB part) reveals
structure (stratification?) in the lowermost mantle. The dashed line marks the blue contrast
(with side lobes in red) at ~280-340 km above the CMB, which may represent the top of
the so called D” region. The image is rich in structure at depths between the CMB and
the top of D but we refrain from further interpretation until we have performed a rigorous
statistical analysis (Ma et al. [2006]).

a signle contrast above CMB (e.g., Figure 2-4).

2.5 Discussion and concluding remarks

To enable the efficient exploration of interfaces in Earth’s lower mantle over large geo-
graphical areas we will combine inverse scattering (through a generalized Radon transform)
with (mixed-effect models) statistical inference and model validation. The generalized
Radon transform (GRT) of broad-band ScS data is developed here; the statistical analysis
is presented in Paper II (Ma et al. [2006]). The GRT method uses three-component, broad-
band waveforms and exploits the redundancy in large modern data sets. In this context,
with redundancy we mean that the combination of specular and non-specular reflections —

at different scattering angles — produce multiple images of the same points in the image.
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The radial resolution of interface depth depends on (i) the scattering angle (through the di-
lation, as discussed above and as shown, for instance, in Figure 2-3) and (i1) the frequency
of the data used. For periods of ~ 5 s, scatter angles of ~ 100°, and shear wavespeed of ~ 8

km/s, the (quarter wavelength) radial resolution is (0.25 x 5 x 8)/cos(100°/2) ~15 km.

In contrast to labor intensive forward modeling of individual or stacked waveforms, our
imaging method is highly automated and imposes few a priori constraints on the geometry
and nature of the structures that we attempt to image. Indeed, the only prior knowledge
concerns the type of seismic phase considered (here, ScS and its coda and precursors), so
that appropriate time-windows can be extracted from the recorded wavefield, and the re-
quirement that (at least locally) the singularities form a contiguous interface. With this
information, the data themselves will yield structure in the neighborhood of a predefined
imaging point. Since submission of this manuscript, several studies have published re-
sults from Kirchoff migration stacking methods (e.g., Avants et al. [2006a]). Our method
has several aspects in common with this technique but differs in that it is explicitly 3-D
and that it accounts for wave amplitudes (geometrical spreading and source radiation) and
caustics due to wave propagation in a heterogeneous background model. Furthermore, in
our automated approach, statistical inference (Paper II) replaces modeling of the (Kirchoff)
stacks as the primary means for model validation. Of course, forward modelling can be
used to explore in more detail structures of particular interest revealed by our method, but

that is beyond the scope of the analysis presented here.

We have performed a series of tests with synthetic data to confirm theoretical predic-
tions, to establish the accuracy of the GRT, and to test the performance of the GRT in
the presence of (random) noise. Adding noise to the synthetic data, giving signal-to-noise

ratios well below 1, demonstrates that the GRT can detect and locate medium contrasts
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correctly even if the pertinent signal is not apparent from visual inspection of the ‘raw’
data. With sufficient data coverage, multiple interfaces as well as interfaces marking small
medium contrasts (of the order of a few per cent) will then be imaged correctly. Sources of
error that are not ‘random’ will, however, degrade the GRT images and may increase the
minimum medium contrast that can be reliably detected and imaged. Examples of more
realistic, non-random noise include the distortion of the image gathers due to the uneven
source-receiver distribution, the presence of signal due to multiple scattering, and the ef-
fects of using an incorrect background wavespeed model. In Paper II we use statistical
inference and validation methods to deal with such complications and to quantify the un-
certainty of the resulting GRT images. Because this is not done here we will refrain from

detailed interpretations of the sample result presented above.

An important aspect — and source of uncertainty — of the GRT presented here as well as
similar such methods based (somehow) on the stacking of earthquake data is the estimation
and removal (by deconvolution) of the different source pulses. Imperfect removal of the
pulse can produce artificial structure in the stacks. Chambers et al. [2005] and Avants et al.
[2006a] visually inspect the deconvolved data and remove bad traces. This labour intensive
approach is feasible if one uses ‘only’ several hundred waveforms. For the applications
that we are interested in — that is, automated processing of tens or hundreds of thousands
of records — this is not feasible and other approaches toward source pulse estimation and
deconvolution must be sought. We have considered here a principal component analysis

(PCA) but we are exploring the use of more robust (statistical) methods.

We have demonstrated the feasibility of the GRT method with an application to ~
35,000 broad-band records of ScS waves that reflect off the CMB beneath Central Amer-

ica. The (preliminary) image profile inferred from these data (Figure 2-9) reveals strong
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contrasts in elastic parameters at about 0, that is, at the depth of the CMB. It is encouraging
that with neither visual data inspection nor prior assumptions about the geometry of target
structures the CMB appears so clearly in the images (e.g., Figures 2-8 and 2-9). The 2-D
image also reveals a quasi-continuous structure between 280 and 340 km above the CMB.
It is tempting to interpret this as the ‘top’ of the so called D" layer. Changes in elastic
parameters near this depth have been the subject of many seismological studies (e.g., Lay
and Helmberger [1983b]; Tromp and Dziewonski [1998]; Sidorin et al. [1999]; see Gar-
nero [2000] for a comprehensive review), but there is as yet no consensus on this transition
and its radial and lateral extent. Our preliminary results are consistent with an undulating
surfaces (Thomas et al. [2004]), but they also reveal structures that could be interpreted
as jump-like steps in the discontinuity (Hutko et al. [2006]). Further study is required in
order to establish whether such steps are real or whether they can represent a continuous
phase boundary (as suggested by Sun et al. [2006]) and whether they are a unique, local

phenomenon (as implied by Hutko et al. [2006]) or a more general feature of D",

The image presented here also provides tantalizing evidence for interfaces closer to
the CMB. This may suggest that the lowermost mantle is stratified and more complicated
than hitherto thought. Further study is needed, however, to establish the (statistical) sig-
nificance and lateral extent of these multiple transitions. We expect that incorporation of
constraints from experimental and theoretical mineral physics with the seismological esti-
mates of interface regularity will help distinguish between compositional, mineralogical,
and petrological boundaries. Mineral physicists have recently discovered a phase transfor-
mation of MgSiO; perovskite at a pressure that could coincide with the contrast depicted
between 280-340 km above CMB (Murakami et al. [2004]; Shim et al. [2004]). It should

be noted, however, that important aspects of this purported phase transition remain either
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unknown or uncertain (Dan Shim, MIT, personal communication, 2005).

In addition to statistical analysis (Paper II) and cross-cutting seismology-mineralogy
analyses, a logical follow-up of the study presented here would be the exploration of much
larger CMB regions. This extension of our current study is possible because of the avail-
ability of large volumes of data through international data centers. We note, however, that
elsewhere in the world the data coverage may not be as good as considered in the area of
interest here, which would make the statistical analysis for image enhancement and valida-

tion (Paper II) all the more important.
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2.7 Appendix: Amplitude analysis of the GRT image gath-
ers

In this appendix we discuss an expression for S(!) by accounting properly for the source
and contrast-source radiation patterns in modeled seismic data. This also leads to an in-
troduction of residual amplitude compensation within the GRT — here, derived from the
Born-Kirchhoff approximation for scattered body waves.

The relative contrast in the medium parameters is formally defined by the ‘vector’

(1) M) (y) d
p () Cija\Y

| 2.15
PpO) pOWVIHIVIY) o

() =

Its dimension (number of independent parameters) depends on the local symmetry of the
elastic medium. Here, V; and V/ are the phase velocities at y averaged over phase angles.
We have assumed that (') (y) =€) (y, 0 (y)) with (€)' (y,¢(y)) = C(y) 6(¢(y)), where ’
denotes the derivative with respect to the second argument, and C denotes the local magni-
tude of the jump across (a specific vaulue) of the function ¢ that defines the interface. Then

[De Hoop and Bleistein, 1997, (38),(62)]
S (x50, y) =W, 2 22wl (o 2 x0)C(x?), 27 = x"(x0,v4,0,¥),  (2.16)
where w denotes the ‘vector’ of radiation patterns

w(x' 2" y) = {0V (3), )PSOV IVEOWVI )Y . @.17)

We refer to S() as linearized scattering coefficients; 8 is a filtered realization of S(1) s
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where the filter is determined by the actual illumination. From the expression for S(!) we

may extract the linearized reflection coefficient

S(l)(x¢;9,w) 1
W2(xs,x7,x®)2 [VS(x2)V7 (x0)3]1/2 (v - p(x9))?

To estimate directly this reflection coefficient we thus replace in the GRT the obliquity
factor [p™(y)|® by |p™(y)|. If, in contrast, we want to relate the image directly to the
stiffness perturbation, we have to use another modification of transform (2.7): instead of

S,(y;0,y) we then define the image gather .#(y; 0, y) as

i, x,y)  1p"O)P
W (xS, x7,y)? |w(xs,x7,y)|

I (y;0,v) ::/E dv™. (2.18)

Here, |w(x*,x",y)| is the Euclidean norm of the ‘vector’ of radiation patterns. Thus defined,
4 (y; 0, y) represents a dimensionality preserving transformation of data to a set of images:
the common image-point gathers (IGs).

At specular reflection points, SM in (2.16) gets replaced by

w(x"(x9, ve,0, v),x%, x5 (x?, Ve,0,V))

0.0,¥)7C(x?) with e(x?:6,y)= :
e(x 997W) C(X ) wit e(X ’ ’W) |w(x’(x¢,v¢,,9,w),x¢,x~‘(x¢,v¢,9,l[/))|

We anticipate that e is only weakly dependent on (8, y) so that the image gathers . (y; 6, )

are approximately uniform in (0, y).



Chapter 3

Imaging of Structure at and Near the
Core Mantle Boundary using a
Generalized Radon Transform: II -

Statistical Inference of Singularities’

Abstract

We present Part II of our approach to high resolution imaging of deep Earth’s interfaces
with large volumes of broad-band, three-component seismograms. We focus on the low-
ermost mantle — also referred to as D" region — but the methodology can be applied more
generally. Part I (Chapter II, Wang et al. [2006]) describes the generalized Radon trans-
form (GRT) of broad-band ScS§ data (comprising main arrival, precursors, and coda). The
GRT produces “image gathers”, which represent multiple images of medium constrasts at

TPublished as: Imaging of Structure at and Near the Core Mantle Boundary using a Generalized Radon
Transform: II - Statistical Inference of Singularities, J. Geophys. Res., inpress. As the second author of
this paper, I helped build the statistical models. Furthermore, I performed all synthetic tests and applied the
statistical models to the seisimc images.
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the same image point near the base of the mantle. With a method for statisticial infer-
ence we use this redundancy to (i) enhance the GRT images through improved recovery of
weak contrasts and through suppression of spurious oscillations in the GRT image gathers
and (i1) provide uncertainty estimates that can be used to identify the robust features in
the images. Using the image gathers from Paper I (Chapter II, Wang et al. [2006])as in-
put, we use mixed-effects statistical modeling to produce the best estimates of reflectivity
along with their uncertainty. In this framework, random noise in the signal is separated
into white and coherent components using the geometry of the (GRT) imaging operators
and a generalized cross-validation method. With synthetic data we show that conventional
GRT images deteriorate substantially, in some cases to the point at which weak reflectors
can no longer be detected, due to effects of uneven sampling, wave phenomena that are not
accounted for in the underlying single scattering approximation, or errors in the assumed
background wavespeed model. We demonstrate that even in these circumstances statistical
analysis can yield adequate estimates of the true model. GRT imaging produces robust
images of the core mantle boundary (CMB) beneath Central American and suggests the
presence of several structures in the D" region, in particular between 100-200 and between
270-320 km above the CMB proper. Most of these structures are significant at the 1o (that
is, 68%) level, but at 20 (95%) confidence the images show, at various depths above the
CMB, intermittent instead of laterally contiguous features.

3.1 Introduction

The remote sensing of deep mantle discontinuities, for instance the core mantle boundary
(CMB), is a challenge in part because the seismic waves used to probe it propagate (at
least twice) through Earth’s heterogeneous mantle before they are observed and in part
because the diagnostic seismological signals are often too small for direct observation and
(forward) waveform modeling. Since the pioneering work by Lay and Helmberger [1983a],
many seismologists have tried to image the so called D” region of enhanced heterogeneity
in the bottom 300 km or so of the mantle (see Garnero [2000] and Helmberger and Ni
[2005] for extensive reviews). Recently, mineral physicists presented compelling evidence
for a phase transition in the mantle silicate (Mg,Fe)SiO3 — from perovskite (pv) to the so-

called post-perovskite (ppv) phase — at pressures that roughly coincide with the changes
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in elastic parameters inferred from seismic imaging (Murakami et al. [2004], Oganov and
Ono [2004], Shim et al. [2004]). The presence of a phase transition is consistent with earlier
seismological observations and geodynamical arguments (Sidorin et al. [1999]; Van der

Hilst et al. [2007]).

These are exciting developments for studies of Earth’s deep interior. But much un-
certainty remains. On the one hand, estimates from theoretical and experimental mineral
physics of the pressure at which the transition occurs show a large uncertainty, and the
temperature and composition dependencies are not yet precisely known (Shim [2005]).
Consequently, the depth at which the pv-ppv transition occurs has an uncertainty of several
100 kilometers. On the other hand, the seismological detection and characterization of such
subtle and remote changes in elasticity faces formidable observational and theoretical (and
computational) challenges. Various types of noise and scatter from 3-D heterogeneity can
mask weak signals in seismic data. Along with the massive size of modern data sets, this
poses severe limitations on forward (waveform) modeling. The increasing availability of
large volumes of densily sampled broad-band data has begun to allow application of sub-
surface imaging methods based on inverse scattering, which exploits more efficiently the

rich information contained in seismic waveforms.

To meet the challenge of imaging and characterizing structure at and near remote inter-
faces and boundary layers, we are developing techniques for the automated identification,
extraction, and interpretation of structural signal pertinent to subtle medium contrasts. Our
approach differs in several important ways from forward modeling: First, we exploit the
redundancy in large data volumes. Second, we make only a few restrictive a priori assump-
tions about the structures of interest. Third, we use data from a wide range of incidence an-

gles. A simple analysis of reflections at an interface that marks a wavespeed increase shows
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that the reflection coefficient is very small for near vertical incidence and increases dramat-
ically toward critical incidence. For this reason, waveform modeling is usually restricted
to observations made near (and beyond) the critical incidence, that is, large epicentral dis-
tances. In addition to the obvious reduction in target regions that can be studied, and the
need to deal with triplicated waveforms, one should also realize that the radial resolution
to interface depth degrades markedly with decreasing vertical slowness. Indeed, the wide
angle reflections considered in forward modeling have, in general, rather poor sensitivity
to the depth of the contrasts being studied. Narrow angle data provide better resolution of
discontinuity depth, but because of their small amplitudes they are rarely used in forward
modeling. A further difference is that we can estimate formal uncertainties on the estimates

of interface properties.

We combine concepts from inverse scattering and modern statistics into a two-step
strategy. As the first step, Wang et al. [2006], hereinafter referred to as Paper I (Chapter
II, Wang et al. [2006]), developed a generalized Radon transform (GRT) of global seis-
mic network data in heterogeneous, anisotropic elastic media to map tens of thousands
of seismograms to a set of multiple images of the same target structure. These ‘common
image-point gathers’ reveal multi-scale variations in elastic properties. For a detailed dis-
cussion and a historical perspective we refer readers to Paper I (Chapter II, Wang et al.

[2006]).

In the second step, which is the focus of this paper, we obtain estimates of variations
in Earth’s deep interior from the image gathers using a statistical approach, in which the
image gathers are modeled nonparametrically using mixed-effects statistical models. In
this framework, the random noise in the signal is allowed to have white and coherent

components, and the latter are estimated from the data through prediction error minimiza-
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tion (also known as generalized cross-validation). This methodology, a flexible type of
Tikhonov regularization, can be used with different types of correlated noise and with the
typically sparsely and unevenly sampled image gathers owing to the geographic distribu-

tion of sources and receivers.

The mixed-effects estimate of the reflectivity profile replaces the linear stack in the
conventional GRT. This achieves three specific goals: first, it enhances signal-to-noise in
the image gathers; second, it adapts to and mitigates effects of error in the background
wavespeed model, and third, it provides quantitative uncertainty estimates, which are more
satisfactory than the ones from ubiquitous bootstrapping of slowness stacks. Of key im-
portance is the ‘pre-stack’ aspect of the analysis: the ‘common image point gathers’ (and
not the 2-D image profiles) are subjected to statistical analysis, and the optimal gathers are
combined into the stack for that image point. This allows us to exploit the additional in-
formation contained in the dependence on scatter angle and to identify and remove poorly
constrained gathers as well as artifacts due to, for instance, incorrect back ground velocities

and presence of signal that cannot be modeled with single scattering.

In Section 3.2 we briefly summarize the (geometrical) aspects of the GRT that we need
for the statistical analysis. In particular, we mention how three-component broad-band
global network data can be transformed to so called common image-point gathers. In Sec-
tion 3.3, we explain the concept of mixed-effects statistical models and describe how we
transform the image gathers to statistical estimates of discontinuities. Technical aspects
of parameter estimation in mixed-effects models are presented in Appendix 3.8. In Sec-
tion 3.4 we test the effectiveness of the methodology on synthetic data against the presence
of various types of noise, the imprint of source-receiver geometry, and imperfections of the

mantle (wavespeed) model. Finally, in Section 3.5, we apply the method to the ScS wave-
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field (containing ~80,000 broad-band records) for the purpose of imaging the CMB and
overlying D" region beneath Central America. In addition to a laterally continuous image
of the core mantle boundary, the resulting 2-D image profile reveals intriguing structure,

including multiple interfaces, in the few hundred km above the CMB.

3.2 Common image-point gathers

For a detailed discussion of the construction of the GRT we refer the readers to Paper I
(Chapter 11, Wang et al. [2006]), but for completeness sake we mention here the aspects
that are relevant for the development of the statistical methods. In essence, The GRT en-
ables the automated transformation of a large number of seismic waveform data into a set
of multiple images of the same structure in the vicinity of a target region. In order to do so,
one has to account for variations in volumetric wave speed or, in general, density normal-
ized stiffness (in case of an anisotropic model) and such geometrical aspects as the focal
depth and radiation patterns of the earthquakes considered, the various move-outs due to
the large range of slownesses and epicentral distances of the data used, and the effects of
uneven sampling. The geometry involved in the reconstruction is illustrated in Figure 3-
1A. Figure 3-1B depicts the study region considered here as well as the distribution of Sc§
reflections at the CMB associated with the broad-band wavefield used used to construct the
image profiles presented later in this paper.

With y = (y1,¥2,y3) the image point and superscripts s and r the association with a
ray from a source and a receiver, respectively, the ‘two-way’ travel time for a particular
diffraction branch associated with a ray path connecting x” with x* via y is denoted by

T =T(x*,x",y). The slowness vector of the ray connecting a source point x* with image
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point y, evaluated at y, is given by p*(y), and p*(x*) indicates the slowness along this ray
evaluated at the source. Furthermore, we introduce the phase direction o = p*/|p°®| and
the phase velocity V* according to |p*| = 1/V*. A similar notation is employed for the
slowness vector related quantities along the ray connecting the receiver with the image

point, namely p’(y), p"(x"), and a” and V".

r
X

-3 n n L
230 250 270 290 310

Figure 3-1: Left: The geometry of the GRT with ScS precursors and coda waves. For
illustration purposes, the ray geometry and associated imaging parameters are shown for
scattering at image point y. The objective of the work presented here — and in Wang et al.
[2006] — is the high resolution imaging of the structures in the lowermost mantle, also
referred to as D" region, that may arise from boundary layer processes (e.g., flow), lateral
variations in composition, and pressure induced phase changes (as depicted in the inset,
after Garnero [2000]). Right: geographical map of study region. Small black dots depict
~80,000 (specular) CMB reflection points associated with the broad-band ScS wavefield
used to construct the image profiles presented in this paper.

A key element in the GRT, the migration dip, v""(y), is the direction v"(y) = p™(y)/|p™ ()|
of the migration slowness vector, p™(y) = p°(y) + p"(y). Together, the migration dip and

the phase directions of incoming and scattered rays define the scattering vector,

y=(a’'xa")xv" aty. 3.1
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For a particular travel time diffraction branch away from caustics at x” or x°, the opening
(or scattering) angle, 6, between incoming and scattered rays is related to the scattering

vector according to

sinf = |y| aty; 0=0(xx"y). (3.2)

The scattering azimuth, y, is the angular displacement of the scattering vector, normalized
to one: y/|y|. Animage gather at y can now be obtained by integrating, for each (6, y),

the pre-processed global network data over migration dip v (Figure 3-1A).

With a generalized Radon transform the data are transformed to an extended image
volume, #(y; 6, y). Typically, one distinguishes the depth coordinate from the other co-
ordinates representing the image point y; an image gather is formed by plotting the image
(or reflectivity) as a function of depth, which forms a radial reflectivity profile, against
scattering angle and azimuth (6, y). Integration over scattering azimuth, y, then yields
azimuth-integrated (normalized) reflectivity profiles as a function only of scattering angle.
On the right of Figure 3-2 we plot for each opening angle the best estimate of reflectivity as
a function of depth (using statistical models as discussed in the next section) along with the
best estimate of radial variations in reflectivity inferred from the angle dependent traces.

Lateral juxtaposition of this estimate then produces 2-D image profiles.

The fact that image gathers form multiple images (namely, one for each pair of scatter
angle and azimuth (0,y)) of the same image point represents redundancy in the data. This
is exploited in the statistical development of the GRT but should be accounted for with care.
First, in Paper I (Chapter I, Wang et al. [2006]) we noticed and analyzed the dilation with
scattering angle 0 as well as the possible presence of a polarity flip at a particular scattering

angle. Second, artifacts (with residual moveout in (8, y)) may appear due to the presence
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Figure 3-2: Image volume generated in Paper I (Chapter II, Wang et al. [2006]). Right:
common image point gathers in (scatter, or opening) angle for a selected geographic lo-
cation at the CMB; for each scatter angle the best estimate of the (azimuth-integrated)
reflectivity as a function of depth is shown. To the right of these gathers we show the GRT
trace, which represents the optimal estimate of the radial contrasts in reflectivity at that
particular CMB location. We note that the statistical inference described in this paper is
used to produce the best possible estimate of such an GRT trace for a specific location; as
such, it replaces direct (non-) stacking linear stacking over azimuth and scatter angle. Left:
2-D image profile that results from lateral juxtaposition of 40 of such GRT images. Peaks
in contrast as revealed by the GRT produce blue ‘events’ in the seismic section to the left.
We note that except for interpolation between the GRT traces, no lateral smoothing or other
image processing (or statistical inference) is used to produce such 2-D image profiles.

of caustics. (These can be removed by extending the GRT as in Stolk and de Hoop [2002].)
Third, imperfections in the wavespeed model will lead to residual moveout with (6, y).
Fourth, the limited acquisition footprint leads to small shifts in (radial) depth in reflector
images, different for each (0, y). Fifth, scattered phases different from the phases scattered

off the neighborhood of the CMB can lead to artifacts (locally) in the image gathers.
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3.3 Statistical inference of singularities

3.3.1 From image gathers to medium contrasts

How can we best extract (robust) information about contrasts in elastic (medium) param-
eters, that is, radial reflectivity profiles .#(y), from the above-mentioned image gathers

(IGs)? Traditional methods involve stacking over (6, y),

s0)= [[#:0,w)d6ay. (33)

Indeed, a structural image could be obtained by performing a GRT, followed by an integra-
tion over scattering angle and azimuth. With array observations, the signal-to-noise ratio
could be improved, for instance, by means of phase-weighted stacking, which is non-linear
in the data (Schimmel and Paulssen [1997]). However, this approach does not fully benefit
from structural information that might be contained in the ‘noise’. Moreover, it would not

be clear how to assess the uncertainty of the final estimate.

Singularities in one-dimensional signals could be detected by means of wavelets, but the
resolution and uneven coverage of the (multi-dimensional) image gathers make an approach

based on the wavelet transform unfeasible.

The analysis that we develop here can be viewed as a focusing procedure, in which the
geometry and statistics of ‘noise’ in the data is used to enhance the scanning for singulari-
ties or discontinuities through common image-point gathers. In the data we distinguish and
model separately the systematic (non-random) and random components, hence the name
‘mixed effects’ statistical modeling. (We note that this approach is similar to Tikhonov

regularization with random effects.)
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Assuming that we have IGs in the angle domain (that is, #(y; 6, y)) we estimate an
optimal reflectivity profile .#(y) through ‘mixed-effects’ statistical inference instead of
(linear or non-linear) stacking, as in (3.3). This allows us to mitigate more effectively
the systematic errors due to uncertainty in background velocity, source location and origin
time, and for imaging artifacts, artifacts owing to phase misinterpretation and, e.g., near

source scattering, and errors introduced during preprocessing (e.g., filtering).

3.3.2 Mixed-effects models

Motivation and Strategy

To motivate the methodology, we recall how a line is fitted to observed data using the
linear model ¥; = o+ Bx; +¢& i = 1,...,n, where x; are fixed design points and &; are
independently and identically distributed (usually Gaussian) with mean zero and variance
o2. Typically we estimate the slope 3 and intercept o using a least squares approach based
on minimizing the residual sum of squares Lyn (Yi—o—Bx;)?

Suppose that instead of fitting a straight line we wish to fit a curve to the data; thus we
write our model as ¥; = n(x;) + €. The residual sum of squares that is to be minimized can

be written as

1 n
=3 (Y- n(x))* (3.4)

i=1

5

By fitting a curve we mean that not only do we want to estimate the value of 1 (x) at x = x;
but, in fact, at any x in the domain. Clearly this problem is ill-posed as there are many
functions that pass through all the observed data points with a zero residual sum squares.
We need to impose some restrictions on 1(x) in order to regularize the problem and obtain

a reasonable function estimate (see Figure 3-3).
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One approach is to assume that the function 7 (x) is a linear combination of polynomi-
als. However, polynomials over large intervals often display undesirable oscillations and
other artifacts, especially when such polynomials are of order greater than three. Another
approach is to find a balance between the residual sum of squares and a measure of the
smoothness of the unknown function, measured, for example, by a functional J(n). To
obtain such a functional, we use the norm of the first derivative: J(n) = [ n’(x)?dx. In our
case, smoothness is justified by the smoothing effect of a convolution of the reflector with

a deterministic resolution filter, which reflects the acquisition imprint.

least squares

smoothing
spline

Figure 3-3: Curve fitting with an arbitrary function showing a simple linear interpolation
(over-fitting), a least squares fit, and a smoothing spline estimate.
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To fit the data with smooth function, instead of (3.4) we minimize

| =

1

S (i~ 1(x2))2 + A (), 3:5)
=1

where A is a smoothing parameter that controls the trade-off between the goodness-of-fit
and smoothness of 1. This method is commonly called penalized least squares or Tikhonov
regularization. The minimization of (3.5) is performed in a space of functions where the
evaluation of a function at a point is a continuous linear functional (i.e., a reproducing
kernel Hilbert space). Remarkably, the function n(x) that minimizes (3.5), 1;, turns out
to be a finite linear combination of particular basis functions. The minimization problem
is, thus, reduced to solving a linear system for the coefficients of this linear combination.
The parameter A is estimated through a refined leave-one-out cross-validation. Penalized
least squares has been studied extensively in the literature; see, e.g., Wahba [1990] and Gu

[2002] for comprehensive treatments of the subject.

A disadvantage of the described method is that it does not perform well with correlated
noise, which limits its applicability in a variety of settings. To overcome this difficulty
we use ‘mixed-effects’ statistical models, which explicitly distinguish systematic (non-
random) from random components. They provide a unified framework for modeling a
variety of correlated data (Vonesh and Chinchilli [1997], Wang [1998] and Pinheiro and
Bates [2000]). For our purposes, an important characteristic of these models is that it can

flexibly accommodate angular dependence and account for coherent noise and artifacts.

Azimuth-integrated angle gathers are functions of depth and angle that can be modeled

as

Gij= /f(yj; i, y)dy = g(0;,y;) + &ij,
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where g(6;,y;) is the ideal noiseless angle gather at angle 6; and (radial) depth y;, and &;
are random noise terms that are usually coherent. Our goal is to estimate g(6;,y;), which
should be a singular function of depth (smoothed by the convolution with some pulse) that
varies slowly with angle (including a dilation). To achieve this goal, we make additional
assumptions on g and the noise. For g, we use a flexible functional representation in terms
of some basis functions ¢y in depth. The noise is modeled as a sum of a discrete harmonic

process and white noise. The angle gather is thus modeled as

G,-j=g(9,~,yj)+h(9,-,yj)+£,~j, i=1,...;a, j=1,...,b. (3.6)

Here, h(6;,y;) = X", h(6;) ¢x(y;) represent a harmonic process that models coherent
noise through sinusoid functions ¢(y) in the depth coordinate. For a fixed angle 6;, the
coefficients /(0;) are assumed to be uncorrelated, but /;(6;) and A;(6;) may be correlated
for 6; # 6;. The errors ¢;; are independent Gaussian random variables with mean zero and
variance 62. A refined model for the noiseless IG that include angle dilation is given by

g(6;, oy;), which replaces g(6;,y;).

To estimate g, we need estimates of the covariance parameters of the random effects
(i.e., hy), including sinusoid frequencies determining the ¢;. We will consider three partic-
ular cases of (3.6) that can be analyzed efficiently. We use the same notation for random

errors, &;j, for the different models below.
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Figure 3-4: An illustration of how the noise adds to an image trace in the random intercept
(left), depth-harmonic (right), and angle-dilation depth-harmonic (center, indicated by dot-
ted dilation curves) models. In the center we plot actual image gathers for different opening
(or scatter) angles 6. The random intercept model estimates the best ‘common component’
in theses traces (left panel surface, middle trace), which is allowed to move up-and-down
in order to find the best fit to the gathers. The depth-harmonic models detect and correct for
spurious oscillations in radial direction: at the right, the middle trace depicts the best image
estimate, and the adjacent traces show this trace with a (randomly chosen) harmonic either
added to or subtracted from it. The third model, the angle-dilation depth-harmonic model,
is similar to the depth-harmonic model proper, but it also accounts for the angle-dilation
(depicted with dotted lines in the center panel) that results from the geometry of the GRT
image problem at hand (see Paper I).

Random-Intercept Model

For weak angle dependence we can approximate g(6;,y;) in (3.6) by

8(6;,aiyj) = bi+g(04y;). (3.7)
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We start with the simple model in (3.7) that uses a single parameter to aggregate higher

order approximation terms and which also ignores the angle-dilation effect:
Giiji+g(yj)+£ij, i=1,...,a, j=1,...,b, 3.8)

where the b; are Gaussian N(0,62). Clearly (3.8) is a particular case of (3.6) obtained by
setting g(ay;) = g(v;) and ~(6,y;) = bi.

We estimate g(y) by minimizing a penalized sum of squares similar to (3.5) Robinson

[1991]
a b
22 Gij—g(yj) — bi)? Zb2+n,w( ), 3.9

i=1j o £
where J(g) = [g'(y)*dy quantifies the smoothness of g and the smoothing parameter A
controls the trade-off between the goodness-of-fit and smoothness of g. Since the parame-
ters A and 62 /o2 provide a large family of possible estimates, one has to choose values that
lead to good estimates as measured by the goodness of fit and smoothness of the estimate.
To choose the parameters we use a method known as generalized cross-validation (GCV), a
method that is widely used in Tikhonov regularization (Wahba [1990]). The basic idea is as
follows. We start by fixing the angle (optimal parameters are chosen for each fixed angle,
i.e., each fixed i). For each j and choice of parameters we obtain estimates /l;,-’_ jandg_;(yj)
of b; and g(y;), respectively, using all the data but G;;. That is, we predict the value of G;;
using the data G,y for £ # j (the notation — j means that the jth observation has been deleted
from the data set). These estimates in turn provide the prediction G; j—j = Zi,_ i+g-i))
of G;j. It has been shown (see Wahba [1990]) that by using the deleted estimates one ob-
tains better estimates of the prediction error which is what we want to minimize. Ordinary

cross validation chooses the parameters that lead to the smallest value of ¥ ;(Gij — Gi i—i)%
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In the Appendix this is discussed in more detail.

We use Bayesian confidence intervals as a benchmark for assessing the uncertainties in
the estimate of g(y). We calculate posterior means and variances of g(y) under the Bayes
model and use them to construct 95% and 99% confidence interval estimates. An important
feature of these intervals is that they approximately have the correct across-the-function

coverage probability. That is,

n

LS Ple() € Co0m)] ~ B,

nizy

where Cg(y;) is the Bayesian confidence interval and 8 is the coverage (we use ff = 0.95
and 0.99). Although these intervals were originally derived under the independence as-
sumption, there are straightforward extensions that can be used with correlated data. See

Wahba [1983], Nychka [1988] and Ma [2003] for details.

Depth-Harmonic Model

Now we take a different approach to model the noise in the data. Instead of combining all
the effects in a simple random effect, we model the harmonic process explicitly. We extend

the random-intercept model (3.8) to

Gijzzaik COS((D,‘kyj-{-ﬁik)+bi+g(yj)+8ij, (3.10)
k

where the coefficients a;; and phases fj; are random and independent, and the frequencies
w;; are fixed but unknown.
Since the harmonic component is fixed for each angle, we may think of it as a sinusoid

signal contaminating g(y). Thus, although it could be included as a random effect, it is
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easier to fit and remove it from each trace. This fitting is done using ARMA time series
techniques described in the Appendix. The corrected Gj; is then analyzed using the simpler

random-intercept model.

Angle-Dilation Depth-Harmonic Model

To account for the angle-dilation (see Paper I) as well as a harmonic process of coherent

noise, we use the following modification of (3.10) to fit the data:
Gij = Zaik COS(wik)’j‘*‘Bik) +bz+8(%)’}) +£ij7 i=1,...,qa, J‘_‘ 1,. "7ba (311)
k

where ¢ is the angle-dilation effect. As the remaining noise &;; is assumed white, the term
b; has to account for higher order angle-dilation effects not modeled by g(ct;y;). The lack

of structure in the boxplots of the residuals shows that this assumption is reasonable.

The parameters are estimated in two stages: The first stage is the same harmonic cor-
rection as before. In the second stage the parameters ¢; and b; are simultaneously estimated

with other parameters through penalized least squares (see Appendix for more details).

In Figure 3-4, we illustrate the properties of the different mixed effects models. In the
center, we plot an actual image gather (as in Figure 3-10). On the left we illustrate the
random intercept effects: the best image estimate (middle curve) is randomly shifted up or
down. On the right we illustrate the depth harmonic effects: a randomly chosen harmonic
is added (back) or subtracted (front) to the best image estimate (middle curve). The angle-
dilation of the third model is indicated by two parting (dotted) curves in the image gather

in the center plot.



3.4. STUDY: SYNTHETIC SCS DATA 75

3.3.3 Model validation

The adequacy of a statistical model is checked by comparing, at each scattering angle, the
data G;j; to the estimates Gi ; under the corresponding model. We study plots of the resid-
uals defined as e;j = Gjj — G ; normalized by the model estimate G of the noise standard
deviation o (i.e., e}*j = ¢;j/0). Boxplots of the angle-dependent residuals provide infor-
mation about the shape of the residual distribution (that is, its median, interquartile range
and presence of outliers). For example, inadequacies in the background elastic properties
would lead to biased residuals not centered around zero, with a magnitude that depends on
how the structure is sampled (i.e., the scatter angle). Residuals centered at zero without
discernible patterns indicate that the estimate model is reasonable. Examples of boxplot

analysis are given below.

3.4 Study: Synthetic ScS data

In Chapter II we used WKBJ synthetics to explore certain aspects of image recovery with
GRT, including its performance on random, additive noise in the data. Here we use the
same synthetic data (Figure 3-5, left) to test the performance of our statistical inference
method on non-random noise in the image gathers. The data are generated from a 1-D,
spherically symmetric background model with a wavespeed increase at 150 km above the
CMB (Figure 3-5, right). Figure 3-5 also illustrates the distance ranges associated with
‘narrow’ and ‘wide’ scattering angle data. At narrow angles, the signal from the top of D"
is a precursor to ScS$, see inset in Figure 3-5 (left), but owing to a small reflection coefficient
it has a small amplitude and will be difficult to detect in raw data. At larger scatter angles

the reflection becomes stronger, and it arrives closer to and, eventually, after the direct ScS
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Figure 3-5: Synthetic data and illustration of the robustness of the GRT in the presence of
random noise in the data. Left: synthetic (WKBJ) records of ScS and S8, that is the signal
from a weak reflector at 150 km above the CMB. The inset shows the weak precursory
energy, for narrow angle reflections. At wide angles this reflection becomes stronger and
crosses over with, and eventually arrives in the coda of direct ScS. Red lines are theoretical
travel time curves for ScS (solid) and S;S (dashed). Right: GRT image trace (solid red line)
constructed from the synthetic data shown on the left and the wavespeed profile used to
generate the synthetic waveforms (blue curve).

arrival.

We explore how each of the statistical models described in the previous section han-
dles the following constituent effects in the estimation: highly irregular sampling (due to
the actual, uneven distribution of stations and events), random additive noise in the image
gathers (for example, due to scattering not explained by the single scattering approxima-
tion), and random harmonic noise in the image gathers (for example, due to isolated spec-
tral components generated by the imaging). For each test, we show the GRT image (that
is, the substack over the image gathers for different scatter angle) both for the narrow and
the wide angle data. However, the statistical results discussed and shown here are based
on data associated with the large scattering angles (in Figures 3-6-3-9 the GRT image re-

stricted to large scattering angles is indicated by a vertical arrow). In Figures 3-6-3-9, the

black curves represent the statistical estimate of g(y) and the light green bands depict the
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95% Bayesian confidence intervals. For comparison, we also plot the true model (red line).

3.4.1 Effects of ‘station-event’ sampling

1-D reflectivity
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Figure 3-6: Effect of the acquisition imprint, that is, source-receiver distribution. The left
panel shows image gathers for a range of opening (scatter angles) and, right next to them,
the result of the GRT restricted to narrow (left) and wide (right, with arrow) scattering an-
gles. The narrow and wide angle data are illustrated in Figure 3-5. The three panels on
the right show estimates of the reflectivity profiles using the random intercept (a), depth-
harmonic (b), and angle-dilation depth harmonic (c) statistical models. The bands around
the mean estimate (black line) correspond to 95% Bayesian confidence intervals. For ref-
erence, the red line depicts the true signal.

First, we analyze the effect of acquisition imprint. Acquisition is here viewed as the
spatial distribution of stations and events. If the stations and events were regularly spaced,
aliasing would be an immediate concern. This is not quite the situation, but the effects due
to the actual acquisition, locally, are related. In Figure 3-6 we illustrate how our approach
treats these effects, using a realistic acquisition geometry. The image gathers on the left

reveal significant scatter associated with non-random sampling. The two traces directly
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to the right of the image gathers illustrate the action of the GRT restricted to small scat-
tering angles (left trace) and large scattering angles (right trace, with arrow). The image
is distorted in that the phase of the two events associated with the reflectors has changed.
The panels on the right show the mixed-effects model estimates ((a): random intercept,
(b): depth harmonic, (c): angle-dilation depth harmonic). The black line in the middle of
the 95% confidence band shows the mean estimate and the red line shows the signal to be
recovered. We see that the three different methods are all capable of undoing the effects of

irregular event-receiver sampling, and restore the phase.

3.4.2 Effects of noise in the image gathers

In Figure 3-7 we have added random noise (energy not explained by the single scattering
approximation) to the image gather obtained from the noise-free data in Figure 3-5 (left),
subjected to a realistic acquisition geometry. The GRT image traces (small and large scat-
tering angles) directly to the right of the image gather are strongly affected by the noise; in
fact, the top reflector is no longer visible, whereas multiple weak, false reflectors appear.
The random-intercept model is capable of providing a clean estimate of the image (Fig-
ure 3-7A), including the top reflector. The estimate is consistent with the true model (red
line). Because the added noise did not have a harmonic component, there is no perceptible
difference in performance between the random intercept model and either of the harmonic
models (Figure 3-7B-C).

In Figure 3-8 we have added random noise with a harmonic component to the image
gather obtained from the noise-free data in Figure 3-5 (left) again subjected to a realistic
acquisition geometry. The GRT image traces (small and large scattering angles) directly

to the right of the image gather are both affected by the noise; the top reflector has disap-
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Figure 3-7: Estimation in the presence of random noise in the image gathers. For this
purpose, we added random noise to the image gathers shown in Figure 3-6, that is, for a
realistic acquisition imprint. Both the narrow and wide angle GRT stacks reveal significant
jitter and neither suggests the presence of a reflector at 150 km above CMB. In contrast,
the top reflector is detected in the statistical estimates, even though the images of it are
slightly distorted compared to the true model (red line). In the absence of a harmonic noise
component, all three models detect the contrast at the CMB.

peared, and more spurious signals are visible. If untreated, the latter can produce spurious
events in the image profiles. The random-intercept model estimate (Figure 3-8A) is be-
ginning to have problems recovering the top reflector as seen by the true signal (red line)
being mostly outside the error band. We also see remnant oscillations of the harmonic
components that the random-intercept model could not remove. The depth-harmonic mod-
els (Figure 3-8B-C) clearly perform better; many of the harmonic oscillations have been
removed and the the estimate (black line), with the error bars, is consistent with the true

signal.
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Figure 3-8: Same as Figure 3-7 but now for harmonic instead of random noise. While
performing better than the GRT without statistical estimation, the random-intercept model
begins to break down in the presence of a strong harmonic component in the noise structure;
indeed, trace (a) reveals much spurious structure and the estimates of the contrasts at CMB
and 150 km above it deviate significantly from the actual model (red line). Both harmonic
models — traces (b) and (c) — retrieve the model well (that is, within 2 o they are the same
as the true model), but the angle-dilation depth harmonic model (c) performs slightly better
than the standard depth harmonic (b).

3.4.3 Effects of an inaccurate wavespeed model

An important assumption in the application of the GRT as developed in Paper I (Chapter
II, Wang et al. [2006]) is that we have a reasonable estimate of the elastic properties, say
the wavespeed, of the background. Incorrect properties of the back ground model would
produce (scatter) angle-dependent artifacts in the image gathers. We recall that the model
validation operates on the pre-stack image gathers, which helps us recognize and correct
such artifacts. In order to demonstrate this premise, we again form GRT images using
the noise free, WKBJ modeled data (Figure 3-5, left), but now we assume background

properties that are different than those used to produce the synthetic data. The perturbed
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wavespeed model assumed in the GRT and the one used to produce the data are shown in

the inset to Figure 3-9.

The GRT image traces are affected by the use of the incorrect model. In fact, for small
scattering angles, the top reflector has become almost invisible. Figure 3-9A-C demon-
strate that the different mixed-effects models are all capable of recovering the image of
both reflectors. However, we observe a clear deterioration in spatial resolution, and the
depth estimate of the reflectors have decreased. Tests like these show that not knowing
the background wavespeeds well does not prevent us from detecting interfaces, but it may

produce artificial boundary topography.
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Figure 3-9: Same as Figure 3-6 but for image estimation with an inaccurate wavespeed
model. As before, we use synthetic data generated from a model with a simple step-wise
increase in wavespeed at 150 km above the CMB (solid gray line in inset, top left), but as
back ground model for the GRT we assumed a model with a slightly different D” structure
(blue dashed line in inset, top left).
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3.5 Imaging the lowermost mantle beneath Central Amer-
ica

We illustrate the proposed methodology with a study of inference of singularities over a
50° x 50° patch of the core mantle boundary (CMB) beneath Central America, using the
broad-band data from Paper I (Chapter I, Wang et al. [2006]). The data selection and

preprocessing is explained in Section 2.4.1.

3.5.1 Statistical analysis of an ScS common image-point gather

We select a particular location and image gather, and apply the analysis of the previous
section. In Figure 3-10 we show the gather for large scattering angles (left), the associated
GRT stack (first trace to the right), and an image estimate with the depth-harmonic model
(second trace to the right). The blue lines indicate the dilation derived from the GRT (see
Chapter II). The (linear) GRT stack contains multiple reflectors, but the (nonlinear) image
estimate suggests that not all of them are real. Indeed, we note the general difference in
appearance of the statistical estimate compared to the GRT stack. The estimate shows the
CMB - symmetric, zero phase, unlike in the GRT stack — as well as a clear indication of
a reflector about 240 km above it — within 95% confidence level. This suggests that the
location and width of the two main peaks are consistent with the model of the lowermost
mantle and the data resolution bounds used. The image estimate of the CMB appears on
the coarsest resolution viewed with respect to the expected dilation in the image gather
(blue lines). One may argue for the presence of a weak reflector about 115 km above the
CMB, marked as X in Figure 3-10, but it remains within the error bars associated with 95%

confidence.
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Figure 3-10: A typical image gather associated with large scattering angles, and a GRT
stack versus an image estimation based on the depth-harmonic model. The bands of two
colors in the depth-harmonic estimate correspond to 95% and 99% confidence error bars.
The GRT stack suggests a scatterer ~100 km above the CMB , but the statistical estimate
only shows a weak, broad structure (marked by X), which may suggest that it is not (statis-
tically) significant.

3.5.2 2-D image profile

We form an 2-D image profile (which in the context of this paper represents a synthesis
of the mean statistical estimates) by repeating the analysis in the previous subsection for
a large number of CMB points along a 2500 km long great circle path. We also address
the validity of the different mixed-effects models — for this purpose, we have selected 6

locations in the profile, indicated by (a) through (f).
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In Figure 3-11 we present the results collectively. The top image profile is obtained with
the random-intercept model, whereas the bottom two image profiles are obtained with the
angle-dilation depth-harmonic model. The bottom profile uses a dual color scale to display
structure above the CMB (color) at an amplification by a factor of five compared to the
structure around the CMB proper (grey tone). Superimposed on the bottom panel are the
statistical estimates at the mentioned 6 locations. Below these profiles, for these locations,
we plot the image estimates accompanied with the 95% Bayesian confidence intervals, for
the random-intercept model (top row), the depth-harmonic model (middle row), and the

angle-dilation depth-harmonic model (bottom row).

For location (a) we carry out a detailed validation of the entire image gather. The cor-
responding boxplots are shown on the lower left. Each mixed-effects model accounts for
coherent noise in the traces in its own way. For the three mixed-effects models introduced
in this paper, we provide illustrations of the within-angle residuals e;; as defined in Sec-
tion 3.3.3. Each boxplot shows a box bounded by the 25% and 75% percentiles of the
residual distribution (for e;; with j fixed). This interval provides information about the
spread of the distribution. The line within the box indicates the median, and the whiskers
provide information about the symmetry and tails of the distribution. For all three models
we observe that the residuals are close to centered at zero, which is an indication that the
mean estimates seem reasonable. Their variability changes with angle, however, which is
a measure of the degree of adequateness of the models. Such unmodelled variability may

have an effect in uncertainty estimates.

As was the case in the examples presented in Figures 3-6-3-9, at first glance the three
statistical models may seem to perform similarly. Upon closer inspection, however, we

can see differences. We compare the models by viewing how the boxplots of residuals are
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scattered around zero. The depth-harmonic models show less structure and fewer outliers
than the random-intercept model, which may indicate that the they provide a better fit for
our data. Furthermore, the spatial (depth) resolution has improved slightly (the peaks are
sharper) by including angle-dilation. With the depth-harmonic models, however, we still
see different dispersion across angles that may affect uncertainties. This may be caused by
angle dependence in the depth of the singularities, an indication of errors in velocity model,

perhaps associated with anisotropy in the lowermost mantle.

In Figure 3-12 we compare the best image estimate with the profile of Paper I (Chapter
II, Wang et al. [2006])(also shown in Figure 3-2). Visually, the differences between results
of GRT imaging with or without statistical analysis are fairly small. This is reassuring
because it demonstrates that the structures are constrained by the data and not introduced
by the statistical analysis. In detail, however, the effects of the statistical inference are
visible (as marked). Statistical inference and validation lead to the suppression of rapid
oscillations that are not required by the data, resulting in a smoother image. Furthermore,
most of the seismic events in the image reveal more lateral continuity than in the original
result presented in Paper I (Chapter II, Wang et al. [2006]). As important as the visual
effects, however, the statistical analysis presented here provides a means for estimating
uncertainty, which will be key for subsequent interpretation of the structures that are visible
in the image profiles. As an example, in Figure 3-13 we show the structures in Figure 3-
12B at various levels of probability by muting structure that does not exceed the width of
a particular confidence interval at that location. Figure 3-12B appears to be significant at
68% (10) confidence level, but — as expected — only a few structures appear significant
at 95% confidence. This example demonstrates how our analysis can be used not only to

detect structure but also to identify and isolate the most robust features.
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It should be noted that in the application introduced here ‘mixed-effects’ modeling is
only used to estimate an optimal radial (reflectivity) profile at a particular image point at
the CMB. In a similar vein, the lateral coherence in Figures 3-12 and 3-13 can be enhanced
by applying the statistical models to the horizontal (space) distance parameter, but such

image processing is not done here.
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Figure 3-11: Top: 2-D image profile resulting from processing with angle-dilation) depth
harmonic model. A dual color scale is used to display structure above the CMB (color) at
an amplification by a factor of five compared to the structure around the CMB proper (grey
tone). Superimposed are the statistical estimates at six arbitrary positions. Below the image
profiles, from left to right we show the boxplots used in the validation (see Section 3.3.3)
and the statistical estimates for six locations along the 2D image profiles. Top row: random-
intercept model; Middle row: depth harmonic model; Bottom row: angle-dilation depth
harmonic model.
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Figure 3-12: Comparison of original 2-D image profile (presented in Chapter II), at the
top, through application of the (angle-dilation) depth harmonic model, at the bottom. There
is no exaggeration in the vertical scale.

3.6 Discussion and concluding remarks

The aim of the research described here and in Paper I (Chapter II, Wang et al. [2006]) is to
develop a novel approach to 3-D seismic imaging of the lowermost mantle using concepts
from inverse scattering and modern statistics. In particular, we aim to exploit both the wide
angle reflections, which are used in most modeling studies because the large reflection
coefficient produces arrivals that can be recognized in raw data, but which produce very
poor depth resolution, as well as the narrow angle reflections, which are associated with
weak reflections but which produce superior depth resolution. In fact, the recognition — and
use — of this angle dependence of radial resolution, which is reflected in the angle-dilation
discussed in Paper I (Chapter II, Wang et al. [2006]), allows high resolution imaging and

multi-scale analysis of weak interfaces in Earth’s deep interior.

The combined use of the generalized Radon transform (GRT) and the mixed-effect

statistical inference presented here exploits the redundancy in the broad band data and al-
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Figure 3-13: Panels (A) and (B) show, respectively, the structure in Figure 3-12B that is
significant at the 68% and 95% confidence levels. This display is obtained by keeping only
the features at each depth that are significantly different from zero at the chosen confidence
level and muting the rest.

lows the transformation of large volumes of global network data to statistical estimates and
quantitative analysis of elastic singularities (such as discontinuities). Through the use of
mixed-effects models we can distinguish between and deal with true random noise in the
data, random noise in the GRT images due to scatter that is not considered in the GRT the-
ory, and artifacts between the assumed and real wavespeeds of the medium. The examples
discussed in Section 3.4, and illustrated in Figures 3-6-3-9, demonstrate that this does, in-
deed, enhance the ability to extract weak signal from noisy data. In some cases the changes
may seem subtle, but given the overall difficulty of — and interest in — imaging D" structure
even small improvements are very welcome. Moreover, our statistical approach enables us
to estimate uncertainties — in a Bayesian context — so that we can know with some confi-
dence whether imaged structures are real or (statistically) insignificant. Also, in the future,
it will allow a more rigorous analysis of the regularity (including such scaling parameters

as roughness, sharpness, type of onset, and scale-dependent impedance contrast) of the



3.6. DISCUSSION AND CONCLUDING REMARKS 89

transitions in elastic parameters detected here. This information will be gleaned from the

wavenumber dependence of image gathers with scattering angle.

In contrast to methods based on forward modeling, our method imposes few a priori
assumptions about the geometry and nature of the structures that we attempt to image. In-
deed, the structures revealed in the images are entirely controlled by the data themselves.
The GRT only assumes that at a predefined image point the interfaces are contiguous, but
in practice this is not a serious restriction. Furthermore, we assume to have a reasonable
estimate of, or reference for, the smooth elastic properties of the medium. The latter as-
sumption is not taken lightly; indeed, our statistical analysis quantifies the extent to which
it is satisfied and, moreover, enables us to model and adjust for this type of ‘noise’ in the
image gathers. This is possible because of the pre-stack nature of our analysis: the statis-
tical inference operates on image gathers at a large range of scatter angle, and not on the

stack — or GRT image — itself.

In the general context of mixed-effect models, we have considered three particular
cases: (i) a random-intercept model, which assumes that the noise in the data — or in the
GRT images —is white, (ii) a depth harmonic model, which identifies and removes spurious
oscillations in radial direction, and (iii) an angle-dilation depth harmonic, which considers
the dilation — and concommittant reduction in radial resolution — with increasing scatter
angle that is inherent in the GRT imaging under consideration. With synthetic data we
demonstrate that without a rigorous statistical approach, subtle wavespeed contrast may be
overlooked — or spurious ones introduced — with a traditional GRT.

We found that the performance of the random-intercept model is in many cases similar

to that of the depth-harmonic and angle-dilation depth-harmonic models. The good per-

formance of this simple model is largely due to the data driven nature of the model fitting
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strategy. In particular, the use of a modified cross-validation procedure to select the tuning
parameters of the model (see appendix for details) leads to robust optimal smoothing of the
data that deviates significantly from the simple structure of the noise. On the other hand,
the estimation procedure of the depth-harmonic models (see appendix for details) could
further reduce the noise level through integration of cross-validation with estimation pro-
cedures similar to those studied in Guo [2002]; this is a topic of current research [Ma and

Zhong, in preparation].

We demonstrated the feasibility of the method with an application to the ScS wave-
field that reflects off the CMB beneath Central America. The data are described in Paper
I (Chapter II, Wang et al. [2006]). Visual inspection suggests that the application of the
mixed-effects models leads to an image with better lateral definition of interfaces (in addi-
tion to information as to the statistical significance of each scatterer), but that the different
mixed-effect models used yield rather similar results. This may indicate that the level of
harmonic noise in the real data is low or that the coherent noise is not truly harmonic.
However, quantitative model validation suggests that the (angle dilation) depth harmonic
models, which suppress spurious oscillations in the 2-D image profiles, produce slightly

better data fits and uncertainty estimates.

The image produced by ~80,000 broad-band ScS§ data (e.g., Figure 3-11) reveals strong
contrasts in elastic parameters at about 0, that is, at the depth of the CMB and, locally,
near 150 and between 270-320 km above it. It is tempting to interpret the latter as the
(fragments of the) ‘top’ of the so called D’ layer. Changes in elastic parameters near
this depth have been the subject of many seismological studies (e.g., Lay and Helmberger
[1983a]; Tromp and Dziewonski [1998]; Sidorin et al. [1999]; see Garnero [2000] for a

comprehensive review), but there is as yet no consensus about this transition and its radial
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and lateral extent. Our results suggest that the structure may not be (laterally) continuous.
The images also reveal significant scatter in between the presumed top of the D" layer and
the CMB proper. Collectively, our observations suggest that the D” region is more complex
than expected from models based on simple perovskite to post-perovskite transitions. This

implication will be explored elsewhere (e.g., Van der Hilst et al. [2007]).
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3.8 Appendix: Estimating the model parameters

(i) Random-Intercept Model

In the standard formulation of penalized least squares regression, the minimization of
(3.9) is performed in a reproducing kernel Hilbert space ¢ C {g: J(g) < e} in which
J(g) is a square semi-norm, and the solution resides in the space .47 & span{R,(y;,) : i =
1,...,d}, where A; = {g : J(g) = 0} is the null space of J(g), and R;(-,-) is the so-called

reproducing kernel in 5# & .4}. The solution has an expression

k d
gly) = ; By ov(y)+ Y. ciRi(yj,¥), (3.12)

j=l1
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where {¢, }¥_, is a basis of 4] .

Substituting (3.12) into (3.9), one minimizes

a b
Y S (Gij—0(,)B —¢(z))c—b) +—Zb2+nAch (3.13)

i=1j=1 Oy i=

with reSpeCt to ﬁ = (ﬁlaﬁZa T 7Bk)t, c= (Cla s ’cd)t andb = (bla . -’ba)t, where (P(y) =
(Ry(y1,¥),---,Ry(y4,y)), and Q is d x d with the (j,k)th entry R;(y;,yx). Estimates of 3 ,
¢ and b are obtained by setting to zero the derivatives of (3.13) with respect to ¢ and b. The

minimizers of (3.13) are solutions to the normal equation,

S'S S'R S'M B S'G
R'R RR+(nA)Q RM c |=| RG | (3.14)
M'S M'R M'M + 71 b M'G

where G = (Gy1,...,Gg)', S is n x k with the (i, v)th entry ¢, (i), R is n X n with the
(i, j)th entry @;(y;), M is n x a block diagonal identity matrix, Q is n X n with the (j,k)th
entry J(@;, ) = R;(vj,), and T = 62 /07 and I is identity matrix. The normal equation
of (3.14) can be solved by a Cholesky decomposition followed by backward and forward
substitutions. Possible singularity of the matrix can be properly handled through pivoting
in Cholesky decomposition; see, e.g., Golub and Van Loan [1989] and Kim and Gu [2004]

for details.

IFor example, take a function g defined on [0, 1] with J(g) = [(g")?dy and A; = {g: g(y) = B1 + B2¥}-
In this case we get the popular cubic splines and the reproducing kernel is R;(x,y) = k2 (x)k2(y) — ka(x — ),
where ky, = B, /v! are scaled Bernoulli polynomials. See Wahba [1990] and Gu [2002] for comprehensive
treatments of the subject.
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The fitted values G = S ﬁ +RE+Mb can be written as G = U(A, 7)G, where

+
S'S S'R SM s
UA4,7)=(S,RM)| RR R'R+(A)Q RM R |,
M'S M'R MM + 71 M

and C* denotes a generalized inverse of C satisfying CCt*C=C,C*CC* =C*, (CC*) =

CCt, and (CTC)" = C*C. This inverse is also known as Moore-Penrose inverse.

For different values of A and 7, (3.14) defines a family of possible solutions. Optimal
values of these parameters are obtained by minimizing the generalized cross-validation

score
_ n1G'(I-U(4,7))’G
T [ 'e@-UQR, )P

V(A7) (3.15)

Gu and Ma [2005] showed that under very general conditions the minimizers of V(4,1)

yield an optimal smoothing asymptotically.

(ii) Depth-Harmonic Model

To correct for harmonic components of the noise we proceed as follows. For a fixed angle,
any profile g(0,y) is a function of depth y that we will just denote by g(y). These functions
may be contaminated by coherent noise caused my unmodeled oscillations in the subsur-
face. One possible model for this oscillations is a harmonic process Y; a;cos(@iy + ¢),
where a; and ¢; are, respectively, random amplitudes and phases, and the frequencies
omega; are fixed but unknown. Each realization of the process is just a sum of sinusoids
and each profile is contaminated by a different harmonic process. Hence, removal of a

harmonic process from a profile is equivalent to correcting for sinusoid signals.
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To find sinusoids hidden in the data we use a method developed by Quinn and Fernan-
des [1991]. To explain the main idea we assume a single sinusoid. A profile is modeled
as g(y) = acos(wy+ ¢ ) +g(y), where g(y) is the clean signal we want to recover. A si-
nusoid can be annihilated with a second order filter. Indeed, we note that g(y) satisfies the

difference equation

§(vj) —2cos(@)&(yj-1)+8&(yj-2) = g(yj) —2cos( @) g(yj-1) +8(yj-2)-

ARMA fitting techniques can then be used to estimate the frequency @ and then obtain
amplitude and phase through least squares. The frequency estimate can be interpreted as
a local maximizer of a smoothed periodogram. The case of more than one frequency is
treated in a similar way; there are difference operators that annihilate all the sinusoids. For

more details on this methodology see Quinn and Fernandes [1991].

Once the harmonic components are estimated from data, we can obtain the harmonic-
component extracted profile: G; i = Gij— X Gig cos( Dy + (Eik ). Then the model can be

fitted as before, that is, one minimizes

Mm

b
2. (Gij=9())'B —(zj)c—bi) +32b2+nchc (3.16)
i=1j=1 s =1

~

(iii) Angle-Dilation Depth-Harmonic Model
As in the Depth-harmonic model, the harmonic components are estimated from the data

and then subtracted from to obtain the corrected profile G; j- We estimate (3.10) using
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penalized least squares

TS —b;)? G—“bz AJ 3.17
2 X (Gij—g(ouy)) —bi)*+ — Y bi +ndJ(g). (3.17)
s =1

i=1j=1

The minimization is carried out iteratively as follows:
(0) As the initial estimate we use he maximum likelihood estimates of the linear mixed-
effects model G;j = oy +b; + &j.

(1) For estimated ¢&;, we minimize the following functional to obtain ﬁ and ¢

a b
z Z Gij— (b)) B — QD(OZ,ZJ)tC)z-I-g sz-%—nlc Qc (3.18)
i=1j=1 i=1

(2) For estimated ﬁ and &, we estimate o; by minimizing

a b
Y Y (Gij— (i)' B — o(iz;) &) (3.19)

i=1 j=1

Steps (1) and (2) are iterated until convergence.
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Chapter 4

Inverse scattering with SKKS coda

waves: imaging the core side of the

CMB'

Abstract

In our previous studies we developed a method for imaging the heterogeneity at and near
the core mantle boundary with broadband Sc$ transverse component data. Moreover we
developed a statistical model to produce the image of the D" discontinuity with variable
confidence levels. In this paper, we extend our previous development in as much as that we
allow for (known) discontinuities in the background model; we can then incorporate the
outer core in the background and use the SKK S phase (radial component) and its coda to
scan the D" discontinuity from the underside. We furthermore demonstrate that the SKKS
phase is a phase that is supplementary to ScS phase and that is of importance for the imaging
of the D” discontinuity. Synthetic seismograms calculated with the WKBJ method are used
to test the performance of our method. As a proof of concept, we transform ~ 18,000 radial-
component SKK S waveforms into image gathers of a CMB patch beneath Central America.

TInverse scattering with SKKS coda waves: imaging the core side of the CMB, Geophys. J. Int.,
mauscript in preparation.
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The structure of the SKKS image gathers is consistent with ScS image gathers.

4.1 Introduction

To detect heterogeneities in Earth’s interior that are singular in nature, the use of scattered
body wave phases is pertinent. The singular parts of these waves contain information about
non-smooth variations in material and physical properties of the Earth.

Most work to date inferring the structure of the CMB region (for example, Garnero
[2000]) has employed forward modeling to fit the waveforms of phases like S-ScS and
SKS-SPdKS-SKKS on selected high-quality seismograms. For early results on modeling
core phases, we refer to Choy [1977]. Wang et al. [2006] developed an inverse scattering
approach based upon the generalized Radon transform (e.g., Beylkin [1984]; De Hoop et al.
[1994]; De Hoop and Bleistein [1997]; De Hoop et al. [1999]; De Hoop and Brandsberg-
Dahl [2000]; Stolk and de Hoop [2002]; Brandsberg-Dahl et al. [2003]), to image selected
neighborhoods of the CMB using ScS$ data. In addition, statistical methods were applied to
produce images of D" discontinuities and estimate their uncertainty. However, using only
the ScS data to scan the CMB area from one side (topside) and the statistical method to
validate our results has its drawbacks: 1) the data coverage is insufficient for some regions,
specially for regions below the center of oceans. 2) interfaces with a wavespeed drop are
harder to detect than a wavespeed increase (Flores and Lay [2005]).

The approach developed and new data set used in this paper can overcome these draw-
backs. With the extension presented here, we can use SKKS wavefield to scan the D” from
below. We can thus produce images with SKKS phases and with ScS phases of the same

region; given that the relevant data are so different, a consistent result would serve as a
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validation. The use of SKK S has several advantages. First, unlike the S;S phase, the ampli-
tudes of phase SKS?SKS are almost the same for the same amount of velocity increase or
decrease (see Figure 4-5). Second, SKK S provides excellent data coverage. Since the max-
imum epicentral distance for Sc§ data is about 80 degree, and because there are almost
no receivers and events in large intraplate regions, such as oceans, the S¢S middle point
coverage is very sparse there. Indeed, Central America and eastern Eurasia are among the
few regions where ScS data coverage is likely to be sufficient for successful application of
the GRT with Sc§ data. On the other hand, the SKKS middle point coverage is very good
in most of the regions (see Figure 4-2). The main reason is that the epicentral distances
used for SKKS data are from 100-180 degrees. All these features make the SKKS phase
complementary phase of ScS. Of course, to use SKKS data to image the CMB area from
the underside has its challenges. 1) the lower limit of the earthquake magnitude which can
be used to image with SKKS data has to be higher because the SKKS rays propagate along
longer raypaths, as compared with Sc$ rays; ii) since the SKKS propagates not only in
the solid mantle but the liquid outer core, one has to deal with both solid-solid and solid-
liquid interfaces; iii) for S¢S imaging, we only use the transverse (SH) component and we
only need to deal with a relative simple system, whereas for SKK S imaging, one has to deal
with the coupled P-SV system. However, the potential mixture of SKS?SK'S and SKP?PKS
seems to make this approach almost infeasible. Fortunately, one can select an epicentral
distance range (100-180 degree) in which there is no SKPYPKS energy because the inci-
dence angle of K at the CMB is beyond the post-critical angle for the mantle P-wave (see

Figure 4-1).

Rost and Revenaugh [2004] found a strong arrival in the early coda of major-arc PKK Pab

and interpreted it as an underside reflection from D”. With this arrival, they found a D" at
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Figure 4-1: The K-wave incidence angle at the CMB vs the epicentral distance for SKKS
phase. The inset is the K — K reflection and K — § conversion coefficients vs the incidence
angle at the CMB. For an epicentral distance A < 184°, the K-wave incidence angle o >
36°. a = 36° is the critical angle where the K-wave completely reflects, thus no energy of
P-wave in the mantle for an epicentral distance smaller than 184°.

280 km above the CMB by converting the traveltime to depth. However, trying to use
PKP?PKP phase to find the D" discontinuity is not easy. First as mentioned above, due
to the dramatical P wavespeed change from the outer core to the mantle, it readily reach
the critical angle for the incidence of K and the mantle P-wave. Therefore, the epicen-
tral distance range where this phase shows up is highly limited. The triplication of PKKP
around this distance range further complicates the situation. Second, whenever there exists
a PKPYPKP phase, the PKS?SKP phase must also appear. This may cause misinterpreta-
tion of the depth of interfaces. While the usable distance range for PK P4PKPis limited and
complicated by the triplications, the distance free of SKKS triplication is large (100°-180°)

and the SKS?SK S phase is not contaminated by the SKP?PKS phase.
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10000

Figure 4-2: Global distribution of number of ScS (top) and SKKS (bottom) middle points
in a 10° x 10° bin. Data source is IRIS-DMC; earthquakes have m;, > 5.2, with origin
time between 1988 and 2002.

A global energy stack of SKKS(SV') shows a later, previously unidentified arrival about
1 minute after the main SKKS phase (see the black box in Figure 4-3). It’s tempting to
interpret it as the under side reflection from D” given the fact that this arrival still shows up
when using deep events only.

The main goal of this paper is to develop a mixed fluid-solid generalized Radon trans-
form approach to inverse scattering adapted for coda waves in global seismology, and to ap-
ply this approach to a range beneath Central America. In Section 4.2 we develop the theory
underlying the GRT and describe how three- component broadband data can be transform

into image gathers. In Section 4.3 we use synthetic seismograms (calculated with WKBJ
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Figure 4-3: Stack of the 100,000 global SKKS(SV) data. Processing details data source
is IRIS-DMC; band-pass filter is 10-50 s; earthquakes have m;, > 5.2, with origin time
between 1990-2002.

Chapman [1978]) to test the performance of our methodology. We show that in principle,
the GRT with SKKS phase can be used to resolve interfaces with either a wavespeed in-
crease or wavespeed decrease, which are different to see with ScS data (Flores and Lay
[2005]). This feature makes GRT with SKKS very suitable for resolving low wavespeed
layers under high wavespeed layer. We also demonstrate that the reflection coefficients,
relative to SKKS, can be estimated. Finally, in Section 4.4 we present preliminary results
of three imaging points, compare them with the ScS images, and then we show the results

of joint inversion of S¢S and SKKS.
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4.2 Inverse scattering

The inverse scattering transform we present here makes essentially use of multiple scattered
waves, by incorporating discontinuities in the background. The transform, nonetheless, is
very closely related to the GRT and falls in the category of liberalized LS inversion for

singularities.

Although the mathematics needed to develop the GRT method are quite complex, the
principal idea of this method is relatively simple. The GRT method projects the scattering
potential into the data as integrals over isochrone surfaces; in turn, integrating the data over

isochrone surfaces recovers an image of the scattering potential.

In the sections that follow, we develop the generalized Radon transform (GRT) method
by first obtaining the Green’s function and Green’s tensor from the governing equations in
both solid and fluid media. Then we assume that the wave that propagates in a perturbed
medium has the same raypath as that in a smooth background medium and the wavefield
perturbation is linearly dependent on the medium perturbation. The above assumptions
are known as the Born approximation (Aki and Richards [1980]). The general form of the
problem is

u=Foc, “4.1)

where u is the scattered wavefield, dc is the medium perturbation, and F is an integral

operator.

Applying the adjoint operator F* to both sides of equation 4.1 yields

F*u=F*Féc, “4.2)
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Figure 4-4: Schematic illustration of the path geometry of SKKS (bottom) and SKSSKS
(top) considered in the generalized Radon transform (GRT) of SKKS data. Bottom: The
source and receiver are separated by epicentral distance A. The image point at the CMB is
denoted y. The summation of the slowness vectors of the two legs of SKKS are given by v.
The scattering angle is 6 and scattering azimuth is y. The image is, essentially, created by
integration over V.

where F*F is the normal operator. Taking the generalized inverse of equation 4.2 produces

images of the medium perturbation:

8¢ = (F*F)"'F*u. 4.3)

The GRT inversion defined by equation 4.3 can, under certain conditions, be subjected
to restricting the inversion operator to a prescribed scattering angle and azimuth (0, y).
This inversion produces common image point gathers which represent an image of the

Earth’s interior at common locations.
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4.2.1 The governing wave equations

We first look at the propagation of seismic waves in both solid and fluid media. In the
solid regions of the Earth, typically shells such as the mantle, the particle displacement

u; = uj(x,1) satisfies the elastic wave equation

p 0} u; — 9j(cijuedpue) = f; (4.4)

where p = p(x) is the scalar density of mass, ¢; ke = Cj jkg(x) is the elastic stiffness tensor,
and f; = fi(x,t) is the body-force source density. The stress 7;; in the solid is related to
the displacement as 7;; = ¢; ,-k[aguk in accordance with Hooke’s law. The elastodynamic
Green’s tensor, Gj,(x,x',t), which is the solution of the wave equation for a point source at

(¥',1), satisfies the equation

[y atzGip — 0j(cijke9eGrp) = Gipd(x—x')(t) , 4.5)

subject to the condition of causality, Gi,(x,x’,t) = 0 for t < 0. The modes of seismic wave
propagation (in the mantle) are P, SV and SH in the isotropic case, and gP, gS1 and ¢S2 in
the anisotropic case.

In the fluid regions of the Earth, typically shells such as the outer core, the acoustic

pressure p = p(x,t) satisfies the acoustic wave equation

kdip—dj(cd;p) =4, (4.6)

where 0 = o(x) is the scalar reciprocal density of mass, ¥ = k(x) is the compressibility

or reciprocal of bulk modulus, and ¢ is the time derivative of the volume source density of
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injection rate. The scalar traction in the fluid is the opposite of the pressure; the particle
velocity v; in the fluid is related to the pressure as v; = —p~'9,"1d;p. The acoustic Green’s

function, G(x,x’,1), satisfies the equation

Kd2G —9;(60,G) = 5(x—x)8() , @.7)

subject to the condition of causality, G(x,x’,t) = 0 for ¢+ < 0. The mode of seismic wave

propagation in the outer core is denoted by K.

The frequency domain equations both for the solid and the fluid regions are obtained

by replacing —id; by .

4.2.2 The source representation

Next, we need a term that describes the excitation (normally a body force) of the wavefield.

We write the equivalent body force in terms of the so-called symmetric stress glut tensor S,

fi=-09Sij; (4.8)

the stress glut tensor is related the source moment tensor as

(01 Sij) (%0, t0) = M6 (x0 — 5)8(to — 15) - (4.9)

Substituting equation 4.8 into 4.9 we obtain

fix0,20) = —M;;di6(xo —s) H(to — ;) , (4.10)
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where H(tg —1) is the step function. For convenience, and without loss of generality, we

shift ¢; to O for each event.

4.2.3 Geometrical ray Green’s tensor

A standard method for solving a wavefield excited by a volume source is to obtain the
solution of the governing equations assuming a point source, then obtain the final solution
using the superposition principle.

First, we discuss the high-frequency Green’s tensor restricting the analysis to the solid
in the absence of a fluid region. Away from caustics at the receiver at x and at the source at

X/, the Green’s tensor admits the oscillatory integral representation

Gipla,1) = 7 TRe [ GEWIA™(x,4) explio (1 T™(x¥)]do, 41D

in which
)= SR AT @
where
(5 ) = IV (9 2D @13

a(1°)

and & denotes the normalized polarization vector of the wave-type under consideration. The

amplitude A(™) is obtained from A upon multiplication by the phase factor, exp[—i(7/2)1(x,x')],

accounting for the KMAH index 1. The index m labels the branches of the travel time func-
tion. We suppress the index m in our notation. In (4.13) v denotes the group velocity and

V denotes the phase velocity; x™ denotes the coordinates in the wavefront at x while y°
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denotes the coordinates on the slowness surface at x’. Also,
V() R(x,) = [t (x,X) [ (V(x)V ()]"/* = |detQa (x,x')| /2 = £ (x,x')

can be identified as the reciprocal of relative geometrical spreading (see, for example, [Aki
and Richards, 1980, (9.46)] in the case of P waves); the matrix Q; is a quantity, defined
in [éerven)i, 2001, (4.3.5)], that is amenable to numerical computations. The travel time
along the ray or path connecting x with x’ is denoted by T (x,x’); the index m keeps track of

multipathing.

Secondly, we discuss the high-frequency Green’s function for the case of a analysis to
the fluid in the absence of a solid region. Away from caustics at the receiver at x and the

source at X', the Green’s function admits the oscillatory integral representation
1 o0
G(x,x 1) = p Y Re / B (x,x) explio (r — T (x,x'))] do , (4.14)
0
m

in which

[p(x)p (¥)er(x)er ()72
4 L (x,x') ’

B(x,x') = (4.15)

with ¢; = (6~ 'x)!/? denoting the wavespeed. The amplitude B™ is obtained from B upon
multiplying by the phase factor accounting for the KMAH index. Thus the index m labels

the branches of the travel time function. We suppress the index m in our notation.
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4.2.4 Incident field

Substituting (4.10) for the inhomogeneous right-hand side of the wave equation (4.4), using

Duhamel’s principle, we obtain for its solution

)= = SRe [ G0 HE1() + &)1 (5) Mg

A (x,s) exp[—io (r — T™ (x,5))]dw (4.16)

in which

Yp(s) = (05,pT)(x,5) 4.17)

is the p-component of the slowness vector at s associated with the ray connecting s with x.
This equation can be compared with [Aki and Richards, 1980, (4.88)-(4.90)] upon reducing
the elastic stiffness to the isotropic elastic case with Lamé parameters A and . In these
equations, My, = p (@i, +ii4Vp)A in which v is the normal to the fault surface, i), is
the average displacement discontinuity, and A is the fault area. Then the source radiation

pattern can be written in the form

F(s) =M""Mp&p(s)V(s)15(s) , M= pAlfa]] .

4.2.5 Background fluid-solid interface
Boundary conditions

The coefficients in the above equations are associated with a background model. In such
a model, the coefficients are assumed to be smooth except at a fluid-solid interface, X say,

such as the globally estimated core-mantle boundary (CMB). At a solid-fluid interface, the
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following boundary conditions apply: (i) the normal component of the particle displace-
ment is continuous, (ii) the normal component of the surface traction in the solid and the
scalar traction in the fluid are equal, (iii) the tangential components of the surface traction

in the solid vanish.

Solving the boundary value problem

We couple the fluid and solid expressions developed above by solving the boundary value
problem. We assume that the source is contained in the solid region while the receiver is
contained in the fluid region. Asymptotically, the solution is adapted to include a transmis-

sion coefficient. This implies that the amplitude in the oscillatory integral representation

becomes &, (x') C(x,x'),

Gp(x, 1) = % Y Re /0 " (X)C™ (x, ) explio (- T (x, X)) do . (4.18)

With x= the point of refraction on the fluid-solid interface X, the travel time in the phase
function becomes

Ts(x,x') =T (x, %) + T (6, x') .

The amplitude, C(x,x’), is derived as follows. The incident displacement amplitude (the —

refers to the solid (lower mantle) side of X) follows to be

[ op@)Iv@)ll 1V 2w
ve-= [(p(mnv(ﬁ)u)_} 70 V™)

_[ PV () }1/2 1 I
T LeGEVE)-]  Z((F)-¥) dnp(¥)V ()
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using that

1
. I/ 1" —
Jm L&) = v

while the pressure amplitude at the receiver is related to the pressure amplitude at the fluid-

solid interface (the subscript '+’ refers to the fluid (core) side of X) according to

o [_pr@er 1263,
A ‘[(m(ﬁ)cf(xf))J Ze R

In the solid (mantle) the geometrical spreading is related to the relative geometrical spread-

ing as [Cerveny, 2001, (4.14.44)]
L) = |V ()| (5)]| 7 det(Qa (%, X)) det(P(x))] /2 .

Invoking the boundary conditions at the fluid-solid interface, accounting for its curvature,

implies that

Clx,x') = (ps(x)cs(x))"/? GZ@) o f)lv( T (4.19)
where we have the factorization
L (x,x) = |det( Qa(x, )IQa (:F, X)) [1/2 . (4.20)
Here (cf. [Cerveny, 2001, (4.14.71)])
= (G, — A" "M (x, & ) [(G_ — AT, (4.21)

in which MF is the Fresnel zone matrix at x*, and AT =0.
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In general, the fluid-solid boundary conditions have to be solved numerically. This
is accomplished by expressing the fluid quantities in pressure and the solid quantities in
displacement and then solving the remaining system of algebraic equations. In (4.19) a
transformation to a flux-normalized transmission coefficient is applied, which we write as

T (x*) = Tk . &. Here, the flux normalizing factor is given by

o @D 26, (e EENT? @
(P () LR (py(B)es (o)) (cosOD)2T

where 6% is the angle of incidence.

For an isotropic elastic solid-fluid interface, the following expressions can be obtained
for the transmission coefficient (4.19). We write Txs = (—i®)(prcs)+ [C;ITKS(pcgl)‘l],

in which
¢y *P*1eYs

o p=(p1+p)"?, (4.23)
SCH

Tks(p1,p2) =

in which the slowness vector is written in interface normal components, ¥ = (p1, p2, ¥prs)
with (p1, p2) tangential to the interface; Agcy is the Scholte denominator associated with

surface waves propagating along a solid-fluid interface !,

2

AscH = %YPC§4 +¥1(3¢52 = P*)* + PPyes) -
A

Equation (4.23) appears in the generalized ray analysis of this transmission problem in a

configuration of a fluid and solid half space. Analogue expressions are obtained for Txp.

'We identify D/(¥%)core = (2P5¢2)*Aschs cf. [Aki and Richards, 1980, pp.436,451] upon identifying —éi
"tmB

with p? + p3. The transmission coefficient for incident SV, transmitted K displacements is SP [Aki and
Richards, 1980, p.150] which maps to Cj:lTKs (pcs"l)'l. The coefficient SP is easily adapted to WKB calcu-
lations in a layered SNREI model [Aki and Richards, 1980, p.437].
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4.2.6 Modeling: The short-period Born approximation

We have obtained the source and the Green’s tensors in Section 4.2.2 and 4.2.3 respectively.

In this section we will describe the scattered wavefield in terms of the medium contrasts.

Let u denote the scattered displacement field. Substituting the high-frequency Green’s
tensors evaluated in the background into the Born approximation for the scattered displace-

ment yields

tplrt.5) = (Fac)y = My (5) TRe [ [ (~0)) (06 ()7(s) (5.1

wl (x,s,r)8c(x) explio(t — T (x,s,r))]dV (x)dw , (4.24)

where we denoted the quantities associated with a ray connecting the scattering point x
with an earthquake location s by ~and the quantities associated with a ray connecting the
scattering point x with a station at r by *. The quantity .# (x, s, r) is essentially the product of
amplitudes that are possibly complex through the appearance of the exponential containing

the KMAH index. The travel time is the sum
T(x,s,r)=T(x,5)+T(r,x). (4.25)
We employ the shorthand notation

W (x,5,7) = Myr(s) 5(84(5) T (5) + & ()% (5)) = M(s)V (s) "' F (s) . (4.26)

We distinguish the cases where the scattering point x is contained in the solid (x € X;) and
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where the scattering point x is contained in the fluid (x € Xy); we have X = X;UXy. Thus

up(rt,s) = uS(r,t,s) +ul(rt,s)

where u;(r, t,s) — representative of topside reflection — is obtained by subsituting X = Xj,

A

I (x,5,r) = p(x)A(x)A(x) , (4.27)
in which
A(x) =A(s,x), A(x) =A(rx), (4.28)
and
wix,s,r) = {EE), Vo) (0) EOROE () | (429)

In the isotropic case, this expression reduces to

w(x,s,r) = {l,cos(GSS(x,s,r))} (4.30)

for SH-to-SH scattering, and

w(x,s,r) = {cos(eSS (x,5,r)),cos(2055(x, s, )} (4.31)

for SV-to-SV scattering. Here

cos(055(x,5,7)) = s (x)*H(x) %i(x) -
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For u}; (r,t,s) —representative of underside reflection — we obtain the substitutions X = Xy,

F(x,5,r) = x(x)C(x)C(x) , 4.32)
in which
C(x) =C(s,x), C(x) =C(rx), (4.33)
while
wins,r) = {1,cr ()P RN} - (4.34)
We write

cos(6"% (x,5,r)) = ¢ (x)*F(x) %i(x) -

4.3 Resolution tests with synthetic data

We test the performance of the methodology developed above with synthetic broad-band
seismograms of SKKS. We calculate time windows containing SKK S using the radially
stratified wavespeed model akl35 (Kennett et al. [1995]). For the calculation of the wave-
forms we superimpose jumps in elastic parameters at certain distances above the CMB. The
seismograms in Figure 4-5A are calculated from a model with a 3% wavespeed increase at
250 km above the CMB and a 3% wavespeed decrease at 150 km above the CMB.

SKKS and SKS?SKS are so-called min-max phases and their waveform is distorted by
a mr/2 phase shift (see Figure 4-5A). This can be modeled with a Hilbert transform, but the
most straightforward way is to deconvolve the phases by themselves. To achieve this goal,
we followed the procedures explained in Chapter II. That is, we first use multi-channel

cross correlation (MCCC) to align the synthetic data, followed by a principal component
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Figure 4-5: A. Record section of synthetic data for model with two contrasts (one increase
and one decrease) above the CMB, calculated with WKBJ. The red solid lines are the travel
time curves of SKKS phase and the red dotted lines are the travel time curves of SKS?SK S
phases. B: Record section of synthetic data: after deconvolved by the PCA estimated SKK'S
phase. The top black boxes in A and B is the blow-up of the bottom black boxes in A and
B respectively.

analysis (PCA) to estimate the SKKS phase, and then deconvolve the estimation from the

full synthetic seismograms. The resulting seismograms (after deconvolution) are shown in

Figure 4-5B.

In one series of tests we use an idealized (geographical) distribution of specular reflec-
tions (Figure 4-6A,B); in another we use the actual earthquake-station distribution (Fig-
ure 4-6C). We show results for (synthetic) data bandpass filtered between 10-50 s (Fig-
ure 4-6A,C).

The 28 traces in the left of Figure 4-6A,C are extracted trace by trace from synthetic
data with different epicentral distances (scatter angles). Aliasing is visible in Figure 4-6C
due to sparse and uneven sampling.

For the wavespeed models and associated ray geometries considered we can calculate
the reflection coefficient R relative to SKKS as a function of scatter angle. We then compare
it with the relative reflection coefficient inferred from the GRT. These two coefficients

generally agree well with each other (see Figure 4-6B).
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Figure 4-6: Illustration of the construction of GRT stacks (images) from image gathers
at different scatter angles. The traces on the left of panels (A) and (C) are image gathers
at scattering angles produced from the synthetic data as in Figure 4-5. The traces on the
right are stacks over scattering angles. The gathers and stacks in (A) are produced from an
artificial (regular) source-receiver distribution; the results in (C) were computed using the
data coverage depicted in Figure 4-8.
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Figure 4-7: The amplitude above the dashed line are multiplied by a factor of 5 to make
it comparable to that at the CMB. This figure shows the recovery of the input model with
a wavespeed decrease at 150 km above the CMB and a wavespeed increase 250 km above

the CMB.

We demonstrate that our method is able to detect multiple interfaces with opposite ve-
locity changes. For this purpose, forty-one imaging points are chosen along the great circle
transect from (-105W, 0) to (-75W, 30N). Figure 4-7 is generated by the lateral juxtaposi-

tion of IGs stacked over all angles.
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4.4 Imaging the CMB beneath Central America

We apply the GRT method to a broadband wavefield formed by SKKS (and its precursors
and coda) that sample a 50° x 50° core mantle boundary (CMB) beneath Central America
(Figure 4-8). This region has been studied intensively and several investigators have found
evidence for structural complexity within D” (e.g., Garnero [2000]; Buffett et al. [2000];

Thomas et al. [2004]). Here we present three image gathers of lowermost mantle structure.

4.4.1 Data preprocessing and analysis

The generalized Radon transform is applied to data from many events and seismic sta-
tions. One could view this transform as a focusing procedure using ‘arrays’ of sources and
receivers, searching for singularities in the Earth’s interior, here the lowermost mantle.

The data are collected from the following sources. Estimates of origin times and source
locations (hypocenters) are obtained from the EHB (Engdahl et al. [1998]) data base for all
events. Three-component broadband waveforms for all events in our data set are obtained
from IRIS (Incorporated Research Institutions for Seismology). The minimum magnitude
considered in this study is set at my, > 5.5. The range of angular epicentral distances was
chosen from 100 — 180° to void the potential mixture of SKS4SKS and SKP?PKS. The
preprocessing sequence is similar to the one we explained in Chapter II and the published
paper (Wang et al. [2006]). We use SKKS phase as reference phase to apply the principal
component analysis (PCA). The band-pass filter we used in this study is 10 — 50 s.

The application of the generalized Radon transform requires binning in scattering angle
0. From a physical point of view, we should match the bin size with the reflected-wave

Fresnel zone. This match will only be possible for selected neighborhoods of the CMB.
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The Fresnel volume can be determined by ray tracing through the condition

min{T(y,s) +T(x2,y, r)=T(rs),s > r}= %fo_l

where fj represents the peak frequency and y lies on the boundary of the Fresnel volume.

The binning in 0 requires a traveltime correction: Data from intervals A.(6), for given
(‘common’) v and y, are stacked prior to which traveltime variations with A = A(v, 0, )
are corrected for using Grand’s spherically symmetric model.

To form the final gathers, the outcome of the generalized Radon transform is stacked
over azimuth v, with the appropriate weights. The transform is essentially an integration
over dip directions (and implicitly over isochrones); the cone of associated dip directions
has typically an opening of about 24 degrees. The detectable structural dip directions must
be contained in this cone. The CMB topography is covered by this cone assuming it is mild

(Morelli and Dziewonski [1987]; Sze and van der Hilst [2003]).

4.4.2 Preliminary results: three image gathers

In this section we demonstrate the performance of our method to infer interfaces in the
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