
Numerical modeling of heterogeneous flow fields around rigid
objects with special reference to particle paths, strain shadows and

foliation drag

N. Mandala, S.K. Samantaa, C. Chakrabortyb,*
aDepartment of Geological Sciences, Jadavpur University, Calcutta 700032, India

bGeological Studies Unit, Indian Statistical Institute, 203, Barrackpore Trunk Road, Calcutta 700035, India

Received 2 December 1999; accepted 2 October 2000

Abstract

With the help of two-dimensional numerical models this paper investigates three aspects of heterogeneous deformation
around rigid objects: (1) the nature ofparticle paths; (2) the development ofstrain shadowzones; and (3) thedrag patternsof
passive markers. In simple shear, spherical objects develop typically a concentric vortex motion, showing particle paths with an
eye (double-bulge)-shaped separatrix. The separatrix has no finite dimension along the central line, parallel to the shear
direction. Under a combination of pure shear and simple shear, the particle paths assume a pattern with a bow-tie shaped
separatrix. With increase in the ratio of pure shear to simple shear (Sr), the separatrix around the object shrinks in size. The axial
ratio of the object (R) is another important factor that controls the geometry of particle paths. WhenR , 1:5; the loci of a
particle close to the object form an elliptical shell with the long axis lying along the central line. With increase in axial ratioR,
the loci form a doublet elliptical shell structure. Objects withR . 3 do not show closed particle paths, but give rise to elliptical
or circular spiral particle paths.

The development of strain shadow zones againstequantrigid bodies depends strongly on the strain ratioSr. WhenSr � 0
(simple shear), they develop opposite to the extensional faces of the object, forming a typicals -type tail. The structure has a
tendency to die out with an increase in the pure shear component of the bulk deformation (Sr). The initial angle of the long axis
of the object with the shear direction (f) and the axial ratio of the object (R) determine the development of strain shadow zones
nearinequantrigid objects. Objects with largeRandf between 60 and 1208 form pronounced zones of low finite strain, giving
rise to strain shadow structures. A geometrical classification of diverse drag patterns of passive markers around rigid objects is
presented along with their conditions of formation.q 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Deformation of a rock system consisting of rigid
objects floating in a softer matrix gives rise to a variety
of geological structures, such as porphyroclast tails, inclu-

sion trails in synkinematic porphyroblasts, strain shadows
and foliation drag around large, rigid mineral grains or
pebbles. All these structures are extremely useful in the
kinematic analysisofdeformed rocks (Spry,1969;Rosen-
feld,1970;Willis,1977;SimpsonandSchmid,1983;Bell,
1985; Passchier and Simpson, 1986; Ramsay and Huber,
1987; Bjornerud, 1989; Hanmer, 1990; Simpson and De
Paor, 1993; Johnson and Bell, 1996). These structures

Tectonophysics 330 (2001) 177–194

0040-1951/01/$ - see front matterq 2001 Elsevier Science B.V. All rights reserved.
PII: S0040-1951(00)00223-7

www.elsevier.com/locate/tecto

* Corresponding author. Fax:191-33-577-6680.
E-mail address:chandan@isical.ac.in (C. Chakraborty).



develop essentially in response to the instantaneous strain
fields in the immediate neighborhood of an object during
progressive deformation. The strain field around a rigid
object is always heterogeneous (Ghosh and Ramberg,
1976; Masuda and Ando, 1988; Mandal and Chakraborty,
1990; Ildefonse and Mancktelow, 1993; ten Brink and
Passchier, 1995; Masuda and Mizuno, 1996a), and the
types of particle paths and deformation structures that
would develop in rocks strongly depend on the nature of
flow heterogeneity.

Numerical modeling based on continuum
mechanics, is a convenient and useful tool for under-
standing the particle paths and other geological struc-
tures associated with rigid objects. For a Newtonian
matrix, Lamb’s (1932) theory has been utilized to
model particle paths (Masuda and Ando, 1988),
mantled porphyroclast systems (Bjornerud and
Zhang, 1995; Masuda and Mizuno, 1996b), inclusion
trail patterns of synkinematic porphyroblasts (Masuda
and Mochizuki, 1989), strain shadows and drag
patterns of foliation (Masuda and Ando, 1988).
However, all these models apply only to spherical
objects embedded in a matrix undergoing deformation
either by simple shear or pure shear.

Jeffery (1922) has given an elegant mathematical
treatment on the motion of ellipsoidal object
embedded in a viscous medium and from his theory
one can also obtain functions for the instantaneous
velocity field outside the rigid object. Jezek et al.
(1999) have shown that Jeffery’s equations can be
used for numerical modeling of heterogeneous flow

around non-spherical rigid objects under deformations
involving both simple and pure shear. Mandal et al.
(2000) have utilized Jeffery’s theory to model
progressive development of mantle structures around
rigid porphyroclasts in two-dimensions by consider-
ing the rigid object as an elliptical body. Following
the same approach, this paper investigates the nature
of particle paths, strain shadow structures and folia-
tion drag patterns associated with equant and inequant
rigid objects under different ratios of pure shear and
simple shear rates in the bulk deformation.

2. Theoretical consideration

We develop numerical models in two-dimensions
using the velocity field in the neighborhood of an
elliptical object hosted in an infinitely extended
Newtonian viscous medium following Jeffery’s
(1922) theory. The bulk deformation is considered
to be of plane strain type with the direction of no strain
at a right angle to the elliptical plane of object, which
is assumed to be the axis of rigid rotation. The analy-
sis does not take into account any effect of third
dimension of the object. Let us choose a Cartesian
reference frame,oxy, at the center of the object with
the x-axis parallel to the bulk shear direction. The
medium is subjected to a bulk deformation with a
shear rate _g b and a flattening rate_eb; at a right
angle to the shear direction. We set another reference
frame,ox0y0, with x0-axis along the long dimension of
the rigid object (Fig. 1). This reference is fixed in the
object, and continuously reorients itself in the course
of progressive deformation. In the foregoing analysis
parameters that correspond to theox0y0 coordinate
system are represented by primed symbols. The posi-
tion of a point near the object can be expressed by
defining an elliptical coordinate system as:

x02

a2 1 l
1

y02

b2 1 l
� 1 �1�

whereaandbare the major and minor semi-axes of the
object. Eq. (1) implies that points with coordinatesl �
0 and∞ lie on the surface and far away from the object,
respectively. Let the long axis of the object be at angle
f with the bulk shear direction. At this instant the
object rotates with an angular velocityv . The velocity
functions must satisfy the following boundary
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Fig. 1. Co-ordinate systems for theoretical analysis.



conditions:

u00 � S011x
0 1 S012y

0 and v00 � S021x
0 1 S022y

0

whenl � ∞;
�2�

u0s � 2vy0 and v0s � vx0; whenl � 0 �3�
S0 ij is the instantaneous bulk strain-rate tensor. Using
the rule of tensor transformation, we have:

S011 � _gb�Sr cos 2w 1 1
2 sin 2w�

S022 � 2 _gb�Sr cos 2w 1 1
2 sin 2w�

S012 � _gb�cos2 w 2 Sr sin 2w�

S021 � 2 _gb�sin2 w 1 Sr sin 2w�; (4)

whereSr is the ratio of pure shear� _eb� and simple shear
� _gb� rates. The instantaneous velocity field in the neigh-
borhood of the object can be described in terms of the
elliptical coordinate systems in Eq. (1), and the expres-
sions of the velocity components (derived from Eqs.
(A1a) and (A1b) in Appendix A) are:

u0 � S011�1 2 2A�a 1 b�1 Fg�x0 1 1
2 �S012 1 S021�

� �2�aD 2 bC�1 Eg�y0 1 S012y
0

2
2Dx0y0

b02x02 1 a02y02

"
1
2
�S012 1 S021�

�
(

E 1 2a02C 1 2b02D

a02

)
x0

1 S011

(
F 2 2a02A 1 2b02B

b02

)
y0
#

(5a)

and

v0 � S021x
0 2 1

2 �S012 1 S021��2�aD 2 bC�2 Eg�x0

1 S022�1 2 2B�a 1 b�2 Fg�y0

2
2Dx0y0

b02x02 1 a02y02

"
1
2
�S012 1 S021�

× E 1 2a02C 1 2b02D

b02

( )
y0

2 S011
F 2 2a02A 1 2b02�B

a02

( )
x0
#

(5b)

wherea0 �
���������
a2 1 l
p

; b0 �
���������
b2 1 l
p

andD � a0b0: In
such a situationa , b andg have the following expres-
sions:

a � 2
�a2 2 b2�

a0 2 b0

a0

" #
; �6a�

b � 2
�a2 2 b2�

a0 2 b0

b0

" #
; �6b�

g � 2
�a2 2 b2�2

�a0 2 b0�2
a0b0

" #
: �6c�

Accordingly, the constantsA–F in Eqs. (5a) and (5b)
are:

A� �a 1 b�2
8

; B� 2
�a 1 b�2

8
;

C � D � ab�a 1 b�2
4�a2 1 b2� E � 2ab

�a 1 b�2
2

;

F � a2 1 b2

4
�a 1 b�2

�7�

The derivations of the expressions in Eqs. (6a)–(6c) and
(7) are given in Appendix A. It may be noted thata , b
andg in Eqs. (6a)–(6c) tend to be zero asl tends to
infinity and Eqs. (5a) and (5b) simplify to Eq. (2). This
implies that Eqs. (5a) and (5b) satisfy the boundary
conditions.

Now, to find the instantaneous velocity at a point
(x,y) we first perform the following coordinate trans-
formation:

x0

y0

" #
�

cosw sinw

2sinw cosw

" #
x

y

" #

and determine the velocity components (u0,v0) from
Eqs. (5a) and (5b). Finally, the velocity field with
respect to the fixed reference,oxy, is obtained by the
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inverse transformation:

u

v

" #
�

cosw 2sinw

sinw cosw

" #
u0

v0

" #
�8�

The velocity at a point (x,y) will depend on the posi-
tion of the point with respect to the object boundary.
This relative position can be determined from one of
the elliptical coordinates of the point,l , which is
related to the Cartesian coordinates by:

l � 1
2

n
�x02 1 y02�2 �a2 1 b2�

1
������������������������������������������������������������
�x02 1 y02 2 a2 2 b2�2 2 4�a2b2 2 b2x02 2 a2y02�

q o
�9�

l . 0 indicates a point outside the object boundary,
whereasl � 0 and l , 0 indicate points on the

surface and inside the object, respectively. At an
instant, points lying outside the object will move
with velocity components as in Eq. (8), while points
either on the surface or inside the object will move
with velocity components:

u� 2vy and v� vx;

v is the instantaneous angular velocity of the object,
which can be obtained from Eqs. (A10) and (4) as:

v � 2
a2� _gb sin2 w 1 _eb sin 2w�1 b2� _gb cos2 w 2 _eb sin 2w�

a2 1 b2

�10�
3. Numerical simulation

The heterogeneous deformations of the matrix mate-
rial around a rigid object were analyzed by considering
incremental displacements of material points during
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Fig. 2. Particle paths around equant rigid objects in bulk deformations with increasing ratio of pure shear to simple shear rates (Sr). (a) Simple
shear. (b)–(d) Combination of pure and simple shear; straight lines parallel and inclined to the shear direction are the extensional and
contractional apophyses of the bulk deformation, respectively. S: stagnation points in the flow around the rigid objects.



progressive deformation. Let the position of a point is
�xi ; yi� at the ith increment; the point is displaced
during an incremental time intervaldt:

xi11 � xi 1 ui dt

yi11 � yi 1 vi dt

ui andvi are the velocity components at theith incre-
ment. During this incremental deformation the object
rotates to a new position, and so does the reference
frame to remain in coincidence with the axial directions
of the object. The new position of the reference is:
fi11 � fi 1 vi dt; wherev i is instantaneous velocity
of the object atith increment (Eq. (10)). In the next
increment, i.e. (i 1 1)th increment, the displacement
of the point is calculated by taking the new position of
the point with respect to the object. We ran numerical
model experiments for a large number of increments
using Microsoft Visual Basic computer software.

3.1. Particle paths

In order to characterize the heterogeneous flow

fields around a rigid object during deformation it is
essential to describe the possible patterns of particle
paths under varying conditions of deformation (e.g.
Ramberg, 1975). In rotational deformations the
presence of a spherical rigid object induces concentric
particle paths in the surrounding matrix. Two types of
paths have been predicted — one with eye-shaped
separatrix and the other with bow-tie shaped separa-
trix, which develop in Newtonian and non-Newtonian
matrix, respectively (Passchier, 1994). Masuda and
Mizuno (1996a,b), however, have shown that the
flow with double-bulge shaped (i.e. eye-shaped)
separatrix may develop in both the rheological vari-
eties. Recently, Pennacchioni et al. (2000), on the
other hand, have proposed that bow-tie-shaped separ-
atrix develop under simple shear irrespective of
matrix rheology. Our analysis reveals that the geome-
try of particle paths are sensitive to the shape of rigid
objects �R� a=b� and the ratio of pure shear and
simple shear rates (Sr) in the bulk deformation, and
describes some new types of particle paths around
inequant objects.
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Fig. 3. Variation in the long dimension of separatrix (radial distance of stagnation points), normalized to object’s dimension,a, with increase in
the ratio of pure shear and simple shear rates (Sr).



3.1.1. Influence of the strain ratio (Sr)
A set of numerical simulations was performed with

equant objects�R� 1� under different ratios of pure
shear and simple shear rates (Sr) in the bulk defor-
mation. WhenSr � 0; the object induced particle
paths with a typical eye-shaped separatrix (Fig.
2a). The separatrix has a finite dimension across
its longer direction, but becomes asymptotic along
the length (Fig. 2a, cf. Masuda and Mizuno, 1996a).
The absence of stagnation points (zero velocity) is a
characteristic feature of the flow pattern around the
object. WhenSr is increased the separatrix becomes
finite both along and across its length and two
diametrically opposite stagnation points appear
(Fig. 2b). With further increase inSr, particle
paths in the immediate neighborhood of the object
become elliptical and those away from the object
are hyperbolic. The separatrix of the two types of
paths assumes a bow-tie shaped geometry (Fig. 2c).
The line joining the stagnation points bisects the
extensional and contractional apophyses of bulk
deformation (Fig. 2c). The distance between the
stagnation points determines the longer dimension
of the separatrix. WhenSr is very large (< 0.5), the
separatrix shrinks in size and becomes more equant,
as the stagnation points shift close to the object (Figs.
2d and 3).

To summarize, the flow pattern around an equant
rigid object in simple shear is characterized by a
semi-infinite eye-shaped separatrix, which in bulk
deformations by a combination of simple shear and
pure shear assumes a bow-tie shaped geometry with

finite dimensions. The inclination of the longer
dimension of a finite separatrix with the bulk shear
direction can be given by:

u � 2 1
2 tan21�2Sr�: �11�

Eq. (11) shows that the long axis of the separatrix will
be parallel to the shear direction when the bulk defor-
mation is under simple shear�Sr � 0�; as seen in
earlier models (Masuda and Mizuno, 1996a; Passch-
ier, 1994). In general deformations�Sr ± 0� the long
axis is at an angle with the shear direction and the
inclination will be close to 1358 whenSr is very large.

3.1.2. Influence of the shape of the rigid object
Numerical models with inequant objects show

more complex particle paths than those in models
with equant objects. The paths are mutually dishar-
monic, and intersect one another, implying an
unsteady flow around the object. In case of equant
objects, each particle lying between the separatrix
and the surface of the object moves along a closed
path and reverses its movement direction twice. The
points of reversals lie on the central shear plane,
diametrically opposite to each other (Fig. 4a). In
contrast, a particle in the vicinity of an inequant object
reverses the movement direction several times while
moving along closed paths (Fig. 4b). The reversal
points are generally located away from the central
shear plane.

Numerical models reveal that the trajectory of a
particle close to the object is sensitive to its axial
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Fig. 4. Flow patterns around: (a) equant, and (b) inequant rigid objects. In (b) the long axis of the object was initially parallel to the shear
direction.R: axial ratio of the object.



ratio, R. When the object is equant�R� 1�; the parti-
cle tracks a single closed, elliptical path throughout
progressive deformation (Fig. 5a). With a slight
departure from the equant shape�R� 1:1�; the parti-
cle tracks an elliptically spiral path (Fig. 5b). During

progressive shear the spiraling particle executes alter-
nate outward and inward movement with respect to
the center of the rigid object with a periodicity
(Fig. 5c). However, the outward and inward move-
ment remains confined within a specified zone
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Fig. 5. Loci of a particle (s) controlled by the axial ratio (R) of rigid object. (a) Individual particles tracking repeated elliptical paths. (b) Loci of
a particle forming an elliptically spiral path. (c) Particle path around an inequant object defining a shell. (d) Particle path defining a doublet shell
(see text for details). (e) and (f) Outward- and inward-spiraling paths of a particle initially located near the extensional and contractional faces
of inequant objects, respectively. (g) Distorted spiral path of a particle initially located near the tip of the object.R: axial ratio of the rigid
objects. It may be noted that the objects shown in the figures are in their initial positions.



surrounding the object forming a kind of shell
structure around the object (Fig. 5c). The shell geome-
try is simple when the axial ratio of the object is small
�R� 1:3; Fig. 5c) but assumes a complex, doublet
configuration for larger values of axial ratio�R� 1:5;
Fig. 5d).

Particles do not follow closed paths, or define shell
structures, when the axial ratio of the object is larger
�R . 3�: In the close vicinity of the object they track
more or less harmonic oval or circular spiral paths (Fig.
5e and f). Two types of spiral paths are recognized:
cyclone (Fig. 5e) andanticyclone (Fig. 5f) paths
defining continuous outward and inward movement,
respectively, depending on the position of the parti-
cle. Particles with their initial position near the
surface of object in the extensional field show cyclo-
nic, those at the other side anti-cyclonic movement.
The first path type indicates that a line can undergo
continuous stretching in progressive shear. This is in
contrast to the cases the lines were alternately shor-
tened and extended, defining a pulsating deformation
(Ramberg, 1975). With further increase in axial ratio
of the object, a different type of particle kinematics is
noticed. Particles near the tip of an object withR�
10 move inward following alternately circular and
curvilinear paths, giving rise to distorted spiral
paths (Fig. 5g).

3.2. Strain shadow zones around rigid objects

The development of strain shadow zones around
rigid mineral grains or pebbles is clearly manifested
in the preferential localization of equant quartz grains
surrounding the rigid object in many naturally
deformed rocks (Spry, 1969; Ramsay and Huber,
1987). This work analyzes what controls the develop-
ment of strain shadow zones around rigid objects and
describes their morphologies.

The strain distribution patterns around rigid objects
can be visualized by analyzing the deformation of
numerous, small, initially circular markers, distribu-
ted around the object at an equal spacing in a Carte-
sian grid (Fig. 6). The strain shadow zones were
defined as zones where the ratio of local and far-
field finite strains was less than 0.5. The development
and distribution of strain shadow zones were investi-
gated with the help of numerical models involving
three principal variables: (1) the ratio of pure shear
and simple shear rates in the bulk deformation (Sr); (2)
the axial ratio of object (R); and (3) the initial orienta-
tion of the long axis of object with the shear direction
(f ).

3.2.1. Influence of the strain ratio (Sr)
A set of simulations was performed with equant

rigid objects under different values ofSr. WhenSr �
0; strain shadow domains develop against the two
extensional faces of the object describing as -type
geometry (Fig. 7a). The zones of high strain occur
near the contraction face of the object and along
long bands at an angle less than 458 with the shear
direction (Fig. 7a and b, cf. Masuda and Ando, 1988).
The low-strain zones tend to shrink, asSr is increased
(Fig. 7b and c), and when the deformation is entirely
by pure shear no strain shadow zone occurs as defined
in the present study (Fig. 7d).

The effect of Sr on the development of strain
shadow structures can also be understood by the strain
path of a particular material point in the neighborhood
of the object. For low values ofSr (0–0.5), the finite
strain of a material point initially located near the
contractional face of the object increases to a maxi-
mum and then decreases with progressive increase in
finite bulk shear (Fig. 8). Upon increasing the value of
Sr (.1), the finite strain of the material point, on the
other hand, continues to increase with increasing bulk
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Fig. 6. Initial model with circular strain markers in a Cartesian grid
around a rigid object to be deformed under varying ratios of pure
shear and simple shear rates.



shear (Fig. 8). This again implies that strain shadows
would be prevalent where simple shear component
dominates in the bulk deformation, and that material
points defining a high-strain zone at one moment may
enter a zone of strain shadow in the course of progres-
sive deformation at low values ofSr.

3.2.2. Strain shadow around inequant objects
Numerical simulations were made under simple

shear by varying the initial axial orientation of the
object with respect to the shear direction (f ) and
the axial ratio of the object (R). Strain shadow zones
form when the long axis of the object makes an angle
between 60 and 1358 with the shear direction (Fig. 9).
Whenf is close to 608, the strain shadow zone forms
a narrow tail, emerging from the tip of the object
(Fig. 9a). With increase in inclination, the shadow
zone becomes wider and longer (Fig. 9b), and at
f � 1208; they form bands giving rise to an overall

pattern similar to that of augen structures (Fig. 9c).
The low-strain zones die out as the inclination of
the object is further increased (Fig. 9d) and instead
a narrow zone of strong strain concentration
appears sub-parallel to the long axis of object
(Fig. 9d).

For a givenf , with increase in axial ratio of
the rigid object strain shadow zones progressively
increase in length as well as change their pattern
(Fig. 10). When the axial ratio is low�R� 1:5�; the
strain shadow zones resembles -type tails emerging
from the nodes of the object. With increase in axial
ratio, R, the zone forms wings, which finally form a
band surrounding the object (Fig. 10d).

3.3. Distortion patterns of passive markers

3.3.1. Initial model
Numerical models initially had a set of parallel

marker lines at an angleu with the shear direction.
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Fig. 7. Strain distributions around equant�R� 1� rigid objects for different ratios of pure and simple shear rates (Sr). Finite bulk shear� 4.0.
Strain shadow zones (shaded) are shown in insets.



A line in xy-space can be represented by:

x sinu 2 y cosu 2 p� 0;

where p is the normal distance of a line from the
center of the object. The distortion pattern of a line
was simulated numerically from incremental displa-
cement (Eq. (8)) of equally spaced points on the line.
Three factors — (1) the initial orientation of marker
line (u), (2) the axial ratio of object (R) and (3) the
strain ratio (Sr) in bulk deformation, were taken into
account in the simulations. For convenience, we first
classify the drag patterns, which were obtained by
varying the above three parameters.

3.3.2. Types of drag patterns
Type 1: Markers form bi-convex curvatures around

the object (Fig. 11). Type 2: Markers are distorted in
the form of folds on either side of the object (Fig.11a).
Depending upon the degree of relative curvature, the
drag folds can again be classified into three sub types:
Types 2a–2c. The first two types are characterized by
larger curvatures of folds with inward convexity, and
they differ from each other by the opposite sense of
arrangement of folds with inward and outward
curvatures. Type 2c has drag folds with outward
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Fig. 8. Strain paths at a point initially located near the contractional
face of an equant object in progressive deformation under different
ratios of pure and simple shear rates (Sr).

Fig. 9. Strain distributions around inequant objects�R� 2� with different initial inclinations of their long axes to the shear direction (f ) Finite
bulk shear� 4.0. Strain shadow zones (shaded) are shown in insets.



convex curvatures much greater than inward convex
curvatures. Type 3: Markers are distorted with inward
convex curvatures, giving rise to a geometry very
similar to that of the millipede structures of Bell and
Rubenach (1980). They have either smooth, rounded
(single-hinged) (Type 3a) or flat (double-hinged)
(Type 3b) crests (Fig. 11c). Type 4: The drag effect
of object is such that the markers are distorted in the
form of overturned folds on either face of the object
(Fig. 11d). This type of drag patterns has been
produced in analog model experiments (Van Den
Driessche and Brun, 1987).

3.3.3. Drag patterns around equant objects
Earlier workers have shown that the initial orienta-

tion of passive markers is a controlling factor in the
development of different types of drag patterns around
spherical rigid objects (Ghosh, 1975; Masuda and

Ando, 1988). In this section we present some details
of the distortion patterns revealed in our numerical
models by varying the initial orientation of markers
at different ratios of pure shear and simple shear rates
in the bulk deformation (Sr).

For Sr � 0; markers with an initial inclinationu
between 0 and2458 developed Type 2 drag folds
(Fig. 12a), as in analog model experiments
(Ghosh, 1975) and earlier numerical simulations
(Masuda and Ando, 1988). For any other orienta-
tions they produced Type 1 — distortion patterns
(Fig. 12a), which are frequently noticed around
rigid objects in deformed foliated rocks. Markers
at a low angle to the shear direction produced
Type 2a fold pattern, which is replaced by Type
2b when u is between220 and 2458 (Fig. 12a;
cf. Masuda and Ando, 1988). The axial traces of
inwardly convex folds on either side of the object in
both the Types 2a and 2b patterns show a side step-
ping with the sense in consistence with that of bulk
shear (Fig. 12a).

Under a combination of pure shear and simple
shear, the strain ratioSr influences mainly Type 2
drags (Fig. 12b). With increase inSr, Type 2a folds
tend to die out, whereas Type 2b folds are progres-
sively accentuated (Fig. 12a and b).

3.3.4. Drag patterns around inequant objects
Each of the three factors mentioned earlier was
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Fig. 10. Strain shadow patterns near inequant objects of different
axial ratios (R). The long axis of the objects was initially at an angle
f � 1208 with the shear direction.

Fig. 11. Types of drag patterns obtained from numerical simulations
(see text for details).



varied independently in different sets of numerical
simulations with inequant objects. We discuss the
results separately in the following paragraphs. The
simulations were performed under simple shear, i.e.
Sr � 0.

(1) The axial ratio of object was varied, keep-
ing the passive markers and the long axis of
object parallel to the shear direction. Objects
with R� 1:5 developed Type 2a folds (Fig.

13a). With increase inR, the inward curvatures
tend to have a double-hinged geometry, giving
rise to a Type 3b pattern that resembles millipede
structures. The other types of drag pattern did not
change significantly with increase in axial ratio of
the object.

(2) The inclination of the long axis of object with
the shear direction (f ) was varied, keeping markers
parallel to the shear direction. Whenf is between 45

N. Mandal et al. / Tectonophysics 330 (2001) 177–194188

Fig. 12. Distortion patterns of marker lines around equant rigid objects.u is the initial inclination of marker with the shear direction. (a) Simple
shear. (b) Combination of pure and simple shears.Sr is the ratio of pure to simple shear rates.



and 2458, Type 3 drag folds form (Fig. 13b). This
drag pattern is replaced by Type 4 whenf is larger
than 458 but less than 908. For f . 908; this drag
geometry assumes the Type 2c pattern, characterized
by outward convex curvature, which is higher than the
inward convex curvatures.

(3) The initial inclination of marker,u , was
varied, keeping the long axis of object parallel to
the shear direction. Foru around 908, the markers
bowing around the object are distorted with a Type
1 pattern, whereas those abutting against the object
show a transition between normal and reverse drags
(Fig. 13c). The points, where this transition occurs,
show a sidestepping with respect to the general
trend of the markers, and the sense of sidestepping
is consistent with the bulk shear sense (Fig. 14).

With increase inu Type 2b patterns appear at around
u � 1208; which is replaced by Type 2a pattern at
aroundu � 1708.

4. Summary

The principal factors governing the nature of
heterogeneous deformation around rigid objects float-
ing in a Newtonian matrix are: (1) the axial ratio (R)
and the initial orientation (f ) of the long axis of the
object; (2) the initial orientation (u ) of markers show-
ing distortion patterns; and (3) the ratio (Sr) of pure
shear and simple shear rates in the bulk deformation.

Equant objects perturb simple shear flow in the matrix
forming vortex motion with eye-shaped separatrix, as
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Fig. 13. Drag patterns of marker lines around inequant objects. (a)Rwas varied, keepingu � 0 andf � 0: (b)f was varied, keepingR� 3 and
u � 0: (c) u was varied, keepingR� 1:5 andf � 0: In all the casesSr � 0: R: axial ratio of object;f : initial inclination of the long axis of
object with the shear direction;u : initial inclination of marker with the shear direction.



shown by Passchier (1994) and Masuda and Mizuno
(1996a,b). The separatrix turns into a bow-tie shape
when the bulk deformation takes place bya combination
of simple shear and pure shear. The long dimension of
the separatrix is inversely proportional to the strain ratio
Sr (Fig. 3). The numerical analysis reveals some new
types of particle paths associated with inequant objects.
For a slight departure from the equant shape of object,
particles do not track single close paths, but show loci
forming an elliptical shell about the object. Objects with
axial ratio between 2 and 3 show pulsating movement of
particles along differently oriented close paths forming
doublet elliptical shell structure. Objects with largeaxial
ratios�R . 3�perturb the flowresulting in elliptically or
circularly spiral inward or outward motion of particles.

Rigid mineral grains or porphyroblasts are often asso-
ciated with strain shadow zones in their neighborhood
forming tails of segregated minerals, like quartz. Our
numerical models suggest that, if the rigid objects
have a coherent interface with the matrix, strain shadow
zones can develop only when the ratio of pure shear and
simple shear rates in the bulk deformation is low. The
analysis refines earlier numerical studies (Masuda and
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Fig. 14. Transition between normal and reverse drags along the
surface of object. N is the null point marking the transition.

Table 1
Fields of different types of drag patterns around inequant rigid objects�R� 3� in thef 2 u space

Inclination of
marker (u)

Inclination of long axis of object (f)

0 45 90 135 180

0 Type 3b Type 4 Type 4 Type 2c Type 3b
45 Type 1 Type 1 Type 4 Type 1 Type 1
90 Type 1 Type 1 Type 1 Type 1 Type 1

135 Type 2c Type 2b Type 3a Type 3b Type 2c
180 Type 3b Type 4 Type 4 Type 2c Type 3b

Fig. 15. Drag patterns as shear sense indicators. (a) Sidestepping of
null points (N) separating normal and reverse drags. (b) Sidestep-
ping of axial traces (dashed line) of inwardly convex drags. (c)
Vergence of overturned drag folds on the long faces of objects
with a large axial ratio.



Ando, 1988; Masuda and Mizuno, 1996a,b) by incor-
porating the shape and initial orientation of the object as
additional controlling factors. Low-strain zones develop
if the initial inclination of the long axis of the object with
the shear direction lies between 60 and 1358, and the
zones tend to be more and more prominent as the axial
ratio of object is increased.

Analog model experiments (Ghosh and Ramberg,
1976) have revealed different drag patterns around elon-
gate rigid objects. The analyses are, however, limited to
moderate bulk strain. Numerical simulations of Masuda
and Ando (1988) indicate that complex drag patterns
may develop during a large strain. Our study presents
the probable drag patterns around elongate rigid bodies
at a large bulk strain. The patterns are classified broadly
into four types (Fig. 11). Table 1 summarizes the condi-
tions atwhichdifferent types ofdragpatternsdevelop,as
revealed from the numerical models. Our simulations
reveal that Types 2c, 3b and 4 develop around inequant
objects under specific conditions, whereas rest of the
types is common to both equant and inequant objects.

Some of the features in the drag patterns discussed
above can be used in determining the sense of bulk
shear: (1) shifting of null points separating normal and
reverse drags from the general trend of foliation in
Type 1 distortion patterns (Fig. 15a), (2) sidestepping
of the axial traces of inwardly convex drag in Type 2
patterns (Fig. 15b), and (3) vergence of overturned
drag folds in Type 4 patterns, (Fig. 15c).

The principal limitations that adhere to the present
model are: (1) The analysis is two-dimensional, and
based on the assumptions of plane strain type of bulk
deformation and elliptical rigid object instead of an
ellipsoidal body. However, some of our numerical
simulations (e.g. particle paths, distortion patterns of
passive markers) conform to that obtained from 3D
considerations (Jezek et al., 1999) of Jeffery’s theory
(1922) that satisfy Stoke’s equations for viscous flow.
(2) The rotation axis of the rigid object is assumed to
remain always in coincidence with the direction of no-
strain. The numerical modeling of heterogeneous
deformation involving rigid rotation in a 3D space
would be much more complicated than that presented
in this paper, and the application of special computer
software would be necessary, as shown by Jezek et al.
(1999). (3) The matrix is assumed to be of Newtonian
rheology, and does not experience any volume change
during the deformation.
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Appendix A

This section presents mathematical details of the
velocity functions (Eqs. (5a) and (5b)), based on
which the numerical experiments were performed.
We follow Jeffery’s (1922) mathematical procedure
in expressing the velocity functions outside an elon-
gate rigid object floating in a Newtonian matrix of
infinite extension. Jeffery has presented the mathe-
matical formulation for the velocity field in three
dimensions. His final equations (Eqs. 22 and 23)
basically represent converging functions, which
tend to have finite values at a large distance from
the object. In analogy with this approach, we
consider Jeffery’s differential equations (Eqs. 18
and 19) of the velocity field in two-dimension satis-
fying the condition of continuity, and obtained simi-
lar velocity functions for our 2D model, assuming
that the bulk deformation is of plane strain type and
the rigid object is an ellipse with its rotation axis
along the direction of no-strain. Under this condi-
tion, the expressions of velocity components are
obtained as follows:

u0 � �S011 2 2A1�a 1 b�2 F1g�x0 1 �S012 2 2

×�aD1 2 bC1�1 E1g�y0 2 2x0P2

�a 1 l�D

"
{ E1 1 2

×�a2 1l�C1 12�b2 1l�D1}
1

�a2 1 l��b2 1 l� x
0y0
#

2
2x0P2

�a 1 l�D

"
{ F1 2 2�a2 1 l�A1

12�b2 1 l�B1}
1

�b2 1 l�2 y02
#

(A1a)
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v0 � �S022 2 2B1�a 1 b�2 F1g�y0 1 �S021 2 2�aD1

2 bC1�1 E1g�x0 2 2y0P2

�b2 1 l�D

"
{ E1 1 2�a2

1 l�C1 1 2�b2 1 l�D1}
1

�a2 1 l��b2 1 l� x
0y0
#

1
2y0P2

�b2 1 l�D

"
{ F1 2 2�a2 1 l�A1

1 2�b2 1 l�B1}
1

�a2 1 l�2 x02
#

(A1b)

where

1
P2 �

x02

�a2 1 l�2 1
y02

�b2 1 l�2 :

A1–F1 in Eqs. (A1a) and (A1b) are constants; these
are indexed to distinguish from the constantsA–F in
Eqs. (5a) and (5b). The constants are comparable,
respectively, withA, B, H, H 0, T, W in Eqs. (22) and
(23) of Jeffery (1922), the expressions of which
have been given in Eqs. (25)–(27). We, however,
derive the expressions of these constants indepen-
dently because the velocity functions in our case
are written in two-dimensions.a , b andg are ellip-
tic integrals that can be expressed as (cf. Eqs. (9)–
(11) of Jeffery 1922):

a �
Z∞

l

dl
�a2 1 l�D ; �A2a�

b �
Z∞

l

dl
�b2 1 l�D �A2b�

g �
Z∞

l

dl
�a2 1 l��b2 1 l�D ; �A2c�

whereD is a geometrical parameter that relates to
the geometrical dimension of the medium enclosed
within a l contour. In Jeffery (1922) this parameter
is a measure of an ellipsoidal volume of the medium
around the rigid object. As our analysis is restricted
to two-dimension, we take the parameter as a
measure of area represented by a concentric elliptic
contour around the elliptical object. Thus, whereas

Jeffery expressesD as
��������������������������������a2 1 l��b2 1 l��c2 1 l�p

;

we express it as:D �
���������������������
�a2 1 l��b2 1 l�

p
: Substitut-

ing this expression ofD , the integration in Eq.
(A2a) can be solved along the following steps:Z dl
�a2 1 l�D

)
Z dl
�a2 1 l�3=2�b2 1 l�1=2

Let us putZ �
���������
b2 1 l
p

: Then dl � 2Z dz and the
integration is rewritten as:

)
Z 2dZ

�A2 1 Z2�3=2
where A2 � a2 2 b2

:We again replace byZ �
A tanu; which after differentiation gives, dz�
A sec2 u du; and get

)
Z 2A sec2 u du
�A2 1 A2 tan2 u�3=2

After simplification we have:

) 2
A2

Z
cosu du

) 2
A2

������������
Z2

A2 1 Z2

s
:

After replacingZ2 byb2 1 l andA2 bya2 2 b2
; we can

now get the solution of definite integral in Eq. (A2a) as:

a � 2
a2 2 b2

���������
b2 1 l
p���������

a2 1 l
p

" #∞

l

a � 2
a2 2 b2

���������
a2 1 l
p

2
���������
b2 1 l
p���������

a2 1 l
p

" #
�A3�

The expression ofb in Eq. (A2b) can be obtained by
solving the integral in the same way as:

b � 2
a2 2 b2

���������
a2 1 l
p

2
���������
b2 1 l
p���������

b2 1 l
p

" #
: �A4�

In order to find the expression ofg , we solve the inte-
gration in Eq. (A2c) along the following steps:Z dl
�a2 1 l��b2 1 l�D
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)
Z dZ

Z2�A2 1 Z2�3=2 ;

whereZ �
���������
b2 1 l
p

andA2 � a2 2 b2
:

) 2
A4

Z du
tan2 u secu

;

whereZ � A tanu

) 2
A4

Z cot2 u du
secu

) 2
A4

Z
2cosu 1

cos2 u
sin2 u

 !
du

) 2
2
A4

���������
b2 1 l
p���������

a2 1 l
p 1

���������
a2 1 l
p���������

b2 1 l
p

" #
:

The expression ofg then follows:

g � 2
2

�a2 2 b2�2
���������
b2 1 l
p���������

a2 1 l
p 1

���������
a2 1 l
p���������

b2 1 l
p

" #∞

l

) g � 2
�a2 2 b2�2

���������
a2 1 l
p

2
���������
b2 1 l
p� �2���������

a2 1 l
p ���������

b2 1 l
p

264
375 �A5�

Eqs. (A1a) and (A1b) contain six unknowns, which can
be determined by imposing boundary conditions. If the
instantaneous rotation rate of the object isv , the velo-
city of a point on the surface of object,l � 0 will be:

u0s � 2vy0 and v0s � vx0 �A6�
Substitutingl � 0 in Eqs. (A1a) and (A1b) and compar-
ing them with those in Eq. (A6), the following equations
can be formed:

S011 1 F1g 2 2A1�ao 1 bo� � 0 �A7a�

S012 1 E1g 1 2�aoD1 2 boC1� � 2v �A7b�

E1 1 2a2C1 1 2b2D1 � 0 �A7c�

F1 2 2a2A1 1 2b2B1 � 0 �A7d�

S021 1 E1go 2 2�aoD1 2 boC1� � v �A7e�

S022 2 F1go 2 2B1�ao 1 bo� � 0 �A7f �

Now, solving these six Eqs. (A7a)–(A7f) the coeffi-
cients are obtained in terms of known quantities.

A1 � S011

2��ao 1 bo�2 �a2 1 b2�go�
;

B1 � S022

2��ao 1 bo�2 �a2 1 b2�go�
;

C1 �
1
2 ao�S021 1 S012�2 gob2� 1

2 �S021 2 S012�2 v�
2�aoa2 1 bob2�go

D1 �
1
2 bo�S021 1 S012�1 goa2� 1

2 �S021 2 S012�2 v�
2�aoa2 1 bob2�go

E1 � 2
1
2 �S012 1 S021�

go
;

F1 � S011�a2 1 b2�
�ao 1 bo�2 �a2 1 b2�go

377777777777777777777777777775
�A8�

It may be noted that the expressions of constants,C1,D1,
E1 are identical to that ofH, H 0, T (Eqs. 26 and 27) of
Jeffery. Substitutingl � 0 in Eqs. (A4)–(A6), we get:

ao � 2
a�a 1 b� ;

bo � 2
b�a 1 b� and go � 2

ab�a 1 b�2 :
�A9�

From Eq. (37) of Jeffery (1922) we can get,

v � a2S021 2 b2S012

a2 1 b2 �A10�

The constants in Eq. (A8) are now obtained in terms of
known quantities, after substituting them in Eqs. (A1a)
and (A1b) and some algebra we can have the expres-
sions of the velocity functions in Eqs. (5a) and (5b).
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