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S U M M A R Y
Effective medium theories are used to describe the overall properties of a material containing
cracks that are on a scale length much less than a wavelength, during the propagation of
seismic waves. These theories are in general derived for an elastic medium with or without
some form of fluid connection between the cracks. The theories are adequate for describing
the properties of a material with low matrix porosities, such as carbonates, but provide a poor
approximation once the matrix porosity has increased sufficiently to play an important role
in determining the material properties of the effective medium, such as in sandstones. The
behaviour of wave propagation within a poroelastic medium differs significantly from that
in a purely elastic medium. To this end, a poroelastic model is required. Assuming that the
saturated matrix material can be described by Biot’s equations of poroelasticity, the method of
smoothing can be used to develop an effective medium theory to first order in crack volume
density in much the same way as Hudson theory uses the method for an elastic medium; the
cracks are assumed to be on a scale much greater than the microscale that describes the porous
matrix and much less than the macroscale, characterized by the wavelength of propagating
waves. By this approach we derive effective poroelastic constants for a matrix permeated with
ellipsoidal inclusions of a differing material, where the whole system is saturated with a single
fluid.

Key words: anisotropy, attenuation, cracked media, Green’s functions, poroelasticity,
porosity.

1 I N T RO D U C T I O N

The interpretation of anisotropy measurements made from seismic reflection data requires a theoretical model that allows for the relation of
material parameters to macroscopically determined properties (e.g. Thomsen 1995). The regions of interest, areas of oil and gas reserves, are
frequently influenced by fractures, or cracks, with a range of scale lengths (Yielding et al. 1992). On the assumption that the scale length
associated with the fracturing is considerably smaller than that of the seismic wavelength, a description of the average properties of a medium
will suffice; the mean wave should provide a good approximation to the observed wave, and scattering can be largely ignored. Of interest then
are the properties of the resulting effective medium.

Effective medium theories have been developed using a number of different techniques (e.g. O’Connell & Budiansky 1974; Hudson
1980; Nishizawa 1982) to provide a description of an elastic medium containing fractures or cracks, in a long-wavelength, low-crack-density
limit. The cracks may contain a range of material infills (Hudson 1981) and may be isolated or connected via some fluid flow mechanism
(Mavko & Nur 1975; Thomsen 1995; Hudson et al. 1996). These models may be sufficient for providing an effective description of a material
with a low matrix porosity, such as carbonates, but become inadequate once the matrix porosity is large enough to play a significant role in
determining the effective behaviour of the medium, such as sandstones. Attempts have been made to increase the range of porosities over
which the theories are valid (Berge et al. 1992). However, these do not go far enough. A poroelastic description is then required. The behaviour
of a poroelastic medium is significantly different from that of a purely elastic one.

While porosity in the Earth can take many forms, there are only two types that are of importance at the scale of the reservoir; large-volume,
low-permeability ‘storage’ porosity associated with the reservoir and low-volume, high-permeability ‘transport’ porosity associated with the
cracks that provides pathways for fluid to escape from the reservoir and is the key to reservoir analysis and the economics of fluid withdrawal.
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Cracked poroelastic media 1007

A macroscopic description of fluid-filled porous media was first developed by Biot (1941) and Gassmann (1951a,b). Biot derived his
description by superposing two interacting macroscopic continua, the solid and fluid phases, rather than by starting with the governing equations
of the microscopically separate components. Biot’s theory predicts the existence of a second, slow, compressional wave. Plona (1980) was the
first to observe this experimentally in synthetic sandstone, and Kelder & Smeulders (1997) observed the phenomena in naturally occurring
rock. The results of Gassmann (1951b) were extended to anisotropic media by Brown & Korringa (1975) while Zimmerman (2000) describes
the similarities that exist between Biot’s equations of poroelasticity and the equations of thermoelasticity. There is, however, experimental
evidence that disagrees with the predictions of Biot theory (Winkler 1985; Gist 1994) suggesting that there must be additional factors, such
as fractures, contributing to the attenuation of waves.

More recently, attempts to connect the microstructural behaviour with the macroscopic description have been developed using two-scale
homogenization techniques (Levy 1979; Auriault 1980; Burridge & Keller 1981) that assume the ratio between the length-scales associated
with the microstructure, l, and macroscopic properties, L, is small. That is, ε = l/L � 1. At the microscale the fluid is governed by the
linearized Navier–Stokes equations—which relies on the fact that the characteristic timescale of the problem, ω−1, is O(ε) smaller than the
ratio of the macroscopic length L and characteristic fluid velocity ωl—and the solid by the equations of linear elasticity, with a suitable choice
of boundary conditions applied at the juncture of the two phases. The process is assumed to be isothermal. Provided a separation of scales is
evident in the physical quantities (Auriault 1991), the equations are normalized and a matched asymptotic expansion is performed, leading
to a set of governing equations for the averaged quantities, on the assumption that the medium is macroscopically uniform. Under certain
conditions, Biot-like equations are recovered. A volume averaging technique (de la Cruz & Spanos 1985; Pride et al. 1992) similarly leads to
Biot-like equations and de la Cruz & Spanos (1989) argue the need to include thermomechanical coupling effects, introducing non-linearities
into the resulting governing equations. Le Ravalec & Guéguen (1994) also provide a thermoporoelastic description. Network-, or lattice-,
based models have been developed by a number of authors, including Seeburger & Nur (1984) and Chapman et al. (2002), while Le Ravalec
& Guéguen (1996) and Endres & Knight (1997) develop models for describing porosity in terms of an isotropic distribution of spheroids over
a range of scales.

The form of the governing equations achieved via homogenization depends on the relative magnitude of the fluid viscosity and the elastic
modulus of the porous matrix, R = ‖c‖/ωηf, where ‖c‖ is an a priori estimate of the porous matrix elastic modulus, ω is frequency and ηf

the fluid viscosity. Auriault & Royer (2002) classify the four alternative regimes that may be achieved for a single-porosity media; an empty
elastic porous medium R ≤ O(ε−3), Biot’s model R = O(ε−2), an impermeable saturated porous matrix R = O(ε−1) and a viscoelastic
medium R = O(1). It is at R = O(ε−2) that most interaction occurs between the fluid and solid phases and this is the regime of greatest
interest. It is the only one of the four regimes that can be classed as a two-phase rather than a single-phase model.

Into the background of a porous medium we wish to distribute a set of fractures, yielding what is, in effect, a dual-porosity medium,
where l � a � L and l, a and L are scale lengths associated with the microscale, fractures and wavelength, respectively. The problem was
first considered by Barenblatt et al. (1960). A three-scale homogenization method has been employed (Auriault & Boutin 1992, 1993, 1994)
with a number of alternative models resulting, dependent upon the relative size of the two scale ratios. In contrast, Berryman & Wang (2000)
use a phenomenological approach similar to the original Biot equations (Biot 1941), whereas Aifantis (1980) and Wilson & Aifantis (1984)
use an idea of ‘multiporosity’.

However, none of these models incorporate the shape of the crack. Berryman (1986) uses a self-consistent method to derive an effective
medium approximation from the formulae for the scattering of a compressional wave from an inhomogeneous sphere (Berryman 1985). A
generalization of the Eshelby (1957) work to poroelastic media (Berryman 1997) is incorporated into a number of effective medium theories
by Berryman (1998). However, the work of Berryman (1998) is somewhat incomplete as it fails to provide effective values of all poroelastic
parameters and provides no mention of anisotropy. It is with this in mind that we choose to follow the method of smoothing (Keller 1964),
as used so successfully by Hudson (1980, 1981, 1994) for an elastic medium, to derive the effective poroelastic constants for a set of aligned
ellipsoidal cracks within an otherwise isotropic, homogeneous, poroelastic background. Following Auriault & Royer (2002), we consider the
two-phase model when homogenization theory reduces to the original equations of Biot.

The resulting anisotropic poroelastic effective medium theory exhibits the same form as the work of Biot (1955) and Cheng (1997), and
furthermore, the deviation of the effective medium parameters from the isotropic background result is given explicitly in terms of the shape,
orientation and material properties of the inclusions. The theory has the potential to be used in conjunction with laboratory experiments to
help characterize rock parameters (Rasolofosaon & Zinszner 2002) and with reflection data to aid the understanding of the seismic properties
of pore fluids (Batzle & Wang 1992). Indeed, the theory may provide a mechanism for explaining some of the discrepancies between theory
and experiment in poroelasticity (e.g. Winkler 1985; Berryman & Wang 2001; King & Marsden 2002).

2 T H E E Q UAT I O N S O F M O T I O N

On the microscopic scale the equations of motion consist of those for the solid component, those for the fluid and boundary conditions between
the two. Elastodynamics in the solid component gives stress τ in terms of strain e:

τ = c : e, (1)

where the : denotes a two-index contraction between the tensors, and a momentum balance

∇ · τ = ρsü, (2)
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1008 S. R. Tod

in terms of displacement u. Linearized compressible Navier–Stokes theory within the fluid gives stress σ in terms of pressure p and
velocity v

σ = −pI + ηf[∇v + (∇v)T − 2I∇ · v/3], (3)

a momentum balance:

∇ · σ = ρfv̇ (4)

and the isothermal compressibility relation

ṗ = −κf∇ · v, (5)

while at the fluid–solid boundary

n · σ = n · τ , (6)

and

v = u̇, (7)

where ρs and ρf are the density of the solid and fluid components and n is the normal to the surfaces at which the fluid and solid components
meet, κ f is the bulk modulus of the fluid, I is the identity tensor and c is the isotropic tensor of elastic stiffnesses within the solid frame.

The fluid may be brine, hydrocarbon or a mix thereof, with the overall properties given in terms of the brine saturation Sb by

ρf = Sbρb + (1 − Sb)ρh, (8)

1

κf
= Sb

κb
+ 1 − Sb

κh
(9)

and

log ηf = Sb log ηb + (1 − Sb) log ηh, (10)

where the subscripts b and h denote brine and hydrocarbon, respectively. The properties of brine as a function of temperature, pressure and
salinity and those of hydrocarbons as a function of temperature, pressure and composition are discussed in Batzle & Wang (1992). The
properties of the mixture become considerably more complex when we start to consider dissolved gas in either brine or oil phases, or other
fluid interactions.

We shall assume then that the medium is macroscopically homogeneous and isothermal, and that the scaling of the solid and fluid
properties is such that homogenization reduces the linearized compressible Navier–Stokes equations, elasticity equations and boundary
conditions to the Biot equations. There is no definitive notation associated with the Biot equations so, using Boutin et al. (1987) and Schanz
(2001), we write the equations of poroelasticity in terms of macroscopic variables as the constitutive relations

τ = c : e + α

β
I(α∇ · u + ∇ · w) (11)

and

ζ = α∇ · u + βp, (12)

the dynamic equations

∇ · τ = ρü + ρfẅ − F (13)

and

−∇ p − ρfü = Ȳ (∂t )ẇ (14)

and the mass balance equation

ζ̇ + ∇ · ẇ = a(t), (15)

where τ (x), e(x) and u(x) now stand for the stress, strain and displacement in the solid averaged over a small region centred on x. w denotes
the average fluid displacement relative to the solid, measured in volume per unit area so that

w = φ(U − u), (16)

where U is the absolute fluid displacement, averaged as above, φ is the matrix porosity, ζ is the variation of fluid volume per unit reference
volume and ρ is the average density of the saturated porous medium,

ρ = (1 − φ)ρs + φρf. (17)

The Biot–Willis parameter α, the change in pore volume per unit change in bulk volume under drained conditions (Kümpel 1991), is
given by

α = 1 − κ/κs (18)
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in terms of the bulk modulus of the frame κ , and that of the grain or mineral κ s. From Kümpel (1991) α satisfies the bounds

3φ(1 − νs)

2(1 − 2νs) + φ(1 + νs)
≤ α ≤ 1, (19)

where νs is the Poisson ratio of the solid component. The lower limit results from the Hashin–Shtrikman bound. The bulk moduli are defined
as (Brown & Korringa 1975)

κ−1 = − 1

V

∂V

∂pd

∣∣∣∣
p

, (20)

κ−1
s = − 1

V

∂V

∂p

∣∣∣∣
pd

(21)

and there is the additional bulk modulus

κ−1
φ = − 1

φV

∂φV

∂p

∣∣∣∣
pd

, (22)

where the differential pressure pd is given in terms of the external pressure pe, by pd = pe − p. The parameter β is given by Brown &
Korringa (1975) as

β = α

κs
+ φ

(
1

κf
− 1

κφ

)
, (23)

and is related to the Skempton ratio B, the change in pore pressure per unit change in confining pressure under undrained conditions (Kümpel
1991), by

β = α

κ
(B−1 − α). (24)

Clearly, for a medium homogeneous and isotropic on the microscale, κφ = κ s, as assumed by Biot, and β reduces to

β = α − φ

κs
+ φ

κf
. (25)

Even with these definitions of the various bulk moduli, there is a certain difficulty with their interpretation and measurement (Berryman
1981a,b; Korringa 1981), a detailed description of which is given by Kümpel (1991).

Finally, F is the bulk body force per unit volume, a(t) is a fluid volume source term and Ȳ (∂t ) is the viscodynamic operator (Biot 1962a,b).
Below the Biot characteristic frequency

ωc = ηfφ/Kρf (26)

Poiseuille flow holds and

Ȳ (∂t ) = ηf/K + q∂t , (27)

where K is the permeability and q = mρf/φ with m being the tortuosity coefficient (Johnson et al. 1982) dependent upon the pore geometry.
Above the critical frequency ωc, ηf must be replaced by a modified complex viscosity

η̄f = ηf F(ωd/ωc), (28)

where d is a coefficient that depends on the geometry of the pores and the function F is given by Biot (1956). However, homogenization is
only possible at low Reynolds number (Auriault 1991) so we may readily assume that eq. (27) holds.

Assuming an implicit e−iωt dependence, or equivalently Fourier transforming all variables and assuming vanishing initial conditions, eqs
(13)–(15) become

∇ · τ = −ω2(ρu + ρfw) − F, (29)

−∇ p + ρfω
2u = − (

qω2 + iωηf

/
K

)
w (30)

and

ζ + ∇ · w = V, (31)

where

V =
∫ t

0
a(t ′) dt ′ (32)

is the volume of injected fluid due to the source a(t).
While there are many parameters involved in the description of a Biot medium, they are not all independent, and the use of empirical

relations derived from well log and laboratory data may be used to constrain a number of the parameters. The Biot–Willis parameter α (eq. 18)
is largely a function of porosity φ in sandstones (e.g. Murphy et al. 1993), though the form of the relation is also dependent upon the porosities
at which the material transitions between a suspension and an unconsolidated grain-supported phase φ0, between an unconsolidated and a
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1010 S. R. Tod

consolidated grain-supported phase φc, and (weakly) on the clay content (Vernik 1998); we choose to follow Vernik (1998) in defining α in
terms of φ as

α =




Aφ − Bφ2 φ ≤ φc

1 − C(φ0 − φ) + D
(
φ2

0 − φ2
)

φc < φ < φ0

1 φ ≥ φ0

(33)

for a given set of constants dependent on the properties of the matrix and the clay content. It is the middle, unconsolidated phase, where the
relationship is most uncertain, dependent upon the competing processes of cementation and compaction during the early diagenetic history
of the sediment.

We may define a parameter ς , similarly dependent on porosity and clay content to α,

ς = 1 − µ/µs (34)

that constrains the shear modulus of the frame in terms of that of the mineral.
There have been many attempts to correlate permeability and porosity as a means of estimating the former in terms of the latter in well

log data. The difficulty that this idea encounters is based on the principle that porosity is a function of grain sorting while permeability is a
direct function of grain size, so that any relation between them becomes a function of the pore geometry. Empirical relations, often referred to
as Kozeny–Carman relations, are frequently used. We choose to adopt a version that additionally includes such scalefactors as the tortuosity
(Prasad 2003)

K = 1

Fsm2 S2
Vgr

φ3

(1 − φ)2
, (35)

with K being measured in µm2, where 1 D = 0.986 923 µm2. Fs is a pore shape parameter and SVgr is the specific surface area per unit grain
volume, both of which are difficult to measure. However, Prasad (2003) argues that the combined term 1/Fsm2 S2

Vgr, the square root of which
she calls the ‘flow zone indicator’, may be estimated via correlations within individual geological units.

The experiments of Johnson et al. (1982) suggest a relation of the form

m = φ−a, 0 ≤ a ≤ 1, (36)

for the tortuosity, with a = 0.5 for their experiments involving fused-glass-bead samples, though, in all likelihood this is overly simplified
and takes a more complex form in natural rock.

3 T H E E Q UAT I O N S O F P RO PA G AT I O N

Setting F and V to zero, τ , p and ζ are eliminated from eqs (11), (12), (29)–(31) to deduce that

µ∇2u + (λ + µ)∇(∇ · u) = −ω2(ρ − αρf)u − [
ρfω

2 − α
(
qω2 + iωηf

/
K

)]
w (37)

and
1

β
∇[∇ · (αu + w)] = −ρfω

2u − (
qω2 + iωηf

/
K

)
w. (38)

By Helmholtz’ theorem, we write

u = ∇�u + ∇ ∧ Ψu (39)

and

w = ∇�w + ∇ ∧ Ψw, (40)

where ∇ · Ψu = 0 and ∇ · Ψw = 0, and it may be deduced that

{µ∇2 +ρ̊ω2}Ψu = 0 (41)

and{
(λ + 2µ)∇4 +

[
ρ̊ω2 − (λ + 2µ)β +α̊2

θ

]
∇2 − βρ̊ω2

θ

}
�u = 0,

(42)

and that

Ψw = ρfω
2θΨu (43)

and

�w = − θ

α̊

[
ω2(ρ̊ −α̊ρf)�u + (λ + 2µ)∇2�u

]
, (44)

where the notation

ρ̊ = ρ + ρ2
f ω

2θ, (45)
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Figure 1. Variation in wave speed of the slow compressional wave with frequency for the uncracked case (solid line) and crack volume densities of 0.001
(long dashes), 0.002 (short dashes) and 0.003 (dotted line) at vertical incidence.

α̊ = α + ρfω
2θ (46)

and

θ = − (
qω2 + iωηf

/
K

)−1
(47)

has been used.
Rewriting eqs (41) and (42) as(∇2 + k2

3

)
Ψu = 0 (48)

and(∇2 + k2
1

) (∇2 + k2
2

)
�u = 0 (49)

determines the one shear and two compressional wavenumbers. There are, in fact, two shear waves, with different polarity, as there are two
degrees of freedom in the definition of Ψu . Clearly, then,

u = ∇�1 + ∇�2 + ∇ ∧ Ψ (50)

and

w = χ1∇�1 + χ2∇�2 + χ3∇ ∧ Ψ, (51)

where ∇ · Ψ = 0,

χi = θk2
i

α̊

[
(λ + 2µ) − v2

i (ρ̊ −α̊ρf)
]
, i = 1, 2 (52)

χ3 = ρfω
2θ (53)

and vi = ω/ki are the wave speeds. Hence

p = C1k2
1�1 + C2k2

2�2, (54)

where

Ci = 1

α̊

(
ρ̊v2

i − λ − 2µ
)
, i = 1, 2. (55)

As a numerical example, we consider a brine-saturated sandstone with the following parameter values for the matrix: ρs = 2.65 ×
103 kg m−3, κ s = 35.7 GPa and µs = 33.0 GPa. Taking φ = 0.2, we assume K = 0.1 µm2, m = 2.0, α = 0.597 and ς = 0.576. The brine
has parameters ρf = 1.09 × 103 kg m−3, κ f = 3.26 GPa and ηf = 0.48 × 10−3 Pa s, at a temperature of 65 ◦C, pressure of 25 MPa and
150 000 ppm NaCl (Batzle & Wang 1992).

Fig. 1 shows the variation with frequency of the wave speed of the slow compressional (Biot) wave (the solid line) over the seismic
bandwidth. There is a considerable increase in the wave speed with frequency from the static limit where the wave is absent, however, it
remains well below the speed of waves that are likely to be observed in seismic reflection data, furthermore it has highly attenuative behaviour.

The fast compressional and shear waves show negligible changes in wave speed or attenuation with frequency over the seismic range; it
is not until approaching the characteristic frequency (eq. 26) at around 0.9 MHz that a significant change is seen in these wave speeds.

4 D E T E R M I N I N G G R E E N ’ S F U N C T I O N S

Using the method of smoothing will require a representation of the scattered field within an inclusion in terms of an incident field. This is
best achieved via the appropriate Green’s function. To determine Green’s functions, rather than taking the incomplete methods of Burridge &
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1012 S. R. Tod

Vargas (1979) and Norris (1985), we follow Boutin et al. (1987), where the response of the system to an impulsive forcing term at a point y
is required. Into eqs (29) and (31) we introduce Dirac delta functions:

∇ · τ = −ω2(ρu + ρfw) − Fδ(x − y) (56)

and

ζ + ∇ · w = V δ(x − y). (57)

Given the relation between u and w (eqs 50 and 51), eqs (11), (12), (30), (56) and (57) may be reduced to a set of four equations by
eliminating τ , w and ζ to yield

µ∇2u + (λ + µ)∇(∇ · u) +ρ̊ω2u −α̊∇ p = −Fδ(x − y) (58)

and

θ∇2 p − βp −α̊∇ · u = −V δ(x − y). (59)

Eqs (58) and (59) may be written as

LR = −Sδ(x − y), (60)

where the source and response four-vectors are defined as

S =
(

F

V

)
(61)

and

R =
(

u

p

)
(62)

and the components of the operator L are given by

Li j =
(

cipjq∂p∂q +ρ̊ω2δi j −α̊∂i

−α̊∂ j θ∇2 − β

)
. (63)

L is a 4-D second-rank tensor and the notation that we have adopted here is such that the upper left-hand coefficient represents the 3-D
minor {Li j : 1 ≤ i, j ≤ 3}, the lower right-hand term corresponds to L44 and the upper right- and lower left-hand coefficients represent
{Li4 : 1 ≤ i ≤ 3} and {L4 j : 1 ≤ j ≤ 3}, respectively. The Green functions then solve

LG(x, y) = −Iδ(x − y). (64)

This method has yielded a set of four equations, rather than the six given by some authors (e.g. Sahay 2001), and further have the advantage
that the operator L is symmetric.

The method used by Boutin et al. (1987) to solve for G is that of Kupradze (1979). A similar method is used by Sahay (2001) for a 6 ×
6, rather than a 4 × 4 system. Letting L† be the differential operator corresponding to the cofactors of L, then if the scalar function φ solves

det Lφ = −δ(x − y), (65)

Green’s functions are given by

G = L†φ. (66)

In particular,

L† = L‡µ
(∇2 + k2

3

)
(67)

and

det L = µ
(∇2 + k2

3

)
D, (68)

so that if ψ solves

Dψ = −δ(x − y), (69)

G = L‡ψ, (70)

where

D = µ(λ + 2µ)θ
(∇2 + k2

1

) (∇2 + k2
2

) (∇2 + k2
3

)
(71)

and L‡ is given by comparison with Boutin et al. (1987).
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This leads to

4πGi j (x, y) =




−∂i∂ j

3∑
p=1

αp
eik pr

r
+ δi j

µ

eik3r

r
−∂i

2∑
p=1

ξ (−1)p eik pr

r

−∂ j

2∑
p=1

ξ (−1)p eik pr

r
− 1

θα3

(
α2

eik1r

r
+ α1

eik2r

r

)

 , (72)

where

α1 = k2
2 − µk2

3

/
(λ + 2µ)

µk2
3

(
k2

2 − k2
1

) , (73)

α2 = k2
1 − µk2

3

/
(λ + 2µ)

µk2
3

(
k2

1 − k2
2

) , (74)

α3 = −1

µk2
3

, (75)

ξ = 1

χ1 − χ2
(76)

and r = |x − y|.
Green’s functions have the symmetry

Gi j (x, y) = G∗
j i (y, x), (77)

where G∗ is the adjoint function to G and solves the problem

L∗G∗(x, y) = −Iδ(x − y), (78)

with L∗ the operator adjoint to L.
The operator L may be written as

L = L0 + Lp, (79)

where

L0
i j =

(
cs

ipjq∂p∂q + ρsω
2δi j 0

0 0

)
(80)

represents the purely elastic contribution, with cs the isotropic elastic stiffness tensor of the mineral, with shear modulus µs and bulk modulus
κ s, and the remaining terms are bundled into

Lp
i j =

(−cp
ipjq∂p∂q + [

φ(ρf − ρs) + ρ2
f ω

2θ
]
ω2δi j − [

α + ρfω
2θ

]
∂i

− [
α + ρfω

2θ
]
∂ j θ∇2 − β

)
, (81)

which represents the contribution from the pores, where the isotropic tensor cp is given in terms of the scaled shear and bulk moduli ςµs and
ακ s.

As porosity φ → 0, θ → 0 and, from empirical relations α → 0 and ς → 0, thus β → 0 so that the dynamic equations for the fluid and
solid decouple with the fluid terms vanishing identically; the poroelastic theory reduces to an elastic one.

The limit in which the porosity φ → 1 is a little more complex. Experiments suggests that α → 1 and ς → 1 (Murphy et al. 1993;
Vernik 1998), so that cp directly cancels with cs. Furthermore, ρfω

2θ → −1 on the proviso that m → 1, as indicated by Johnson et al. (1982)
(eq. 36) and K → ∞, as predicted by a number of commonly used Kozeny–Carman relations (e.g. eq. 35). At this point the solid and fluid
equations have once again decoupled, with the solid terms vanishing identically and the fluid terms leaving a wave equation for the pressure
in the fluid.

5 T H E M E T H O D O F S M O O T H I N G

Hudson (1980) uses the method of smoothing (Keller 1964) to determine the overall properties of an elastic medium containing cracks. By
direct analogy with his method, we now derive the corresponding results for a poroelastic medium. If we let a be a characteristic length-scale
associated with the cracks, and it is assumed that l � a � L , and that the porous matrix remains homogeneous on both the micro and macro
scales, l and L, respectively, then the equations of poroelasticity may be used to describe the background matrix and the contents of the cracks
that will be inserted into the matrix.

Let R0(x) represent the incident, or unperturbed wave, such that

LR0(x) = 0, x ∈ D, (82)
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1014 S. R. Tod

where D is a region of the poroelastic material containing no cracks. If we introduce cracks embedded within D then we seek the solution of

LR(x) = 0, x ∈ D′, (83)

where D′ is the part of D outside the cracks.
If εSn is the scattering operator associated with the nth crack, so that εSnRn(x) is the scattered wave due to the wave Rn(x) incident on

the crack and the small scalar ε indicates that the scattered field is small, in some manner, then

Rn(x) + εSnRn(x) = R(x). (84)

Similarly, if there are N cracks,

R(x) = R0(x) + ε

N∑
n=1

SnRn(x), x ∈ D′, (85)

so that

Rn(x) = R0(x) + ε
∑
n �=m

SnRn(x), x ∈ D′
n, (86)

where D′
n is the region of D excluding all but the nth crack. Successive approximations lead to

R(x) = R0(x) + ε

N∑
n=1

SnR0(x) + O(ε2), x ∈ D′. (87)

Considering the distribution of cracks as a statistical ensemble, we take the average of eq. (87) and assume that the statistical properties of
each crack are the same, such that

〈R〉(x) = {1 + εN 〈S〉(x) + O(ε2)}R0(x), (88)

where the operator 〈·〉 indicates the average.
Assuming that all the cracks are of the same size, orientation and infill, and that the statistical distribution of each crack is homogeneous,

we may write

N 〈S〉(x) = νs

∫
D

dVξ S̄(x, ξ), (89)

where νs = N/V is the number density of cracks and ξ is the position of the centroid of a crack. Then, inverting eq. (88) for R0(x) and
applying L to the result yields[
L − ενs

∫
D

dVξ LS̄(x, ξ) + O(ε2)

]
〈R〉(x) = 0. (90)

We write the mean wave as

〈R〉(x) = beik·x (91)

for some vectors b and k, where b is a four-vector.
The zeroth-order solution, corresponding to ε = 0, is given by eq. (83). From eq. (68) this leads to the dispersion equation

µ2(λ + 2µ)θ
(
k2

1 − k2
) (

k2
2 − k2

) (
k2

3 − k2
)2 = 0, (92)

which clearly has four solutions satisfying the radiation condition, corresponding to two shear waves with wave speed ω/k3 and compressional
waves with wave speeds ω/k1 and ω/k2.

6 T H E S C AT T E R E D WAV E

If the average crack occupies the region V ′, then the complete field is given by

R(x) =
{

〈R〉 + Rs x /∈ V ′

〈R〉 + R′ x ∈ V ′,
(93)

such that the scattered wave is given by

ε S̄〈R〉(x) =
{

Rs x /∈ V ′

R′ x ∈ V ′.
(94)

Boundary integral equations for the poroelastic problem are derived by Manolis & Beskos (1989) and Schanz (2001). We follow Schanz
(2001) in writing∫
D\V ′

[
LyRs(y)G∗(y, x) − Rs(y)L∗

yG∗(y, x)
]

dVy =
∫

∂V ′+
[Rs(y)T∗(y, x) − Vs(y)G∗(y, x)] d Sy, (95)

where

V s
i = τ s

i j n j = (
ci jpq us

p,q − δi jαps
)

n j (96)
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Cracked poroelastic media 1015

and

V s
4 = −ws

j n j = −θ
(−ps

, j + ρfω
2us

j

)
n j (97)

are the traction and normal flux, respectively, and we define the ‘adjoint’ terms

T ∗
iγ = (ci jpq G∗

pγ,q + δi jαG∗
4γ )n j (98)

and

T ∗
4γ = −θ

(−G∗
4γ, j − ρfω

2G∗
jγ

)
n j , (99)

where the index γ ranges from 1 to 4 while the others only go as far as 3 and n, the normal to the surface ∂V ′
+, points out of the volume V ′.

The subscript + on ∂V ′ indicates that the integral is constructed from limiting values as the boundary is approached from outside and the
subscript y on L and L∗ indicate the variable with respect to which differentiation is assumed.

Now,

LyRs(y) = 0, y /∈ V ′ (100)

and

L∗
yG∗(y, x) = −Iδ(y − x), y /∈ V ′ (101)

then∫
∂V ′+

[Rs(y)T∗(y, x) − Vs(y)G∗(y, x)] d Sy =
{

Rs(x) x /∈ V ′

0 x ∈ V ′.
(102)

Similarly, inside the inclusion, we may write∫
V ′

{
L′

y[R0(y) + R′(y)]G∗(y, x) − R′(y)L∗
yG∗(y, x)

}
dVy =

{
0 x /∈ V ′

R′(x) x ∈ V ′,
(103)

where L′ is the same operator as L but with material parameters (also marked with a prime) corresponding to the porous medium of the
inclusion, so that

L′
y[R0(y) + R′(y)] = 0 y ∈ V ′. (104)

All of the material parameters of the porous medium of the inclusion may differ from those of the matrix apart from the properties of the
fluid. So that an open-pore boundary condition may be assumed between the two porous media, with the fluid pressure continuous across the
boundary, the restriction that the two materials are saturated with the same fluid is imposed.

Expanding the left-hand side of eq. (103) and adding eq. (102) yields an expression for the scattered wave (eq. 94)

ε S̄k j 〈R j 〉(x; ξ) =
∫

V ′

[
Gki (x, y)Ai p + ∂Gki (x, y)

∂x j
Bi j p

]
Rp(y; ξ) dVy, (105)

where the operators A and B are given by

Ai p =
(
ρ̊+ω2δi p −ρfω

2θ+∂i

−α+∂p −β+

)
(106)

and

Bi j p =
(

c+
i j pq∂q −α+δi j

−ρfω
2θ+δ j p θ+∂ j

)
(107)

and act on the variable y, where we have applied the boundary conditions between two porous media with wholly connected pore spaces
(Deresiewicz & Skalak 1963; Altay & Dökmeci 1998); continuity of solid displacement

us
i = u′

i , (108)

continuity of fluid pressure

ps = p′, (109)

continuity of traction[
ci jpq

(
u0

p,q + us
p,q

) − δi jα(p0 + ps)
]

n j = [
c′

i j pq

(
u0

p,q + u′
p,q

) − δi jα
′(p0 + p′)

]
n j (110)

and continuity of normal flux

θ
[− (

p0
, j + ps

, j

) + ρfω
2
(
u0

j + us
j

)]
n j = θ ′ [− (

p0
, j + p′

, j

) + ρfω
2
(
u0

j + u′
j

)]
n j . (111)

Furthermore, we have defined the total field within V ′ as(
u

p

)
=

(
u0

p0

)
+

(
u′

p′

)
(112)
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1016 S. R. Tod

and

c+ = c′ − c, (113)

with θ+, α+, β+ andρ̊+ defined similarly. Finally, we have also made use of the reciprocity relation (eq. 77) and made explicit the dependence
on the wavefield inside an inclusion on the location of the centroid ξ of the inclusion.

Substituting eq. (105) into the first-order term of eq. (90) gives

−ε

∫
D
Lik S̄k j (x; ξ)〈R j 〉(x) dVξ =

∫
V ′

{
[Ai p Rp(ξ + X; ξ)]

∣∣∣∣
ξ=x−X

+ ∂

∂x j
[Bi j p Rp(ξ + X; ξ)]

∣∣∣∣
ξ=x−X

}
dVX, (114)

where we replaced y by ξ + X in eq. (105) and used X as the variable of integration, so that all the derivatives in the operators A and B are
with respect to X.

7 T H E E F F E C T I V E M E D I U M

For the elastic problem the wavefield within the inclusion is approximated by Hudson (1994) using the static result of Eshelby (1957), greatly
simplifying the corresponding expression to eq. (114). We use the same method in the poroelastic problem, using the result of Berryman
(1997) for low (non-zero) frequencies. The fluid pressure within the inclusion is the same as that in the matrix (i.e. that due to the incident
field) and therefore so is the pressure gradient. The solid displacement within the inclusion may be approximated by that due to the incident
field, as with the elastic case (Kuster & Toksöz 1974; Hudson 1994; Tod 2003), again provided the frequencies are moderate, by making
what is essentially a Born approximation. The strain in the inclusion e is related to the strain e0 and pressure p0 due to the incident field by
(Berryman 1997)

e = E

(
e0 − α+

3κ+ p0 I

)
+ α+

3κ+ p0 I, (115)

where κ+ is defined as the difference between the frame bulk moduli of the inclusion and matrix, similarly to all quantities with a + superscript.
E is given by

E = (Ss0c+ + I)−1, (116)

in terms of the Eshelby tensor S and the frame bulk and shear moduli of the matrix and inclusion.
Provided we make the assumption that the inclusion can be described by an ellipsoid then the tensor E is uniform throughout the

inclusion so that the integrand in eq. (114) is independent of the variable of integration X. Thus, the volume integral in eq. (114) yields only
a multiplicative constant s equal to the volume density of the inclusions

s = 4

3
πνsabc (117)

and we may write eq. (90) as

L∗
i p

(
u p

p

)
=

(
c∗

i j pq∂ j∂q +ρ̊∗ω2δi p −α̊∗
i j∂ j

−α̊∗
pj∂ j θ∗∇2 − β∗

) (
u p

p

)
= 0,

(118)

where

ρ̊∗ = ρ∗ + ρ2
f ω

2θ∗, (119)

α̊∗
i j = α∗

i j + ρfω
2θ∗δi j (120)

and

θ∗ = θ + sθ+, (121)

where the effective density is given by

ρ∗ = ρ + sρ+, (122)

and the effective poroelastic constants are given by

c∗
i j pq = ci jpq + sc+

i jkl Eklpq , (123)

α∗
i j = αδi j + sα+ Ekki j (124)

and

β∗ = β + sβ+ + s
(α+)2

κ+ (1 − Ekkpp/3). (125)

The resulting effective medium is orthorhombic. The model may be readily extended to the case of variable crack sizes and orientations
via a weighted sum or integral, just as with the elastic problem (Tod 2001).
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Cracked poroelastic media 1017

The effective dynamic operator L∗ may be decomposed into four terms

L∗ = L0 + Lp + sLc + sLp&c, (126)

where the first two terms are given by eqs (80) and (81) and

Lc
i j =

(
cs+

i pkr Ekr jq∂p∂q + ρ+
s ω2δi j 0

0 0

)
(127)

and

Lp&c
i j =


−cp+

i pkr Ekr jq∂p∂q + [
φ+ρf − (φρs)

+ + ρ2
f ω

2θ+]
ω2δi j − [

α+ Ekkip + ρfω
2θ+δi p

]
∂p

− [
α+ Ekkiq + ρfω

2θ+δi p

]
∂q θ+∇2 − β+ − (α+)2

κ+ (1 − Ekkpp/3)


 , (128)

where Lc represents the contributions from the cracks and is identical to the result of Hudson (1994) and Lp&c represents the interaction
between the cracks and the pores, where the + superscript continues to represent the difference between a value in the poroelastic medium
within the crack and that in the surrounding matrix. As the porosity in both materials vanish we return to the purely elastic problem (Hudson
1994).

As a result of the presence of anisotropy, solution of the governing equations becomes that much harder; not only are there now four
distinct wave speeds, but the fluid pressure is no longer decoupled from the shear waves; the waves are no longer of pure-compressional or
pure-shear type, but of a mixed nature. Using the fact that the mean wave is a plane wave allows us to write the poroelastic equivalent to both
the Christoffel equation and the dispersion relation; the wave speeds of the four resultant waves may be found by solving

det

(
ρ̊∗ω2δi p − c∗

i j pq k j kq −iα̊∗
i j k j

−iα̊∗
pj k j −θ∗k2 − β∗

)
= 0. (129)

8 D I S C U S S I O N

As an example solution, we consider a poroelastic medium with the properties given earlier (Section 3) with a set of vertically aligned cracks
filled with the same sandstone at a high (unconsolidated) porosity. We use, φ′ = 0.8 and thus α′ = 1.0, ς ′ = 1.0, m ′ = 1.1 and K ′ = 102.4 µm2,
with the same fluid properties for the brine as in the matrix. We let the cracks have radii a, b and c, such that a ≥ b ≥ c, in the x2, x3 and x1

directions, respectively, with aspect ratios c/a = 0.005 and b/a = 0.5.
The presence of the cracks reduces the speeds of the three fast waves, as with the elastic problem, but increases the speed of the Biot

wave. In Fig. 1 the Biot wave speed is shown for the uncracked case and for crack volume densities of s = 0.001, 0.002 and 0.003, at vertical
incidence. The increase in Biot wave speed is a result of increased energy dissipation into the fluid due to the scattering of waves by the
cracks.

As with the uncracked case, the faster waves show negligible change in speed, and thus in anisotropy, with frequency, over the seismic
bandwidth, and a similarly small change in speeds right up to the MHz range—by which point the approximations of the internal wavefield
in terms of the external one will have broken down.

The shear wave speeds as a function of offset (i.e. the polar angle θ ) at incidence inline with the smallest dimension of the crack size are
shown in Fig. 2 for a crack volume density of s = 0.003. One of the shear waves, the quasi-SH wave, shows a 2θ variation, while the second,
the quasi-SV wave, shows a 4θ variation, albeit a very small variation.

The shear wave anisotropy, Thomen’s γ —the difference between the wave speed of the quasi-SH wave at vertical (θ = 0◦) and horizontal
incidence, scaled by the vertical wave speed—is considerable at 12.8 per cent and will scale roughly proportionally to the crack volume
density. A shear wave singularity occurs at around 79◦; at lower anisotropy this singularity will occur closer to the vertical. That the two shear
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Figure 2. Variation in horizontal (solid line) and vertical (long dashes) shear wave speeds with offset angle at a crack volume density of 0.003.
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Figure 3. Variation in compressional wave speeds with offset angle at crack volume densities of 0.001 (solid line), 0.002 (long dashes) and 0.003 (short
dashes).
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Figure 4. Variation in Biot wave speeds with offset angle at crack densities of s = 0.001 (solid line), 0.002 (long dashes) and 0.003 (short dashes).
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Figure 5. Variation in compressional (solid line) and shear (long and short dashes) wave speeds with matrix porosity.

wave speeds do not coincide exactly at horizontal incidence is a result of the medium being orthorhombic rather transversely isotropic; the
aspect ratio of crack lengths b/a = 0.5 rather than unity.

Compressional wave speeds at densities of s = 0.001, 0.002 and 0.003, at the same inline incidence angle as in the shear case, are shown
in Fig. 3. The (quasi-)compressional wave exhibits a 2θ variation. Again, the anisotropy, Thomsen’s ε—the difference between the wave speed
at vertical and horizontal incidence, scaled by the vertical wave speed—scales roughly as s, 6.1, 12.4 and 19.1 per cent for the three volume
densities, respectively. The higher anisotropy associated with the compressional wave than with the shear wave at identical crack volume
densities indicates that it is more influenced by the presence of the cracks.

The Biot wave exhibits marginally lower anisotropy than the shear waves, see Fig. 4, an anisotropy of 2.8 per cent at s = 0.001, rising to
12.7 per cent at s = 0.003.
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Cracked poroelastic media 1019

The effects of changes in the matrix porosity of the background media are shown in Fig. 5. The wave speeds of the three fast waves are
all seen to decrease with matrix porosity as it reduces from the elastic limit through the consolidation porosity at φc = 0.29 towards a state of
suspension. Examining the two shear wave speeds, we see that the shear wave anisotropy reduces with the porosity increase.

9 C O N C L U S I O N S

The equations of poroelastodynamics can be presented in a manner that is comparable to the equations of elastodynamics, enabling the ready
computation of Green’s functions and the use of a reciprocal theorem to represent solutions to scattering problems. This has enabled us to
use the method of smoothing (Keller 1964) and a poroelastic equivalent to the result of Eshelby (1957), due to Berryman (1997), to derive
an effective medium theory for ellipsoidal cracks in an isotropic poroelastic matrix, equivalent to the formulation of Hudson (1994) for the
elastic problem.

As far as I am aware this provides the first anisotropic poroelastic theory for the presence of cracks in a background medium providing an
explicit dependence on the orientation, size and content of the cracks. This provides an extension to the work of Hudson (1980, 1981, 1994)
to incorporate the full range of matrix porosities observed in sandstone reservoirs.

The use of the approximation of Berryman (1997) restricts the range of frequencies at which we can expect the results to be reasonable,
to probably not much more than the seismic range. A comparison with a full numerical solution would provide the best test of the range of
validity of the approximation.

As has been pointed out, the predictions of Biot theory fail to explain the level of dispersion observed in experiments (e.g. Winkler
1985; Berryman & Wang 2001; King & Marsden 2002) and the addition of aligned cracks to the background material has failed to account
for this underprediction. This failure is almost certainly a result of the lack of a local fluid flow mechanism within Biot theory. To be able
to fully explain the observed dispersion would require the addition of an equivalent mechanism to that introduced by Hudson et al. (1996)
and developed further by Tod (2001, 2002, 2003) and Tod & Liu (2002). While the squirt flow mechanism of Mavko & Jizba (1991) might
appear a suitable candidate, the attempt by Dvorkin & Nur (1993) to couple this to Biot theory (the so-called BISQ model) violates Gassmann
(1951a). A more appropriate approach would perhaps be along the lines of the squirt flow theory of Endres & Knight (1997), or the non-linear
approach of de la Cruz et al. (1993).

Nevertheless, despite the inability of the theory to explain the observed dispersion, the theory has far reaching applications, such as
providing considerably more accurate models of high porosity sandstone reservoirs in the hydrocarbon industry than existing theories based
on an elastic description, provided we appreciate the restriction of the theory to the seismic frequency band.
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