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novel approach to the model appraisal and resolution analysis
f regularized geophysical inversion
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ABSTRACT

The existing techniques for appraisal of geophysical in-
verse images are based on calculating the model resolution
and the model covariance matrices. In some applications,
however, it becomes desirable to evaluate the upper bounds
of the variations in the solution of the inverse problem. It is
possible to use the Cauchy inequality for the regularized
least-squares inversion to quantify the ability of an experi-
ment to discriminate between two similar models in the pres-
ence of noise in the data. We present a new method for resolu-
tion analysis based on evaluating the spatial distribution of
the upper bounds of the model variations and introduce a new
characteristic of geophysical inversion, resolution density, as
an inverse of these upper bounds. We derive an efficient nu-
merical technique to compute the resolution density based on
the spectral Lanczos decomposition method �SLDM�. The
methodology was tested on 3D synthetic linear and nonlinear
electromagnetic �EM� data inversions, and also to interpret
the helicopter-borne EM data collected by INCO Exploration
in the Voisey’s Bay area of Canada.

INTRODUCTION

The results of geophysical data interpretation are usually present-
d in the form of a corresponding model of the earth’s formations in
he area of investigation. We determine this model by solving the in-
erse problem for geophysical data, which are contaminated by
oise and are acquired at a limited number of observation points. Be-
ause of the ill-posed nature of inverse geophysical problems, the
olutions are ambiguous and unstable. There are always many solu-
ions that will fit the observed noisy data practically with the same
ata misfit. The variations of the inverse model parameters may be
nreasonably large if we do not use regularization �Tikhonov and
rsenin, 1977�. There are still significant uncertainties, however,
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R79
ven with the application of regularization to the inverse-problem
olution. The question arises, What are the maximum possible varia-
ions of the model parameters that would preserve the variation of
he predicted data within the level of the noise in the observations? In
ther words, what is the practical resolution of the regularized inver-
ion?

This is one of the most important problems of exploration geo-
hysics. This problem arises in the initial stage of a geophysical in-
estigation when we design the geophysical survey. The same prob-
em appears at the final stage when we examine the results of the
nterpretation of the observed geophysical data. Actually, the ques-
ion about sensitivity and resolution of the given geophysical meth-
d is usually the first one asked by geologists working with geophys-
cal data.

The sensitivity of the geophysical method is determined as the
atio of the variation of the data to the variation of the model parame-
ers. The sensitivity can be found by direct modeling of the theoreti-
al response for the given model perturbation, or by using a reciproc-
ty principle �Rodi, 1976; McGillivray and Oldenburg, 1990;

cGillivray et al., 1994; Spies and Habashy, 1995; Zhdanov, 2002�.
The word resolution was introduced into geophysical inversion

y Backus and Gilbert in their classic 1967 and 1968 papers about
nalysis of the general resolution power of the corresponding geo-
hysical method. In this paper, we are interested, instead, in the reso-
ution study of a specific, regularized inversion of given geophysical
ata. In this sense, our approach provides the model appraisal of the
egularized inversion. However, for this analysis, we use a mathe-
atical technique, which is quite different from the ones discussed

n previous publications �see, for example, Ramirez et al., 1995;
lumbaugh and Newman, 2000�.
The existing techniques for appraisal of geophysical inverse im-

ges are based primarily on calculating of the data and model resolu-
ion and covariance matrices �Tarantola, 1987; Menke, 1989; Alum-
augh and Newman, 2000�. These matrices make possible the a pos-
eriori appraisal of the quality of the geophysical inversion by dis-
laying a distribution of the variances of the model parameter m,
hich describes a standard deviation of the model parameters from

pril 9, 2006; published online September 26, 2006.
. E-mail: mzhdanov@mines.utah.edu.
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he inversion result. In geophysical applications, however, it may be
seful to also estimate the upper bounds of the variations in the solu-
ion of the inverse problem for the given errors in the observed data.
hese upper bounds of the model variations confine the actual reso-

ution of the geophysical inversion. In this paper, we introduce a new
haracteristic of geophysical inversion, resolution density, which is
etermined as the inverse of the upper bounds of the model parame-
er variations, and develop a method for solving this problem.

There have been previous examples of inversion procedures for
enerating the bounds on variables �see, for example, Parker �1975�
n the theory of ideal bodies for gravity interpretation, Sabatier
1977a, 1977b, 1977c� on linear inverse problems with constraints,
ldenburg �1983� on funnel functions, and Stark et al. �1986� and
tark and Parker �1987� on tau-p inversions for seismic data inter-
retation�. However, the previous publications were focused mostly
n constructing all kinds of extreme solutions for a specific geophys-
cal problem, e.g., on finding the smallest envelope containing all ve-
ocity profiles consistent with the seismic data �Stark et al., 1986� or
ooking for an ideal body as one whose supremum is the smallest of
ll suprema of all solutions of the gravity inverse problem �Parker,
975�.

Here, we consider the problem of evaluating the spatial distribu-
ion of the upper bounds of the model parameter variations for the
iven inversion result. We introduce a novel approach to solving this
roblem using the Cauchy inequality for the regularized least-
quares inversion. In the framework of this approach, we develop a
ethod of resolution analysis for both the linear and nonlinear in-

erse problems. We also develop a numerical method of resolution-
ensity computation based on the spectral Lanzcos decomposition
ethod �SLDM�, which provides an efficient way of solving this

roblem for different values of the regularization parameter � �Zh-
anov, 2002�.

The method is illustrated by the resolution study of 3D electro-
agnetic �EM� inversions of airborne and magnetotelluric �MT�

ata. The case history includes interpretation of the helicopter-borne
M data collected by INCO Exploration in the Voisey’s Bay area of
anada. We believe this new technique provides a useful tool for the
nalysis of the robustness of geophysical inversion.

RESOLUTION OF GEOPHYSICAL INVERSION

A strict mathematical definition of the resolution of a geophysical
ethod was introduced in Dmitriev et al. �1990�; see also Zhdanov

2002, p. 31�.According to this definition, the measure of the resolu-
ion R of the given geophysical method is determined as the inverse
f the norm of the inverse operator:

R =
1

�A−1�
, �1�

here A is a linear forward-modeling operator for the given geo-
hysical problem. This definition comes from the equality

�max = �A−1�� =
�

R
, �2�

here �max is the maximum possible error in the solution of the in-
erse problem for the given level of errors in the observed data �.
ased on the last equations, one can say that two models, m1 and m2,
an be resolved if the following condition is satisfied:
�m1− m2� � �max =
�

R
.

he smaller the norm of the inverse operator, the larger the resolu-
ion R and the closer to each other are the models that can be re-
olved. If the inverse operator A−1 is not bounded, i.e., its norm goes
o infinity, the resolution goes to zero, R = 0, and the maximum pos-
ible variations in the determination of m are infinitely large. This
ituation appears in the case of ill-posed problems �Zhdanov, 2002�.
ote, however, that the aforementioned definition provides a global

stimate of the resolution in the sense that we can estimate only a
orm of the difference between two models that must be resolved.At
he same time, it would be very important to be able to compute a lo-
al estimate of the resolution �resolution density�, which would de-
iver a distribution of the upper bounds of the model parameter varia-
ions in the regularized solution of the inverse problem for the given
evel of the errors in the observed data.

Many papers analyze the effect of errors on the geophysical in-
erse problem solution �e.g., Sabatier, 1977a, b, c; Stark et al., 1986;
tark and Parker, 1987; Menke, 1989�. Generally speaking, there are

wo major points of view in addressing this problem:

� The algebraic �deterministic� point of view �dating back to
Lanczos �1961�, Marquardt �1963, 1970�, Backus and Gilbert
�1967, 1968�, Backus �1970a, b, c�, and Tikhonov and Arsenin
�1977��.

� The stochastic �probabilistic� point of view �formulated in the
pioneering papers of Foster �1961�, Franklin �1970�, Jackson
�1972�, Tarantola and Valette �1982�, and Tarantola �1987��.

The stochastic point of view is widely used in geophysical litera-
ure because it is closely associated with the statistical nature of
oise in geophysical data �see Sambridge and Mosegaard, 2002�. We
ould like to recall, however, Sabatier’s remark �1977a, p. 125�, “if
ne trusts a certain statistical interpretation of errors, and ergodicity,
he solutions can be classed according to one’s degree of confi-
ence.”At the same time, it has been demonstrated in many publica-
ions �e.g., the classic work by Sabatier �1977a� that both points of
iew result in similar computational algorithms�.

We analyze the solution of the geophysical inverse problem based
n Tikhonov regularization, which corresponds to the algebraic �de-
erministic� point of view �Tikhonov andArsenin, 1977�.

RESOLUTION DENSITY

Let us consider a linear matrix equation:

d = Am . �3�

ere, m is the vector of the model parameters of order Nm, d is the
ector of the observed geophysical data of order Nd, and the matrix A
s the Nd �Nm matrix of the linear forward-modeling operator.

In the framework of Tikhonov regularization theory, the regular-
zed solution of this inverse problem can be based on the parametric
unctional minimization:

P��m,d� = �WdAm − Wdd�*�WdAm − Wdd�

+ ��Wmm − Wmmapr�*�Wmm − Wmmapr�

= min, �4�
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here Wd and Wm are some weighting matrices of the data and mod-
l parameters; mapr is some a priori model; � denotes the complex
onjugate transpose matrix; and � is a regularization parameter. The
etailed description of the optimal weighting matrices selection is
iven in Zhdanov �2002�.

A solution of the general least-squares problem of equation 4 is
iven by the following equations �Tikhonov andArsenin, 1977�:

m� = �A*Wd
2A + �Wm

2 �−1�A*Wd
2d + �Wm

2 mapr� . �5�

et us apply the variational operator � to both sides of equation 5:

� m� = �A*Wd
2 A + �Wm

2 �−1A*Wd
2� d . �6�

e shall call the matrix

R� = �A*Wd
2 A + �Wm

2 �−1A*Wd
2 �7�

regularized inverse matrix. It is measured in the following units:

�units of R�� =
�units of m�
�units of d�

.

The spatial variations of the resolution of the geophysical inver-
ion can be found by individually analyzing the columns of matrix

�. Indeed, equation 6 in scalar notation can be written as

�mi = �
j=1

Nd

R�ij�dj ,

here R�ij are the scalar components of R�, and � mi and � dj are the
omponents of vectors � m� and � d, respectively.

From the Cauchy inequality, we have

�� mi�2 � �
j=1

Nd

�R�ij�2�
j=1

Nd

�� dj�2 = �2/Ri
2, �8�

here

Ri = �d�−1��
j=1

Nd

�R�ij�2	−1/2

�9�

nd

� = �� d�/�d�

s a norm of the relative errors in the data. Note that the term

j=1
Nd �R�ij�2 represents a sum of the squares of the scalar components

ocated in the ith column of R�. We can introduce a diagonal matrix
formed by the elements Ri, i = 1,2, . . ., Nm. According to equa-

ion 9, this matrix is related to the regularized inverse matrix R� by
he equation

R = �d�−1�diag�R�R�
*��−1/2. �10�

e will call the diagonal matrix R a resolution density matrix.
Note that the resolution density matrix is computed based on the

egularized inverse matrix R�. The last matrix, according to equation
, is not a function of the data but of the operator of the forward prob-
em, the data and model parameters weights Wd

2 and Wm
2 used in the

nversion, and the regularization parameter �.As a result, the resolu-
ion density depends on the physics of the method used to collect
ata, source-receiver configuration, data components, coverage, etc.
herefore, similar to data and model resolution and covariance ma-

rices �Menke, 1989�, this matrix is affected by the geophysical
ethods under consideration and data acquisition parameters only.
Now we can determine the upper bounds of the variations in the

olution of the inverse problem for the given relative errors in the ob-
erved data, equal to �:

i max = sup
��d�=�

��mi� = ��d���
j=1

Nd

�R�ij�2	1/2

= �/Ri. �11�

Based on the last equations, we can determine the resolution den-
ity of the inverse problem solution. Two models, m�1� and m�2�, in
he vicinity of the point m0 can be resolved if the following condition
s satisfied:

�mi
�1� − mi

�2�� � �i max =
�

Ri
. �12�

hus, the upper bounds of the variations in the solution of the inverse
roblem are proportional to the relative errors in the data �. Note that
he noise in the data affects the upper bounds of the model variations
nly; it does not affect the resolution density matrix introduced
bove. At the same time, equation 12 provides an appraisal of the in-
erse problem solution by taking into account the errors �noise� in
he data, the physics of the method used to collect the data, and the
ata acquisition parameters. The value Ri is also related to the
eights of the data and model and the regularization parameter �
sed in the inversion algorithm.

The value Ri is the measure of the resolution density for the given
nverse problem solution. It is measured in the following units:

esolution density: �units of Ri� =
1

�units of m�
. �13�

he larger the resolution density Ri, the closer to each other are the
odels that can be resolved. The low-resolution density Ri corre-

ponds to the area where even very different models cannot be re-
olved. Note that both the maximum possible variations �i max and
he resolution density Ri depend on the cell number i. Thus, they de-
cribe the spatial distribution of the variations in the inverse-prob-
em solution and of the resolution. By knowing the distribution of
he resolution density in the area of inversion, we can identify the
arts of the inverse model that are well resolved and the parts that are
oorly resolved. Therefore, both the upper bound of the model varia-
ions and the resolution density provide effective tools for a posterio-
i appraisal of the regularized inversion. It is important to notice that
ur model appraisal and resolution analysis method takes into ac-
ount the errors �noise� in the data, the physics of the method used to
ollect the data, the data acquisition parameters, and the inversion al-
orithm.

Numerical calculation of the resolution density is a very challeng-
ng computational problem. In Appendix A, we present an efficient
lgorithm for determining this parameter based on the SLDM �Lanc-
os, 1961; Druskin and Knizhnerman, 1994; Golub and Van Loan,
996; Druskin et al., 1999; Zhdanov, 2002�. The advantage of the
LDM method is that it allows us to compute the resolution density
or all possible values of the regularization parameter � �Zhdanov,
002�.



v
i
t

w
s
s

w
t
O
t
s
1

W

a
p

m
g

w

a

n

i
i

o
e
b
t

t
t
t
H
o
p
m
e
i
Z
e
c
w
s
t
H
w
d

E
m
n
�
D
e
e
s

o
S
c
�
F
d
i

m
p
c
�
s
A

t
t
e

F
i
fl

R82 Zhdanov and Tolstaya

D
ow

nl
oa

de
d 

06
/2

3/
16

 to
 1

59
.1

78
.2

2.
27

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SE

G
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 T

er
m

s 
of

 U
se

 a
t h

ttp
://

lib
ra

ry
.s

eg
.o

rg
/

RESOLUTION OF THE NONLINEAR
INVERSE PROBLEM

We presented a method for the resolution analysis of the linear in-
erse problem. A similar technique can be introduced for nonlinear
nverse-problem solution as well. Consider a nonlinear matrix equa-
ion

d = B�m� , �14�

here B is the nonlinear forward operator. Let us assume that m0 is a
olution of the nonlinear inverse problem obtained by some inver-
ion method. Let us perturb equation 14 in the vicinity of point m0,

� d = F0� m , �15�

here � m and � d are the perturbations of the model parameters and
he data, respectively, and F0 is the Fréchet derivative matrix at m0.
ur goal is to find out how the errors in the observed data � d will be

ransformed in the errors of the inverse-problem solution � m. To
olve this problem, we consider the regularized solution of equation
5, which can be expressed in the form �Zhdanov, 2002�

�m� = �F0
*Wd

2F0 + �Wm
2 �−1F0

*Wd
2�d . �16�

e call matrix R��m0�,

R��m0� = �F0
*Wd

2F0 + �Wm
2 �−1F0

*Wd
2, �17�

regularized inverse matrix of the nonlinear inverse problem at a
oint m0.
Similar to the linear case, one can analyze, based on R��m0�, the
aximum possible errors in model parameter distribution for the

iven level of errors in the observed data:

��mi�2 �
�2

R0i
2 �18�

here

R0i
2 = 
�d�2�

j=1

Nd

�R�ij�m0��2�−1

�19�

nd � is a level of relative errors in the observed data:

� = ��d�/�d� .

The value R0i is the measure of the resolution density for the given
onlinear inverse-problem solution m0.

igure 1. Schematic view of a conductive cubic model located with-
n a resistive half-space and of a model HEM survey comprising five
ight lines.
Inequality 18 allows us to determine the maximum possible errors
n the solution of the nonlinear inverse problem for the given errors
n the observed data, using the equation similar to expression 11.

The numerical technique for finding R0i is similar to one devel-
ped for a linear inverse problem in Appendix A. The only differ-
nce is that we must substitute the linear forward-modeling operator
y the Fréchet derivative in the corresponding equations of resolu-
ion analysis.

RESOLUTION STUDY OF THE LINEARIZED
INVERSION OF A 3D SYNTHETIC

HELICOPTER-BORNE EM SURVEY

In this section, we illustrate the developed method of the resolu-
ion analysis for the linearized airborne EM data inversion. Helicop-
er-borne EM �HEM� surveys are widely used in mineral explora-
ion. The main difficulties in the modeling and interpretation of
EM data are related to the fact that for any new observation point,
ne must solve the forward problem anew for the corresponding
osition of the moving transmitter. In this situation, even forward
odeling of HEM data over inhomogeneous structures requires an

normous number of computations. That is why, until recently, the
nterpretation of HEM data was restricted to simple 1D inversion.
hdanov and Tartaras �2002� developed a new approach to the mod-
ling and inversion of multisource array EM data based on the so-
alled localized quasi-linear �LQL� approximation. In the frame-
ork of this approach, forward modeling and inversion of multi-

ource data can be calculated at the same time for all different posi-
ions of the transmitters. The LQL approximation also reduces the
EM data inversion to the solution of the linear inverse problem,
hich makes it possible to implement the linear resolution analysis
eveloped in the previous sections of the paper.

In the original paper by Zhdanov and Tartaras �2002�, the linear
M inverse problem was solved using the conjugate gradient �CG�
ethod. Zhdanov and Chernyavskiy �2004� introduced a new tech-

ique for fast LQL inversion that employs the SLDM method
Druskin and Knizhnerman, 1994; Golub and Van Loan, 1996;
ruskin et al., 1999; Zhdanov, 2002�. This technique helps to accel-

rate HEM data inversion and provides a stable image of the geo-
lectrical target. We use a similar technique for the resolution analy-
is as well �seeAppendix A�.

First, we consider a synthetic example of the resolution analysis
f the HEM data inversion. We apply the integral equation software
YSEM �Xiong, 1992� to simulate such a survey over a relatively
onductive �200 ohm-m� cubic body located in a resistive
5000 ohm-m� half-space. Figure 1 depicts a 3D view of the model.
ive lines were flown over the target at an altitude of 30 m and at a
istance of 25 m apart. A schematic 3D view of the survey is shown
n Figure 1.

The moving transmitter-receiver system was a pair of vertical
agnetic dipoles �simulating a horizontal coplanar coil pair� and a

air of horizontal magnetic dipoles �simulating a vertical coaxial
oil pair� with 8 m of horizontal separation. The yy �coaxial� and zz
coplanar� components of the anomalous magnetic field were mea-
ured every 15 m along the lines �50 observation points in each line�.
7.2-kHz frequency was used.
We added 1% random noise to the anomalous magnetic field and

hen inverted it using the SLDM method. The area of inversion, cen-
ered around the body, was 150 m�150 m�150 m and was divid-
d into 12�12�12 cells.
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Figure 2 shows the vertical cross sections �along the x-axis� of the
D model obtained as a result of the regularized inversion with the
inimum norm stabilizer �Zhdanov and Chernyavskiy, 2004�. We

hould note that the inversion provides a correct position of the tar-
et but underestimates the true conductivity of the body. Indeed, the
ecovered resistivity for the body is about 1000 ohm-m, while the
rue resistivity of the body is 200 ohm-m. This result comes without
ny surprise because it is well known that the linearized smooth in-
ersion tends to underestimate the true physical parameters of the
arget �see, for example, Zhdanov, 2002, p. 46–49�. To recover the
orrect conductivity, one should use the nonlinear inversion with the
ocusing stabilizer, which will be outlined in the next numerical ex-
mple of the MT data inversion. This is, however, a very challenging
roblem in the case of HEM data collected with the moving trans-
itter-receiver pairs because any new position of the transmitter re-

uires solving a different forward-modeling problem. The full 3D
onlinear inversion for the multitransmitter airborne data is still im-
ractical because of the huge computational time required in this
ase. At the same time, a linearized approach represents an effective
olution of 3D inverse problem for the multitransmitter EM data,
hich can be widely used in practical interpretation of HEM data.
e should also note that the limitations of the fast-forward mapping

perators in inverse-problem solution are addressed in many publi-
ations, including Zhdanov and Tartaras �2002� and Zhdanov and
hernyavskiy �2004�. The errors in these approximations affect the
ncertainty analysis in the same way that they affect the inversion re-
ult itself. In this situation, it is especially important to evaluate how
obust the linearized inversion is with respect to the noise in the data.
he new method of model appraisal and resolution analysis provides

he corresponding mathematical technique for solving this problem.
Using the general resolution theory outlined above, we can find

he resolution density Ri
�� and the upper bounds of the conductivity

ariations, according to

igure 2. The vertical cross sections �along the x-axis� of the 3D
odel obtained as a result of regularized inversion for the synthetic

bserved HEM data for a conductive cubic model. The black out-
ines show the true contour of the conductive body.
���i =
�

Ri
�� .

he vertical cross sections of the upper bounds of the conductivity
ariations ���i for the cubic model inversion are shown in Figure 3,
hile Figure 4 presents the Ri

�� distribution. We have assumed in
hese calculations that the relative error in the observed data is �

1%. We can see in Figure 3 that the estimated variations in the
EM data inversion in the area of the cubic body are within
.00001 S/m, while the estimated inverted conductivity of the body
s about 0.001 S/m. Thus, the variations do not exceed 1%, which
orresponds well to 1% level of noise in the data. This fact demon-

igure 3. The vertical cross sections of the upper bounds of the con-
uctivity variations ���i�r� computed for the cubic model HEM
ata inversion under the assumption that the relative error in the ob-
erved data is � = 1%. The white outlines show the true contour of
he conductive body.

igure 4. The vertical cross sections of the resolution density Ri
��

istribution for the cubic model HEM data inversion. The white out-
ines show the true contour of the conductive body.
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trates that our inversion algorithm does not amplify the noise in the
ata

Based on this analysis, we can conclude that the LQL inversion
utlined above is a very robust method. It provides a stable geomet-
ic image of the target while underestimating the true conductivity.

e should note, however, that the detailed analysis of Figure 3
hows that this robust solution is obtained only in the upper and cen-
ral parts of the area of inversion. The estimated variations rapidly
ncrease with the depth and to the sides of the inversion area, reach-
ng almost 0.0001 S/m. The resolution density decreases for the bot-
om and edge parts of the inverse model, correspondingly, as shown
n Figure 4.

This simple numerical example shows that, in the practical inver-
ion of geophysical data, it is not enough to plot just the inverse mod-
l obtained by inversion. In principle, the data acquisition and inver-
ion schemes, play rather important roles in the way the noise propa-
ates into the inverse model. The newly developed method of model
ppraisal and resolution analysis makes it possible to locate the parts
f inverse image that experience the minimal effect of the noise in
he data and the areas with the strongest distortions. As a result, the
nterpreter can identify the parameters of the inverse model that can
e treated with the most confidence, as well as less reliable features.
his is the major practical significance of our method of inverse im-
ge appraisal.

RESOLUTION STUDY OF THE NONLINEAR
3D MAGNETOTELLURIC
INVERSION ALGORITHM

In this section, we demonstrate the application of the developed
ethod of the resolution analysis to a nonlinear, 3D MT inverse

roblem.
The foundations of the MT method were developed by Tikhonov

1950� and Cagniard �1953�. It is based on measurements of the nat-
ral EM field at the surface of the earth. The interpretation of MT
ata is based on the calculation of the transfer functions between the
orizontal components of the electric and magnetic fields, which
orm the so-called impedance tensor Ẑ �Berdichevsky and Dmitriev,
002�:

Ẑ = �Zxx Zxy

Zyx Zyy
	 . �20�

The components of the impedance tensor are determined from the
orizontal components of the electric and magnetic fields at each ob-
ervation point. The corresponding technique for solving this prob-
em is outlined in Zhdanov and Keller �1994� and Berdichevsky and
mitriev �2002�. These data are inverted for a conductivity model of

he earth.
Thus, the MT inversion requires forward modeling of EM field

omponents, the corresponding impedances, and the apparent resis-
ivities and phases on each iteration step. This procedure is extreme-
y time consuming, resulting in enormous calculations to solve the
nverse problem. To overcome this computational difficulty, Zh-
anov and Golubev �2003� suggest using an approximate solution
ased on quasi-analytic �QA� approximation on the initial stage of
he iterative inversion. The detailed description of the basic princi-
les of the QA approximation can be found in Zhdanov et al. �2000�
nd Zhdanov �2002�. The approximate QA forward operators, intro-
uced in the cited papers, can be used to compute the components of
he impedance tensor Ẑ. These operators significantly speed up the
omputations at each step of the inversion.

In a general case, the corresponding equations of MT inversion
an be expressed by an operator equation including the data vector d
nd the vector of model parameters m as

d = B�m� , �21�

here B is the nonlinear forward operator representing the govern-
ng equations of the MT impedance modeling problem, m is the vec-
or of the unknown conductivity distribution �model parameters�,
nd d is the vector formed by the observed values of the components
f the MT impedance tensor at the observation points.

Inversion aims at estimating the model parameter vector m based
n B and a known �observed� data vector d. This problem is usually
ll posed, i.e., the solution can be nonunique and unstable. The con-
entional way of solving ill-posed inverse problems, according to
egularization theory �Tikhonov and Arsenin, 1977; Zhdanov,
002�, is based on minimization of the Tikhonov parametric func-
ional, similar to one shown in equation 4.

To generate a focused image of the geoelectrical model, Zhdanov
nd Hursán �2000� and Mehanee and Zhdanov �2002� applied a min-
mum support stabilizer, which is a nonquadratic functional of a
orm

sMS�m� = �m − mapr�T��m̂ − m̂apr�2 + e2Î�−1�m − mapr� ,

�22�

here m̂ and m̂apr are Nm �Nm diagonal matrices of inverse-model
arameters �current and a priori, respectively�

m̂ = diag�m1,m2, . . ., mNm
� ,

m̂apr = diag�m1apr,m2apr, . . ., mNmapr� ,

here e is the focusing parameter and Î is an Nm �Nm identity ma-
rix. Portniaguine and Zhdanov �1999� show that this functional

inimizes an area of nonzero parameter distribution �minimizes the
upport of the inverse model� if e tends to zero: e→0. The principles
f the minimum support inversion are discussed in detail in Zhdanov
2002�.

Recently, Zhdanov and Tolstaya �2004� suggest using a nonlinear
arameterization to transform the nonquadratic, minimum-support
tabilizing functional described by equation 22 into a quadratic one,
escribed by

m̃ = ��m̂ − m̂apr�2 + e2Î�−1/2�m − mapr� , �23�

nd

m − mapr = e�Î − m̂̃2�−1/2m̃ , �24�

here m = �mi
, i = 1, . . ., Nm is the original vector of the model pa-
ameters; m̃ = �m̃i
, i = 1, . . ., Nm is a new vector of the nonlinear
arameters; and m̂̃ is a Nm �Nm diagonal matrix with the diagonal
ormed by nonlinear model parameters, m̂̃ = diag�m̃1,m̃2, . . ., m̃Nm

�.
We solve the minimization problem for the corresponding

ikhonov parametric functional by the regularized conjugate gradi-
nt �RCG� method. The details of this algorithm are described in Zh-
anov and Tolstaya �2004�.

The application of the QA approximation to forward modeling
nd Fréchet derivative computations speeds up the calculation dra-
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atically. However, to control the accuracy of the inversion, this
ethod allows application of rigorous forward modeling in the final

teps of the inversion procedure. We use an integral equation for-
ard-modeling code based on the contraction integral equation
ethod, which improves the convergence rate of

he iterative solvers �Hursán and Zhdanov, 2002�.
pplication of a few additional iterations with a

igorous forward-modeling solver improves the
esolution of the inverse method and helps to gen-
rate a more correct image of the target �Zhdanov
nd Tolstaya, 2004�.

We now present a numerical example of the
T data inversion and the resolution analysis.
onsider a homogeneous half-space with a resis-

ivity of 100 ohm-m, containing a conductive
ike. The resistivity of the inhomogeneity is
ohm-m. The top of the dike is at a depth of

00 m, and its bottom is at a depth of 600 m be-
eath the surface. This model is excited by a plane
M wave source. The x- and y-components of the
nomalous magnetic and electric fields for four
ifferent frequencies �1, 10, 100, and 1000 Hz�
ave been simulated at 225 receiver points
rranged on a homogeneous grid, using inte-
ral equation forward-modeling code INTEM3D
Hursán and Zhdanov, 2002�. The coordinates of
he receiver grid are x and y from −700 to 700 ev-
ry 100 m. The receiver system is located at the
urface of the earth. The EM field components
ere recalculated into MT impedances, using the

tandard equations �Berdichevsky and Dmitriev,
002�. The area of inversion is covered by a ho-
ogeneous mesh consisting of 16�25�8 cubic

ells surrounding the anomalous structure to be
nverted. Each cell has a dimension of 100 m in
he x-, y-, and z-directions. We select the focusing
arameter as e = 0.016. The details of the tech-
ique for the optimum e selection can be found in Zhdanov and Tol-
taya �2004�.

Figure 5a shows the true model. For this model, we run inversion
sing different inverse methods. On the first stage, we ran 15 itera-
ions of the RCG method with minimum norm stabilizer �Figure 5b�;
fter that, we applied 60 iterations with a minimum-support stabiliz-
r and QA forward modeling and an additional 20 iterations of the
CG method with minimum-support inversion and rigorous for-
ard modeling �Figure 5c�. The inversion curves, parametric func-

ional P���, stabilizer s�m�, misfit 	�m�, and elapsed time versus it-
ration number are shown in Figure 5d, as well.

Figure 6 presents the vertical cross sections of the true model
panel a�, the smooth inversion result with minimum-norm stabilizer
panel b�, the intermediate result with minimum-support stabilizer
nd QAforward modeling �panel c�, and the final focusing inversion
esult �panel d�. One can see that the smooth minimum-norm result
nderestimates the true conductivity, while the focusing inversion
econstructs an image that is very close to the true model and with
ractically the same resistivity.

We have analyzed the resolution of our nonlinear-inversion meth-
d for the final model presented in Figure 5c and in Figure 6d. We
omputed the maximum possible variations in the solution of non-
inear-inverse problems for a conductive dike for a given level of rel-

Figure 5. �a� T
with the minim
support stabil
method with m
sion curves, p
versus iteratio
with volume r
corresponding
cells with a va
staya, 2004�.
tive errors in the observed data equal to 3%. The vertical sections of
he upper bounds of the variations of conductivity distributions and
he resolution density are shown in Figures 7 and 8. One can see that
he resolution is higher in the central parts of the sections, and the

model of a conductive dike. �b� Inversion results after 15 iterations
orm stabilizer. �c� Final result after 60 iterations with the minimum-
d QA forward modeling and 20 additional iterations of the RCG
m-support inversion and rigorous full-forward modeling. �d� Inver-
ric functional P���, stabilizer s�m�, misfit 	�m�, and elapsed time
er. In this figure, we present 3D images of the resistivity distribution
g. The cutoff level of the resistivity for these images is shown in the

s. For example, the cutoff level 
�5 ohm-m means that only the
resistivity less than 5 ohm-m are displayed �after Zhdanov and Tol-

igure 6. Dike model. Vertical cross sections of the true model �a�,
he inversion result with the minimum-norm stabilizer �b�, the inter-

ediate result with the minimum-support stabilizer and QAforward
odeling �c�, and the final sharp inversion result �d� �after Zhdanov

nd Tolstaya, 2004�.
he true
um-n

izer an
inimu

aramet
n numb
enderin

panel
lue of
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ariations increase with the depth and to the sides of the inversion
rea. The maximum possible variations in the area of the dike loca-
ion do not exceed 0.03 S/m, which constitutes less than 10% of the
nomalous conductivity.

This example shows that by applying nonlinear regularized-
ocusing inversion, we obtain a very accurate image of the target. In
his situation, the parameters of the true model are located within the
pper bounds of the model parameter variations, provided by the
esolution analysis.

igure 7. Model of the conductive dike. The vertical sections of the
pper bounds of the conductivity variations ���i�r� computed for
he dike-model MT data inversion under the assumption that the rel-
tive error in the observed data is � = 3%. The white lines show the
rue position of the conductive dike.

igure 8. The vertical sections of the resolution density R0i
�� distribu-

ion, computed for the model of the conductive dike. The white lines
how the true position of the conductive dike.
CASE HISTORY: RESOLUTION
STUDY OF 3D INVERSION OF HEM DATA

COLLECTED IN THE VOISEY’S BAY AREA

We applied our method for the resolution analysis of the 3D inver-
ion result to the real HEM data collected by INCO Exploration in
he Voisey’s Bay area in Canada to examine the resolution of the cor-
esponding inverse model. This area is characterized by high-con-
uctivity nickel-copper sulfide deposits hosted by resistive troctolite
ikes �Naldrett et al., 1996�. A geologic map of the area with several
dentified deposits is shown in Figure 9. Zhdanov and Tartaras
2002� used localized quasilinear inversion for the 3D interpretation
f the HEM data collected within an area outlined in Figure 9. This
rea corresponds to the location of the Ovoid deposit, which is a flat-
ying deposit of very high conductance comprised of 70% massive
ulfide �Balch et al., 1998�.

Here, we use the same data to demonstrate a new resolution-anal-
sis technique. In the first stage, following Zhdanov and Chern-
avskiy �2004�, we apply an SLDM method for 3D inversion of the
EM data. Based on drilling information incorporated in Figure 9,
e assume a 20-m deep, conductive overburden with resistivity of
0 ohm-m. We used the coplanar and coaxial components from the
owest frequency �900 Hz� because they are the least sensitive to the
resence of the conductive overburden. The data were transformed
rom parts per million to anomalous field values in teslas, assuming a
niform background resistivity of 1900 ohm-m. The data comprise
art of four flight lines at a distance of 200 m from each other �lines
, B, C, and D in Figure 9�. The area of inversion was 700 m
600 m�160 m and was divided into 14�30�8 cells.
Figure 10 presents the inversion result in the form of vertical slic-

s through the model generated as a result of the inversion. Note that
he vertical section at x = 300 m corresponds to flight line B, while
he vertical section at x = 500 m corresponds to flight line C. Figure

igure 9. A map of the Voisey’s Bay sulfide deposits. �a� Plan map.
b� North-facing longitudinal section. The data measured along four
ight lines �A, B, C, and D� flown over the Ovoid deposit were used
or inversion �after Zhdanov and Tartaras, 2002�.
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1 shows the observed and predicted data along flight line, A, B, C,
nd D, shown in Figure 9. The observed data are shown by solid
ines. The predicted data obtained by full SLDM comprised of 200
anczos steps are shown by the dashed lines, while the dotted curves
orrespond to the truncated SLDM with only 25 Lanczos steps �Zh-
anov and Chernyavskiy, 2004�. One can see that the agreement be-
ween the three curves is very good. The results seem reasonable and
n good agreement with the existing information about the Ovoid de-
osit �Balch et al., 1998� and with the inversion result obtained by
hdanov and Tartaras �2002� using the LQL method with the conju-
ate gradient minimization.

We have evaluated the resolution of this inversion using a tech-
ique described in this paper. Figure 12 presents the vertical cross
ections of the estimated variations of the conductivity ���i�r� for
he Voisey’s Bay HEM data inversion. We can see in this figure that
he estimated variations in the HEM data inversion in the area of the
onductive target are within 0.03 S/m, while the maximum inverted
onductivity of the Ovoid is about 1.5 S/m. We have assumed in
hese calculations that the relative error in the observed data is �

1%. Thus, variations in the inversion do not exceed 2% within the
olume of the conductive target. If we assume that the relative errors
f the data could be as high as 10%, the maximum variations in the
nverse model will be increased up to 30%, correspondingly. Figure
3 presents the resolution density Ri

�� distribution for the same in-
erse model, shown in Figure 10. One can see that the resolution
ensity decreases at the bottom and at the sides of the area of inver-
ion. We observe the maximum resolution in the area of the conduc-
ive Ovoid deposit. The resolution density distribution and the plots
f the upper bounds of the conductivity variations, ���i�r�, for the
oisey’s Bay HEM data inversion provide a clear indication that the

nversion result would not be distorted significantly by the noise in
he data in the central area of the inversion domain, while the esti-

ated variations increase with the depth and to the sides of the area
f inversion.

igure 10. Vertical slices through the geoelectrical model generated
s the result of the inversion for the Voisey’s Bay HEM data. The ver-
ical section at x = 300 m corresponds to flight line B; the section at
= 500 m corresponds to line C �Figure 9�. The white outlines show

he boundary of the conductive body with the conductivity more
han 1 S/m, based on the inversion result.
We should note, however, that the true conductivity of the ore-
ody in the area of investigation is much higher than 1.5 S/m ob-
ained by the inversion. Therefore, in this case, the LQLinversion, as
sual, underestimates the true conductivity, which is typical for a lin-
arized smooth inversion, as in the case of our model study. At the
ame time, in airborne exploration for a mining target, similar to the
EM survey conducted in the Voisey’s Bay area, it is very well
nown that the target has high conductivity. The problem is not to
nd the true conductivity of the mineralization zone but to correctly

ocate this target. In this situation, the LQL inversion provides a rea-

igure 11. The magnetic field values along four south-north lines A,
, C, and D above the Ovoid. The observed field is shown along with

he predicted fields for the inverse model obtained by the full and
runcated SLDM method. The labels CXQ and CXI refer to the
uadrature and in-phase components of the HEM data, respectively.
he units for the vertical axis are teslas �T�.

igure 12. Vertical cross sections of the upper bounds of the conduc-
ivity variations ���i�r� for the Voisey’s Bay HEM data inversion.
he white outlines show the boundary of the conductive body with

he conductivity more than 1 S/m, estimated based on the inversion
esult.
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onable estimate of the location of the conductivity anomaly, while
he resolution analysis confirms that this location would not change
ramatically even if we consider the possible errors in the data and
he inherent instability of the inverse problem. Therefore, we may
onclude that we have a robust estimation of the location of the con-
uctive body, even though the true conductivity is actually underes-
imated.

CONCLUSIONS

The existing techniques for appraisal of geophysical inverse im-
ges are based on calculating the data and model resolution and the
ovariance matrices. This technique provides, for example, a stan-
ard deviation of the model parameters from the inversion result. In
any practical applications, however, it may be useful to also esti-
ate the maximum possible variations in the solution of the inverse

roblem for the given errors in the observed data. These upper
ounds of the model variations determine the actual resolution of
eophysical inversion. We have developed a novel approach to the
esolution analysis of the regularized geophysical inversion, based
n evaluating the upper bounds of the model variations using the
auchy inequality for the regularized least-squares solution of the

inear inverse problem. The inverse of the upper bounds of the model
arameter variations determines a new characteristic of geophysical
nversion — a resolution density. We have also developed an effi-
ient numerical method for the resolution density calculation based
n the SLDM. This new technique provides a quantitative evalua-
ion of the stability of the inverse problem solution by generating a
patial distribution of the upper bounds of the variations in the in-
erse model. At the same time, our method should be treated as a
omplement to the traditional methods of model appraisal and reso-
ution analysis, which may provide additional insight in the inver-
ion result.

This approach was extended to nonlinear inverse problems as
ell. Our extension is based on studying the sensitivity and resolu-

ion of the nonlinear inverse problem in the vicinity of the final solu-
ion. In this case, we approximate the relationship between the errors

igure 13. Vertical cross sections of the resolution density Ri
�� distri-

ution for the Voisey’s Bay HEM data inversion. The white outlines
how the boundary of the conductive body with the conductivity
ore than 1 S/m, estimated based on the inversion result.
n the observed data and the corresponding variations in inversion
esults by the linear Fréchet derivative operator computed for the fi-
al solution. This approximation allows us to conduct the nonlinear
esolution analysis based on the same principles that have been de-
eloped for the linear inverse problem.

The method is illustrated by the resolution analysis of linearized
D HEM data inversion and nonlinear 3D MT inversion. In the case
f linearized smoothed LQL inversion, we underestimate the true
onductivity of the target while providing a stable estimate of its lo-
ation. The full nonlinear 3D MT inversion with focusing regular-
zation makes it possible to accurately recover both the conductivity
nd the shape and the location of the target. We should note, howev-
r, that the upper bounds of the model parameter variations may not
epresent the true errors of inversion �the errors which reflect the dif-
erence between the inverse model and the true model�. The numeri-
al examples show that the interpretation of these bounds depends
n the method used for the inversion. If we apply the nonlinear regu-
arized focusing inversion based on rigorous forward modeling, the
pper bounds provide the correct errors of the inversion result. In the
ase of smooth inversion based on the approximate forward solu-
ions �like the LQL inversion�, the resolution density analysis pro-
ides useful information about the pattern of the noise transforma-
ion into the inverse image.

The important conclusion is that, using the new technique de-
cribed in this paper, one can present the regularized inversion result
n the form of both the model parameter and the estimated model
ariation distributions. Thus, the potential end user of the geophysi-
al survey may analyze not only the inverse model produced by a
pecific inversion algorithm but also a spatial distribution of the up-
er bounds of the model parameter variations. This information may
rovide useful insight into the robustness of the inverse geophysical
maging.

The resolution study in the case history of the 3D HEM survey,
hows that this new technique provides a useful tool for the analysis
f the robustness of a geophysical inversion, which may comple-
ent the traditional methods of image appraisal.Although in this pa-

er we present application examples in EM geophysical methods, it
s possible to extend this theory to other geophysical methods as
ell.
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APPENDIX A

APPLICATION OF THE SPECTRAL LANCZOS
DECOMPOSITION METHOD (SLDM) FOR
RESOLUTION DENSITY CALCULATION

In this appendix, we construct a numerical algorithm for resolu-
ion-density calculation.

According to the definition, the resolution density is obtained by
dding the squares of the column elements of the regularized inverse
atrix R�. To find the ith column of this matrix, we can introduce a

ector ei with unity in the ith position:

ei = �0,0, . . ., 0,1,0, . . ., 0�T � ENd,

here ENd is Nd-dimensional Euclidean space, and recover the ith
olumn of the regularized inverse matrix R�

�i� by simple multiplica-
ion:

R�
�i� = �A*Wd

2A + �Wm
2 �−1A*Wd

2 ei

= Wm
−2�A*Wd

2AWm
−2 + �I�−1A*Wd

2 ei. �A-1�

ntroducing the notations

B = A*Wd
2AWm

−2, ci = A*Wd
2 ei,

e finally obtain

R�
�i� = Wm

−2f��B�ci, �A-2�

here

f��B� = �B + �I�−1.

Thus, we have arrived at the problem of computing a function of
atrix B.
This problem can be solved by the SLDM �Druskin and Knizhner-
an, 1994; Golub and Van Loan, 1996; Zhdanov, 2002�. First, we

pply the Lanczos algorithm for QT decomposition of matrix B:

�0 = 1, q0 = 0, q1 = ci, �A-3a�

while � j � 0, q j+1 =
r j

� j
, � j = q j

*Bqj , �A-3b�

r j = �B − IN�q j − � j−1q j−1, � j = �r j� , �A-3c�

j = 1, 2, . . ., N − 1.

s a result, we find an orthogonal matrix QL and the tridiagonal ma-
rix TL, where L is an iteration step of the Lanczos algorithm.

We can write expressionA-2 as

R�
�i� = Wm

−2�ci�QLf��TL�e1
�L� = Wm

−2�ci�QL�TL + �I�−1e1
�L�,

�A-4�

here

e1
�L� = �1,0, . . ., 0,0, . . ., 0�T � EL.

he resolution density is computed now, according to equation 9, as

Ri = �d�−1��
j=1

Nd

�R�ij�2	−1/2

. �A-5�
The advantage of the SLDM method is that we have to run the
anczos algorithm only once for all different values of the regular-

zation parameter �. After that we only have to invert a tridiagonal
atrix �TL + �I� for a different �, which is a much simpler opera-

ion.
The selection of the optimal regularization parameter � can be
ade using either Tikhonov’s method or the L-curve method. The

etailed description of these methods can be found in Zhdanov
2002�.
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