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Abstract Air pollution modeling is now a mature field,
and comprehensive numerical models (the chemistry-
transport models) are used in many applications. This
article aims at reviewing the main issues from the point
of view of applied mathematics and computational
physics (as viewed by the author). We address topics
such as subgrid parameterization, numerical algorithms
with a focus on aerosol simulation, data assimilation
and inverse modeling, reduction of high-dimensional
models and propagation of uncertainties. Even if this
article is strictly related to air pollution modeling, many
issues and methods can be extended to dispersion of
tracers in other media (for instance, water).

Keywords air pollution modeling ·
chemistry-transport models

1 Introduction

Air pollution modeling is related to many other fields,
ranging from the study of short-range dispersion of
species (typically accidental release in the case of an
industrial hazard) to atmospheric chemistry and climate
change [118]. Many scales are concerned: local scale
(accidental release), regional scale (photochemistry, ur-
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ban pollution), continental scales (transboundary pol-
lution with the example of acid rains), global scale
(atmospheric chemistry in the stratosphere, oxidizing
power of the troposphere, etc). Many species are of
interest: ozone and volatile organic compounds (pho-
tochemistry), trace metals, mercury, methane, carbon
monoxide, particulate matter (aerosols), radionuclides,
biological species, etc. There are also many applica-
tions of the resulting numerical models: understanding
of physical processes (assessment of the impact of a
given process), environmental forecast (performed by
an emergency center, for instance), impact studies (of
emission sources), sensitivity analysis (with respect to
different scenarios of emission), inverse modeling (of
uncertain emissions), etc.

All these applications are usually based on the so-
called chemistry-transport models (CTM). The objec-
tive of a CTM is to simulate the time evolution of
spatial fields for a set of chemical species (by extent of
radionuclides and biological species).

We refer to Fig. 1 for the processes to be de-
scribed. Some primary species (for instance, nitrogen
oxides [NOx] or volatile organic compounds [VOC])
are emitted either by anthropogenic or biogenic sources
(surface emission or point emission). The species are
then vertically diffused in the atmospheric boundary
layer by turbulent eddies related to both mechanical
forces (wind shear) and thermal forces (buoyancy).
The horizontal motion is related to wind advection.
Gas-phase chemical reactions, mainly related to the
oxidizing power of the atmosphere and to the radiative
fluxes (through photolysis), lead to the production of
secondary species (typically ozone, O3). Mass transfer
between gas phase, aqueous phase (cloud droplets) and
particulate matter (solid or liquid particles in suspen-
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sion) may also happen. Moreover, the evolution of
aerosols is governed by microphysical processes such as
nucleation (the formation of small clusters of gaseous
molecules), coagulation (collision between particles),
condensation/evaporation (mass transfer between the
semi-volatile species and particles) or activation (the
growth of aerosols to cloud droplets through conden-
sation of water vapor). The loss processes from the
atmosphere are dry deposition (when gases or particles
impinges upon and stick to the surface) and wet scav-
enging (washout by rains).

The underlying model is the equation of atmospheric
dispersion. For instance, the evolution of the gas-phase
concentration ci (typically in μg m−3) is governed by
the following equation [118]:

∂ci

∂t
+ div (Vci)
︸ ︷︷ ︸

advection

= div
(

ρK∇ ci

ρ

)

︸ ︷︷ ︸

turbulent diffusion

+ χi(c, t)
︸ ︷︷ ︸

gas-phase chemistry

− �i(x, t)ci
︸ ︷︷ ︸

scavenging

+ Si(x, t)
︸ ︷︷ ︸

volume sources

(1)

V = (u, v, w) stands for the wind velocity (the compo-
nents are given for the directions x, y and z), ρ for
the air density and K for the eddy diffusivity matrix
(in practice, a diagonal matrix); χi is the ith compo-

nent of the chemical production (given by a chemical
mechanism that describes the reactions among a set
of chemical reactants); the scavenging term is a pa-
rameterization of the scavenging processes by cloud
droplets (rainout or in-cloud scavenging) and by rain
drops (washout or below-cloud scavenging); the vol-
ume source is related to point sources (typically a
chimney).

Mathematically speaking, this is a system of
advection–diffusion–reaction partial differential equa-
tions (PDEs), coupled through the chemical production
term. The initial conditions and the boundary condi-
tions have to be added, for instance at ground:

−K
∂ci

∂z
= Ei(x, t)
︸ ︷︷ ︸

surfacic emissions

− v
dep
i (x, t)ci
︸ ︷︷ ︸

dry deposition

(2)

Ei is the flux of surface emissions (typically related to
biogenic emissions and to traffic emissions); v

dep
i is the

dry deposition velocity, which strongly depends on the
land use coverage. z is the vertical coordinate.

In the last two decades, many efforts have been
devoted to the numerical simulation of these equations.
The first review paper is [82]. A general overview of
numerical analysis for the CTM is updated in [149]. We
can also refer to [170].
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In recent years, the maturity of CTM has given raise
to many new computational and methodological issues
that are not only related to numerical analysis. The aim
of this paper is to try to review these issues.

This paper is structured as follows. The parameter-
izations are the key components of a CTM. In Sec-
tion 2, we review some issues related to subgrid
parameterizations, with a focus on methodological
issues. Once the model is defined, the numerical sim-
ulation may be a challenging point. In Section 3, we
address some classical numerical difficulties (splitting,
stiffness). In Section 4, we focus on the most difficult
part, the numerical simulation of the general dynamics
equation for aerosols. These first three sections are
related to the so-called “forward model”. Sophisticated
uses of CTM (for instance, for environmental forecast)
generate other issues such as inverse modeling and data
assimilation (Section 5) or the evaluation of uncertain-
ties (Section 6). In many applications (for instance, for
integrated modeling), comprehensive models are not
useable as such and the search for proxy/reduced mod-
els is still an issue (Section 7). As far as implementation
is concerned, modern architectures for CTM are also
required (Section 8).

As far as notations are concerned, we have tried to
use similar notations throughout the article. Because
of existing standard notations for some topics, this has
unfortunately not be always possible. The hope is that
it does not perturb the reader.

2 Subgrid parameterization

Subgrid parameterization is a key issue in air pollution
modeling. Indeed, many physical processes occur at
scales much smaller than the numerical scales (typically
given by the mesh dimension).

In the following, 〈�〉 is the averaged field associated
to � (to be defined in a rigorous way by the averaging
framework chosen for the turbulent model). In prac-
tice, this corresponds to the computed field (at the scale
of the numerical model). The fluctuation �

′
is defined

as �
′ = � − 〈�〉.

For any nonlinear process that implies terms such as
�1�2, a correlation term

〈

�
′
1�

′
2

〉

has to be parameter-
ized as a function of the averaged fields 〈�1〉 and 〈�2〉.
This is the classical closure problem of the unresolved
scales.

We briefly illustrate this issue with four examples:
eddy diffusion, microphysical mass transfer, coupling
between turbulence and chemistry and plume-in-grid
modeling.

2.1 Eddy diffusion

A first example is given by eddy diffusion. In Eq. 1,
K stands for the eddy diffusion matrix. Molecular dif-
fusion is neglected in the atmospheric boundary layer
(apart from a very thin laminar layer just above the
ground), and diffusion is related to turbulent fluxes.
After having averaged the dispersion equation written
for the “true” fields, the advective terms generate an
advective mean term, div (〈V〉 〈c〉), and a correlation
term, div

(〈

V
′
c

′ 〉)
. With the K-theory [70], the correla-

tion between the vertical velocity w and the concentra-
tion c is usually expressed as:

〈

w
′
c

′〉 = − 〈ρ〉 Kz
∂

∂z

( 〈c〉
〈ρ〉
)

(3)

We advocate the above formulation rather than
〈

w
′
c

′ 〉 =
−K∇ (〈c〉) to get 0 if 〈c〉

〈ρ〉 is constant. With this formula-
tion of the correlation term, one has therefore only to
check mass consistency for the advection equation for
averaged fields (see Section 3.3 and [131]).

The vertical eddy coefficient Kz has then to be
parameterized on the basis of available meteorolog-
ical fields (for instance, [74] or [141]). This is a key
component of any CTM. Notice that the horizontal
eddy diffusion has also to be parameterized. In many
models, horizontal diffusion is neglected because of the
lack of well-founded models and of the magnitude of
numerical diffusion induced by advection solvers.

2.2 Scavenging

Apart from turbulence, subgrid parameterization is
needed for microphysical processes related to mass
transfer among gas phase and condensed matter (cloud
droplets, rain droplets, aerosols). Let us recall the typ-
ical microphysical scales: the aerosol diameter ranges
from a few nanometers to, let say, 10 μm; the diameter
of a cloud droplet ranges from a few micrometers to, let
say, 100 μm; the diameter of a raindrop is of magnitude
0.1-0.5 mm. These scales have to be compared to the
numerical scales. At local scale, the horizontal magni-
tude of a grid cell is typically a few meters, whereas it
is a few kilometers at regional scale and a few tens of
kilometers at continental scale.

2.2.1 In-cloud scavenging

Mass transfer and aqueous-phase chemistry occur in-
side cloud droplets, and this constitutes a key process
for acid rains and sulfate formation for aerosols. The
underlying models are diphasic models that describe
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the time evolution of gas-phase (interstitial) concentra-
tions (cg) and aqueous-phase concentrations (ca).

If �a stands for the volume defined by a cloud
droplet (supposed to be a sphere of surface � and of
radius a) and �g stands for the interstitial gas phase,
the microphysical model is [118]:

⎧

⎪
⎪
⎨

⎪
⎪
⎩

∂cg

∂t
+ Dg	cg = χg(cg) over �g

∂ca

∂t
+ Da	ca = χa(ca) over �a

(4)

The mass transfer is given at the droplet surface � by:

Dg∇cg · �n = −Da∇ca · �n = 1

4
αv̄
( ca

HRT
− cg

)

(5)

χg (χa) stands for the gas-phase (aqueous-phase)
production term. Dg (Da) stands for the gas-phase
(aqueous-phase) molecular diffusivity. �n is the unitary
normal vector to � (outward oriented); α is an accom-
modation coefficient, v̄ is the thermal velocity for the
chemical species, H is the Henry’s coefficient (which
describes the partitioning between the gas phase and
the aqueous phase for a given species), R is the gas
constant and T is the temperature.

It is of course not tractable to solve these lo-
cal PDEs coupled to the CTMs. A key property is
that there is a wide range of timescales: molecu-
lar diffusion is much faster than chemistry at these
scales. In practice, one uses a lumped parameter
assumption by replacing the microphysical concen-
trations ca and cg by averaged concentrations, for
instance, c̄a = 1

�a

∫

�a
ca(ω, t)dω. The averaged concen-

trations are then given by a system of ordinary differ-
ential equations (ODE):

⎧

⎪
⎪
⎨

⎪
⎪
⎩

dc̄g

dt
= χg(c̄g) − L I(c̄a, c̄g)

dc̄a

dt
= χa(c̄a) + I(c̄a, c̄g)

(6)

The mass transfer flux I is parameterized as I(c̄a, c̄g) =
kmt

(

c̄g − c̄a

HRT

)

. kmt = (a2/3Dg + 4v̄/3α)−1 is the ki-

netic mass transfer coefficient. L is the liquid water
content (defined as the volume of �a over the volume
of �g).

This parameterized model may be rigorously de-
rived by asymptotic expansions with respect to a small
Peclet–Dahmköhler number. One refers for instance to
[127]. The mathematical background may be found in
[43] for reaction–diffusion systems and in [144] for the
method of boundary layer.

There are still many open issues, for instance, the
extension to polydisperse droplets or to reactive film
models that are not defined by the interface condition
(5).

2.2.2 Below-cloud scavenging

A second example is given by below-cloud scavenging.
In this case, the mass transfer occurs between the gas
phase and the falling raindrops (of falling velocity U
and of radius a). With the same notations as before, the
microphysical model is [118]:
⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

∂cg

∂t
= − L

τtransfer

(

cg − ca

HRT

)

∂ca

∂t
+ U

∂ca

∂z
= 1

τtransfer

(

cg − ca

HRT

)
(7)

where τtransfer is a timescale associated to mass trans-
fer (not detailed here). It is similar to the inverse of
a kinetic mass transfer coefficient. By applying the
boundary layer method in the case of a small liquid
water content or of high solubility, this system may be
replaced by the parameterization [118]:

dcg

dt
= − �gcg (8)

where �g(p0, a, HRT, τtransfer) is the so-called scaveng-
ing coefficient, with p0 the rain intensity ([129]).

The parameterization of scavenging for particles is
also particularly difficult (see for instance [124] and
references therein).

2.3 Segregation effects

Another example is provided by the coupling between
chemistry and turbulence. After having averaged the
dispersion equation, the chemical term appears as
〈

χi(〈c〉 + c
′
)
〉

. One usually assumes that this term is
equal to χi(〈c〉), which may be a crude approximation
for the fastest reactions. The underlying assumption is
indeed that the averaging is quicker than any chemical
reactions. We refer for instance to the review [154].

A typical example is given by the so-called segre-
gation effect between an updraft of emitted NO and
a downdraft of O3 (entrainment) in the atmospheric
boundary layer. The chemical reaction of O3 with NO
(titration) is:

O3 + NO → NO2 + O2

The associated reaction rate is ω = k cO3 cNO with k
the kinetic rate. After averaging, the true averaged

reaction rate is 〈ω〉 = k
(
〈

cO3 cNO
〉+
〈

c
′
O3

c
′
NO

〉)

, where
we suppose that the kinetic rate has a constant value
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(it actually depends on temperature). This can also be
written as:

〈ω〉 = k
〈

cO3 cNO
〉

(1 + Is) (9)

with Is =
〈

c
′
O3

c
′
NO

〉

〈cO3 cNO〉 the segregation intensity. Mathemati-

cally speaking, Is ≥ −1; physically speaking, Is ≤ 0 be-
cause O3 is associated to downdrafts, whereas NO is
associated to updrafts.

In the “laminar” assumption, Is is taken equal to
0. A parameterization is then required for Is [85, 155,
156]. Once more, the key parameters are the so-called
Dahmköhler numbers defined as the ratio of a transport
timescale to a chemical timescale. We also refer to [123]
for a simple estimation of the segregation errors in a 1D
case.

To date, there are no available parameterizations
of Is to be used in 3D models with comprehensive
chemical mechanisms.

2.4 Plume-in-grid modeling

The last example is provided by the so-called plume-in-
grid models. Emissions of point sources in a large grid
cell induce a numerical artefact by artificially creating
diffusion. One way to reduce this diffusion is to para-
meterize short-term dispersion of freshly emitted pollu-
tants as an alternative to the use of refined meshes (see
Section 3). The parameterizations are usually based on
Gaussian models (stationary solutions of the dispersion
equation). We refer, for instance, to [67]. An issue is the
rigorous coupling between long-range Eulerian models
and short-range Gaussian models for reactive flows.

These examples illustrate the need for rigorous ap-
proaches to derive the appropriate parameterizations.
An alternative approach is based on numerical sam-
pling. In [72], a numerical sampling technique (a Latin
hypercube method) is, for instance, used to define
the parameterization. A probability density function
(PDF) is then computed on the basis of repeated calls
to a microphysical function.

3 Numerics

We now assume that the model is fixed. The numerical
simulation may provide a large number of challenging
numerical points, and we pay attention to four numer-
ical issues: operator splitting (the processes are usually
not solved simultaneously), time integration of stiff
ODEs (resulting from chemistry or aerosol dynamics),
advection (with the specific problem of mass consis-
tency) and grid resolution. The most challenging issues

are related to aerosol dynamics and are described in the
next section.

A detailed review can be found in [149] for some of
these topics (excluding aerosol dynamics). We can also
refer to the book [61].

3.1 Splitting methods

Chemistry-transport models describe many processes
related to dispersion, microphysics and chemistry. Al-
though all these processes are coupled, operator split-
ting methods (for instance, [81, 163]) are widely used
for solving the dispersion equation. There are at least
three motivations for this numerical strategy.

First, models can be used as black boxes and are
easy to insert in an existing comprehensive three-
dimensional model. Second, appropriate specific nu-
merical methods can be used for each process. Third,
coupling dispersion and chemistry may result in a
huge computational burden because implicit methods
are used for chemistry (because of the dispersion of
timescales; see below). In fully coupled methods, the
size of the state vector is then typically equal to the
product of the number of species by the number of
grid cells (for finite differences solvers). The resulting
Jacobian matrices are then difficult to invert.

For the sake of clarity, we consider two processes
that do not depend on time. The evolution equation is
therefore:

dc
dt

= A1(c) + A2(c) , c(0) = c0 (10)

A1 (for instance, diffusion) and A2 (for instance, chem-
istry) are the source terms associated to the processes.

Let 	t be the splitting timestep (for a CTM, it typi-
cally ranges from 100 to 1,000 s at continental scales).
We formally write LA1+A2(c0, t) the solution of equa-
tion (10) at time t.

The simplest method is the first-order splitting: one
first solves the process A1 over [0, 	t] and then (after
having modified the initial condition) the process A2

over [0, 	t]. The solution is then LA2(LA1(c0, 	t), 	t).
Notice that we can also reverse the sequence between
A1 and A2.

The so-called Strang splitting [134] eliminates the
lack of symmetry of the previous method. There are
three steps in the sequence: A1 is integrated over
[0, 	t/2], then A2 is integrated over [0, 	t] and fi-
nally A1 over [0, 	t/2]. The solution is therefore
LA1(LA2(LA1(c0, 	t/2), 	t), 	t/2).

Operator splitting methods induce a loss of accuracy.
This is usually estimated with the computation of the
local splitting error in the linear case for Ai(c) = Aic
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(Ai is a matrix). In this case, LA(c0, 	t) = eA	t c0. The
splitting error is related to the commutation default:
eA1+A2 = eA2 eA1 if and only if A1 A2 = A2 A1.

Asymptotic analysis with respect to 	t → 0 prove
that the Strang splitting method is of second-order (and
that the first-order method is well named!).

Some results are available for the reaction–diffu-
sion–advection PDE with the extension to the nonli-
near case by using the Lie formalism [71]. The key
results are the following ones (boundary conditions are
not taken into account):

– Advection and chemistry commute if chemistry
does not depend on space and if the wind field is
divergence free.

– Advection and diffusion commute if the wind field
and the diffusion matrix do not depend on space.

– Diffusion and chemical kinetics commute if chemi-
cal kinetics is linear and does not depend on space.

It is clear that the assumption concerning the indepen-
dence with respect to time and space is not rigorously
met for the eddy diffusivity matrix and the temperature
field. This is, however, a rather good local assumption.
On the contrary, the assumption of linearity for chem-
istry is clearly wrong (chemical reactions are supposed
to describe...reactions between reactants!). However,
these results give an indication for the main source
of errors related to operator splitting methods in air
pollution models: chemistry and vertical diffusion have
to be handled with special care [51].

A difficult point (not addressed here) is also related
to the way the boundary conditions have to be taken
into account (see for instance [121]).

For atmospheric chemistry, the previous results (es-
pecially the order analysis) cannot be applied as such.
A major point is indeed that one process (for instance,
chemistry) contains fast dynamics that quickly reaches
an equilibrium (see below for more details and the
relation to stiffness). In practice, this means that there
exist processes whose timescales τ are much lower
than the splitting timestep 	t. The asymptotic analysis
	t → 0 is therefore no longer justified. We refer,
for instance, to [122, 125, 152] for a deeper under-
standing. One key result is the impact of the splitting
sequence: it is advocated to end the sequence with the
stiff processes (chemistry for instance in the case of gas-
phase chemistry, mass transfer for aerosol dynamics)
to ensure that the system is still along the equilibrium
manifold at each step. A second result is related to the
so-called order reduction of the numerical algorithms.
Similar results have been obtained in other fields, for
instance, in combustion [164]. See also the discussion
for oceanography in [58] or for climate models in [161].

Methods that avoid splitting are also used. Among
them, one can cite implicit–explicit methods that are
based on a partitioning between the stiff processes
(with an implicit treatment) and the nonstiff processes
(with an explicit treatment). There are many variations
of this method (for instance, [88, 136, 147, 162]).

Let us suppose that A1 and A2 are the nonstiff
process and the stiff process, respectively. A possible
implementation (usually referred as source splitting) is
to first solve A1 and then to solve A2 after having

added a correction term Ã1 = LA1(c0, 	t) − c0

	t
with-

out modifying the initial condition. The result is then:
LA2+Ã1

(c0, 	t). The key advantage is that the integra-
tion is always performed in the vicinity of the equilib-
rium manifold of the stiff process [122].

Another approach is the so-called approximate ma-
trix factorizations (also referred as “internal splitting”;
see [7]). The idea is to perform splitting at the alge-
braic level. Suppose that an implicit algorithm (let say
Backward Euler) is used for solving equation (10) in the
linear case.

We have therefore (I − (A1 + A2)	t) cn+1 = cn. The
method is based on approximations such as

(

I − (A1 +
A2)	t

) 
 (I − A2	t)(I − A1	t) + O(	t2).

3.2 Time integration of chemical kinetics

In this subsection, 	t is the subcycling timestep.
The CTMs are usually based on the so-called

Method of Lines: the space discretization is first per-
formed (especially with finite differences or finite vol-
umes methods) and then the time integration of the
resulting ODE. Let us consider the case of reactive
dispersion (the processes are advection, diffusion and
chemistry). The time integration of the advection step
is not an issue (or specified by the advection scheme);
the time integration of (linear) diffusion is usually per-
formed with an implicit solver; the most challenging
point is then the time integration of chemical kinetics.

Let the system of ODE describing chemical kinetics
be:

dci

dt
= χi(c, t) , 1 ≤ i ≤ n (11)

The first difficulty is the large dimension (n � 1):
the dimension of a comprehensive gas-phase chemical
mechanism is typically of magnitude 100 (for instance,
RACM [133]). The second difficulty is related to the
wide range of timescales, which induces the so-called
stiffness [15]. Benchmarks of explicit and implicit meth-
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ods have been performed in many works. One refers for
instance to [112–114, 148].

Among many candidates, the second-order Rosen-
brock solver ([151] for gas-phase chemistry; [35] for
aqueous-phase chemistry) is a promising algorithm, as
it realizes a good trade-off between a reasonable ac-
curacy and a rather low computational burden. The
Rosenbrock method is defined in the following way
from iteration n to iteration n + 1:

⎧

⎪
⎨

⎪
⎩

cn+1 = cn + k1 + k2

2
(I − γ	t J)k1 = 	tχ(cn)

(I − γ	t J)k2 = 	tχ(cn + 	t k1) − 2γ	t J k1

(12)

J = ∂χ

∂c is the Jacobian matrix for chemical kinetics.
γ = 1 + 1/

√
2 ensures the L-stability of the method

(see [149]). Preprocessing the computation of J with ap-
propriate techniques that take into account the sparse
nature (a chemical species is actually involved in a small
set of reactions) is a powerful technique [24, 77, 110].

Another candidates are provided by explicit and
quasi-explicit methods. The so-called quasi steady-state
assumption (QSSA) methods ([165] for the original pa-
per and then, for instance, [64, 86, 153]) are still widely
used even if they do not perform well in fair bench-
marks (with error/CPU diagrams). Such algorithms are
strongly related to the so-called production-loss form of
(11):

χi(c) = Pi(c) − Li(c)ci (13)

with Pi and Li two nonnegative terms. This form is easy
to get by partitioning the chemical reactions into two
sets: reactions in which the species i is a reactant (loss
term) and reactions in which it is a product (production
term). The fast species and the slow species are defined
by timescales Li � 1 and Li 
 1, respectively. There
are many variations on the basis of this partitioning of
species. In the simplest form of the QSSA method, the
fast species are computed from iteration n to iteration
n + 1 with the equilibrium cn+1

i = Pi
Li

, whereas the slow

species are computed with ci= Pi
Li

+(cn
i − Pi

Li
) exp(−Li	t).

Beyond QSSA methods, quasi-explicit methods are
also very popular. The two-step method [146, 150] is an
interesting algorithm that can be seen as an extension
of the Euler backward iterative method (EBI) [57, 97].
Using the backward Euler method leads to the follow-
ing nonlinear algebraic system:

cn+1
i − cn

i

	t
= χi(cn+1) (14)

This can be solved by an iterative algorithm, for
instance, the Newton algorithm, which requires to com-
pute the Jacobian matrix J. Another approach is to
approximate χi(cn+1) 
 Pi(cn) − Li(cn)cn+1

i . The alge-
braic system can then be solved with:

cn+1
i = cn

i + Pi(cn)	t
1 + Li(cn)	t

(15)

Variations of this idea lead to the EBI (first-order) and
Twostep (second-order) algorithms. Notice that P(.)

and L(.) can be evaluated with the components of cn+1
i

that have been already computed (which is the starting
point of many tailored techniques).

Let us mention for the sake of completeness the
combined explicit/implicit methods (for instance, [50]),
which are based on the partitioning of chemical species
in a set of slow species (integrated with an explicit
solver) and a set of fast species (integrated with an
implicit solver). We will go back to this approach in
Section 7.

To conclude, a specific issue for the time integration
of chemical kinetics is related to the positivity of con-
centrations. A usual tricky approach is the clipping (set
the negative numerical concentrations to 0 or to a small
predefined parameter). We refer to [107] for a rigorous
method.

3.3 Some points related to advection

Solving advection is the other challenging step for the
CTMs. The results strongly depend on the accuracy of
the wind velocity (computed in meso-scale meteoro-
logical models). There are, however, some remaining
issues for CTMs.

The first point is that the advection has to take
care of sharp gradients. This is a key concern for the
dispersion of accidental releases, for instance, of ra-
dionuclides. There is indeed no background field, and
the point accidental emission implies strong gradients.
Advection solvers with flux limiting are therefore often
advocated (see a general presentation in [149]).

Another specific point is related to the so-called
mass consistency problem [131] related to the off-line
coupling between atmospheric dispersion models and
meso-scale numerical models that provide meteorolog-
ical fields such as wind velocity.

The continuity equation for density ρ can be written

under the form
∂ρ

∂t
+ div(Vρ) = 0 with V the wind field.
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The advection of a passive tracer of concentration c
(defined, for instance, as the ratio of mass per air

volume) is given by
∂c
∂t

+ div(Vc) = 0. The evolution of

the mass mixing ratio q = c/ρ (mass of species per air

mass) is then given by
∂q
∂t

+ V · ∇q = 0.

The conservation of uniform mixing ratio in the case
of passive tracers is then easy to prove: if q(0) = 1,
one gets for any time t, q(t) = 1. This property is
usually referred as mass consistency. The key point is
the consistency between the wind field used for ρ and
the wind field used for c. The discrepancy may result
from different numerical algorithms and discretization
strategies between the computation of the wind velocity
(inside the meteorological model) and the advection
step (inside the CTM).

We briefly present three possible methods to circum-
vent these difficulties.

A first approach is the renormalization technique.
Let cn+1 = S(cn, Vn) be the advection scheme used by
the CTM (supposed to be an explicit solver, which
is usually the case in practice). Let us define ρ̃n+1 =
S(ρn, Vn) the density that is computed with this scheme
(this is not the “true” density ρn+1 if the meso-scale
model does not use the same scheme). The renormal-
ization approach is then based on the correction:

cn+1 = ρn+1

ρ̃n+1
S(cn, Vn) (16)

It is of course easy to check that mass consistency
is met. One refers, for instance, to [16, 73]. A major
drawback of this approach is that it may artificially
introduce mass.

A second approach is based on the use of mass
mixing ratio in the computation of fluxes after having

noticed that
∂c
∂t

+ div(ρ V
c
ρ

) = 0. Convergence results

for this algorithm are, however, not proved. One refer
to [92] for the special case of the upwind scheme (with-
out flux limiting).

A third approach is to modify the vertical compo-
nent of wind velocity w to satisfy mass consistency.
Suppose that horizontal advection is defined by cH =
SH(cn, un, vn) (eventually with directional splitting).
One defines ρH = SH(ρn, un, vn). Let the vertical ad-
vection scheme be given by cn+1 = SV(cH, wn). We
therefore try to compute wn such that the constraint
ρn+1 = SV(ρH, wn) is met. Of course, this implies that
this constraint may be solved in wn, which implies that
a nonlinear scheme (for instance, with flux limiting)
cannot be used for vertical advection. One example of a
scheme easy to “invert” is the upwind scheme [60, 89].

3.4 Grid resolution

In the case of point sources, having a fine resolution
may be a key issue. We have already briefly men-
tioned the plume-in-grid approach. An alternative to
this approach is of course to use fine meshes. A first
method is based on adaptive gridding [132]. Unstruc-
tured meshes are more appropriate for this aim (see for
instance [140]). In [143], local refinement is applied with
a uniform-grid-based cascade technique that produces
nested grids within one timestep. A second method is
based on nesting techniques. The idea is to compute
solutions on different fixed meshes of variable resolu-
tions with one-way or two-way fluxes of informations
(for instance, see [45]).

The grid resolution may have a strong impact on the
results. The future generation of CTM will have a fine
resolution (let say 0.1◦ for the horizontal dimension,
less than 10 km) in coherence with the high-resolution
meteorological models, currently under development.

4 Aerosol modeling

4.1 The General Dynamics Equation for aerosols

The numerical simulation of gaseous species is the
first component of a CTM. For many applications, the
modeling of condensed matter is also required. This
includes the description of chemical composition and of
size distribution of aerosols (particulate matter). Both
have an influence for the radiative behavior of aerosols,
for microphysical processes (through the activation of
the finest aerosols to generate cloud droplets) and for
the assessment of health impact (the most adverse par-
ticles are the finest ones).

Simulating a polydisperse distribution of aerosols is
a challenging task for many reasons (at the numerical
level):

– There is a wide range of scales (from a few nanome-
ters to at least 10 μm).

– One has to deal with high-dimensional models (the
number of chemical species inside the aerosol mix-
ture has to be multiplied by the number of degrees
of freedom chosen to describe the size).

– The processes that affect the size and chemical com-
position of aerosols are nonlinear and discontinuous
(thresholds for phase transition).

The evolution of size distribution and of chemical
composition for aerosols is governed by the so-called
General Dynamics Equation for aerosols (GDE).
It describes the impact of some processes (Fig. 2)
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Fig. 2 Aerosol dynamics (the particle diameter d is in micrometers)

such as coagulation (a particle is created after a “col-
lision” among two preexisting particles), condensa-
tion/evaporation (mass transfer between the aerosol
phase and the gas phase) and nucleation (the formation
of the smallest particles from stable clusters of aggre-
gated gaseous molecules above a threshold, let say m0

for mass).
Let n(m, t) be the number distribution (for instance,

with respect to aerosol mass) and qi(m, t) the mass
distribution for species i (we use the same notation as
for the mass mixing ratio in the previous section). The
GDE is composed of the following equations:

– For the number distribution:

∂n
∂t

(m, t)= 1

2

∫ m−m0

m0

K(u, m − u)n(u, t)n(m − u, t)du
︸ ︷︷ ︸

coagulation gain

− n(m, t)
∫ ∞

m0

K(m, u)n(u, t) du
︸ ︷︷ ︸

coagulation loss

− ∂(I0n)

∂m
︸ ︷︷ ︸

mass transfer

+ δ(m0, m)J0(t)
︸ ︷︷ ︸

nucleation

(17)

– For the mass distributions:

∂qi

∂t
=
∫ m−m0

m0

K(u, m − u)qi(u, t)n(m − u, t) du

− qi(m, t)
∫ ∞

m0

K(m, u)n(u, t) du

− ∂(I0qi)

∂m
+ Ii(m1, . . . , mnc , t)n(m, t)

+ χaer
i (m1, . . . , mnc)n(m, t)
︸ ︷︷ ︸

Internal chemistry

(18)

An aerosol of mass m is composed by nc components
of mass mi(m), such that

∑i=nc
i=1 mi(m) = m. Notice that

qi(m) = mi(m)n(m). An aerosol with a given mass is as-
sumed to have a unique composition (internal mixing).

K(., .) is the coagulation kernel (due to Brown-
ian motion, not detailed here). Ii is the condensa-
tion/evaporation rate for volatile species i:

Ii = ai(m)
(

ci − ηi ceq
i (m1(m), . . . , mnc(m))

)

(19)

where ai(m) stands for a parameterization of a mass
transfer coefficient (a function of accommodation, of
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molecular diffusion and of particle size), ci is the gas-
phase concentration of species i and ceq

i is the surface
concentration of species i (supposed to be at equilib-
rium with the aerosol mixture). ηi is the Kelvin coef-
ficient that describes the curvature effect. I0 =∑i Ii is
the total rate.

J0 is the nucleation rate, given by parameterizations
as a function of thermodynamic conditions (tempera-
ture and relative humidity) and of some gaseous con-
centrations (water, ammonium, sulfate).

The internal chemistry is usually neglected.
This set of partial integro-differential equations is

strongly coupled, especially through the condensa-
tion/evaporation term. One key component is the avail-
ability of a thermodynamic model for computing ceq

i (it
is the most expensive part of the model, as far as CPU
is concerned) [169].

Notice that the GDE is usually not solved simul-
taneously with the other processes. We refer to [84]
for the investigation of splitting errors related to
microphysical-multiphase chemical systems.

4.2 Stochastic methods

Analytical solutions of the GDE only exist for some
academic cases [48, 102]. This means that it is difficult
to benchmark numerical algorithms with respect to a
reference (exact) solution. The lack of reference solu-
tion has already been underlined in [142]. Searching
for a numerical reference solution is therefore a key
issue. Such a solution is not necessarily computationally
efficient but has to be highly accurate.

The stochastic methods are good candidates for be-
ing such reference solutions. They have a rigorous theo-
retical basis (through the stochastic formulation of the
GDE) and are easy to implement. In stochastic meth-
ods, one deals with numerical particles that represent,
in a way to specify (see below), the aerosol distribution.

We refer to [37] for the application to the coagula-
tion equation (the so-called Smoluchowski equation).
A numerical particle is associated to a fixed number
of physical aerosols of a given size. The drawback is
that the number of numerical particles decreases as co-
agulation makes the number of aerosol decrease. This
is a strong limitation as the method converges in the
limit of the number of particles going to infinity. [1, 38]
have associated to one numerical particle a fixed mass
of aerosols. As coagulation preserves mass, the number
of numerical particles can remain constant. This kind of
algorithms is usually referred as mass flow algorithms.

We refer to [30] for the extension to the GDE. The
key idea is to use mass flow algorithms with a varying
mass due to condensation/evaporation.

4.3 Modal methods

For 3D modeling, a popular approach is based on
the modal approach. The aerosol distribution is rep-
resented by a given number of modes (typically log-
normal functions of aerosol mass or volume) [159]. For
instance in the Modal Aerosol Model (MAM, [115]),
one usually defines three modes in the fine range (nu-
cleation i, Aitken j and accumulation k) and one mode
in the coarse range (c). Each of these modes corre-
sponds to a distinct range of particle dry diameters D:
D < 0.01 μm for the nucleation mode, 0.01 μm < D <

0.1 μm for the Aitken mode, 0.1 μm < D < 2.5 μm for
the accumulation mode and D > 2.5 μm for the coarse
mode. Each of the four modes has its own chemical
composition.

The aerosol distribution is then given by summing
the mode contributions, for example, for the number
distribution: n(D, t) = ni(D, t) + n j(D, t) + nk(D, t) +
nc(D, t), where ni is the log-normal distribution for
mode i, etc. For l = i, j, k, c, one has:

nl(D) = Nl√
2π ln(σl) dl

exp

[

−1

2

(

ln2(D/dl)

ln2(σl)

)]

(20)

where Nl is the total number of particles within mode l,
dl is the “dry” median diameter and σl is the standard
deviation. The moment of order h of the distribution is
defined as

Ml
h =

∫ ∞

−∞
Dh nl(D) d(D) = Nl dh

l exp

(

h2

2
ln2 σl

)

.

(21)

The modal distribution is known once the three
parameters N, dg and σg are known. For each mode,
an evolution equation is derived from the GDE for
three moments (M0, M3 and M6), from which the three
parameters may be computed:

N = M0, dg =
(

M4
3

M6 M3
0

)
1
6

, σg =exp

(√

1

9
ln

(

M0 M6

M2
3

)
)

(22)

The third moments are computed for each chemical
species to follow the chemical composition in each
mode.

The resulting system of (stiff) ODEs can be solved
with appropriate time integration solvers (see previous
section).

A specific issue for the 3D implementation of modal
methods is related to the management of mode merging
and splitting. Merging between two modes is required
to force modes to be of distinct size ranges throughout
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the simulations [9, 160]. When the combined effect of
nucleation and condensation and the effect of coagu-
lation are of the same order of magnitude but act in
opposite direction, a mode may split into two modes.
This is particularly likely to happen for the nucleation
mode i during high nucleation episodes. A splitting
scheme has then to be applied [9].

4.4 Size-resolved methods

Modal methods are based on an a priori analytical
form of the aerosol distribution. Another approach is
of course to discretize the GDE, viewed as a system of
integro-differential equations. We briefly present vari-
ational methods (based on a weak formulation of the
GDE) and the more classical sectional method (based
on finite differences).

4.4.1 Variational methods

Let us write the GDE under the following form:

dn
dt

= f (n, x, t) ,
dqi

dt
= fi(n, qi, x, t) (23)

x = ln m is the logarithm of the dry mass (the variable
that is classically used for numerical algorithms). If
V is a functional space (of functions of x) with an
appropriate scalar product (., .), one defines the weak
formulation of the GDE (for instance, for the number
distribution) as:

∀v ∈ V,

(

dn
dt

, v

)

= ( f (n, x, t), v) (24)

A numerical method is then based on a projection onto
a subspace Vk of V, of finite dimension k:

�n(x, t) =
j=k
∑

j=1

n j(t)L j(x) (25)

where the functions L j(x) are the basis functions of Vk.
In [95], the basis functions are the so-called “hat

functions” and one gets a finite element method. An-
other family of functions with a bounded domain of
definition is given by cubic splines [47, 106].

When the basis functions do not have a bounded do-
main of definition, for instance, in [x0, ∞[, one usually
refers the method as a spectral method. In [109], the
basis functions are polynomial functions of Lagrange.
In [25], they are polynomial functions of Laguerre and
of Legendre.

Apart from the choice of the basis functions L j, the
test functions v have also to be chosen. In the case of
a collocation method, the test functions are Dirac func-
tions at collocation points (xi)i=1,..., k: vi(x) = δ(x − xi).
For a basis of Lagrange polynomials, one easily gets for
the number distribution [27, 109]:

d�n
dt

= A(�n)�n − diag(B�n)�n
︸ ︷︷ ︸

coagulation

− C�n
︸︷︷︸

c/e

(26)

where (�n) j = n j. The matrices A(n) (the line i of A(n)

is under the form �nT Ai�n with Ai a matrix) and B
are related to coagulation. The matrix C is related to
condensation/evaporation.

The resulting system of ODEs has then to be inte-
grated with appropriate solvers. We refer to [109] and
to [27] for the benchmark of two collocation methods.

The advantage of such methods is that one can solve
the GDE without using splitting methods. However,
such methods may suffer from numerical instabilities
and are computationally demanding.

4.4.2 Sectional methods

Another approach is based on finite differences. The
aerosol distribution is discretized in a fixed number of
bins (let say nb) or sections. This justifies the name of
sectional method. The bins correspond to the cells in
the classical terminology of numerical analysis.

The objective is then to compute Q j
i and N j, the in-

tegrated values over the bin j for the mass distribution
of species i and the number distribution, respectively.

Splitting of coagulation and condensation/evapora-
tion is often used. For the sake of clarity, we use split-
ting in our presentation.

4.4.3 Coagulation

Here, we only present the equations for the number dis-
tribution. After integration of the coagulation equation
over bins, one typically gets:

dN j

dt
(t) = 1

2

j
∑

j1=1

j
∑

j2=1

X j
j1 j2 N j1 N j2 − N j

nb
∑

j1=1

X jj1 N j1

(27)

The coefficients X j
j1 j2 are the key components of the

method and describe the fraction of the aerosol gener-
ated by the coagulation of bins j1 and j2 located in bin
j. X j1 j2 is defined by summing over all possible resulting
bins: X j1 j2 =∑ j=nb

j=1 X j
j1 j2 .
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A popular method is based on [63, 135]. We refer to
[29] for a review and a rigorous derivation of such equa-
tions. The key point is to choose the closure scheme
inside each bin (the a priori local form of the aerosol
distribution).

The resulting equation is then integrated with an
ODE solver. A usual approach is based on a semi-
implicit approach, for instance:

(N j)n+1 = (N j)n + 	t
2

∑ j−1
j1=1

∑ j
j2=1 X j

j1 j2(N j1)n+1(N j2)n

1 + 	t
∑nb

j1=1(X jj1 − X j
jj1)(N j1)n

(28)

4.4.4 Condensation/evaporation

If the bins are fixed, the method is referred as an
Eulerian method. A crucial point is to lower the nu-
merical diffusion (condensation/evaporation may be
viewed as an advection process). Classical methods are
used in this aim (for instance, semi-Lagrangian solvers)
[23, 31].

An alternative approach is to use Lagrangian meth-
ods by following the evolution of bins according to
condensation/evaporation. This method is also referred
as a moving sectional algorithm [62, 68]. A motivation
is that one can only use a small number of bins in 3D
applications. A crucial point is then to map the result-
ing moving distribution onto a fixed grid after having
solved the GDE because the aerosol distribution is
given on a fixed grid for 3D processes, such as advection
or diffusion.

From (19), one gets a system of ODEs that gives the
time evolution of Lagrangian variables. For instance,
for mass distributions:

dQ j
i

dt
= N jai(m j)

⎛

⎝Ki−
nb
∑

j ′=1

Q j ′
i − η

j
i ceq

i (Q j
1, . . . , Q j

nc
)

⎞

⎠

(29)

The mass conservation law for the total mass (gas and
aerosol) is written under the form ci +∑nb

j ′=1 Q j ′
i = Ki.

This system is highly stiff because of the wide range
of timescales for condensation/evaporation. We refer
to the previous section for the issue of time integra-
tion. In the size resolved aerosol model (SIREAM,
[26]), a Rosenbrock method is used. Some specific flux

limitations can also be applied to reduce the stiffness
(especially this because of the fluxes of H+) [96].

We refer to [168] for a comparative review of
algorithms.

5 Inverse modeling and data assimilation

5.1 Background

We now assume that the model has been defined (that is
to say that parameterizations have been proposed; see
Section 2) and that appropriate numerical solvers are
used (Sections 3 and 4).

A field of growing interest is the use of data assim-
ilation techniques. The objective is to couple model
outputs and observational data provided by monitoring
networks to improve the forecasts (data assimilation)
and/or to reduce the uncertainties of some input para-
meters (inverse modeling, for instance, of emissions).
We refer, for instance, to [3, 66, 137] for a general
presentation in geophysics.

Let use write the evolution system (1) under the
form:

dc
dt

= f (c, �) , c(0) = c0 (30)

Here, � stands for some uncertain forcing parameters
(for instance, emissions or boundary conditions). The
uncertainties are related to f (through the parameteri-
zations), to the initial conditions c0 and to the forcing
parameters �. Notice that in meteorology, the key
point is the sensitivity with respect to initial conditions,
because of the chaotic behavior of atmospheric dynam-
ics (for instance, [66]). In atmospheric chemistry, the
sensitivity with respect to the initial conditions is much
lower because of the dissipative nature of chemical
kinetics. A typical spin-up is of magnitude 1 week at
continental scale. Notice that in atmospheric chemistry,
the eigenvalues of J = ∂ f

∂c have strictly negative real
parts. This is not a wave problem as in meteorology.

Some observational data may be provided by ground
stations (for instance, the local monitoring networks)
or satellital data related to earth observation. Let
us assume that some observations obs1, . . . , obsno are
available at discrete times t1, . . . , tno . At time tn, the
model output is c(tn) = Fn(�) (we use this notation to
underline the input/output relation). The observation is
not necessarily the model output, and we write Hn the
observation operator at time tn: if there were no errors,
one should get obsn = Hn Fn(�).

Data assimilation techniques are based on the reduc-
tion of discrepancies between the model outputs and
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the observational data, measured by the cost function
of the model parameters � (when required, it could
also depend on the initial conditions):

Jo(�) =
n=no
∑

n=1

(obsn− Hn Fn(�))T R−1
n (obsn− Hn Fn(�))

︸ ︷︷ ︸

Jn

(31)

Rn is the covariance matrix for observation error (to be
specified). A second part of the cost function can be de-
fined by taking into account the so-called background
term (an a priori knowledge of �):

Jb(�) = (� − �b)
T B−1(� − �b) (32)

with �b the background value and B the background
error covariance matrix. Adding Jb to Jo is a penal-
ization technique (Tikonov regularization) that may be
necessary for ill-posed (high-dimensional) problems.

The problem is then to minimize J = Jo + Jb with
respect to � ∈ Vadm. This provides an optimized value
�� = argminJ that can be used to compute, when re-
quired, an optimal forecast c� = F(��). Vadm is the
space of admissible parameters (for instance, some pa-
rameters have nonnegative values).

There are many applications of this approach in
inverse modeling of emissions: for CH4 (for instance
[5]), for carbon ([21] at regional scale and [4] at global
scale), for NOx [99] and VOC [20]. Another related
problem is the so-called localization problem for point
sources of accidental releases (for instance, radionu-
clides: [10, 11]).

5.2 Sequential versus variational methods

Two families of methods are widely used: the varia-
tional algorithms, based on a minimization procedure
(3D-Var when time evolution is not taken into account,
and 4D-Var otherwise), and the sequential methods,
based on the Kalman filter theory.

5.2.1 Variational methods

The variational methods are based on gradient-like
minimization methods (for instance, [111]). They re-
quire to compute ∇� J. The finite differences tech-
niques are not useable because of the computational
burden, and one often advocates the use of the so-called
adjoint models. The CPU cost required for the adjoint
model ranges typically from three to seven times the
CPU cost required for the model.

Let us detail the algorithm for a CTM. Here, we
assume that the CTM (actually the computation of the
cost function) is given by the sequence:

1. Initialization of the cost function: J = 0 (or a back-
ground term)

2. Time loop labelled by 1 ≤ n ≤ no:

– Get the forcing fields φn−1

– Compute the new state cn = F(cn−1, φn−1)

– Update the cost function: J = J + Jn(cn)

The forcing fields φn include the meteorological data,
the results of parameterizations, etc.

A direct calculation of ∇ J could be performed, but
the storage requirement would be too high because
(φ0, . . . , φno−1) and the trajectory (c0, . . . , cno ) should
be stored. The idea is to notice that ∇� J =∑n ∇� Jn,
and:

∇� J =
∑

1≤m<n≤no

(

∂cm

∂�

)T

|tm−1

. . .

(

∂cn

∂cn−1

)T

|tn−1

(

∂ Jn

∂cn

)T

|tn

+
∑

1≤n≤no

(

∂cn

∂�

)T

|tn−1

(

∂ Jn

∂cn

)T

|tn
(33)

The adjoint model gives, for any vector v, ( ∂cn

∂�
)T
|tn−1

v

and ( ∂cn

∂cn−1 )
T
|tn−1

v. If the differentiation is performed
with respect to the initial conditions (� = c0), the
formula is:

∇c0 J =
∑

1≤n≤no

(

∂c1

∂c0

)T

|t0
. . .

(

∂cn

∂cn−1

)T

|tn−1

(

∂ Jn

∂cn

)T

|tn

= . . . ×
[
(

∂ Jno−2

∂cno−2

)T

+
(

∂cno−1

∂cno−2

)T
[
(

∂ Jno−1

∂cno−1

)T

+
(

∂cno

∂cno−1

)T (
∂ Jno

∂cno

)T
]]

(34)

In this case, the algorithm for computing ∇c0 J is then:

1. Initialization: (cno)� =
(

∂ Jno
∂cno

)T
,

2. Reverse time loop labelled by no ≥ n ≥ 1:

– Get the forcing fields φn−1

– Get the stored trajectory cn−1

– Update (cn−1)� = ( ∂cn

∂cn−1

)T
|tn−1

(cn)� +
(

∂ Jn−1

∂cn−1

)T

3. Conclude with: ∇c0 J = (c0)�

A specific issue is related to the availability of the ad-
joint model. There are two solutions: the adjoint model
may be computed on the basis of the discretization of
the continuous adjoint model, or it may be given by
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the adjoint code of the discretized model. We refer for
instance to [120].

In many cases, automatic differentiation with appro-
priate tools is performed [49, 52, 77]. Notice that discon-
tinuities exist in the CTM (especially related to aerosol
thermodynamics with thresholds) and may require a
special care.

We refer for instance to [39–42, 99] for the applica-
tion of variational methods to air quality modeling at
regional scale.

In the linear case, when the chemical production
term is given by a linear term (χ(c) = χ c, with χ a
matrix), a simplification can be used. For the sake of
clarity, we consider the continuous case. The cost func-
tion is then given over an assimilation window [0, T]
as J(c) = ∫ T

0 j(c(t)). For instance, we suppose that the
control parameter is the source term S. Let us define
the adjoint variable c� governed by (we omit density for
the sake of clarity):

− ∂c�
i

∂t
− Vdiv(c�

i ) = div(K∇c�
i ) + (χTc�)i − �ic�

i

+ ∇c j , c�
i (T) = 0 (35)

When the wind field is divergence-free, one gets:

− ∂c�
i

∂t
− div(Vc�

i ) = div(K∇c�
i ) + (χTc�)i − �ic�

i

+ ∇c j , c�
i (T) = 0 (36)

The key result is that ∇S(t) J = c�(t). The initial model
can be used to compute the sensitivity by modifying the
input parameters and performing a backward integra-
tion (compare (1) and (36)). The so-called retroplume
methods (for instance, [59]) are based on this approach.

5.2.2 Sequential methods

The sequential methods are based on the Kalman filter
theory (for instance, [137]). We distinguish the forecast
and the analysis obtained by taking into account the
observational data. Both are supposed to be stochas-
tic variables that follow normal laws, N (cf, Pf) and
N (ca, Pa), respectively. P is a covariance error matrix.
The model is supposed to be given by cn+1 = F(cn)

from tn to tn+1, with an unbiased model error following
N (0, Q).

The most basic algorithm (BLUE for Best Linear
Unbiased Estimator and the extension to the nonlinear

case with the extended Kalman filter) is given by the
following sequence:

1. Forecast from tn to tn+1:

cn+1
f = F(cn

a) (37)

2. Propagation of the error covariance matrix:

Pn+1
f = Mn,n+1 Pn

a MT
n,n+1 + Qn (38)

3. Analysis at tn+1:

cn+1
a = cn+1

f + Kn+1
(

obsn+1 − Hn+1cn+1
f

)

(39)

where the gain matrix is:

Kn+1 = Pn+1
f (Hn+1)T (Hn+1 Pn+1

f (Hn+1)T + Rn+1
)−1

(40)

4. Computation of the analysis covariance matrix at
tn+1:

Pn+1
a = (I − Kn+1 Hn+1

)

Pn+1
f (41)

Mn,n+1 is the linear tangent model from tn to tn+1.
This method is easy to implement but a key issue

is the large dimension for reactive problems and the
computational burden associated to the step (38). A
powerful technique is given by the use of reduced filters.

Notice that the covariance error matrices can be
written as Pf = SfST

f , Pa = SaST
a , Q = SqST

q and R =
SrST

r . It is straightforward to check that Sf = (MSa ,

Sq), K = Sf A(AT A + R)−1 and Sa = Sf(I − A(R +
AT A)−1 AT)1/2 with AT = HSf . The advantage of using
the square matrices S rather than the covariance matri-
ces P is that these matrices are symmetric and strictly
positive. Moreover, with S = (s1 . . . sns) (ns depends on
the matrix, si is a column), one gets:

SST =
ns
∑

i=1

sisi
T (42)

Once the sT
i si values have been ranked in a decreasing

order, it is easy to define truncated matrices related to
S.

For the RRSQRT filter [145], the modes are defined
from the leading eigenvalues of ST

a Sa (that has the same
eigenvalues as Pa). For the SEEK (singular evolutive
extended Kalman, [94]) and the SEIK (singular evolu-
tive interpolated Kalman, [93]) filters, the truncation is
based on the empirical orthogonal functions (EOF) of
a computed trajectory.
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An alternative approach is to use an ensemble filter
by computing the covariance matrix on the basis of a
Monte Carlo method:

Pf 
 1

N − 1

j=N
∑

j=1

(c( j) − c̄)(c( j) − c̄)T (43)

with an ensemble of N possible states
(

c( j)
)

of average
c̄.

We refer for instance to [116] for a benchmark of
Kalman filters applied to air pollution modeling and
also to [22] for the application of ensemble Kalman
filters.

5.3 Coming issues

Let us conclude this section with two issues of growing
interest.

5.3.1 Second-order sensitivity

The first issue is related to the so-called second-order
sensitivity. Once the optimized parameter �� (for in-
stance, emissions) has been computed, one can investi-
gate its robustness with respect to other uncertainties.
For instance, if � stands for uncertain parameters that
are not optimized (because of the large dimension, for
instance), �� is defined as a function of �:

��(�) = argminJ(�, �) (44)

The second-order sensitivity [158] is defined as:

∂�

∂�
= − (Hess J)−1 ∂∇� J

∂�
(45)

with the use of the implicit function theorem. We refer,
for instance, to [100] with the application to a simple
Gaussian model for the atmospheric dispersion of ra-
dionuclides.

Computing the Hessian matrix of J may be a diffi-
cult task for high-dimensional systems. A brute-force
approach is then to investigate the sensitivity of �� with
respect to modified model configurations or model pa-
rameters. An example is given by the inverse modeling
of NOx at regional scale and the sensitivity analysis with
respect to parameterizations in [99]. A similar approach
is also applied for the inverse modeling of CH4 [83].
Notice that this point is crucial to use the optimized
parameters for themselves and not only for forecast.

5.3.2 Network design

An interesting question is related to what is usually
called network design: how to optimize a mobile or a
fixed monitoring network (related to the observational

operator H). This is a classical issue, for instance, in
meteorology. Mathematically speaking, the quality of a
monitoring network can be estimated by the condition
number of the Hessian matrix of J (that depends on the
network through H).

We refer, for instance, to [8, 130]. A preliminary
application to air pollution modeling can also be found
in [108].

6 Uncertainty propagation and ensemble forecast

6.1 Background

Air quality modeling and simulation suffer from many
uncertainties (for instance, [105]):

– Many input data are poorly known (see, for in-
stance, Table 1), especially emissions. Moreover,
some forcing fields, such as meteorological fields,
are computed with numerical models that may be
uncertain.

– The models are highly parameterized (see Sec-
tion 2).

– The numerical algorithms and the discretization
also induce uncertainties (remember that the nu-
merical resolution may be coarse because of the
computational burden, especially for aerosols).

It is therefore not relevant to view outputs of CTMs
as deterministic values. Even if the models are “vali-
dated” (it is more rigorous to say that model-to-data
comparisons are performed, when possible), one must
keep in mind that there are a large amount of degrees
of freedom (especially in parameterizations) and only
a small number of model outputs can be measured.
For instance, most of the existing CTMs have been
extensively tuned to meet acceptable model-to-data
error statistics for ozone peaks at ground. It does not
ensure that the results are satisfactory for 3D fields and
many other trace species. There is therefore a danger of
using “overtuned” models, especially for impact studies
or long-term scenario studies.

6.2 Some possible strategies for assessing
the impact of uncertainties

6.2.1 Sensitivity analysis

A first strategy is to evaluate the sensitivity of some
model outputs, let say c = F(�), with respect to un-
certain input parameters, let say �, through the partial

derivative
∂ F
∂�

.
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Table 1 Uncertainties for
some input parameters of
CTM (parameters of
log-normal probability
density functions,
following [54])

Variable Range (95% of data) σ (log-normal)

Ozone initial conditions 3 0.549
NOx/VOC initial conditions 5 0.805
Major point NOx/VOC emissions 1.5 0.203
Rainfall amount 2 0.347
Cloud liquid water content 2 0.347
Biogenic NOx/VOC emissions 2 0.347

This approach has been widely used with many vari-
ations in the way the sensitivities are computed. We can
cite among many other works: [18, 24, 55, 111, 117] for
a general presentation, [32, 91, 166] for aqueous-phase
chemistry, [78] for the sensitivity of ozone with respect
to emissions, [167] for the sensitivity of ozone and [104]
for the sensitivity of atmospheric mercury at European
scale with respect to the boundary conditions, etc.

Notice that this item is also related to variational
data assimilation (see Section 5) because the same
techniques can be used to compute gradients and
sensitivities.

This approach provides an estimation of the local
uncertainty.

6.2.2 Monte Carlo simulations

A second approach is based on a classical Monte Carlo
simulation on the basis of PDFs for the uncertain
inputs.

The application to box models (for instance, chem-
ical kinetics in [103]) is not too computationally de-
manding. In 3D applications, a major drawback is that
the number of possible runs is usually low (typically 50
or 100). Because of the large dimension of systems, the
brute-force approach is not feasible and some appropri-
ate methods have to be used. A very attractive method
is the so-called deterministic equivalent Monte Carlo
method [138], which is based on polynomial expansions
of the targeted outputs. For instance, for the simple
case of one input (� ∈ R):

c = α0 +
i=N
∑

i=1

αi Pi(�) (46)

where � stands for the uncertain input parameter, Pi

are orthogonal polynomial functions (“chaos” expan-
sion) and N is the order of the approximation.

The coefficients (αi) are computed at collocation
points based on the PDF for � (we refer to [138]).
The essence of the algorithm is to simulate the model
response surface by using orthogonal polynomials of

the uncertain input parameters. Using (46) is much
more efficient than using the exact model.

The application of this method to simulations over
Europe for uncertainties in NOx, NH3 and SO2 emis-
sions can be found in [12, 14].

6.3 Multimodeling and ensemble forecast

As pointed out before, a key point is to avoid “overtun-
ing” of models because of the large amount of output
data and the small number of observed data. For in-
stance, a typical version of a sectional aerosol model
may include up to hundreds of species per grid cell
(let say 10 bins times 10-20 chemical species per grid
cell). In comparison, observational data are routinely
available for aggregated values, such as PM2.5 or PM10
(PMx is the mass of aerosols whose aerodynamic diam-
eter is less than or equal to x micrometers) but not for
size distribution or chemical composition.

A promising approach is not to rely on one single
model but to use a set (an ensemble) of models or of
model configurations to deliver the forecast. We refer,
for instance, to [80] for the study of model spreads due
to uncertainties in model inputs, numerical algorithms
and parameterizations.

The next step is to combine the results of the en-
semble not only to assess the uncertainties but also
to improve the forecast. We now detail a powerful
approach based on what is usually called the super-
ensemble technique [69].

Let M be the set of available models, labelled by
m. The objective of ensemble forecast is to compute a
forecast Mt,x on the basis of the model outputs Mm,t,x

for model m (at time t and at position x). The simplest
approach is to use the ensemble mean (EM):

EMt,x = 1

|E |
∑

m∈E
Mm,t,x (47)

We refer, for instance, to [46] with the application to
the forecast of radionuclides. Another similar approach
is the use of the median model.
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A promising approach is to take into account obser-
vations. Let obst,x be the observation corresponding to
the model output Mt,x. An improved forecast may be
given as a linear combination of model outputs as:

ELSt,x =
∑

m

αm Mm,t,x (48)

where α minimizes the cost function
∑

t,x

[

obst,x−
∑

m αm Mm,t,x
]2, which measures a model-to-data dis-

crepancy. The minimization can be performed in the
least square sense (ELS stands for ensemble least
square). The applications to air quality modeling can
be found in [79, 90].

A challenging point is to forecast the weights α by
only using past observational data. Some techniques
based on machine learning and/or expert selection
(some popular tools in statistics) can be used. One
of the simplest methods uses the so-called loss func-

tion Lt(αt) =
(
∑

m
αm,t Mm,t − obst

)2
. The weights can

be updated with a gradient algorithm [19] αt = αt−1 −
η∇Lt−1(αt−1). We refer, for instance, to [79].

7 Proxy and reduced models

7.1 Motivations

An important application of CTMs is the long-term
estimation of the impacts of emissions reduction. This
is, for instance, illustrated by the CAFE program in
Europe (Clean Air For Europe). In such applications,
the physical model is only a small part of a modeling
chain that includes models for economic activities (and
then emissions) and monetary evaluation of impacts
due to air pollution. Such a modeling chain is used in an
optimization mode to find the optimal partitioning of
emissions that minimizes a global economic cost. This
implies that the physical model (the CTM) has to be
used many times.

It is of course not possible to use comprehensive
detailed models. A classical tool is provided by the
so-called source-receptor matrices that are based on
the linearization of the function c = F(E) (c are the
concentrations, E are the emissions and F is the model
viewed as a black box). We refer to [2] for the evalua-
tion of the resulting errors.

An alternative technique is to use highly reduced
models. We now present some methods than can
be used for the reduction of such high-dimensional
systems.

7.2 Slow/fast models and dynamic reduction

A first approach is related to the wide range of
timescales that characterizes atmospheric chemistry.
Let ε 
 1 be the ratio of fast timescales to slow
timescales. We first assume that the system can be
partitioned in a slow part (cs) and a fast part (cf). An
ideal system is then (after scaling):

ε
dcf

dt
= f (cf, cs) ,

dcs

dt
= g(cf, cs) (49)

Here, f and g stand for the fast and slow dynamics,
respectively. A key result given by the singular pertur-
bation theory [139] is that this system may be approx-
imated up to the first order in ε after a fast transient
phase by the following differential-algebraic system:

0 = f (cf, cs) ,
dcs

dt
= g(cf, cs) (50)

This is the theoretical framework for the QSSA meth-
ods ( Section 3). The key point is of course to partition
the system under the slow/fast form. Simple criteria can
be derived from the production-loss form of chemical
kinetics [33]. The use of reduced models (that are no
more stiff) is investigated in [56, 65, 75, 76, 87, 126] for
gas-phase chemistry and [36] for multiphase chemistry.
We also refer to [34] for the numerical solution of the
resulting model.

For aerosol modeling, the fast dynamics is related
to condensation/evaporation. It appears that the finest
aerosols quickly reach equilibrium for mass transfer.
This leads to the definition of the so-called hybrid
methods [17]: the smallest aerosols whose diameter is
below a cut-off diameter are supposed to be at equilib-
rium (they define the fast part), whereas the coarsest
aerosols are solved with kinetic mass transfer (they
define the slow part). We refer to [28] for a benchmark
of different methods and the application to the GDE.

7.3 Building look-up tables

An alternative approach is to replace the most com-
putationally demanding modules of CTMs by look-up
tables. There is of course a problem of dimension. If
there are n model inputs and s sampling points, the
table is of dimension O(sn)!

A powerful technique is provided by the multivari-
ate expansions, a tool used in many other fields. One
example is, for instance, the high-dimensional model
representation [101, 119].
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Let c = F(�) be the module to be replaced by a
look-up table. The Ansatz is that one can write the
multivariate exact expansion:

F(�) = F0 +
i=n
∑

i=1

Fi(�i) +
∑

1≤i< j≤n

Fij(�i, � j)

+
∑

1≤i< j<k≤n

Fijk(�i, � j, �k) + . . .

+ F1,2,...,n(�1, �2, ..., �n) (51)

Fi describe the independent action of �i, Fij is the
cooperative action of �i and � j, etc. A reduced model
is then to use a truncated development (of second order
or of third order in practice). The functions Fi are
computed such that the truncation error is minimal for
a given norm, over the space of functions that satisfy the
Ansatz. This procedure can be repeated for each order.

A crucial point is the choice of the error metrics.
We refer to [12, 157] for the application to atmospheric
chemistry.

7.4 POD/EOF methods

Another method is based on the so-called Proper Or-
thogonal Decomposition (POD) [6], also known as Em-
pirical Orthogonal Functions in atmospheric modeling
(see for instance [44] for an application to the under-
standing of the surface ozone patterns over the USA).
The idea is to map the initial model, let say given by
an evolution equation dc

dt = f (c) onto a reduced space,
span{�i}Nr

i=1:

c =
i=Nr
∑

i=1

(c, �i)�i (52)

where the POD vectors �i are orthonormal with re-
spect to a given scalar product (., .). The POD basis is
defined such that for each 1 ≤ k ≤ Nr, (�1 . . . , �k) min-
imizes the residual Jk for any subspace of dimension k,
span{�′

i}k
i=1:

Jk(�
′
1, . . . , �

′
k) =

∫ T

0
‖c(t) −

i=k
∑

i=1

(

�
′
i, c(t)

)

�
′
i‖2dt

(53)

along a trajectory c(t). The norm ‖.‖ is related to the
scalar product (., .). A classical result is that the POD
basis can be computed on the basis of the eigenvalues
of the correlation matrix

[(

c(ti), c(t j)
)]

ij. The choice of
the scalar product is once more a challenging point.

In [128], the application to comprehensive chemical
mechanism for tropospheric chemistry indicates that

there are only 2 or 3 local degrees of freedom for a
species like ozone. This result is promising, but the
extension to 3D modeling is still an open question.

8 Architecture

These topics illustrate the growing complexity of issues
related to the CTMs. To conclude, we would like to
emphasize that this provides constraints for the archi-
tecture of modeling systems.

The key point is to have highly modular systems
rather than all-in-one models because of at least three
motivations. First, there exist many available parame-
terizations for a given process, and the model config-
uration should be able to take any set of acceptable
physical parameterizations. Second, high-level methods
such as data assimilation or uncertainties propagation
techniques are not related to specific models. At last,
one can expect that multimodeling approaches and
ensemble forecast are the future of modeling in the
field.

An example of a system that meets these re-
quirements (it has been designed in this aim) is the
modeling platform Polyphemus (www.enpc.fr/cerea/
polyphemus, [78]). Polyphemus is composed of four
autonomous levels:

– A C++ Library for parameterizations and pre-
processing (AtmoData)

– A set of drivers for high-level uses (sensitivity
study, ensemble, Monte Carlo, data assimilation
algorithms, ...)

– A set of numerical models (limited to solvers),
for instance, the 3D chemistry-transport-model Po-
lair3D [13]

– A postprocessing tool with a focus on model-to-
data error statistics (especially those recommended
by the US Environmental Protection Agency) and
ensemble algorithms, the Python module AtmoPy.

One can expect that similar modeling systems will re-
place all-in-one models in the near future.

9 Conclusion

We have reviewed in this paper some current issues
for air quality modeling and simulation. There are still
many challenging topics for applied mathematics rang-
ing from mathematical physics (model formulation for
subgrid parameterizations) to numerics, computational
physics, etc.

http://www.enpc.fr/cerea/polyphemus
http:''www.enpc.fr/cerea/polyphemus


Comput Geosci (2007) 11:159–181 177

In the near future, the first trend will be to increase
the resolution of CTMs. For chemistry, “true” chemical
species will replace “model” lumped species (especially
for a better representation of organic chemistry). At
continental scale, the current model resolution ranges
from 10 to 100 km and will go down to 5-10 km. This
point is of course related to the improvement of the
meso-scale meteorological models and of the emission
inventory. The complexity of physical models, espe-
cially for aerosols, will increase: a better understanding
of secondary organic aerosol implies a better repre-
sentation of organic species (more variables) [53], a
coupling between organic and inorganic thermody-
namics (more computational burden) [98] and new
processes (surface heterogeneous chemistry).

A second point is related to the couplings and the
feedbacks. This concerns, for instance, the coupling be-
tween radiative transfer models, CTM and meso-scale
models for the radiative behavior of the atmosphere.
Another example is provided by detailed multimedia
models in the estimation of environmental impacts.
This will require the development of new numerical
algorithms with less splitting.

One must keep in mind that the final use of such
models always needs a drastic reduction of the CPU
costs. Finding the appropriate trade-off between highly
detailed physical models (the “arms race”) and tailored
models that can be used in integrated modeling for
impact assessment will still remain a key issue. The
current situation is that one often uses low-level models
and sometimes detailed models for such applications.
Models of intermediate complexity or algorithms for
using detailed models are therefore of great interest,
all the more that uncertainties have to be taken into
account through the computation of PDFs.
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