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SUMMARY

Most modern spherical harmonic geomagnetic models based on satellite data include estimates
of the variances of the spherical harmonic coefficients of the model; these estimates are based
on the geometry of the data and the fitting functions, and on the magnitude of the residuals.
However, the accuracy of these estimates depends on the correctness of various assumptions,
some of which are in practice not valid. Using the @rsted OSVM model as an example, we show
that ignoring the serial correlation of the magnetospheric ‘noise’ in the data, and not solving
separately for the ionospheric field, led to quite inaccurate variance estimates. We estimate
correction factors which range from i to 20, with the largest increases being for the zonal,

m = 0, and sectorial, m = n, terms.

With no correction, the OSVM variances give a mean-square vector field error of prediction
over the Earth’s surface at sea level of 1.5 nT? (for the field of degrees n = 1-13); applying
our correction increases this to 3.5 nT?.

The leakage of the ionospheric field into the solution also gave a large systematic error field,

of magnitude about 6 nT.

We discuss how our approach is applicable to other similar modelling approaches.

Key words: geomagnetic field, serial correlation, spherical harmonic analysis.

1 INTRODUCTION

Any numerical model of the geomagnetic field can only be an ap-
proximation to the actual field, and we would like to have a rea-
sonable estimate of the magnitude of the errors involved. Such an
estimate is particularly necessary if the field model is used in further
analysis, e.g. to deduce the fluid velocity at the top of the core; (see
e.g. Bloxham & Jackson 1991). Most modern spherical harmonic
geomagnetic models do include estimates of the variances of the co-
efficients, but such estimates can be grossly wrong. For simplicity,
the approach to variance estimation suggested in this paper will be
discussed mostly in terms of its application to one particular spher-
ical harmonic model, the @rsted main field and secular variation
model (OSVM) of Olsen (2002). However, the approach itself is
applicable to most such models, and this more general situation is
discussed at the end.

This OSVM model approximates the geomagnetic field in terms
ofatruncated spherical harmonic series representation of a magnetic
scalar potential; for the internal terms it is of the form shown in
eq. (1.1) with corresponding terms for a linear time variation (the
secular variation), and similar terms (but with a more complicated
time dependence) for the low-degree field of external origin:
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In this expression a is a reference radius (taken to be the mean
radius of the Earth), the P" (cos#) are Schmidt semi-normalized
associated Legendre functions, and (, 6 , A) is the conventional
geocentric spherical-polar coordinate system. The numerical Gauss
coefficients g”" and /7' have the dimensions of magnetic field; con-
ventionally they are expressed in units of nT. Estimates of these
coefficients were produced by a weighted least-squares fit to mea-
surements taken by the Orsted satellite. The fitting process also
produced an output covariance matrix as an estimate of the vari-
ances/covariances of the coefficient estimates. In the past such ‘in-
ternal’ estimates of uncertainty have often proved in retrospect to be
significantly too small, and the aim of this paper is to produce a more
realistic set of variances, and to show that the differences are due to
the breakdown of various assumptions lying behind the least-squares
process.
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1.1 The least-squares process
A linear least-squares problem can be stated in the form
y=Am+e¢, (1.2)

where y is the vector of observations, A the known matrix which
relates the observations to m, the vector of coefficients to be esti-
mated, and e is the unknown vector of observation errors. For the
time being we assume that the ¢ are purely random errors, i.e. hav-
ing expectation zero. If all the observations are assumed to have
the same variance (expectation of the mean-square random error),
and if the observations have no covariances (no correlation of the
errors from point to point), then the least-squares solution m for m
is obtained by minimizing the sum of squared residuals

S=(y—Am)(y — Am) (1.3)
with respect to the set of coefficients m, giving the estimate
m=(ATA)'ATy. (1.4)

This estimate will not be exact; if the variance of each observation
is o2, then the covariance matrix for 71 is

C = Cov[m] = (ATA) 'o?; (1.5)

the diagonal terms of C are the variances of the coefficient estimates,
and the off-diagonal terms are the appropriate covariances. The ma-
trix ATA incorporates all the relevant information about the nature
of the data distribution and the fitting functions. For a given form
of data distribution, the larger the number of observation points the
larger will be ATA, and hence the smaller the output (co)variances.

If, as is usually the case, we do not know o2 beforehand, we have
to estimate it from the minimum value S,;, of the sum of squared
residuals, (1.3); an unbiased estimate is

6% = Spin/(N — P), (1.6)

where N is the number of observations and P the number of param-
eters estimated. Note that while the magnitude of C does depend
on the actual values of the data through (1.6), its structure is given
by the matrix A, which depends only on the values of the fitting
functions at the observation points, i.e. on the distribution of the
data points, and not on the actual values of the data.

In our case the observations y; are measurements of various com-
ponents of magnetic field, the m; are the Gauss coefficients of (1.1),
and the elements A;; are the appropriate partial derivatives of the
spherical harmonics. If these fitting functions happen to be orthogo-
nal over the data set, then ATA, and hence cov[#], will be diagonal;
each parameter can be estimated independently of the other param-
eters. But usually this is not the case; the value obtained for one
parameter will depend on which other parameters are determined,
and there will be covariances between the parameter estimates. In
this case, if we wish to estimate the uncertainty of the field (or other
function of the coefficients) as predicted at a given position by the
model, we need to use the full covariance matrix. Fortunately, if we
only wish to estimate the mean-square uncertainties of the vector
field over a sphere about the origin, then, because the vector spheri-
cal harmonics are orthogonal over the sphere, we can simply add the
mean-square field contributions given separately by the variance of
each harmonic—the effects of the covariances cancel.

Throughout this paper, variances, or their equivalent, will usu-
ally be compared in terms of (n + 1)o2, their contribution to the
mean-square vector-field uncertainty over the sphere. We will use
the abbreviation ms for mean-square, and refer to the radius » = a
as sea level.

More usually, different (types of) data have different variances,
and we need to weight the observations accordingly; there might
also be correlation of the data errors from point to point. The data
variances and covariances can be specified in terms of a data co-
variance matrix V = Expectation[e€]; we can work either directly
in terms of the weight matrix V!, or indirectly in terms of a rela-
tive weight matrix U~!, where V = Uo3 and o is the appropriate
scaling factor. (The weight matrix V~! (or U~") might be imposed
from the outset, or estimated iteratively; for the OSVM model both
approaches were combined.) We now need to minimize

S=y-Am)'U'(y — Am) (1.7)
or, equivalently, the non-dimensional

S*=(y —Am)"'V'(y — Am), (1.8)
for which the least-squares solution is

m=ATUTA)TATU 'y = (ATV A IATV !y, (1.9)
and the output covariance matrix is now

C = Cov[m] = (ATV'A)"' = (ATU'A) 'l (1.10)

Again, we usually have to estimate o3 from the minimum value of
(1.7), by

6¢ = Suin/(N — P) = (y — Amt)" U~ (y — Asit) /(N — P). (1.11)

Because of the iterative re-weighting used in the OSVM modelling,
the structure of € does now depend on the data values, but probably
only to a small extent.

However, such ‘internal’ estimates of uncertainty (based on the
residuals to the model) are subject to error. In fact the expressions
(1.9) and (1.10) are only correct if three assumptions are valid:

(a) in the input relative covariance matrix U, the relative vari-
ances and covariances are appropriate to the different types of data,

(b) the magnitudes of the data errors € are properly estimated,
i.e. o} is estimated correctly, and

(c) the model is adequate, in that it solves for all significant non-
random contributions to the measured quantities.

With regard to assumption (a), the use of iterative re-weighting
in the Orsted modelling should mean that the relative weighting of
the different types of data is about right.

Because of the great computational cost of having to work with
a non-diagonal error covariance matrix, it is usual to put to zero all
the off-diagonal terms, i.e. all the data covariances. This is equiv-
alent to assuming that there is no correlation between the errors at
different points (or correlation between the errors of different com-
ponents at one point); if this simplification is not justified then the
solution m we obtain will not be optimal, and our estimate of its
uncertainty will also be wrong. Because of the anisotropic proper-
ties of the star camera used to determine the attitude of the Orsted
vector magnetometer, when the observed field vector is rotated from
the satellite coordinate frame to a ground-based frame, correlated
errors are in fact introduced into the magnetic field vector (X, Y,
Z) triplet at each point. However, Holme & Bloxham (1996) have
shown how the appropriate modification can be introduced into an
otherwise diagonal V with little extra computation, and this was
done in this analysis. But, as usual, for computational simplicity it
was still assumed that there was no correlation between the data
errors at successive locations.

The simple assumption made at the beginning of this section,
that the €; of (1.2) are random and uncorrelated errors, is usually
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valid for instrumental noise. But in practice there are other, often
dominant, contributions to the observed residuals, and these can
introduce significant covariances in the input data. For example,
while at sea level the field from crustal magnetization mostly has
correlation lengths much shorter than the spacing of the OSVM
data, at satellite level there can be significant correlation over
5° to 10°.

Also, while we are trying to estimate the parameters of some
model, this model is inevitably limited, so that our observations can
include ‘unfitted fields’ from sources which are not being modelled.
Depending on the geometry of the data set, some of the ‘power’
of these unfitted fields will ‘leak’, or be ‘aliased’, into the fitted
parameters, so that the estimates obtained will be biased estimates
ofthese parameters. The remainder of the power of the unfitted fields
is left in the residuals, so that (1.11) might not be a good basis on
which to estimate o .

Langel et al. (1989) made some preliminary investigations to
quantify some of these effects, by treating statistically various un-
fitted internal fields, such as the field from the crust, and the field
from the ionosphere (which was ‘internal” to the Magsat satellite).
Simulations using synthetic (field + noise) ‘data’ on a small grid
of about 150 vector data points showed that using the full covari-
ance matrix did improve the fit to the original field, and gave more
realistic, larger, estimates of coefficient variance. Similarly, for a
sparse sample of Magsat data, 400 data points with a separation
of about 10°, using the full covariance matrix gave more realistic,
larger, estimates of coefficient variance.

However, when these authors re-analysed the GSFC(12/83) data
set they were able to use only the diagonal terms of their ‘inverse
correlated weight matrix’. This gave coefficients which were not
significantly different from the original coefficients, but coefficient
variances which were considerably larger. But this increase was
essentially all due to treating the coefficients as estimates of the core
field, and therefore, in effect, adding to the output covariances their
statistical estimates of the mean-square coefficients of the crustal
and ionospheric fields.

Rygaard-Hjalsted et al. (1997) made a similar trial of the effect
of crustal field, but using a model of crustal magnetization having a
much shorter correlation length, about 5° at 400 km, than the tens of
degrees of the model used by Langel et al. Their covariance matrix
was therefore sparser, and they were able to use a larger subset
of Magsat data, about 1600 B, points at 5° spacing. Applying a
regularized least-squares analysis, they found that using the full
covariance matrix led to a smoother field model, with a reduction in
the ms field from about » = 10 upwards; however, it is not clear if
this would have happened without the regularization. They did not
produce the corresponding coefficient covariance matrix. Note that
in both simulations the whole of the crustal field, down to n = 1,
was included when estimating the correlation length. If the crustal
contribution were restricted to higher degree harmonics (above those
solved for), the correlation length would be less.

In the present context note that in both simulations the unfitted
fields were essentially time-independent, and the along-track corre-
lation was due entirely to the spatial variation of the unfitted fields,
which were specified only statistically.

It is the purpose of this paper to discuss two ways in which the
errors in the assumptions (a) and (c) led to seriously wrong output
coefficient variances in the OSVM modelling. Specifically, we find
that

(i) significant along-track correlation of the residuals in time due
to magnetospheric ‘noise’ can redistribute the effect of the noise
among the output variances, and

© 2004 RAS, GJI, 157, 1027-1044

Realistic estimate of variances 1029

(i1) the ‘leakage’ of unfitted ionospheric field gives a large sys-
tematic error; slightly different sampling of this systematic error
leads to the increase in variance of some main-field coefficients.

1.2 The organization of this paper

In Section 2 we briefly describe the data used in the modelling, and
explain how this data distribution accounts for the main properties of
the formal output covariance matrix C. In Section 3 we describe how
other ‘objective’ estimates were made of the variances by comparing
the results of analysing four independent subsets of the data. Com-
paring these objective estimates of the variance of individual coef-
ficients with those of the formal output covariance matrix showed
that major corrections were needed; in particular, while about half
of the variances were overestimated by the formal matrix, this did
significantly underestimate the variances of sectorial (m = n) and
near-sectorial coefficients, and of zonal (m = 0) and near-zonal co-
efficients. In Section 4 we discuss the problem of assumption (a)
above, and use Monte Carlo simulations to show how serial correla-
tion of the data errors can lead to the observed increase of variance in
the sectorial and near-sectorial coefficients, and to a reduction else-
where. Then in Section 5 we discuss the way in which various types
of field contributions, which are not fitted in the OSVM modelling,
can affect certain coefficients, through failure of assumption (c); we
find that unmodelled ionospheric field on average gives a large sys-
tematic error in near-zonal coefficients, and that slight differences
in the averaging leads to the increased variances in these coeffi-
cients. Then in Section 6 we use these arguments to justify the use
of a simple analytic form of a correction factor, to be applied to the
formal output covariance matrix elements to give a much more real-
istic matrix. Section 7 summarizes our OSVM results, and Section 8
discusses the more general application of our results.

2 ORSTED DATA AND ANALYSIS

The Orsted satellite is in a near-polar orbit at an altitude of about
760 km (perigee 640, apogee 880 km). For night times on magneti-
cally quiet days, data points were taken about 1 minute/sin 6 (about
3.6°/sin ) apart, so as to give a distribution roughly uniform over
the sphere. Equatorward of 50° geomagnetic latitude, vector data
B were used; scalar (field intensity) F data were used in the polar
regions, and to fill in gaps in the coverage of the vector data. In
total there were about 25 000 vector triplets and about 45 000 scalar
values.

The analysis was to n = 29 for the field of internal origin (899
coefficients), together with linear secular variation to n = 13 (195
coefficients). External fields were approximated by an » < 2 model,
allowing for a linear variation with (a modified version of) the Dst
index, together with the appropriate internal induced field (11 coef-
ficients); there were also independent annual and semi-annual vari-
ations of the zonal n = 1, 2 internal and external terms (16 coeffi-
cients). The data covariance matrix used was block diagonal, with
covariances within each vector triplet to allow for the anisotropic
accuracy of the attitude determination (Holme & Bloxham 1996).
Different types of data were weighted differently, the weights being
changed iteratively. This, together with the use of intensity data,
meant that the problem was non-linear, but the final iteration was
effectively of a linear model. The magnitude of the weight matrix
V~! (effectively the magnitude of o'3) was estimated from the sum-
square residual of the final iteration. No a-priori model, or other
form of smoothing, was used.
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Figure 1. Individual main-field variances of the Qrsted model (09a/01). (The order is g?, g}, h % s gg, etc.) The horizontal bars are what would be expected for

a uniformly distributed set of vector data at altitude 700 km.

For a full description of the data and the modelling see Olsen
(2002). That paper presents the model known as OSVM. Some of
the simulations described in the present paper used a slightly earlier
model, Orsted (09a/01), but there are only minor differences in the
data used in the two models, so the results of the simulations are
applied to the covariance matrix of the OSVM model.

The 899 formal variances for the main-field coefficients are shown
as one continuous sequence in Fig. 1. For N vector triplets, uniformly
distributed over a sphere of radius a, and having the same variance
52 for each component, for a given degree n the resulting coefficient
variances would be constant at s2/N(n + 1) (see e.g. Langel 1987,
p. 356). However, while the coefficients are expressed as at ‘sea
level’, radius a, the Qrsted observations were at a larger radius 7.
The horizontal bars on Fig. 1 are (+ /a)**** (3 nT)?/18 000(n + 1),
corresponding to uniform vector coverage at satellite altitude (the
3 nT and 18 000 observations are arbitrary figures), but clearly the
actual variation is much more complicated. Within each degree n,
the variances are large at m = 0, decrease to one or more minima,
and then increase to another maximum at m = n.

The main features of this variation with order m can be explained
in terms of the data distribution. For a uniform distribution of purely
intensity data it is well known (see e.g. Lowes 1975) that the resul-
tant variances increase monotonically with m for given n, with the
sectorial, m = n, coefficients having the largest errors. (The sectorial
harmonics have alternating signs in longitudinal sectors, with the
latitudinal variation being more concentrated near the equator as n
increases.) Even if there are also some vector data, we would expect
a data set dominated by scalar observations to have this behaviour.

In contrast, a uniform distribution of purely vector data would
give variances independent of m. But in the OSVM case there are
no vector data in the polar regions; in effect the vector data are
concentrated towards the equator. The least-squares process is such
that it is the harmonics which are sampled most where their field is

greatest which are best determined; for equatorial vector data these
are precisely the sectorial harmonics which are poorly determined
by scalar data. So a data set consisting of equatorially concentrated
vector data will give coefficient variances which decrease monoton-
ically with m for a given n; this has been confirmed by simulation.
When the omitted polar cap is geomagnetic rather than geographic,
there are also minor asymmetries between the g/ and /) variances.

In the case of Orsted, which has both polar concentration of scalar
data and equatorial concentration of vector data, we can think of
these two effects competing and so giving the observed pattern.
This also has been confirmed by simulation.

In fact the Holme & Bloxham (1996) weighting of the vector data
in effect gives the intensity /" at the vector data points as accurately
as at the scalar data points, together with two, relatively less accurate,
angles defining its direction. So the OSVM data set can be thought of
as a global F' data set, which by itself would give variances increasing
with m. The addition of equatorially concentrated directional data
adds a secondary maximum at m = 0, and therefore a minimum at
some intermediate value of m.

Note that this explanation of the form of Fig. 1 assumes, as did
the least-squares analysis, that the measurements were subject only
to random uncorrelated noise, and that the underlying model was
adequate. We will see in Sections 4 and 5 that neither assumption
was justified.

3 OBJECTIVE ESTIMATE
OF VARIANCES

Ideally, the best method of validating a model is to compare it with
good independent data not used in preparing the model. However,
good independent data are scarce, and modellers like to use all avail-
able data, which leaves none for comparison. The 1-min sampling
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rate used for the OSVM model was intended as a compromise be-
tween minimizing serial correlation and losing data.

Another approach is to model independent subsets of the data,
and see how the resultant models differ. Cain et al. (1967) tried this
with their 1900-1965 data set, but were able to produce only two
subsets, which overlapped by 40 per cent. They did not give the
least-squares estimates of coefficient variances, but stated that these
were commensurate with the differences between the coefficients
obtained from the two subsets.

We applied this approach to the data set used for Orsted (09a/01).
This was divided into four subsets, corresponding to every UT calen-
dar first, second, third, and fourth day, and exactly the same analysis
technique applied to each as was used for the model 09a. (In the-
ory, the greater the number of subdivisions of the data, the more
accurately can the output variance given by the whole data set be
estimated. But smaller subsets are less likely to be uniformly dis-
tributed, and the differences in distribution could themselves lead
to changes in the coefficients.)

To the extent that these four data subsets have independent errors,
the differences between the resulting four models can be used to give
unbiased estimates of the variances of the 09a model itself, which is
based on the whole data set. We believe that these estimates will be
more realistic than those of the 09a covariance matrix. However, the
division cannot tell us anything about the presence of any systematic
errors in the coefficients.

With four data sets there are only three independent differences,
but a simple way to give equal weight to each of the four models is
to estimate the variance of (each coefficient of) the 09a model by
taking one-eighth of the mean-square of all six possible differences.
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This estimate will be called o7, while the value given by the 09a
output covariance matrix will be called o-2. This 0’2 is based on a large
number of data and so has the detailed structure imposed by the data
distribution, as shown in Fig. 1. On the other hand, our individual
estimates o are based on only three degrees of freedom, and so
are too scattered to show detailed structure. Despite the scatter, it
is clear that the o show an even larger systematic variation with
n and m than do the o2; for ease of comparison we will work with
the variance ratios o} /o'2. Our hope is to find some simple, overall,
smooth relation between the two sets of variances which we can
estimate, and then use to correct the 09a variances; in this way we
can keep the detailed structure of the 09a variance vector, while
scaling it to the more realistic magnitudes of our more objective
estimates. We will then apply the same correction to the very similar
OSVM variance vector.

3.1 Main field

For the n = 1-29 main-field coefficients, Fig. 2 shows the ratio
o%/a? as a function of n and m; to make the figure more legible,
and to reduce the scatter, the mean of the corresponding g/ and A7
ratios has been used. Despite the scatter, we can see that many values
are less than unity, and that for a given degree n the ratio tends to
increase rapidly as m approaches 0 (zonal harmonics), and also to
increase as m approaches n (sectorial harmonics). In both cases the
increase is larger for smaller 7.

We can think of no reason why our subdivision should introduce
such a pattern, and believe that o} is (apart from the inherent scat-
ter) essentially a good estimate of the real variances of the model

Figure 2. The ratio (rﬁ /ng for the main field as a function of n and m; ai is the estimate of the variance of the @rsted model (09a/01) obtained by dividing
the data into four subsets, and Jg is the value given by the 09a covariance matrix. To make the figure more legible, and to reduce the scatter, the mean of the
corresponding g and /]’ ratios has been used. Ratios greater than 10.0 or less than 1.0 are shown darker.
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09a coefficients. Recall that while o2 itself has local maxima at
m = 0 and m = n, our aﬁ show this effect even more markedly,
particularly for the smaller degrees n. We conclude that we are see-
ing a real effect, which is not fully incorporated in the 09a formal
variances.

We therefore try to understand why, for the ratio o2 /o2,

(i) there is a rapid increase of the ratio as m approaches the
value 0,

(i1) there is a (less rapid) increase of the ratio as m approaches
the value n, and

(iii) for harmonics away from these limits, the variance is only
about a third of that predicted by the 09a covariance matrix.

In Section 4 we suggest an explanation for (ii) and (iii), and in
Section 5 for (i).

3.2 Secular variation

Fig. 3 shows the ratio 02/02 as a function of n, m for the n =
1-13 secular variation coefficients. Again this is larger for the near-
sectorial terms; however, there is no suggestion of any m = 0
enhancement.

4 THE EFFECT OF SERIAL
CORRELATION IN THE DATA NOISE

In this and later sections we use the generic term ‘noise’ to represent
the sum of instrumental noise and all sources of field other than those
being modelled.

Even though the data used in the @rsted (09a/01) and OSVM
modelling come from magnetically quiet times, and an attempt has

10

L

1

|

Variance ratio

Figure 3. As for Fig. 2, but for the secular variation.

been made to allow for the large-scale magnetospheric contributions
described by hourly mean values of the Ds? index, it is likely that
a significant part of the noise comes from other magnetospheric,
sources. These fields often have timescales of minutes to hours, sig-
nificantly longer than the about 1 min between data points. Therefore
this contribution to the noise will not be independent from one data
point to the next, and we would expect there to be serial correlation
in the noise.

We checked this by looking at the scalar residuals (scalar data
minus OSVM model values), selecting data segments of at least
30-min length (797 segments), and calculating the along-track au-
tocorrelation. Fig. 4 shows the results, and confirms that there is
in fact significant serial correlation, so that assumption (b) of Sec-
tion 1 is not valid. (The ‘damped sinusoidal’ shape of the curve is
puzzling; it is consistent with the presence of pseudo-periodic forc-
ing, for example from applying random noise to a system which has
a typical ‘period’ 10—15 min. At present we do not know the nature
of the noise source in this ‘quiet day’ situation. However, it is clear
that the effect is not produced by the satellite, as the same result was
obtained for residuals from an analysis of scalar data from the quite
different CHAMP satellite.)

In this section we try to characterize the likely effect of serial
correlation, first by a qualitative discussion, and then by quantitative
simulations using simple models of serial correlation.

4.1 Qualitative discussion of the effect of serial correlation

We argue that if there is serial correlation of the errors this will
tend to increase the noise power in the sectorial and near-sectorial
coefficients, and decrease it for other harmonics.

In the Appendix we show algebraically that, for Fourier analysis
of measurements round a circle, for a given total mean-square noise
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Figure 4. Autocorrelation of the F residuals. For each of 797 segments of F residuals (scalar data minus OSVM values), of length greater than 30 min, the
autocorrelation was calculated. The line shows the average; the median is almost the same.

at each measurement point, the effect of increasing the serial corre-
lation of the noise between points is to transfer output noise power
from high frequencies to low frequencies. Applying this result to
the near-polar orbit plane of our satellite, along-track corresponds
to variation with latitude. With an orbit period of at least 100 min,
for correlation times of 5—10 min there will be no correlation from
orbit to orbit, i.e. in longitude. Therefore in terms of longitudinal
analysis, this noise is essentially random, and will affect all longitu-
dinal frequencies equally. The associated Legendre functions we are
using in our surface harmonics are more complicated than simple
great-circle sinusoids, but it seems clear that it will be the poly-
nomials which on average have the slowest variation with latitude
which will be most affected. P)"(cos 6) has (n — m) zeros between
the two poles, so we can expect that it is the sectorial, m = n,
harmonics which will be most affected. For large » the sectorial har-
monics are large only near the equator, and have comparatively large
gradients there; this probably explains the 1/z dependence we find
later.

4.2 Simulation of the effect of serial correlation

To try to see what the actual effect was, we did a series of simula-
tions. For simplicity we used global vector data, and made spherical
harmonic analyses of a series of data sets in which each of the (X, ¥,
Z) ‘data’ were purely noise values of appropriate type, drawn from
a serially correlated distribution having zero mean, and variance
1000? nT?. The points were a constant 10.1° apart along an Orsted-
type orbit, but sin 0 weighting was used in the analysis to simulate
the equal-area spacing of the selected Orsted data. Each data set,
consisting of 2000 points, was subject to least-squares spherical-
harmonic analysis; the resulting coefficients were squared and mul-
tiplied by (n + 1) to give the mean-square vector field per harmonic.
These mean-square fields were then averaged over the results from
10 or 20 data sets. Two noise types were used, as described in the
Appendix:

© 2004 RAS, GJI, 157, 1027-1044

(i) Overlapping noise with p = 4 (autocorrelation decreasing to
zero at about 40°; Fourier power spectrum reducing to a half at 4
cycles/circle).

(i1) First-order autoregressive noise with § = 0.6, 0.7 and 0.9
(autocorrelation decreasing to 0.1 at 45°, 65° and 220°; Fourier
power spectrum reducing to a half at 3, 2 or 0.6 cycles/circle).

A uniform distribution of vector ‘data’ which consisted of in-
dependent random noise would be expected to give, on average,
coefficient noise corresponding to a constant mean-square field per
harmonic. Our 2000, sin #-weighted, data correspond to about 1300
data of unit weight, so an input noise of 1000?> nT? per component
would be expected to give a mean-square field per harmonic of about
750 nT2. Even in the results for individual sets, for all types of corre-
lated noise there was a strong suggestion that the mean-square field
per coefficient had a base noise level significantly below this figure,
to which was added a rapid rise for harmonics at and near m = n.
This trend is clearly shown in Fig. 5, which shows the average result
for 20 repetitions of the first-order autoregressive § = 0.6 case.

Averaging over all the relevant terms of Fig. 5 to give the mean-
square field as a function of (n — m) gives Fig. 6, which shows a base
level, and a monotonic increase as (n — m) decreases to the sectorial
terms. (The increase in the simulation values for large (n — m) is
ignored as being due to the 10° spacing not being small enough to
properly sample these short latitudinal wavelengths.) Various least-
squares fits were tried, and it was found that the simple function

ms field per harmonic = a + bexp[—(n — m)/d] (4.1)

gave a good fit to the (n — m) < 25 terms, as also shown on Fig. 6.
However, we saw in Section 3 that the enhancement of the sectorial
terms was larger for smaller degrees. Changing (4.1) to

ms field per harmonic = a + (b + ¢/n)exp[—(n —m)/d]  (4.2)

gave a better fit when applied to the, much more scattered, 675
individual ratios for the (n — m) < 25 g and h)' terms. The form
(4.2) will be used in the scaling of Section 6.
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Figure 5. Linear plot of the mean-square (ms) vector fields corresponding to the variances produced by analysis of a satellite-type data set subject to serially
correlated noise having rms value of 1000 nT, and an autocorrelation of 0.6 between successive data points. The figure shows the average of 20 repetitions of
the analysis of 2000 points 10.1° apart in latitude. Values less than 750 nT?, the expected value for uncorrelated noise, are shown darker.

We found a similar situation whichever model of serially corre- 5 THE EFFECT OF
lated noise was used, with only the numerical values of the coeffi- UNMODELLED FIELDS
cients changing. A trial using a more realistic, combined vector and
scalar, data set gave the same basic result. 5.1 Introduction
Our simulations show that the presence of serial correlation can
indeed produce the enhancement of the variances of the sectorial So far we have discussed the effect of serial correlation of other-
terms which is so obvious in the values of the 0% /o2 ratio. They also wise random fluctuations in the data, coming from magnetospheric
show that for the other harmonics the variances can be less than they ‘noise’; this changes the variances of the resulting coefficients. How-
would be if the errors were independent. But these simulations did ever, there might also be (essentially) systematic contributions in the
not show the enhancement of the zonal terms noted in Section 3; we data ‘noise’. These arise because the Orsted OSVM model (and the
suggest a reason for this zonal enhancement in the next section. very similar 09a model) is limited in its scope, so various known
2000 \ \ \ \ \
[ )
1800 t 1
Autoregressive noise, 3=0.6
1600 1
1400 ,\\ From simulation—e— 1
%1200 | % Exponential fit — — - |
.y \
1000 r 1
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Figure 6. The values of Fig. 5 averaged as a function of (n — m). (For (n — m) = 29 there is only one value; the standard deviation is a nominal value.) For
n < 25 the (weighted) points are least-squares fitted by the exponential a + b exp[—(n — m)/d], shown by the dashed line.
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regular contributions to the observed field are not modelled. We will
call these unmodelled contributions ‘confounding’ fields.

If these unmodelled confounding fields were orthogonal to the
fitted fields over the data points they would not change the val-
ues of the fitted coefficients. They would, however, increase the
magnitude of the residuals, and hence our estimate of a%, even
though they had had no effect on the accuracy of the fitted
coefficients.

Even if these confounding fields were orthogonal over the surface
to the fitted fields at any one time (UT), they are mostly Sun-based,
and so vary with local time. But, while our data are distributed fairly
uniformly in space, they deliberately sample only a very restricted
range of local time. So in practice there is no orthogonality, and the
unmodelled fields will change some of the fitted coefficients; the
unmodelled field ‘leaks’ some of its ‘power’ mean-square field into
some of the coefficients of the modelled field, making such coef-
ficients more uncertain than is indicated by the OSVM covariance
matrix.

Such leakage is essentially systematic, resulting in coefficient
values which are biased away from the true value, though of course
we might not know in what direction. If the unmodelled field is
fixed, then for our particular Earth, strictly speaking, there is no
effect on the variance of our estimate, which is a measure of the
scatter about the mean. Sometimes, however, it is convenient to
produce an overall estimate of uncertainty, random plus systematic,
by adding to the variance the square of an estimate of the magnitude
of the bias, to give a total ms deviation about the true value. This
overall value is also sometimes called a variance, though one could
argue that the term would only be valid if one were thinking of
sampling a population of earths having different crustal fields etc.
This is what Langel ez al. (1989) did, using statistical estimates for
various unmodelled fields, and showing how the ‘variances’ of the
coefficients were increased.

In this paper we prefer to use ‘variance’ in its more restricted
sense. Using a deterministic model of the ionosphere we estimate
the resulting (quite large) average systematic bias of the coefficient
estimates. As different data sets take slightly different averages,
there is a also scatter about the average bias, leading to an increased
variance of these coefficient estimates.

5.2 Estimation of the leakage from unmodelled fields

To estimate the magnitude of these effects, other simulations were
done. At the positions and times of the OSVM data set, the appro-
priate field (B or F') of the internal part of the OSVM model was
calculated. At the same positions and times we used the much more
detailed CM3 model of Sabaka ef al. (2002) to calculate realistic
values of the contributions of each of four confounding fields, three
of which had not been solved for in the OSVM model. For each
of the four cases the confounding field was added to the OSVM
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synthetic data, and the OSVM solution technique was then applied
to the sum field. The original OSVM internal coefficients were then
subtracted from the resulting model coefficients. These differences,
together with the ms values of the confounding field contributions
and the residuals, let us estimate how much of each confounding
field leaked through into the solution and how much remained un-
fitted in the residuals.

These four confounding fields were: crustal fields of higher de-
gree (n = 30—45); ionospheric and magnetospheric fields, and their
Earth-induced counterparts; and large-scale toroidal non-potential
fields. The mean-square values of the confounding field, and of the
residual after analysis, were determined for the actual data points,
which covered a range of radii and times. The effect on the so-
lution was estimated by subtracting the OSVM solution from the
(OSVM + confounding field) solution, and using the resulting co-
efficient differences to give the ms field of the pseudo-internal dif-
ference field at the typical height of 760 km, as well as at sea level.
The results are summarized in Table 1. Note that while the CM3 line
gives the magnitudes of the actual confounding fields, which in one
case has primary source external to the satellite, the last two lines
give the magnitudes of the changes in the solved-for internal field
produced by the ‘leakage’ of the confounding fields into the solu-
tion. In the case of the magnetospheric field, almost all of the CM3
contribution ended in the » = 1 external terms (giving a uniform
field over the Earth), not shown in the table but having mean-square
value 526 nT?.

To put the ‘residual’ figures of the table into context, the un-
weighted mean-square vector residual in the OSVM analysis itself
was about 57 nT?, so, except for the toroidal field, the residuals in
these simulations look reasonable; it is argued below that the CM3
toroidal field we used is much larger than would be relevant for the
Orsted measurement times. To put the last, sea level, line of the ta-
ble into context, the total mean-square vector field corresponding to
the OSVM output covariance matrix was about 100 nT?; ignoring
the toroidal field, the powers leaked by these confounding fields are
comparable with, or smaller than, this total power of the OSVM co-
variance matrix. More important here is the way this leakage power
is spread unevenly among the harmonic coefficients, and that it is
effectively systematic, rather than random.

In each case the proportion of the confounding field which leaks
into the least-squares solution at satellite altitude is considerably
more than would be expected from a degrees of freedom argu-
ment based on the assumption that the confounding field was high-
frequency noise. So applying this degrees of freedom argument to
the original OSVM residuals would have underestimated the o
scaling factor to be applied to the OSVM relative output covariance
matrix. The discussion below indicates that, particularly in the case
of the ionospheric field, the increased uncertainty is not spread uni-
formly but is concentrated into particular harmonics, so a simple
increase of o2 would be misleading.

Table 1. Leakage of confounding fields into a model OSVM type solution. Simulation of the effect of four separate confounding fields on the accuracy of the
OSVM model. All values are mean-square vector fields, expressed in nT2, averaged as shown in the last column. ‘CM3” refers to the individual confounding
fields, ‘Residual’ to the residuals left after that least-squares fit, and the Ag are the differences in the coefficients (both g/ and %)) produced by the presence

of that confounding field. The last two rows refer to the full n = 29 solution.

Confounding

field Crust Tonosphere Magnetosphere Toroidal

CM3 field 0.15 20 520 220 Average over all actual points
Residual 0.12 4 13 180 Average over vector points
¥ (n+ 1)Ag? 0.05 14 1 13 At 760 km

3 (n+ 1)Ag? 13.43 94 33 273 At sea level
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Satellite observations essentially give the spherical harmonic co-
efficients at satellite radius 7. When, as is the convention, we express
the coefficients as at ‘sea level’, radius a, there is an (r/a)"*! en-
hancement in the coefficients, or an (r/a)*'** enhancement in the
mean-square field, which can greatly increase the contribution of
high harmonics. At sea level, except for the ionospheric field, about
halfofthe leakage mean-square field is from the highest degrees, n =
26-29; this is presumably due partly to the truncation and partly to
these harmonics not being properly resolved. However, the absolute
effect of these high-degree harmonics is trivial at satellite altitude.

The effect of each of the four fields will now be discussed sep-
arately, and summarized in Section 5.7. In each case the way the
coefficient differences varied with » and m were analysed as in
Section 4.2.

5.3 The effect of unmodelled crustal field

At satellite altitude, the CM3 short-wavelength crustal field (n =
30-45) is very small. When integrated over a sphere, these high-
degree fields are orthogonal to the n < 29 fields of the OSVM
model. However, there is not exact orthogonality when the integra-
tion is replaced by summation over a discrete set of points, even for
uniformly spaced vector data (see e.g. Jekeli 1996 eq. 24), so there
is some leakage into the solution. At satellite altitude the effect is
insignificant in magnitude, but when extrapolated down to sea level,
the amplified higher harmonics do contribute significantly, giving
a total leakage of 13 nT?. (In the OSVM solution these higher har-
monics were included specifically to avoid truncation errors; they
were not claimed to be accurate.)

The vast majority of this sea-level power is in the zonal, m = 0,
harmonics; the reason for this is not known, but compared with the
effect of the ionosphere (see below) its effect is trivial.

10

L

1

ms field per harmonic, nT"2

Except at the highest degrees, the changes in the Gauss coeffi-
cients are much smaller than those obtained by Rygaard-Hjalsted
et al. (1997). This is because our simulation used a deterministic
model of the crustal field, over a limited range of spatial frequen-
cies, for a large data set at 760 km, while their trial used a statistical
model of the whole crustal spectrum, and a much smaller data set
at 400 km.

5.4 The effect of ionospheric fields

By using only night-time measurements, it had been hoped that
most of the effects of the ionosphere would be eliminated, so no
ionospheric terms were included in the 09a and OSVM models.
However, the CM3 model shows there are still fields of a few nan-
otesla at satellite level at these times; these are produced by the
currents induced inside the Earth by the time-varying ionospheric
field. (Even though the ionospheric currents as such are zero or al-
most zero at these local times, the field of the corresponding internal
induced currents is not zero; see e.g. Ashour & Price 1965).

Our simulation shows that these night-time (ionospheric + in-
duced) fields can leak significantly into the OSVM model. At satel-
lite altitude the leakage is almost entirely into g, g% and 2}; however,
at sea level, while g dominates at 21 nT?, higher harmonics also
contribute, giving a total of 94 nT2. This leakage is concentrated in
the zonal and near-zonal terms; see Fig. 7.

The CM3 ionospheric currents are scaled by the daily mean of
the F10.7 solar flux, giving a first-order approximation to the day-
to-day variations. But the real day-to-day variation is more com-
plicated; also, different data sets sample the ionospheric field dif-
ferently in space and time. So different data sets will produce a
somewhat different average ionospheric leakage, leading to a
pseudo-random scatter of the coefficients, and this is what was
shown by the near-zonal coefficients of our four subsets of data. The

Figure 7. The mean-square field per harmonic leaking into an OSVM type solution from unmodelled ionospheric field; unit nT?. Generally as for Fig. 2.

Values greater than 10.0 or less than 1.0 are shown darker.
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corresponding variances to be associated with the whole data set are
only of the order of magnitude of 1 per cent of the squares of the
systematic leakages, but are still many times larger than the formal
variances.

By analogy with the fitting of the m = n concentration found in
the simulations of Section 4, we tried fitting the m = 0 concentration
by the exponential

ms field per harmonic = a + eexp(—m/g); 5.1

excluding the g2 term, this fitted 35 per cent of the (ms field)? values.
Allowing the coefficient of the exponent to increase with decreasing
n, giving

ms field per harmonic = a + (e + f/n)exp(—m/g), (5.2)

fitted another 10 per cent. The form (5.2) will be used in the scaling
of Section 6.

5.5 The effect of magnetospheric fields

The OSVM modelling did include magnetospheric terms, but this
simulation was included for completeness.

As is to be expected, at satellite altitude the vast majority of the
CM3 magnetospheric fields appears in the external n = 1, 2 terms,
and there is only a trivial contribution to the main-field terms. At
satellite altitude, most leakage into the main-field terms is to g3,
though with a small effect on /). At sea level there is relatively
more power at the higher degrees, with a tendency to concentrate in
the near-zonal and near-sectorial terms.

(Note that the CM3 magnetospheric model is based on hourly
Dst values, modulated by seasonal and diurnal oscillations. It does
not try to model the more rapid variations which we suggest are the
reasons for the serial correlation we discussed in Section 4.)

5.6 The effect of toroidal fields

These fields come from large-scale ionospheric coupling currents,
joining the northern and southern ionospheric current systems. They
give a small leakage, mainly into low-degree terms, but continuing
towards higher degrees mainly in the sectorial terms. At sea level,
222 of the total 273 nT? comes from n = 28 near-sectorial terms,
which should probably be ignored, as being essentially a truncation
problem. Unfortunately CM3 estimated these toroidal fields only
for the dusk and dawn times of the Magsat observations. For this
simulation we happened to use the larger dusk values, which will
be many times too large for our night-time Orsted data. It seems
unlikely that there will be any significant leakage into the OSVM
analysis.

5.7 Summary of the effect of unmodelled fields

These simulations show there is a large systematic leakage of the
mean ionospheric field, mainly into the near-zonal coefficients, cor-
responding to a field of magnitude at least 6 nT. If the highest degree
terms are ignored, the other three confounding fields probably only
have anegligible effect, except possibly on g3 by the magnetospheric
field.

The enhancement of the variances of the near-zonal terms will
come from the small variations of the leakage of unmodelled iono-
spheric field into the OSVM solution.

© 2004 RAS, GJI, 157, 1027-1044
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6 SCALING FACTOR FOR THE ORSTED
(09a/01) AND OSVM VARIANCES

We now want to estimate smooth scaling factors which are a rea-
sonably good fit to the two sets of ratios, taking into account the
results of Sections 4 and 5. Because the models 09a and OSVM are
so similar, we will apply the scaling factors derived from the former
to the variances of model OSVM.

6.1 Least-squares fitting of the ratio o} /o2
for the main field

6.1.1 n=2-25terms

A succession of least-squares fits were made to the 672 in-
dividual values of the ratio for n = 2-25; we excluded the
n = 1, dipole, terms, which are discussed separately below. We
excluded the n > 25 terms because they were noisy and not prop-
erly resolved. The results of successive fits are summarized in Table
2. Using the exponential expression (4.11) for the sectorial enhance-
ment gave a fair fit, MF2, but using the modified expression (4.12)
gave a substantial improvement, MF3. The exponential expression
(5.1) for the enhancement of the zonal terms was added, MF4, and
then its coefficient allowed to vary with n (eq. 5.2, MF5), giving
additional small, but significant, improvements. Inspection of the
residuals after this final fit showed no obvious trend.
The fit MF5 for the main field is

akz/oaz = 0.27 + (1.81 + 13.18/n) exp[—(n — m)/4.49]
+(1.62 4+ 9.83/n) exp[—m /1.09]. ©.1)

This simple seven-parameter fit accounts for two-thirds of the mean-
square value of the ratio. Considering that the individual values are
very scattered, this is a commendable result.

When (5.2) was fitted to the systematic field leaking from the
ionosphere, the parameter g was 0.58, the same value was obtained
when (5.2) was fitted to the residuals after MF2. This confirmed that
slight variation of the systematic ionospheric leakage is the source
of the enhancement of the zonal variances. (In the combined fit its
value was modified to the 1.09 of eq. (6.1).) Such a comparison is
not possible for the parameter d in the sectorial enhancement, as we
do not know which, if any, of our models of serial correlation is
relevant. We used the simulations only to guide us to a reasonable
algebraic form for the enhancement. (In fact d was 2.55 for the
B = 0.6 autoregressive noise, decreasing as B increased.) Also, the
variation of the sectorial enhancement with » was larger than it was
in the particular simulations of Section 4.

The values of MF5, eq. (6.1), are shown for integral » and m in
Fig. 8. One way of looking at the different regions of the figure is
in terms of the latitudinal and longitudinal spatial frequencies. The

Table 2. Least-squares fitting of the ratio aﬁ /o2, The third column gives
the percentage sum-square residual (SSR) after the fit. (Note that the fitting
formula is schematic; the parameters have different numerical values at each
stage.)

SSR
Fitting formula (per cent)
0 100
MF1 a 65
MF2  a + bexp[—(n —m)/d] 49
MF3  a+ (b + c/n)exp[—(n —m)/d] 38
MF4  a + (b + c/n) exp[—(n — m)/d] + e exp(—m/g) 35

MF5  a + (b + ¢/n) exp[—(n —m)/d] + (e + f/n) exp(—m/g) 34
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Figure 8. Overall correction factor as applied to the main-field variances of the formal @rsted model OSVM covariance matrix. The values are those of eq.
(6.1) except for the extra factors of 2 for g(l) and gg. Factors greater than 10.0 or less than 1.0 are shown darker.

enhancement of the near-zonal variances, coming from variations
in the ionospheric leakage, is for harmonics having low frequency
in longitude and mainly high frequency in latitude. Conversely, the
enhancement of the near-sectorial variances, coming from serial
correlation of the magnetospheric ‘noise’, is for harmonics having
low frequency in latitude and mainly high frequency in longitude.
The reduction of variance is for harmonics having high frequency
in both directions.

The formal standard deviations of the individual parameters are
about 20 per cent for a, about 7 per cent for b, ¢ and d, and about
16 per cent for e, f and g. This means that the formal standard
deviation of the whole function is about 7 per cent for most values
of (n, m), but increases to about 20 per cent at the baseline level of
0.27 (large n, intermediate m). But it will be argued in Section 7
that it would be more realistic to adopt an overall uncertainty of the
whole expression of about 25 per cent.

6.1.2 The dipole terms

In the @Orsted (09a/01) model the n = 1, dipole, coefficients have
some of the smallest ‘internal’ variances; in total they correspond
to only about 6 x 1073 nT? mean-square field at sea level. This
means that the number and distribution of the data well define
these coefficients provided that the assumptions given in Section 1
are valid. However, our ‘objective’ variance estimation of Sec-
tion 3 showed that two of the three dipole terms had by far the
largest variances of any coefficient, corresponding to about 120 x
103 nT2. Hence the value of the ratio o2/0? is 56 for g%, and
averages 12 for g} and h}.

There are several reasons why these dipole terms may be subject
to large error. In Section 5 we found by simulation that a realistic
average ionospheric field leaked 5300 x 1073 nT? zonal dipole field
into a OSVM-type solution. Most of this is a systematic error, but
it does confirm that the especially large 50 x 1073 nT? random
scatter corresponding to the o for g% is due to small variations in
the leakage of the ionospheric field.

The n = 1 coefficients are probably also subject to extra uncer-
tainty because of the difficulty in differentiating between the main
part, coming from the core, and that part induced by time variation
of the ring current. This is made worse by the arbitrary choice for
the zero level of the Dst index.

Our empirical fit (6.1) to the n = 2-25 values of the ratio predicts
large values for n = 1, as the sectorial enhancement coming from
the serial correlation, and the zonal enhancement from the random
part of the ionospheric leakage, are both at their largest here. In fact
(6.1) gives about 20 for g! A}, somewhat larger than the observed
average, and about 24 for g%, less than half the observed value.

Any Dst induced-current contributions should affect all the n =
1 terms equally, while the ionospheric leakage is much larger for
the m = 0 term. To allow for the random part of this ionospheric
leakage we propose, fairly arbitrarily, to increase the g variance by
a factor of two, in addition to the factor given by (6.1).

6.1.3 The g4 term

We saw in Section 5.4 that at sea level the unmodelled mean iono-
spheric field gave about four times as much systematic leakage,
20 nT? mean-square field, into g9 as it did to g%. This suggests that
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Table 3. Least-squares fitting of the ratio aﬁ /a§ for the secular variation.
The third column gives the percentage sum-square residual (SSR) after the
fit. (Note that the fitting formula is schematic; the parameters have different
numerical values at each stage.)

Fitting formula SSR (per cent)
0 100
SV1 a 69
Sv2 a+bexp[ — (n —m)/d] 47
SV3 a—+ b+ c/n)yexp[ —(n —m)/d] 32

for the random part of the leakage (6.1) might again underestimate
the real uncertainty of this coefficient by a factor of 2; it predicts a
ratio of 8 against an observed 16. We therefore propose to use the
same additional factor of 2 as for g.

6.1.4 Then = 26-29 terms

Although these terms were not used in the least-squares fit, it turns
out that equation (6.1) is in fact a good fit to them. For completeness
we will therefore apply (6.1) to the OSVM variances for these terms,
but note that it was not claimed that these terms are meaningful.

6.2 Least-squares fitting of the ratio o} /o2
for the secular variation

The 09a variances for the secular variation show the same pattern of
variation with » and m as do the main-field values. As for the main
field, a series of least-squares fits was made for the ratio o2 /o2 for
the secular variation, with the results shown in Table 3. The four-

L

10

1

L

Variance ratio

Realistic estimate of variances 1039

parameter fit SV3 accounts for two-thirds of the mean-square value
of the ratio. Adding an enhancement of the zonal terms made no
significant improvement, so it appears that leakage of unmodelled
ionospheric field did not significantly affect the secular variation
within each of the four data subsets, even though it did affect the
main field obtained from each subset. The fit for the secular variation
is

oo} =022+ (0.17 + 23.32/n) exp[—(n — m)/3.12], (6.2)

showing a more marked variation with » than did the main field,
eq. (6.1). The appropriate values of eq. (6.2) are displayed in Fig. 9.

The lack of any effect from the ionospheric field is an example of
how a secular variation analysis can be quite different from a main-
field analysis. The value of the ratio for g is about twice that given
by (6.2), but on the other hand the other two n = 1 ratios are about
one-half that given by (6.2). We decided, again fairly arbitrarily, that
there was no clear need to treat the n = 1 terms any differently from
the others, so will use (6.2) for all the terms for n = 1—13. The formal
uncertainty of (6.2) ranges from about 7 per cent to 20 per cent, but
again we will adopt an overall uncertainty of the expression (6.2) of
25 per cent.

7 DISCUSSION OF
THE ORSTED RESULTS

7.1 Variance estimates

The least-squares process that gave the set of spherical harmonic
coefficients called the OSVM model (Olsen 2002), also produced
an output covariance matrix, the diagonal terms of which estimate
the variances of the coefficients. For the internal field we call these

72

Figure 9. Overall correction factor as applied to the secular variation variances of the formal @rsted model OSVM covariance matrix. The values are those

of eq. (6.2). Factors greater than 10.0 or less than 1.0 are shown darker.
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1040  E J Lowes and N. Olsen

variances 2. (For simplicity, in this discussion we will ignore the
small differences between the variances of the 09a model and those
of the OSVM model.) Because the observations were at satellite
altitude, while the coefficients are expressed as at sea level, 03 in-
evitably increases with degree n. Also, within each degree, because
the data amount to equatorially concentrated vector measurements
and polar-concentrated intensity measurements, the variances were
largest at m = 0 and =n. Because the analysis was based on a
large amount of data, the variation of o2 with n and m was piece-
wise smooth. Any similar analysis based on the same type of satellite
data selection will give the same sort of pattern.

However, the accuracy of such ‘internal’ variance estimates de-
pends on the validity of the assumptions (a) to (c) of Section 1.1,
and in practice these assumptions are not all valid. We have pro-
duced objective ‘external’ estimates of the variances by perform-
ing OSVM-type analyses on four independent subsets of the data,
and then using the scatter of the four resulting models to derive
a corresponding set of variances of. To ease comparison with the
‘internal’ estimates o2 we used the ratio o2 /o 2. Because each o2
was based on only three degrees of freedom, these ratios were very
scattered, but various trends were apparent. Within each degree n
we found that o2 underestimated the variances at and near m = 0
and m = n, but overestimated the variance for intermediate m at
large n.

We have shown that the residuals of the OSVM least-squares fit
have significant serial correlation. Qualitative arguments show this
would be expected to lead to the OSVM covariance matrix overesti-
mating the variances of many of the coefficients, but underestimat-
ing those for sectorial (n = m) and near-sectorial coefficients. Our
simulations confirmed the existence of this effect, and suggested an
algebraic function of #n and m which fits the effect quite well.

We also used simulations to investigate the leakage of various
types of field not included in the OSVM model into the solu-
tion. It turns out that, even though the satellite data were all taken

at night time, unmodelled ionospheric fields, and especially their
Earth-induced counterparts, make a significant contribution to the
zonal (m = 0) and near-zonal coefficients, some of which is pseudo-
random between data sets. A similar algebraic function fitted this
effect.

We then used the forms of these functions to make an overall
least-squares fit to the set of ratios o7 /2. The resulting correction
factors, equation (6.1) for the main field (together with additional
factors of two for g9 and g%) and (6.2) for the secular variation, are
applied to the OSVM variances. These factors vary from about 1/3
(for the large n, intermediate m, variances), to 2—20 (for the zonal and
sectorial variances), and up to 50 for g9, so their effect is significant.
The resultant scaled variances for the main field are shown in Fig. 10;
all the variances are available at www.dsri.dk/Oersted/Field_models.
We believe that they are much more realistic estimates of the vari-
ances of the OSVM harmonic coefficients.

With no correction, for the field of degrees n = 1-13, approxi-
mating the main field of mainly core origin, at sea level the formal
OSVM variances give a mean-square vector field error of prediction
over the Earth’s surface of 1.5 nT?; applying (6.1) increases this to
3.5 nT?. At higher degrees there are more terms for which the ratio
is less than 1, so the overall effect is less; for » = 1-25 the corre-
sponding values are 31.5 and 38.5 nT2. But it must be remembered
that these are global averages; within the overall increase in noise
power there is a major transfer of power from terms having large n,
intermediate m, to terms at and near m = 0 and m = n, so we expect
the uncertainty to vary significantly over the surface. For the sec-
ular variation, applying (6.2) increases the n = 1-13 mean-square
uncertainty from 1.4 to 2.1 (nT yr~')?, with the same proviso about
redistribution.

Of course our estimates of the variances are still just estimates,
and will not be exact; the formal standard deviations of (6.1) and
(6.2) range from about 7 per cent to 20 per cent. As in any least-
squares process, these formal values are based not only on the lack
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Figure 10. Individual main-field variances of the @rsted model OSVM after scaling. (The order is g?, g{ ,h } s gg, etc.)
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of fit to the individual values, but also on the assumption that the
fitting function is appropriate. We suggest that it would be more
realistic to adopt a simple overall uncertainty of 25 per cent. It must
be remembered that these variances estimate the pseudo-random
scatter about the mean; as discussed below there are also larger
systematic errors in some of the coefficients. Also, if there are other
defects in the modelling not yet considered, these might well give
other contributions to uncertainty!

In the OSVM the various external and induced internal terms
were co-estimated essentially to better model the internal field and
its secular variation. We have therefore not tried to investigate the
inaccuracy of the corresponding variances/covariances.

Because of the very large numbers of covariances, only the
variances were investigated directly. To extend our results to
the covariances we have assumed that the OSVM output cor-
relation matrix is correct; we have therefore scaled the OSVM
covariances by the geometric mean of the two correspond-
ing variance ratios. This scaled matrix is also available at
www.dsri.dk/Oersted/Field_models/OSVM.

7.2 Systematic errors

We have shown that there is significant systematic leakage of the
average quiet-day ionospheric field into the OSVM solution, and
ideally we need to correct for this as far as possible. Table 1 shows
that, in our simulation using the CM3 model of an average iono-
sphere, a total of 94 nT? was leaked into the model, but much of this
was in the noisy high harmonics. At this stage we do not know how
accurate our estimation of the leakage is. However, omitting the g3
contribution, the sea-level power spectrum of the leaked field tends
to decrease with degree to about n = 8, and then increase; we take
this to indicate that above about n = 8 the observed ‘leakage’ is
probably mainly noise. It would therefore seem sensible to truncate
any correction at n = 8. (But note that such a truncation does not
mean that there is no significant correction at higher degrees.) This

Realistic estimate of variances 1041

truncated estimate of ionospheric leakage is shown for sea level in
Fig. 11; it has a ms field of 39 nT?. Of the 80 coefficients, 48 have
leakage greater than the scaled standard deviation corresponding
to eq. (6.1); 32 have leakage more than twice the scaled standard
deviation.

Applying such a correction will reduce the systematic errors of
the OSVM coefficients, but will increase their random errors, as
the numbers we use will not be exact. More work using different
ionospheric models would be needed to give some indication of the
uncertainty of the correction. We therefore chose NOT to make this
correction. The listing at www.dsri.dk/Oersted/Field_models gives
the original OSVM coefficients, together with the revised variances,
which are our best estimates of the effect of random error in the
observations. It lists separately the values we estimate for the cor-
rection (to n = 8) for the ionospheric leakage (to be subtracted from
the OSVM values); the user can decide whether or not to apply the
correction.

Our approach uses a deterministic model of the ionosphere to
estimate the systematic leakage. This in contrast to that of Langel
et al. (1989), who used a statistical model of the ionosphere, and
increased their coefficient ‘variances’ by the square of the magnitude
of the resulting leakage; for a given degree n, their model spread the
ms ionospheric power equally between all the harmonics.

8 GENERAL DISCUSSION

It is clear that in any simple modelling of satellite magnetometer
data, the resultant output covariance matrix can be a very poor esti-
mate of the accuracy of the resulting coefficients. And if incorrect
weighting has been used in the least-squares process, the coefficients
themselves might not be optimum.

It has perhaps not been realized sufficiently just how large is
the variation of coefficient of variance with » and m when using a
typical satellite (vector + scalar) data set, even if the noise were
uncorrelated. And the effect of correlated noise is to significantly

=20 =15 =10 =5

20

Figure 11. An estimate (truncated to n = 8) of the spurious field ‘leaked’ into the OSVM solution from the average ionosphere. The figure shows the radial

component at ground level. Contour interval 2 nT; Hammer projection.
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increase this variation. More work is needed to see how this variation
affects the various users of the models.

Although the numerical details of this paper are appropriate only
to the OSVM model, the general approach is applicable to any
model. Ideally any modelling should be such that all the three as-
sumptions of Section 1 are valid (or, if they do not hold, are properly
accounted for in the modelling approach), so that we can trust the
output coefficients and covariance matrix to be valid estimates, but
in practice this is probably never fully possible. The modeller will
have to compromise between the relative merits of increasing the ac-
curacy of the output coefficients, having a proper knowledge of what
this accuracy actually is, and the amount of computation involved.

Given sufficient data, the simple approach of this paper is one
possible compromise; use the coefficient set obtained by a simple
least-squares fit of the whole data set, but use the differences be-
tween the results from independent subsets of that data to estimate
more realistic variances. For a data set having similar separation
and distribution to that of the OSVM modelling, the scaling factors
obtained in this paper could be used instead.

Because the least-squares process used in the OSVM modelling
is not quite linear, averaging the subset coefficients does not give
quite the same values as analysing the whole data set. However, the
differences are small. For example, for our four data subsets, the
mean coefficients rarely differed from the coefficients derived from
the total data set by more than the scaled standard deviation. Because
it will have more uniform coverage, the total data set probably gives
a slightly better result, but without doing a proper least-squares fit
incorporating the serial correlation we cannot be sure.

Another approach would be to use a sparser data set, so that the
data errors were no longer correlated. Then, apart from the compli-
cations caused by the ionospheric leakage, the diagonally weighted
least-squares approach would indeed give valid estimates of the co-
efficients and their variance, but it might reduce the resolution of
high-degree harmonics. It would also throw away useful informa-
tion, even if this was in a complicated form. To see this, suppose
that we used only every second point, and that this was sufficient
to avoid serial correlation. Then by raising the curve of Fig. 1 by
a factor of 2, we would have valid estimates of the resulting vari-
ances. We see that, for large n, the peaks of Fig. 10 have roughly
the same value as the peaks of the displaced Fig. 1; the effect of
the extra information contained in the larger, if more complicated,
data set giving Fig. 10 has been to reduce the variances everywhere
except at these m = n peaks. (This can be explained by appropri-
ately modifying the arguments of Section 4.) Presumably, by using
even more intermediate data (of which there is a vast amount), we
could reduce the non-sectorial uncertainties even more, though with
rapidly diminishing returns. At this stage we do not know what the
optimum data spacing is. Nor do we know how users of the mod-
els would be affected by the increased variation of variance with n
and m.

In theory the nature of the average serial correlation of the data
could be obtained empirically, and, at least for the quiet-time data
normally used, would be applicable to other data sets, as there is
probably not much variation with altitude in the range used by mag-
netometer satellites intended for measurements of the main field. So,
if the relevant autocorrelations can be obtained (and again ignoring
the effects of ionospheric leakage), a modeller prepared to work with
the complications of a very large, but sparse, near-diagonal, input
covariance matrix could use the appropriate non-zero input covari-
ances, and obtain a better set of coefficient estimates, together with
a better estimate of their variances and covariances; clearly this is
the ideal approach.

Unfortunately there are several complications in this approach;
while the autocorrelation function is easily obtained for the inten-
sity measurements—see for example Fig. 4; it is not clear at this
stage how best to obtain it for the vector measurements. There will
be a fairly simple autocorrelation function when the measurements
are expressed in a fixed geocentric coordinate system, but the ac-
tual observations are of field components in the rotating spacecraft
reference frame. Therefore the effective correlation will depend on
how these rotate in space, and so will be different from spacecraft
to spacecraft. And in either coordinate system there will now also
be (additional) cross-correlations between the components!

Of course, if eventually we better understood the (probably
mainly) magnetospheric processes which led to this correlated
‘noise’, and were able to find some other proxy measurement re-
lated to it, we could apply a correction in the modelling; then the
remaining residuals would have much less serial correlation.

Could we gain by using several data sets overlapping in time, each
with data far enough apart in time that there is no significant error
correlation within each subset? Each subset will give a set of coeffi-
cients having well estimated, if comparatively large, variances, and
we can certainly average the resulting coefficients over all the sub-
sets. But the individual data of each set are highly correlated with the
corresponding ones of the other sets, and so the resulting coefficient
errors will also be correlated; therefore averaging the coefficients
will not decrease the variances as much as might be expected. Also,
because of the correlation, we cannot use the coefficient differences
to give an independent estimate of the real variances. (We found
another problem. In a simulation allocating alternate data points to
two subsets, because the data points were now twice as far apart in
time the pseudo-random part of the ionospheric leakage was differ-
ent; it was comparable to that of our main simulations up to n =
8, but tended to be larger, and to move to m = 1 or 2, for higher
degrees.)

Whatever the approach, it is probably still desirable to check
the variance estimates by comparing the coefficients obtained by
analysing appropriate subsets of the data.

So far this discussion has concerned random errors. The effect
of these can be reduced (if inefficiently) by increasing the number
of days of data. Unfortunately it turns out that if the field due to
the average night-time ionosphere is not modelled then there is also
a very significant systematic error. The exact nature of this will
depend on the details of the data distribution, but its magnitude is
not changed simply by increasing the number of data points. For the
OSVM modelling this systematic ionospheric leakage corresponded
to a root-mean-square vector field at the surface of about 6 nT up
to n = 13; this is larger than the estimated random error of about
2 nT for these main-field terms. In fact, as this systematic leakage is
concentrated in the zonal and near-zonal coefficients, for these terms
its magnitude is much larger than that of the random errors. We have
made an estimate of this leakage, and hence could approximately
correct for it, but at this stage we do not know how accurate the
estimate is. If its relative uncertainty is in fact less than about 10
per cent, then for the OSVM model applying such a correction
would not significantly increase the overall random error of these
coefficients. For a longer data set, or for a data set using data from
several satellites, the variances could be less, and this simplification
might no longer be valid. More work is needed to determine the
extent to which the leakage (and hence correction) depends on the
nature of the data distribution.

The ideal would be to include terms representing a realistic iono-
spheric contribution in the least-squares solution; then the problem
of ‘leakage’ of the ionospheric field into the main-field solution
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would be very much reduced, if not eliminated. (Though the sim-
ulations of Section 5 suggest that the remaining unmodelled fields
might give similar, if smaller effects.) This approach is taken in the
‘Comprehensive Model” of Sabaka et al. (2002) and Sabaka et al.
(2004).
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APPENDIX : THE EFFECT OF SERIAL
CORRELATION ON FOURIER
ANALYSIS

Consider the 1-D case of N observations equally spaced by 27 /N
around a circle. If the noise at each point is independent random
noise, of mean-square value o2, then a Fourier analysis along the
circle will give a noise power (mean-square value over the circle)
for each of the two harmonics at v cycles/circle of

P(v) =20?/N. (AD)

This is a ‘white’ noise spectrum; the input noise is spread equally
among all the harmonics (except for the v = 0 average value).
Now consider what happens when the noise is serially correlated.
One simple type of correlation is where a new independent noise
value is added in at each point, and remains constant for a total of p
points before vanishing; there are then (a progressing selection of) p
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independent noise contributions at each point. Such noise amounts
to overlapping rectangular signals, each of width A0 = p27 /N,
but of random amplitude A;. First consider the Fourier analysis of
the particular individual rectangular noise contribution which has
amplitude 4, and length Af symmetrical about 8 = 0. Treating this
as a signal y(0), it is represented by the Fourier series

(6) = AgAO i sin(vA6/2)

286/ cos(vAB) (A2)
and its power spectrum is
P(v) = %Aé(AQ/n)z[sin(vA6/2)/(vA9/2)]2. (A3)

Now add in the other, independent, contributions, each displaced
by 27 /N. Each error contribution will produce a similar spectrum,
but with the appropriate phase shift in the cos(vA8) term, and the
appropriate random amplitude 4;. When these are summed, the re-
sult squared, and the expectation taken, we get

P(v) = %NA2(A9/71)2[sin(vA@/Z)/(vA9/2)]2, (A4)

where 47 is the expectation of 4?. Comparing (A.4) with (A.3) we
see that, as would be expected, having N independent noise sources
increases the output noise power by a factor of N. In our case we
want the total mean-square noise at each point to be o?; therefore
for p overlapping contributions, the expectation of 42 mustbe o2 /p.
Also A0 = p27/N, so finally we have

P(v) = (2po’/N)[sin(pvrt/N)/(pvr/N)P. (AS)

For low frequencies, v < N/m p, (long wavelengths) the factor
[...J? is nearly unity, and we see by comparing (4.5) with (4.1) that
the effect of the serial correlation is to increase the output noise
power by a factor of p. (For the v = 0, average, term we can see
that this is because the overlapping of the noise means there is less
cancellation of the random contributions, and the effective number
of degrees of freedom is reduced by the factor p.)

On the other hand, for the higher frequencies (short wavelengths)
the effect of the serially correlated noise rapidly becomes trivial; the
effect is only significant for wavelengths comparable with, or larger
than, the noise ‘correlation length’ pA@ = p2m /N. The reason for
this is that in the Fourier analysis the ‘signal’ is multiplied by the
appropriate sine wave and then integrated; for high frequencies/short
wavelengths the correlated noise looks like a constant ‘signal’ over
each period, and so does not contribute much to the integral.

For a given total mean-square noise at each point, the overall
effect is that increasing the correlation length of the noise transfers
output noise power from high frequencies to low frequencies.

Another form of serial correlation is autoregression. For a first-
order autoregressive process, a fraction 8 of the noise at one data
point is still present at the next data point. In this case, if the expected
mean-square value of any one error is o2, then the noise y; at point
i is given by

yi = Byi-1 +ve;, (A6)

where y = (1 — ,32)5 , and ¢; is a random sample of noise of vari-
ance o2, Again the noise consists of the addition of independent
components, but in this case each component decreases by a factor
of B between adjacent points. This corresponds to the exponential
decay

y(0) = 4; exp[—a(0 —0,)], (AT)
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where 4; =y e;,and o« = (N /27) In(1/ ). Using the approximation
that « is large enough (8 small enough), so that y(0) is negligible
for 6 > 2, the power spectrum of the decay starting at 6 = 0 is

P(v) = A/ + 7). (A8)

By the same argument as above, on average the power spec-
trum of the N uncorrelated random-amplitude signals starting at
equally spaced points around the circle is just N times that of one
signal:

P(v) = NA?/(a® +1?). (A9)

Again the effect of the serial correlation is to transfer noise power
from high frequencies to low frequencies.

In effect, discrete Fourier analysis over the N points approximates
the input signal y(0) by a series of trapezoids; the above analysis is
based on exact integration, and so will become invalid for rectan-
gular pulses which are too short, or exponential decay which is too
rapid. However, the analysis can be expected to reproduce the main
effects for the situations we are considering.

We see that, whatever the exact nature of the serial correlation,
its effect is to transfer noise power from high spatial frequencies to
low frequencies.
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