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[1] We have recently proposed the revised spherical cap harmonic analysis (R-SCHA)
modeling technique. The new mathematical functions represent faithfully the spatial
variations of potential fields in a restricted area. In this paper, we tackle the inverse problem
and outline the efficiency of the new basis functions with respect to real magnetic data.
Processing simultaneously repeat stations, observatory, aeromagnetic, and CHAMP satellite
data provides our first vector lithospheric field model over France, which extends from
surface to 500 km of altitude. The magnetic field is represented with a minimum horizontal
spatial representation of 40 km at the mean Earth radius. The magnetic lithospheric map
consistency is confirmed with a comparison to known geological features. The model
variation with altitude also suggests that the major French magnetic anomaly, the Paris basin
anomaly, is produced by a deep-rooted geological structure. These results demonstrate
the superiority of regional modeling over global modeling for delineating small-scale details
in the lithospheric field. In view of forthcoming satellite missions, like Swarm, the revised
spherical cap harmonic analysis method will help to accurately represent the lithospheric
field for more detailed geological interpretations.
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1. Introduction

[2] The lithospheric magnetic field signal is mainly
masked by the core field. A possible way to unravel the
lithospheric field precisely is to combine information from
both satellite and aeromagnetic measurements. The sparse
distribution of ground data hampers the modeling of the
lithospheric magnetic field at a high accuracy using the
Spherical Harmonic representation. In order to circumvent
this, all available data over a region of interest have to be
considered and processed by means of a local mathematical
scheme. In practice, several complementary data sets are
available. Satellite data, measured at high altitudes, essen-
tially detect the large magnetic field wavelengths and are
sensitive to the deep magnetic structure buried in the crust.
Aeromagnetic data recorded at low altitudes have higher
resolutions and essentially detect the shallow magnetic
bodies. When merging these data sets, with complementary
spectral information content, we are likely to sample the
complete magnetic lithosphere and to derive realistic high
resolution lithospheric field models. These models can be
used as a platform for geological studies and can help in
delineating the geometry and depths of geological units. In
practice, the solution is partly incomplete since data are

inaccurate, smeared with errors and insufficient. For
instance, intermediate wavelengths are neither well defined
by satellite nor by aeromagnetic data [Ravat et al., 2002],
and a gap is unavoidable in the spectral representation of the
magnetic field. Considering the better spectral coverage
obtained by the configuration of the Swarm satellites, the
situation will be considerably improved [European Space
Agency, 2004]; thus we need to set up powerful mathemat-
ical tools to accurately represent the data at resolutions from
kilometers to thousands of kilometers.
[3] Several regional modeling methods have been pro-

posed in the past. Methods like polynomial modeling [Le
Mouël, 1969] are suited for data measured at only one
altitude but do not allow accurate downward or upward
continuation of the field. The rectangular harmonic analysis
(RHA), introduced by Alldredge [1981], implies a flat Earth
approximation and is less accurate as the altitude increases
[Langel and Hinze, 1998, section 5.3]. The spherical cap
harmonic analysis (SCHA), proposed by Haines, was
developed to obtain models of the lithosphere in large
regions [Haines, 1985]. This latter method also deals
inadequately with data recorded at different altitudes and
models become unrealistic when considering aeromagnetic
and satellite data together. The errors incurred in each of
these modeling techniques are difficult to estimate exactly.
Thus, considering that current satellite sensitivities detect
very weak magnetic signals, like tidal [Tyler et al., 2003] or
ocean induction effects [Manoj et al., 2006], we cannot
consent to apply approximate mathematical tools.
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[4] The revised spherical cap harmonic analysis
(R-SCHA) is a modeling technique designed to be applied
at a regional scale [Thébault et al., 2006]. In the ideal case
of infinite series expansion, there is no approximation. As a
result, the information concealed in data measured at
different altitudes, from ground to satellite levels, can now
be retained by the modeling. In this paper we explore
the feasibility and the consistency of this method and apply
R-SCHA to a combination of different magnetic data sets.
For the present application, we choose the French metro-
politan territory. The method could be applied to any region
well covered by different and complementary data sets. We
chose to focus on the French region for two reasons; first, a
large amount of aeromagnetic and satellite data, both of
good quality, are available, and the French total field
anomaly map derived by Le Mouël [1969] shows good
correlations with geological evidences. This gives us
a chance to compare objectively our results obtained by
R-SCHAwith a previous study. Secondly, a new interest for
this region has recently been revived [Truffert et al., 2001]
and some processes responsible for magnetic anomalies
remain enigmatic [Pham et al., 2000]. In this context, we
considered it poignant to produce vector maps for the
lithospheric magnetic anomalies derived from the most
recent CHAMP satellite data, aeromagnetic surveys, repeat
stations and observatory data. The main aim of this paper is
to apply this new modeling technique to a real data situation
and to provide some geological discussion. We hope that the
new maps, having a minimum spatial wavelength of 40 km,

will bring information to a new level and help improve the
reconstruction of France’s geological past.

2. Theoretical Background

[5] In a source free region such as W, delimited by
minimal and maximal radial distances r = a and r = b and
a cone C with half angle q0 (Figure 1), the magnetic field
may be expressed by means of basis functions solving the
Laplace equation r2V = 0.
[6] In order to form a complete boundary value problem

(BVP), the Laplace equation may be associated with
boundary conditions on the surfaces of W such that

r2V ¼ 0 ð1aÞ

V jq¼q0¼ F r;jð Þ ð1bÞ
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The solution of this BVP is obtained by splitting it into two
subproblems [Thébault et al., 2004]. The independent
solution of the subproblems leads to the construction of a
complete basis function for the potential inside the region of
interest. The overall solution for the potential is [Thébault et
al., 2006]
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with Pnk

m the associated Schmidt seminormalized Legendre
functions of integer order m, generally real degrees nk, and
Kp
m(q) the conical or Mehler functions [Thébault et al.,

2006]. Henceforth, we refer to the functions involving Kp
m(q)

as the Mehler or the conical functions; the corresponding
coefficients are named the Mehler coefficients. In contrast,
the basis function related to Pnk

m functions are named the
Legendre functions; the corresponding coefficients are
named the Legendre coefficients. Rp(r) are radial functions,
comparable to Fourier series. They depend on the integral
index p and the lower and upper radii a and b such that
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Figure 1. Magnetic field represented within a closed
region resulting from the intersection of two spheres (S1
and S2) of radii a and b, with an infinite cone (C) of half
aperture q0.
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with A a constant depending on the normalization adopted.
It directly follows that the magnetic field, represented by the
negative gradient of the potential B(r, q, j) = �rV, writes
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and the total intensity F is defined by

F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X 2 þ Y 2 þ Z2ð Þ

p
ð8Þ

with X, Y, and Z, the north, east and downward component
of the magnetic field B. The coordinates q and j are the
colatitude and the longitude, respectively, in the cone
reference frame. As already stressed, the method is exact in
the limit of infinite series expansions. In practice, the
number of available data, their distribution, and the rate of
convergence of the local functions, may hamper the
accurate modeling of the total field. A regional modeling
technique like R-SCHA is more efficient when dealing with
a residual field because the errors incurred in truncating the
series is less prominent [Thébault et al., 2006]. For this
reason, we consider only the representation of the residual
field, which will result from the difference between the
magnetic measurements, Bm or Fm, and a core field model,
Bc or Fc, such that

DB r; Q;Jð Þ ¼ Bm r; Q;J; tð Þ � Bc r; Q;J; tð Þ ð9Þ

and the anomaly intensity

DF r; Q;Jð Þ ¼ Fm r; Q;J; tð Þ � Fc r; Q;J; tð Þ ð10Þ

[7] We assume here that the data are reduced for the
external field. Our purpose is to coestimate the most
appropriate set of parameters, or pseudo-Gauss coefficients

{Gp
m, Hp

m}, {Gnk

m,i, Hnk

m,i}, {Gnk

m,e, Hnk

m,e}, that represent the
field over France, from ground to satellite altitudes. The
superscripts ‘i’ and ‘e’ refer to internal and external accord-
ing to the shape of the radial basis function a/r or r/a
involved. So far, we cannot assign a particular meaning to
each of these pseudo-Gauss coefficients. A limitation of the
R-SCHA approach is that it is difficult to separate the
internal from the external field just by studying the Gauss
coefficients Gnk

m,i or Gnk

m,e. Modeling the lithospheric field
therefore requires a preprocessing, which cleans the data
from the unwanted magnetic field contributions [Thébault et
al., 2006].

3. Data Sets and Data Processing

[8] We consider the independent data recorded at differ-
ent epochs and altitudes over France where aeromagnetic
data, repeat stations data and satellite data are available. The
geometry of the truncated cone is defined according to data
distribution. In order to improve the conditioning of the
inverse problem, it is necessary to define its boundaries so
that the data are distributed as evenly as possible within the
domain. The cone is centered on the geocentric latitude Q =
46.5� and longitude F = 1.3�. The half angle of the cone, set
to q0 = 5�, is chosen such that the aeromagnetic data
optimally cover the lowest surface. Lower and upper
boundaries are defined according to the minimum and the
maximum altitudes contained in the entire data set. The
upper radius b is defined by b = Rt + Emax according to the
highest satellite orbit, with Rt = 6371.2 km, the Earth
reference radius. Considering the maximum CHAMP satel-
lite orbit over France, we define Emax = 500 km. Similarly,
the lowest altitude Emin contained in the data allows us to set
a = Rt + Emin. Note that a is not necessarily the Earth’s mean
radius in R-SCHA modeling. Considering the repeat sta-
tions altitudes, measured in a geodetic reference frame, we
may have a < Rt in the geocentric reference frame (see
section 3.1). This negative value simply means that the
ellipsoid is lower than the mean Earth’s radius in the region
under study. It is worth reminding that as soon as the
geometric parameters are established, the local set of
pseudo-Gauss coefficients make sense only for a given set
of parameters {Q, F, q0, Emin, Emax} that must remain
unchanged.

3.1. Repeat Stations Data and Observatory Data

[9] In 1965, the French repeat network was improved by
adding 19 stations to the 12 existing ones and by using a
proton magnetometer for total field measurements. Other
existing data before 1965 are not considered in the present
study. From 1965 onward, the French repeat stations net-
work comprises 29 metropolitan points located 150–200 km
apart (Figure 2). During the five decades of measurements,
the locations were preserved except for a few repeat
stations. These displacements, listed in the Bureau Central
de Magnétisme Terrestre publications (BCMT [Mandea,
2001]), were taken into account during the different stages
of the processing.
[10] The Chambon-La-Forêt observatory annual means

and the repeat stations data are measured in the geographic
reference frame. Prior to the processing of the ground data
with R-SCHA, their locations and the components X and Z
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must be rotated in the geocentric reference frame. We use
the WGS84 ellipsoid to convert the data. Considering the
spatial resolution in the present work, any ellipsoid is
appropriate as changing the ellipsoid is equivalent to dis-
placing the repeat stations by a few tens of meters. When
representing the magnetic field at the ground surface, we
have to convert the R-SCHA model back to the geodetic
reference frame. The lowest altitude recorded in the data set

is E = �5.634 km at the northern repeat station DEL
(Delette in Figure 2) and the lowest elevation is therefore
defined at Emin = �6 km in the geocentric reference frame.
[11] Modeling the secular variation at a regional scale

remains a difficult issue. The secular variation is mainly a
large-scale feature, much larger than the region under study.
As a result, its representation requires a number of local
parameters that the number of repeat stations cannot afford.
Using R-SCHA does not necessarily provide a better
representation of the secular variation but, to the contrary,
creates artificial oscillations or edge effects. The short time
period covered by the satellite data is also problematic and
other satellite data missions would be necessary to fill this
gap. We are aware that using a global secular variation
model in order to reduce the data sets may introduce a bias,
but at the present stage,it remains the best option. Moreover,
we illustrate in Figure 3 that by using this compromise we
do not significantly alter the consistency between repeat
stations and aeromagnetic data. A global model covering
the time window of the magnetic measurements needs to be
subtracted from the data. Instead of using Definitive Geo-
magnetic Reference Fields (DGRF) models from 1960
onward, we use the CM4 Comprehensive Model [Sabaka
et al., 2004]. It extends from 1960 to mid-2002 and the
maximum secular variation degree n = 13 is very conve-
nient for the present study. Moreover, the secular variation
evaluated from CM4 is smoother with time and more
consistent with the Chambon-La-Fôret (CLF) annual means
than DGRF models, which are, to the contrary, less smooth
and less accurate. The procedure is not perfect and despite

Figure 3. Comparison between the intensity anomaly calculated at the repeat stations (solid line) and
the aeromagnetic intensity evaluated at the same locations with aeromagnetic data (dashed line). Repeat
stations are ordered by longitude, from west to east.

Figure 2. Data distribution over France and repeat
stations: observatory data (solid triangles), aeromagnetic
data (dots), and CHAMP satellite data (solid circles).
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the great improvement of CM4 over the DGRF models in
the secular variation reduction some peculiarities remain.
For instance, a comparison between CM4 model and the
repeat stations data shows that CM4 has time edge effects
near 1960 and 2002. Because a large uncertainty is inherent
in repeat stations data, we further checked the consistency
of the model with the monthly mean values provided by the
three German observatories at Niemegk (NGK), Fürsten-
feldbrück (FUR) and Wingst (WNG). In general, the time
edge effects can be observed throughout Europe using
yearly mean values computed at European observatories.
Keeping in mind this failure, we subtract CM4 global field
from the repeat stations up to degree and order 15 for the
core field and up to 13 for the secular variation. Indeed,
Cain et al. [1989] showed that significant contributions of
the core may remain up to degree 15, and some authors now
represent the lithospheric field from degree 16 only [Maus
et al., 2006]. For each repeat station, the complete time
series between 1965 and 2000 is analyzed and a standard
deviation is estimated for each of the residual field compo-
nents. In average, the data uncertainty is about s = 7.5 nT,
when considering all repeat stations and all components,
with a maximum of 17.5 nT at Marlenheim (MAH) and a
minimum of 4.4 nT at Lizy-sur-Ourcq (LIZ). We consider
the average value of the repeat station and observatory data
over the time range 1965–2000. Finally, 29 averaged vector
data and 1 averaged vector observatory data, almost equally
distributed at the ground, were available and reduced.

3.2. Aeromagnetic Data

[12] Le Mouël [1969] published the charts for the geo-
magnetic field components over France, which were derived
from aeromagnetic total intensity measurements and a few
vector measurements in the repeat stations network. The
French territory was flown over an altitude of 3 km above
the sea level along north-south profiles spaced 10 km apart.
The estimated precision of the intensity measurements is
4 nT in absolute value [Galdeano et al., 1980]. Here we do
not consider the raw data but the grid of intensity data to the
year 1964.5. The grid was formerly constructed using the
Cartesian Lambert II étendu coordinate system [Le Mouël,
1969]. We thus convert the data locations from Lambert to
the geodetic WGS84 reference frame, then to the geocentric
reference frame; intensity values remain invariant by rota-
tion. There are 7396 total intensity measurements consid-
ered in this study, which are near-homogeneously
distributed near the lowest surface. Gaps following the
French political boundaries can still be seen in the southern,
eastern and the northern part of the spherical cap (Figure 2).
In the present work, we do not consider aeromagnetic data
in neighboring countries mainly because stitching together
different compilations introduces discontinuities and an
incoherent large-scale pattern. In the future, consistent
compilations will be available over Europe that will be
helpful to alleviate the problem of data gaps near the edges.
We apply the same procedure as that for the repeat stations
data and subtract the core field intensity up to degree 15
predicted by the CM4 model for the year 1964.5. As for the
repeat stations, intensity anomaly data are now assumed to
contain static and lithospheric field only.
[13] A simple check is carried out in order to verify the

compatibility between the aeromagnetic and repeat stations

anomaly intensities after reduction of a core field and a
secular variation model. For these two different data sets,
being barely 3 km apart in altitude, a direct comparison is
made. The aeromagnetic data inside a small circle of radius
0.1� centered on the position of a given repeat station
is averaged and compared with the mean repeat station
intensity value between 1965 and 2000. The consistency
between the two data sets is in general satisfactory. The
standard deviation between the two curves is s ’19 nT,
with a maximum difference of 51 nT at Ailefroide (AIL) and
a minimum of 2nT at CLF (see Figure 3). There is no
apparent correlation between these differences and the
repeat stations altitude. For instance, AIL is closer to the
aeromagnetic data (1.5 km above see level) than CLF
observatory (0.2 km above see level) but the mismatch is
larger. Apart from the rough methodology used, which does
not take into account the rapid decreasing intensity of very
local anomalies with altitude, there are several possibilities
that can account for the incompatibilities observed with
some repeat stations; for example Léon (LEO), Saint
Emilion (SAI), Garchy (GAR) or Aillefroide (AIL).
[14] The repeat stations are prone to measurement and

reduction errors that are the principal source of discrepancy.
External field contributions are difficult to remove and the
repeat stations are reduced using the time variations
recorded at the nearest observatory. Spatial and temporal
variations of the field are therefore not fully taken into
account. Considering the number of data, recorded every
5 years, taking the mean between 1965 and 2000 may not
be completely statistically representative either. Moreover,
some repeat stations lie on local magnetic anomalies (for
example GAR). Last but not the least, the larger difference
observed is at AIL, which lies in the Alp mountains where
for evident reasons, the aeromagnetic survey was carried out
at 5 km of altitude. The downward continuation to 3 km
may also be a source of discrepancy between this particular
station and the aeromagnetic data.
[15] Some second-order errors also contribute to the

mismatch between the anomaly intensities for aeromagnetic
and repeat stations. As mentioned above, aeromagnetic data
may suffer from the CM4 time edge effects near 1964.5 (see
section 3.1). In addition, the secular variation contributions
from degrees higher than 13, not modeled in CM4, may bias
the mean value of the average calculated at the repeat
stations. Also, finally, CM4 model ignores long-term
induction produced by the lithospheric conductivity anoma-
lies. At present, we assume the field to be purely static but,
although this is controversial and probably a high-order
error, the induced lithospheric field may slightly change
with time.

3.3. Satellite Data

[16] In July 2000, the Earth orbiting satellite CHAMP
was launched and its circular, near-polar orbit, makes it
suitable for detecting lithospheric signals. Because of its
low orbit, CHAMP is also closer to the ionospheric sources
and special efforts to remove the external contributions are
required. Moreover, CHAMP suffers from misalignments
between the star imager and the vector magnetometer.
Careful data selection and corrections play a key role in
determining the lithospheric field and the experience gained
over the 5 years of CHAMP activity has resulted in a series
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of effective adjustments and corrections in its data process-
ing. The corrected data are now of high-quality and field
models from CHAMP have become increasingly stable and
reliable [Maus et al., 2006]. The accuracy of these magnetic
measurements provides unprecedented precision in investi-
gating the lithospheric field.
[17] Almost 5 years of CHAMP scalar and vector data

from August 2000 to January 2005 are used in the present
study for which the data selection procedure is described in
detail by Maus et al. [2006]. Data are selected for quiet
periods with Kp � 2 and a maximum of Kp = 2.5 for the
previous three hours from the local time sector 0000 to
0500 LT. The maximum jDstj index chosen is 50 nT and
jdDst/dtj = 3 nT per hour. Star camera misalignment is also
corrected and a preliminary external field is removed from
the data, as well as external quadrupoles. A secular variation
model is estimated from the data and removed for the
central epoch using a POMME 2.5 model [Maus et al.,
2005]. Data are corrected for the polar electrojet [Maus et
al., 2006] and for an ocean tidal model [Tyler et al., 2003].
In order to be consistent with ground and aeromagnetic data
reduction, we subtract a CM4 internal core field model up to
degree n = 15 [Sabaka et al., 2004] so that it is predom-
inantly the lithospheric field that remains. The selection and
the reduction procedures yield 6413 scalar data and 2166
vector data distributed between 350 and 480 km altitude.

4. Inverse Problem

[18] Prior to being processed, all the data are rotated from
the geocentric reference to the cone reference frame cen-
tered on the geocentric coordinates(F, Q) (see Figure 1).
Rotation formula are derived from standard spherical trig-
onometry and are given by De Santis et al. [1996].
[19] As already noted, all measurements of the magnetic

field Bm and the intensity Fm are reduced using the secular
variation and the CM4 core field models. We adjust the
regional magnetic field dB defined by (9), and the anomaly
intensity d F defined by (10). The components dX, dY and dZ
of the residual field dB are expressed using equations (5),
(6) and (7). According to these equations, any scalar or
vector values of the observed magnetic field d can be linked
to the parameter set g through a nonlinear function f such
that

d ¼ f gð Þ þ E ð11Þ

where the vector g includes all parameters {Gp
m, Hp

m},
{Gnk

m,i, Hnk

m,i} and {Gnk

m,e, Hnk

m,e} and the error E is assumed
to be Gaussian. We search for a set of Gauss coefficients g
minimizing the functional c2 defined by

c2 ¼ d�f gð Þk k2þa DBk k2 ð12Þ

[20] This means we seek a solution in the least squares
sense with a roughness constraint. The roughness is quan-
tified by the norm of the magnetic field itself and the scalar
A, which is to be adjusted in order to determine the best
compromise between the data fit and the model roughness.
Thanks to the orthogonal properties of the local basis
functions, the norm can be shaped into a diagonal matrix

E giving the amount of energy per coefficient [Thébault et
al., 2006]

DBk k2¼ gTEg ð13Þ

Setting the derivative of (12) with respect to g gives

aEg ¼ A d�f gð Þ½ � ð14Þ

where the matrix A is the Frechet derivative matrix of f,
whose elements are Ai,j =

@fi
@gj

relating the vector of model
parameters g to the vector of observations d.
[21] When the function f is nonlinear, equation (14) is

solved by an iterative process. The Newton-Raphson itera-
tive procedure requires a first guess solution g0 minimizing
(12). Then, expanding the function f to a first-order Taylor
series around g0 and refining i times the solution yields

giþ1 ¼ gi þ aEþ ATA
� �

i

� ��1

AT
i d�f gið Þð Þ � aEgi

� �
ð15Þ

[22] The next step, although not mandatory, is to linearize
the function f. Assuming that the direction between the
global and the lithospheric fields remained unchanged
between 1964.5 and 2000, the lithospheric field anomaly
intensity dF can be well approximated by

dF ’ DB:Bc

Bck k ¼ DX :Xc

Fc

þ DY :Yc
Fc

þ DZ:Zc
Fc

ð16Þ

where DB is the crustal field and Bc a core field model. The
three components Xc, Yc, and Zc are derived from the CM4
model to degree and order 15. The inverse problem being
now linear, we write f = Agi, with A independent of g.
Therefore equation (15) simply becomes

g ¼ aEþ ATA
� ��1

ATd ð17Þ

[23] The validity of the approximation (16) depends on
the magnitude and the direction of the residual field dB. Its
consistency is verified using the repeat stations and the
observatory magnetic data. In the present scenario, the
maximum absolute difference between the true intensity
anomaly dF and the approximation (16) is negligible and
never exceeds 0.2 nT. This test depends on the location of
the repeat stations and ignores the large anomalies that may
exist elsewhere. In regions with lithospheric field magni-
tudes larger than 1000 nT, or if the unknown angle between
Bc and Bm is suspected to be important, the solution (16)
fails as a good approximation and the iteration process (15)
should be preferred. In the present work, we have checked
that the CM4 model is reliable, that the core field is almost
fully removed from the data and that the French territory
does not exhibit magnetic anomalies greater than a few
hundred nanotesla at ground level. Consequently, the linear
approximation given by equation (16) and leading to the
inverse problem (17) is retained.

4.1. Truncation and Maximum Resolution

[24] In theory, the series (5), (6), and (7) are infinite. In
practice, regarding the number of data and their distribution,
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the maximum spatial indices Kmax (not to be confused with
the conical functions) and Pmax (not to be confused with the
Legendre functions) may be chosen according to several
criteria. We define two maximum indices Kmax

i and Kmax
e for

the truncated series related to the coefficients {Gnk

m,i, Hnk

m,i},
and {Gnk

m,e, Hnk

m,e}, respectively.
[25] Near its lowest surface, the cone is densely covered

by an almost uniform data distribution and a large series
expansion is allowed. According to the shape of the radial
functions (a/r)nk+1 in equation (2), the corresponding Legen-
dre basis functions will contribute mainly in the lower half
part of the cone (but not negligible in the upper half). A
maximum index expansion of Kmax

i = 30 is chosen. It
corresponds roughly to a minimum wavelength representa-
tion of lmin = 40 km at the Earth mean radius. Solving the
aeromagnetic data to their 10 km resolution requires an
expansion index Kmax

i = 110 [Thébault et al., 2006] but the
corresponding number of Gauss coefficients is difficult to
reach by the inverse problem.
[26] The coefficients {Gnk

m,e, Hnk

m,e} must be included in the
modeling, even if the field is only internal [Thébault et al.,
2006]. According to the shape of the radial basis functions
(r/a)nk in (2) the Gauss coefficients {Gnk

m,e, Hnk

m,e} have a
higher contribution in the upper part of the cone (but not
negligible in the lower part). The coefficients {Gnk

m,e, Hnk

m,e}
will account for the modeling of the magnetic field at
intermediate and satellite altitudes and some large wave-
lengths at the ground level. Since the CHAMP satellite
flies at an average altitude of 400 km, it is generally
believed that wavelengths smaller than 400 km are not
detected. As a result, high resolutions at high altitudes are
not necessary and we opt for a maximum truncation index
Kmax
e = 10. This choice offers a maximum spatial resolution

of 270 km.
[27] The determination of the truncating index Pmax is

difficult and must be done carefully as the conical basis
functions are essential for the regional model upward/
downward continuation. The better these parameters are
determined, the better the predictions at intermediate alti-
tudes. The conical basis functions contribute to the three
components of the magnetic field and are required to
properly fit the data at all altitudes. A low truncation index
Pmax penalizes the vertical representation of the magnetic
field and the reliability of the model near the edges
[Thébault et al., 2006]. Unfortunately, the general vertical
distribution of the data inside the cone shows mainly two
regions separated by a large gap of 350 km length (see
Figure 2). The radial constraint of the model is poor and we
cannot expect a very good detection of the magnetic field
radial variations. The choice of Pmax = 10 is a good trade-off
between the data resolution, the proper field representation
with altitude, and the conditioning of the inverse problem.
[28] For the Mehler expansion we set Mmax = 10, for the

‘‘internal’’ Legendre expansion, Mmax = 30 and for the
‘‘external’’ expansion Mmax = 10. This represents an amount

of 1166 coefficients to be coestimated. The inverse problem
is also regularized by minimizing the norm of the litho-
spheric magnetic field inside the cone. In order to estimate
the parameter a in (17) that will allow the best prediction of
the model at intermediate altitudes, we apply our algorithm
on synthetic data first. Using CM4 vector and scalar
anomaly values on actual data locations, we study the
correlation factor between the expected magnetic field and
the R-SCHA prediction between the altitudes 100 and 300
km. Setting a = 1e�6 in equation (17) for the internal
Legendre basis functions and a = 9e�7 for the Mehler Basis
functions provides the best trade-off between the fit, the
smoothness of the model near the edges, and the reliability
of the gap prediction. The average correlation factor is 0.90
at intermediate altitude for the synthetic case. Note that in
the real case, we cannot ascertain the reliability of themodel at
intermediate altitudes because the data are noisy and not fully
compatible. The same weight was applied to the different data
sets in the inversion. Some of the estimated parameters may
not be significant but since no severe singularity occurs in the
inversion of the resolutionmatrixC = (aE+ATA), we keep all
of them. Moreover, removing some statistically insignificant
parameters is consistent only if the data are resolved up to the
noise level. If this is not the case, removing some coefficients
will carry the risk of introducing a further anisotropic effect,
more significant than the one introduced when considering
different truncation indices for the expansion of the basis
functions. This may have unfortunate consequences on mag-
netic map interpretation.

4.2. Model Statistics and Validation

4.2.1. Statistics
[29] Two different inversions are undertaken. Their

respective statistics are summarized in Table 1. We first
consider all data without further processing. Then, in a
second step, we filter out the wavelengths larger than 40 km
in the aeromagnetic data. These low-pass-filtered data are
expected to be more consistent with the maximum resolu-
tion and the truncation indices previously defined.
[30] In the first experiment, the residual mean square

RMSAero is not in agreement with the estimated aeromagnetic
data accuracy (section 3.2) and indicates some unmodeled
signal. For the repeat stations (RS) data, the RMSRS estimated
by R-SCHA is also greater than the value estimated by the
independent statistics made on the repeat stations alone
(section 3.1). This could indicate either a lack of fit on the
data or an incompatibility between aeromagnetic and repeat
stations data at some locations (see Figure 3). At last, the
satellite RMSSat is satisfactory for both the vector and the
scalar data. It shows the high quality of the data and the ability
of the regional model to represent them. The overall corre-
lation factor between the data and the prediction in this first
inversion is R = 0.88.
[31] Using aeromagnetic filtered data, the fit is improved

because the data information content and the modeling

Table 1. Standard Deviation, Residual Mean Square, and Correlation Factor Before and After Filtering Out the

Wavelengths Smaller Than l = 40 km in the Aeromagnetic Data Set

s, nT RMSAero, nT RMSRS, nT RMSsca, nT RMSvec, nT R

Unfiltered data 8.9 12.4 20.6 0.6 0.9 0.88
Filtered data 1.9 1.7 21.3 0.6 0.8 0.98
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resolution are now more consistent (see Table 1). This also
has a direct effect in the estimation of the overall corre-
lation coefficient R = 0.98. The fact that the RMSRS is
slightly larger is likely due to the fact that some repeat
stations, located on local anomalies, are now less consis-
tent with aeromagnetic data since these small-scale anoma-
lies are removed. Note that RMSSat does not vary
significantly since small wavelengths are not detected at
satellite altitudes.
[32] Interestingly, the different sets of parameters

obtained by least squares on the nonfiltered data first, and

then on the low-pass-filtered data, have a good correlation
factor of R = 0.92. A comparison showed that mainly
Legendre coefficients associated to short wavelengths are
changed while the values of other coefficients, accounting
for larger wavelengths, remain nearly constant.
4.2.2. Residual Analysis Between Predicted and
Observed Data
[33] Figure 4 illustrates the comparison between the grid

anomaly intensity data (Figure 4a) and the predicted inten-
sity anomaly (Figure 4b). The residuals (Figure 4c) and its
low-pass-filtered data (Figure 4d) are also sketched.

Figure 4. (a) Anomaly intensity (contour lines are 10 nT); (b) predicted anomaly intensity (contour
lines are 10 nT); (c) Difference between real and predicted anomalies (contours lines are 10 nT); (d) same
as Figure 4c but low-pass filtered for wavelengths greater than 40 km (contour lines are 2 nT).
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[34] The comparison between the data and the predicted
intensity anomaly maps shows good agreement between the
measurements and the model in shape and intensity. The
predicted anomaly map is smoother than the aeromagnetic
data grid. Indeed, for practical reasons we limited the series
expansions and chose to regularize the inverse problem;
both processes acting like a low-pass filter. This low-pass-
filtering effect is illustrated by the residual map (Figure 4c),

which shows very small shapes and localized peaks that are
not retained in the modeling.
[35] In order to verify that the residuals between the

nonfiltered aeromagnetic grid and the model may be
explained by the series truncation, we filter out the wave-
lengths smaller than 40 km in the residual map (Figure 4c).
The resulting map (Figure 4d) should be zero everywhere if
both processes were perfectly equivalent. Note that in
theory, this is not completely true because the definition
of cut frequency and minimum wavelength is an approxi-
mation in regional modeling [Thébault et al., 2006]. In the
cap center, truncating the series and filtering the data is
almost equivalent: the residuals have no special features and
are less than 5 nT. Near the edges, the residuals have the
same amplitude but oblong shapes are noticeable every-
where near the boundaries that have spatial extensions
greater than 40 km. The circular and symmetric aspect of
this remaining signal shown in Figure 4d is typical when
truncating the conical basis functions to low Pmax. Since the
Mehler functions is maximum near the lateral edges, the
field is slightly distorted. It also explains the lack of fit of
the data in these regions [Thébault et al., 2006]. Quantifying
the approximation made at the edges will be important in
the future if we want to patch together several local models
to cover larger areas.

5. Lithospheric Magnetic Model Over France

[36] Using the 1166 local parameters we calculate the
forward problem over a dense regular grid with a distance of
16 km between two points. Figures 5, 6, and 7 show the
lithospheric magnetic model at the mean Earth radius. The
features in France agree well with the known geological
features but as will be shown, a few anomalies located near
the edges appeared to be artifacts. In general, despite the
care taken to solve the inverse problem, extrapolation of the

Figure 5. Predicted X component of the residual field at
the mean Earth radius. Contour lines are 5 nT. The letters
refer to anomalies discussed in text.

Figure 6. Predicted Y component of the residual field at
the mean Earth radius. Contour lines are 5 nT.

Figure 7. Predicted Z component of the residual field at
the mean Earth radius. Contour lines are 10 nT.
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model beyond the area covered by data should be consid-
ered carefully. To the contrary, interpolation seems to
always be a stable process.

5.1. Geological Interpretation

[37] In the following, we outline the correlations between
the anomaly maps and the known geological structures.
Apart from the anomalies observed in the Bay of Biscay and
in the Valencia Gulf, they are due to structures located in the
Variscan or older continental lithospheric basement. De-
tailed interpretations may be found in the report accompa-
nying the aeromagnetic maps of France published by the
Bureau de Recherches Géologiques et Minières [Corpel et
al., 1972]. Several papers summarize the current knowledge
for the prealpine basement of western Europe [e.g., Edel
and Weber, 1995]. They emphasize the difficulty of deci-
phering these old structures as most of the Paleozoic
basement is hidden by a sedimentary cover.
[38] Generally, the anomalies are better identified on the

X and Z maps, and therefore we focus the discussion on
these components. This behavior is due to the predominant
E-W trending of the structures [Edel and Weber, 1995]. In
this qualitative interpretation, keeping in mind the general
aspect of vertical (respectively horizontal) field anomalies
of a dipole type structure, the Z component anomalies is
characterized by a central positive area, surrounded by a
negative rim, whereas the X component anomalies are
characterized by a positive area to the south and a negative
area to the north [Corpel et al., 1972]. Let us now briefly
describe the main anomalies, referred to by capital letters on
Figures 5, 6, and 7.
[39] Anomaly A is the most striking, well-known anom-

aly, so-called Paris basin anomaly. It may be suspected,
according to Figure 5, that its southern end extends into a
small E-W structure (see anomaly C). Each of the three
maps shows that the anomaly is fairly two-dimensional,
although its intensity decreases northwestward, due to the
deepening of the basement. The nature and composition of
the structures are still unknown [Pham et al., 2000].
[40] Anomaly B is a signature of Visean intrusive and

calc-alkaline volcanics which partly outcrop in the northern
Vosges. This anomaly is a good example illustrating the
difference between the Z and the X component anomaly.
The maximum of the Z anomaly is roughly above the
geological sources, whereas the X anomaly clearly com-
prises two parts, a positive anomaly shifted southward with
respect to the Z maximum, and a negative anomaly shifted
northward. The maximum gradient strip coincides with the
Z maximum. This anomaly can hardly be seen on the Y
map.
[41] Anomalies C, D, and E are associated to a dioritic

complex around the Limousin. In the area C, in the north, a
dotted line of magnetic diorites outcrops along the Marche
fault; the Z map, as well as detailed aeromagnetic maps
suggest a connection of these rocks with the southern
extension of the sources of the Paris basin anomaly. The
anomalies D and E are due to the tonalites of northwestern
and southern Limousin, respectively.
[42] Anomaly F can be linked to Devono-Dinantian

magmatism, of the Autun and Roanne basins in the eastern
part of the Massif Central. The SSW-NNE trending negative
anomaly to the west corresponds to the Sillon Houiller a

prominent strike-slip fault which bounds the eastern Massif
Central (F1, in Figure 7).
[43] Anomaly G refers to the Cadomian complex of

northern Brittany. The known extent of this geological unit
around the bay of Saint Brieuc is in good agreement with its
magnetic anomaly. This unit may be the western extension
of the Bohemian/Cadomian terrane west of the Bray fault
[Edel and Weber, 1995].
[44] Anomaly H which is associated with magmatic

rocks, of uncertain age, assumed Paleozoic or upper Prote-
rozoic; the northern axis of the anomaly coincides with the
boundary between Rhenohercynian and Saxothuringian
zones which resulted from the closing of the Rhenohercy-
nian ocean in the Carboniferous.
[45] Anomaly I, the anomaly of the Massif de la Serre, is

only known to be partly magmatic and is likely Variscan in
age.
[46] Anomaly J, the large complex of Ardennes struc-

tures, is of early Paleozoic in age and J1 is related
to magmatic rocks which intruded the Cambrian Rocroi
massif.
[47] Anomaly K represents the metamorphic structures of

the continental plateau.
[48] Anomaly L is situated on the well-known oceanic

structures of the Bay of Biscay and results from its opening.
[49] Anomaly M is connected with the opening of the

Valencia Gulf.
[50] Other major anomalies are visible near the French

border. In Switzerland and in northern Italy, for instance, the
model may be spurious and these inconsistencies may also
impinge on the Alsace region. In the western Alpine Belt,
we distinguish a clear negative magnetic anomaly over the
Ivrea-Verbano zone along the complete length of the west-
ern Alpine suture zone (Sz in Figure 7). This anomaly is
genuine and present in the aeromagnetic data set. Interest-
ingly, outside the data limits, the model seems to predict the
positive anomaly over the Ivrea body in northern Italy (Iv in
Figure 7). Nevertheless, we suggest to use these extrapola-
tions with caution as the anomalies may be hidden by edge
effects or may simply be not relevant. In Switzerland, for
instance, compared with existing anomaly maps [Wonik et
al., 1992], the large positive and negative anomalies seem to
result from artifacts.
[51] Let it be reminded that in this paper, the minimum

wavelength of the magnetic anomalies calculated with the
R-SCHA expansion is 40 km at the mean Earth radius. Thus
this kind of regional modeling is intermediate between
global lithospheric field modeling and detailed local sur-
veys. It seems difficult to reach the short wavelengths of
detailed surveys with R-SCHA expansion but the loss of
detail is compensated by the calculation in terms of vector
fields which may be easily computed at every altitude
between ground and satellite levels. Thus the advantages
of upward continuation for a more quantitative interpreta-
tion could be fully exploited. The knowledge of the vector
anomaly field is another advantage over local surveys,
which are mostly restricted to total field measurements
reduced to a fixed altitude.

5.2. Prediction With Altitude

[52] Figure 8 shows a few sketches of the predicted Z
component with varying altitude, from ground to satellite.
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Figure 8. Prediction of the Z component residual field with altitude. At 20 km most of the small
features are still visible (contour lines are 5 nT). Between 60 and 100 km altitude, only larger
wavelengths remain (contour lines are 2 nT). Above 200 km the Paris basin anomaly is displayed but
weak and is no more detectable between 300 and 400 km altitude (contour lines are 1 nT). From about
400 km altitude, the local model agrees well with global crustal models.
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The predicted model concurs well with the behavior
expected from a anomaly field of lithospheric origin. The
magnetic anomalies and their amplitudes quickly decay and
small features rapidly coalesce with altitude. At 100 km
altitude we do not distinguish between anomalies from the
Paris basin and adjacent areas. The footprint of the Paris
basin anomaly, being still visible at 100 km, indicates that it
has a deep-rooted structure although the main source of this
anomaly probably lies at an average depth of 7 km [Le
Mouël, 1969; Pham et al., 2000]. A systematic investigation
of the magnetic maps at different altitudes shows that no
main anomalies are detectable above 120 km. Although data
were not available at these intermediate altitudes (Figure 2),
the interpolation model is realistic and informative.
[53] One peculiarity still remains around 300 km altitude.

We notice a slight direction change in the radial component.
Thanks to the regularization, we do not observe a strong
lateral boundary effect, nevertheless, the poor determination
of the Mehler coefficients, which control the behavior of the
modeling with altitude, could induce this small magnetic
model inflation noticeable near the lateral boundaries. This
effect is absent when processing a set of consistent synthetic
data and another hypothesis is plausible: Since this pattern
starts around 300 km altitude, what we observe could partly
be a manifestation of the data spectral gap. At 400 km
altitude, the field is well represented and is consistent with
global lithospheric models, especially with MF4 crustal
model [Maus et al., 2006].
[54] The general altitude variations for the model is

encouraging. In the future, we hope that the origins of the
magnetic sources can be further investigated by examining
the altitude variation of the field. To some extent, this
information is concealed in our model and it represents a
strong incentive to carry out more work on spectral analysis
to unravel this valuable information.

6. Conclusions

[55] The revised spherical cap harmonic analysis was
motivated by the inability of the original SCHA to cope
with the processing of data collected at various altitudes. It
was shown by Thébault et al. [2006] that the failure comes
from an inappropriate choice of the basis functions, which
was, in fact, incomplete. This paper reports the first appli-
cation of the new theory to a real situation using the
availability of ground, aeromagnetic and satellite data over
France. Besides the test of R-SCHA, our aim was to
describe the spatial characteristics of the lithospheric field
over the whole altitude range, despite the very heteroge-
neous data distribution. The distribution is uneven with
altitude, as illustrated in Figure 2 but also horizontally and
yet, the regional model is realistic within the conical
domain. Unfortunately, the sparse ground repeat stations
network and the dense aeromagnetic data being restricted to
field intensity, we cannot reach a complete and faithful
description of all data sets. We thus restricted ourselves to a
minimum wavelength representation of 40 km at ground
level by truncating the series expansions. The loss
of information does not hinder the identification of the
detailed anomalies connected to known geological features;
moreover, it is compensated by the modeling of the anoma-
lies in terms of a full vector field. Despite some slight

peculiarities, the variation with altitude is quite sensible and
shows clearly which information is generally lost when one
moves away from the sources. This last result demonstrates
the superiority of a regional modeling over a global mod-
eling for delineating small-scale details of the lithospheric
field, when a dense set of data is available over a limited
area.
[56] Let us stress again that R-SCHA is a representation

unable to separate the different contributions of the field.
Presently, the only way of removing the true external field is
a careful data selection. As it is classically encountered with
a bounded domain, the influence of the internal sources
located outside the selected region is difficult to estimate
and thus to eliminate. As a result, we cannot completely
ascertain weather the regional model over France is not
somehow contaminated by these neighboring sources. In
addition, we should not forget that the data do not yet allow
the generation of a complete regional model because wave-
lengths between 200 and 400 km are not properly sampled
by the available data. We suspect the effect of this well-
known spectral gap in our model around 300 km altitude.
Other measurements at balloon or spy plane altitudes could
help to better constraint the model radially but, unless they
have a good spatial coverage, they will probably not fill the
spectral gap. To the contrary, the configuration of the Swarm
mission is designed to address this issue by measuring the
horizontal gradient of the magnetic field. The results shown
here suggest that with a consistent data set, the entire crust
can be accessed by the R-SCHA method. Using the higher
resolution Swarm data combined with aeromagnetic data will
provide the first ever regional models for the lithospheric
field at scales from 30 to 3000 km and will help us to access
the complete lithospheric depth.
[57] Another step forward will be to stitch together

regional models in order to obtain accurate vector magnetic
maps for larger regions. For this purpose we will use at the
same time, marine, ground survey, repeat stations and
observatory data together with aeromagnetic and satellite
data. Many regions are not accessible to direct investigation
and mapping the magnetic field is one of the most efficient
ways to unravel the structure and the geological history of
the Earth. Therefore R-SCHA seems to be a good candidate
for high-resolution lithospheric field modeling in those
regions.
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