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Optimized Sample Schemes for
Geostatistical Surveys!

B. P. Marchant? and R. M. Lark?

Sample schemes used in geostatistical surveys must be suitable for both variogram estimation and
kriging. Previously schemes have been optimized for one of these steps in isolation. Ordinary kriging
generally requires the sampling locations to be evenly dispersed over the region. Variogram estimation
requires a more irregular pattern of sampling locations since comparisons must be made between
measurements separated by all lags up to and beyond the range of spatial correlation. Previous studies
have not considered how to combine these optimized schemes into a single survey and how to decide
what proportion of sampling effort should be devoted to variogram estimation and what proportion
devoted to kriging.

An expression for the total error in a geostatistical survey accounting for uncertainty due to both
ordinary kriging and variogram uncertainty is derived. In the same manner as the kriging variance,
this expression is a function of the variogram but not of the sampled response data. If a particular
variogram is assumed the total error in a geostatistical survey may be estimated prior to sampling. We
can therefore design an optimal sample scheme for the combined processes of variogram estimation
and ordinary kriging by minimizing this expression. The minimization is achieved by spatial simulated
annealing. The resulting sample schemes ensure that the region is fairly evenly covered but include some
close pairs to analyse the spatial correlation over short distances. The form of these optimal sample
schemes is sensitive to the assumed variogram. Therefore a Bayesian approach is adopted where,
rather than assuming a single variogram, we minimize the expected total error over a distribution
of plausible variograms. This is computationally expensive so a strategy is suggested to reduce the
number of computations required.
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INTRODUCTION

The collection and analysis of samples for geostatistical surveys may be expensive
and time-consuming. Significant savings may be made if sample schemes are
optimized to maximize the information attained from a relatively small sample
size. Several previous studies have considered how the location of sample locations
may be optimized for either variogram estimation (Bogaert and Russo, 1999;
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Miiller and Zimmerman, 1999; Lark, 2002) or ordinary kriging (van Groenigen,
Siderius, and Stein, 1999).

Often these two steps require quite different sample schemes. Ordinary krig-
ing requires that the sampling locations are dispersed evenly over the region
whereas variogram estimation requires comparisons between measured values
separated by small, intermediate and large distances relative to the range of spa-
tial correlation. Little consideration has been given to how much sampling effort
should be devoted to each step or how to design a sample scheme which is suitable
for both.

The optimal configuration of sampling locations depends upon the variogram
and in particular the range of spatial correlation. Abt, Welch, and Sacks (1999)
explored whether the addition of close pairs of observations in an otherwise regular
survey of dioxin contamination would aid variogram estimation. The additional
observations made little improvement to empirical prediction accuracy. In this case
the regular portion of the survey, where locations were closely spaced relative to
the range of spatial correlation, was sufficient for variogram estimation. This may
not be the case for less intensive regular surveys.

Furthermore, van Groenigen (2000) and Lark (2002) found that the opti-
mal sample schemes for both variogram estimation and kriging depend on the
variogram of the variable being measured. The variogram is unknown prior to
sampling and therefore the variogram must be selected arbitrarily if the sample
scheme is to be optimized in this manner. An inaccurate choice of variogram
will lead to an unsuitable sample scheme. In the case of variogram estimation,
Bogaert and Russo (1999) rectified this problem using a Bayesian framework
within which they integrated their objective function over all plausible variogram
functions.

In this paper we discuss methods to design sample schemes which are opti-
mal for an entire ordinary kriging survey including variogram estimation. A single
expression for the total error in such surveys is derived and a spatial simulated
annealing (SSA) algorithm is used to design optimal sample schemes which min-
imize this expression. The pattern of locations within these schemes is seen to
vary according to the assumed variogram parameters and therefore a Bayesian
framework similar to that used by Bogaert and Russo (1999) is adopted.

THEORY
Estimation of the Variogram
In geostatistics the value of a spatially correlated variable at a location x is

regarded as a realization of a random function Z(x). If the random function is
intrinsically stationary then E[Z(x)] is constant for all x and the spatial correlation
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may be described by the variogram

1
y(h) = EE[(Z(X) — Z(x+h))’]. ey

Here h is the lag vector. In general, the variogram may be a function of both the
length and direction of the lag vector. In this exploratory study however, only
isotropic variograms are considered which are purely a function of the length of
the vector which we denote by the scalar 4. Furthermore we concentrate upon the
spherical variogram model

3n 1 (k)
y(h)y=co+ca|l——=|- for0 < h <a,
2a 2 \a

y(h) =cy+c forh > a,
y(0)=0. 2

The spherical model has three parameters, these are the nugget variance ¢, the
sill variance c¢; and the range of spatial correlation a. We denote the vector of ¢
variogram parameters by @ so in the case of the spherical model 6 = (co, ¢y, a).

Conventionally, the variogram is estimated from n sampled values of Z(x),
denoted z, by the method of moments (Journel and Huijbregts, 1978). Pardo-
Igizquiza (1998) suggested that variograms are fitted by maximum likelihood
rather than the method of moments. This method fits a variogram model such
as Eq. (2) directly to the sampled response data under the assumption that it
follows a multivariate Gaussian distribution. The maximum likelihood estimates
of the variogram parameters, 8, are the values of # which minimize the negative
log-likelihood function

L;z) = gln Q)+ %m (det[V]) + %(z — WV @z—p), 3)

where V is the n x n covariance matrix of the sampled values and p is the length
n vector with each entry equal to , the mean value of Z(x). Eq. (3) is minimized
numerically. In this paper we use simulated annealing (Pardo-Igizquiza, 1997).
For each 6, u, is replaced by an estimate /i by differentiating Eq. (3) with respect
to u and equating the resulting function to zero. This yields

p=(1"Q"1,)  17Q 'z, )

where 1, is a n x 1 vector with each element equal to 1 and Q is the correlation
matrix (i.e. V= o2Q for a process with total variance o2 =cy+ci).
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The relative merits of the method of moments and maximum likelihood for
estimating variograms are discussed by Lark (2000). One advantage of maximum
likelihood is there is no necessity to bin the pair comparisons into lag classes
and therefore no risk that spatial information may be lost by excessive smooth-
ing of the experimental variogram. Variograms fitted by maximum likelihood are
consistent with a Bayesian framework to account for uncertainty of geostatistical
surveys. For both methods the uncertainty of variogram parameter estimates may
be assessed via the inverse Fisher information matrix which we discuss below.
However the calculation of the Fisher information matrix for the method of mo-
ments requires many more computations. Therefore in this paper we favour the
maximum likelihood approach.

Variogram Uncertainty

The inverse of the Fisher information matrix is commonly used as an approx-
imation to the variance-covariance matrix of fitted variogram parameters (e.g.
Pardo-Igiquiza and Dowd, 2001b). The Fisher information matrix F(6) contains
the expected values of the negative second order partial derivatives of the log-
likelihood function evaluated at the maximum likelihood estimate 0 = 9, i.e.,

(&)

~ %L 9;
[mej=—£[——£49]

T
96,06

It is shown in standard texts (e.g. Dobson, 1990) that if the variogram parameter
estimators are normally distributed then their covariance matrix may be approxi-
mated by F~1(0).

Kitanidis (1987) showed that the Fisher information matrix can be expressed
as

1
[Hmh=5ﬁm*@04qm (©6)

where Q; = dQ/0d6; and Tr[ ] denotes the trace of a matrix. Note that the Fisher
Information matrix is a function of the sampling configuration and variogram but
not directly of the sampled response data. Therefore if the correlation structure is
known, it is possible to calculate the Fisher Information matrix prior to sampling.
Pardo-Igiquiza and Dowd (2001a) suggested an analogous method to approximate
the variance-covariance matrix of variogram parameters fitted by the method of
moments.



Optimized Sample Schemes for Geostatistical Surveys 117

The Fisher Information matrix has been used in a number of previous stud-
ies considering variogram uncertainty. Pardo-Igiquiza and Dowd (2001b) and
Pardo-Igiquiza (1997) provide FORTRAN code to compute the inverse Fisher
Information matrix for method of moments variogram estimates and maximum
likelihood variogram estimates respectively. Todini (2001) and Zimmerman and
Cressie (1992) have combined the inverse Fisher Information matrix with a further
Taylor series to demonstrate how ordinary kriging errors propagate from variogram
errors. Miiller and Zimmerman (1999), Bogaert and Russo (1999) and Lark (2002)
minimize functions of the Fisher Information matrix to optimize sample schemes
for variogram estimation.

Marchant and Lark (2004) explored the accuracy of the inverse Fisher Infor-
mation matrix as a measure of variogram uncertainty via a simulation study. They
found that, whilst the uncertainty of nugget and sill parameters of spherical and
exponential variograms was accurately estimated, the uncertainty of range esti-
mates was often under-estimated. Thus variogram uncertainty should be assessed
via the inverse Fisher Information matrix with some caution. This is particu-
larly true for parameters such as the variogram range a which have a highly
nonlinear relationship with the negative log-likelihood function that is poorly
approximated by a first order Taylor series. For this reason Zimmerman and
Cressie (1992) assumed the variogram range was known when they considered
the propagation of variogram errors and only allowed the nugget and sill to be
fitted.

Ordinary Kriging

Ordinary kriging estimates the value of a random variable Z at location
Xo by a weighted average of the value of Z measured at n; sample locations
X;, i = 1,...ng in the vicinity of xo. Thus

Z(x0:0) =) iz (x), (7)
i=1

where Z(xo) denotes the estimated value of Z at xq, z(X;) the sampled value at
x; and A; the weights. The weights must sum to unity to ensure that the kriged
estimate is unbiased and their chosen values ensure that the kriging variance
akz(xo; 0) defined as E[(Z(xo;0) — z(xo; 8))?] at X, is minimized. The vector of
weights A may be determined by

A =A"b, ®
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where
T
A2
A= o, ©)
Ay
| ¥ (Xo) |
[ y(xi—xi) py(xi—x2)) ... y(xi =X, ) 1]
y(x2—x1))  y(x2—x%x2|) ... y(x2—x,]) 1
A= : : : S (10)
yXn — X1 y(Xp, —x2D) oo y(Xp —Xp ) 1
i 1 1 1 0 |
and
v (X1 — Xol)
v (X2 — Xo)
b= : , (11)

¥ (1Xn, —Xol)
1

see, for example, Webster and Oliver (2001). Here, y (|x; — X;|) denotes the semi-
variance of Z between the locations x; and x; and v/(Xo) is a Lagrange multiplier.
The kriging variance, denoted okz(xo; #), may be determined from

ol (X0;0) =bA. (12)

Propagation of Variogram Uncertainty into Kriging

If the variogram parameter vector 6 is known then z(Xy) is a realization of a
Gaussian process with mean 4 (X¢; #) and variance akz(xo; 0). When an estimated
variogram parameter vector 6 is used however the uncertainty associated with
this estimate propagates into the kriged estimate. The additional component of
uncertainty in the kriged estimate due to variogram uncertainty was approximated
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by Zimmerman and Cressie (1992) using a first order Taylor series (Heuvelink,
1998). They found that when uncertainty in the estimate of # was included

¢ =E[Z(x0:0)] ~ Z(xp: 0). (13)

2 = E[(Z(x0;0) — E [2(%0; 0)]) Zi;é (Cov 0;,0; g@z g%) . (14)
and that

E [0 (x0:8)] = 03 (x0: 6). (15)

Abt (1999) considered extensions of this expression but through simulation stud-
ies found that Eq. (15) was sufficient. Therefore when variogram uncertainty is
included, the distribution of Z(x) may be approx1mated by a Gaussian process
with mean Z(Xo; 0) and variance oy 2(Xo; 0) + 72 where 72 is approximated by
Eq. (14).

The Cov(6;, 6;) terms in Eq. (14) may be approximated by entries of the
inverse Fisher information matrix for @ = @. Once the response data z have been
collected then the derivatives in Eq. (14) may be calculated numerically. However,
we wish to assess the effects of variogram uncertainty prior to sampling, i.e we

wish to calculate
q N
0Z 0Z
> (covo)El =—1|]. (16)
— 00; 00;

1 j=l1

e

q
i=

Todini and Ferraresi (1996) note that the derivatives in Eq. (14) may be
calculated exactly by

3z ) ab  0A
= =T = =TAT [ — — AT (17)
00; 06; 0;  06;
Equation (17) requires that the sampled response data vector z is known but we
note that
CY VA ) W)
E|——|=E|z' —z — |, (18)
96; 90; 29, 09;
T T
= —E[zz']—. (19)

36; 36,
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If we assume that the mean of z is zero, or that the mean value of z has been
subtracted from z, then
90203z | T axT
E| —— (20)
00; 00; 89 89

where V is the covariance matrix of z with all the entries of the (n, + 1)th row and
column equal to zero. Thus E[7?] may be approximated by substituting Eq. (20)
and entries of the inverse Fisher information matrix into Eq. (16). This requires
a variogram parameter vector @ to be specified but does not require the sampled
response data. Therefore the mean squared error (MSE) of the kriged estimate
accounting for variogram uncertainty may be approximated prior to sampling by

q
A b 9A
T
of =b"A+) §< 9)],,A (ae A b)

i=1 j=I1

xVA~! b %A‘ b (21)
30;  96;

Objective Functions for Optimized Sample Schemes

Generally, optimized sample schemes are designed by selecting the scheme
S which minimizes some objective function ¢(S) which is a measure of error in
a survey. The earliest approaches to the design of optimal sample schemes for
variogram estimation were based upon practical considerations of applying the
method of moments. Russo (1984) suggested that the smoothing effect of using
lag classes could be reduced if the variation of lag distances within a class was
minimized. Warrick and Myers (1987) proposed that the distribution of pairs of
sample locations between the lag classes should be controlled to maximize the
conformity to a pre-specified function. However, van Groenigen, Siderius, and
Stein (1999) found that sample configurations which optimized the Warwick and
Myers (1987) criterion for a uniform distribution of lag distances gave less precise
variogram estimates than regular square grids.

A number of authors have suggested that sample schemes may be optimized
for variogram estimation by selecting a function of the inverse Fisher informa-
tion matrix as the objective function. Bogaert and Russo (1999) and Miiller and
Zimmerman (1999) selected the determinant of this matrix for variogram estima-
tion by the method of moments. Lark (2002) considered reconnaissance surveys
where the variogram is estimated by maximum likelihood. Following the recon-
naissance survey the variogram estimate is used to select a regular survey which
is dense enough to ensure that a threshold on the kriging variance is satisfied
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everywhere. Lark (2002) minimized the precision of the kriging variance at the
centre of a regular grid cell. This is a function of the inverse Fisher information
matrix. Van Groenigen, Siderius, and Stein (1999) minimized the mean or maxi-
mum kriging variance over the study area to optimize sample schemes for ordinary
kriging. Heuvelink, Brus, and De Gruijter (2004) optimized sample schemes for
universal kriging.

All of the objective functions described above are functions of the variogram.
Therefore a particular variogram must be assumed before the sample schemes can
be optimized. Lark (2002) observed that the optimized schemes were very sen-
sitive to changes in the assumed variogram parameters. Van Groenigen (2000)
found that the sampling configurations which minimized the kriging variance
were less sensitive to changes in variogram parameters. Generally the schemes
which minimized the mean kriging variance across a region consisted of regularly
spaced sampling locations although sampling locations did get shifted towards the
boundary if the nugget to sill ratio became large. Since the variogram is unknown
prior to sampling the influence of variogram parameters on optimal schemes cre-
ates a problem. To counter this Bogaert and Russo (1999) suggested that sampling
should be optimized within a Bayesian framework. Rather than assuming a single
variogram they assumed a particular variogram model and that prior to sampling
the parameters of this model were characterized by a multivariate probability
distribution f(@) which was pre-specified over a set of plausible variogram pa-
rameters ©@. Once the response data had been collected the prior distribution f(6)
was updated by Bayes Rule. Their objective function became the expectation of
the determinant of F~! over this distribution of 8 values i.e.

$(S) = / det{F~" 0)1f (6)d6. 22)
®

If no data is available the choice of f(#) is somewhat arbitrary. If some data is
available Pardo-Igiquiza and Dowd (2003) describe how a probability distribution
function based upon this data may be derived.

METHODS
Testing the Expression for o2

In this paper we have proposed Eq. (21) as an approximate expression for
o, the total variance of estimates from ordinary kriging accounting for vari-
ogram uncertainty. According to our approximation, variogram uncertainty does
not introduce bias to ordinary kriging so aTz is also an approximation to the mean

squared error (MSE). In deriving the expression for UT2 we made a number of
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assumptions. First we assumed that the relationship between the derivative of the
negative log-likelihood function for the fitted variogram and €, and the relation-
ship between the kriged estimate Z(x; #) and @ could be accurately approximated
by first order Taylor series for all probable values of 6. Also we assumed that the
variogram parameters and the kriged estimates had Gaussian distributions. These
assumptions may not always be valid. For example, the Taylor series assumption
may be invalid for highly nonlinear relationships or when the variances of the
0 values are large. The later case would require the Taylor series approximation
to apply for a large portion of the # domain. Pardo-Igizquiza and Dowd (2003)
present examples where the distributions of 6 and Z are non-Gaussian. Therefore
we carry out tests on simulated variables for different variogram parameters to see
when Eq. (21) is a valid approximation.

The test region X consists of 42.3 hectares area of land in Silsoe, Bedfordshire,
UK. The boundary of this region is shown in Figure 1. The approximation for o2
is tested by simulating variables over X. All simulated realizations of z within
this paper are generated from an LU decomposition of the joint covariance matrix
V (Deutsch and Journel, 1998). In each test 10, 000 realizations of a variable
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Figure 1. The boundary (continuous line) of the set of fields at Silsoe, Bedford-
shire, England, considered in this study. The dispersed dots mark the position of
the evenly spaced locations at which sample response data is simulated and the
dotted line marks the position of the transect on which the kriged estimate of the
variable is compared with the simulated value. Coordinates (m) on UK National
Grid; expressed relative to 508 200, 234 500 on subsequent figures.
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Table 1. Variogram Parameters for the Simulation Tests of the Expression
for the Total Variance in an Ordinary Kriging Survey JTZ

Test co cy a/m
1 0.25 0.75 240.0
2 0.45 0.75 240.0
3 0.05 0.75 240.0
4 0.25 1.25 240.0
5 0.25 0.50 240.0
6 0.25 0.75 180.0
7 0.25 0.25 300.0

with a specified spherical variogram (@ = @) are simulated at the 50 locations
marked by dots in Figure 1 and at a further 90 locations separated by 20.0m along
the transect marked in Figure 1. The set of 50 locations represent the sampling
locations in a survey. This sample response data is used to krige estimates of the
variable at each of the 90 locations along the transect with estimated variogram
parameter vectors that are subject to uncertainty. Motivated by Pardo-Igizquiza
and Dowd (2001a) we assume that the estimates of @ have a covariance matrix
which may be approximated by F~!(#). For each realization, a different set of
estimated variogram parameters to be used for ordinary kriging is sampled from
the Gaussian distribution with the mean value given by @ and covariance matrix
given by F~!(6). The estimated variogram parameter values are censored to ensure
all of the parameters are non-negative. Thus the simulation tests only validate the
expression for the propagation of variogram errors and not the expression for the
variogram errors themselves. The mean squared difference between the kriged
values and the simulated values over the 10,000 realizations is calculated for each
of the 90 locations. These values are compared with the values of o calculated
from Eq. (21). The tests are repeated for the seven sets of variogram parameters
listed in Table 1.

Optimizing Sample Schemes for Specified Variograms

In this paper we wish to design sample schemes which are optimal for the
whole kriging process including variogram estimation. Therefore as an objective
function we select the mean value over the study region X of the approximate
expression for the total variance o7 given by Eq. (21). We denote this objective
function as ¢7(S) and initially assume that the variogram is spherical with known
parameter vector @ such that

¢1(S;0) = E[o7 (x/0) ]. (23)
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Table 2. Spherical Variogram Parameters ¢, ¢; and a and Number of
Sample Locations N for eachSample Scheme Optimization

Case co cl a/m N
1 0.127 1.000 240.0 50
2 0.127 1.500 240.0 50
3 0.127 0.500 240.0 50
4 0.127 1.000 120.0 50
5 0.127 1.000 90.0 50
6 0.127 1.000 90.0 125

This objective function is approximated by the average value of o:3(X; ) on 1071
points on a regular grid of interval 20.0m within the boundaries of X. Spatial
simulated annealing (SSA), a stochastic optimization algorithm devised by van
Groenigen, Siderius, and Stein (1999), is used to find N point sample schemes that
minimize Eq. (23) for different assumed spherical variogram parameter vectors.
To reduce the required computational load the sample locations may only be on
the regular 20.0m grid. The values of N and the spherical variogram parameter
vectors @ used in the optimizations are listed in Table 2. The resulting sample
schemes are compared to explore the sensitivity of the pattern of optimal sampling
configurations to variogram parameters. For each set of variogram parameters
SSA is used to design a second sample scheme which minimizes the mean kriging
variance o} over X. The variance of variogram parameters predicted by the inverse
Fisher information matrix, the kriging variance and the total variance are compared
for the schemes optimized with each objective function.

Optimizing Sample Schemes for Distributions of Variogram Parameters

Since the objective function described by Eq. (23) varies according to the var-
iogram parameters we follow Bogaert and Russo (1999) and consider a Bayesian
framework where 6 is described by a distribution function f(@). In this paper we
assume that (@) has uniform density over a space of plausible variogram param-
eters @ and that f(@) is zero outside ®. Then the objective function becomes

¢BT(S)=/®¢T(S;0)f(0)d0- (24)

The integral in Eq. (24) is approximated by calculating the values of ¢1(S; #) and
f(0) on a mesh of @ values in ¢ dimensional space. The minimization of Eq. (24)
is therefore very costly to compute since each perturbation of a location in the
SSA algorithm requires 0T2 to be calculated across ® and X. Therefore we present
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Table 3. Bounds on ® the Set of Plausible Variogram Parameters and Values of
N Used to Optimize Sample Schemes within a Bayesian Framework

Case Mincy Maxcy Minc; Maxe; Mina/m  Max a/m N

7 0.0 0.8 0.1 1.3 3.0 27.0 30
8 0.0 0.3 0.4 1.5 90.0 290.0 100
9 0.0 0.3 0.4 L5 50.0 250.0 100

only one direct minimization of Eq. (24) and rather than using the field shown in
Fig. 1 we optimize N = 30 locations over a square region of length 30.0 m. The
bounds on @ are listed as Case 7 in Table 3.

The number of computations required to minimize Eq. (24) may be reduced
if the optimization is divided into two parts. Initially a Ny location scheme which
minimizes the mean kriging variance across X is designed. This requires that
the variogram parameters are selected prior to the optimization but since optimal
kriging variance schemes are relatively insensitive to the variogram parameters
the choice should have little effect. The second part of the optimization selects the
position of N, sample locations which are optimal for estimating the variogram.
The corresponding objective function is minimized at a single point in X, denoted
Xopt- The point X, is the position more than 50m from the boundary of X which
would have the largest kriging variance if the N, location survey was applied.
The objective function for the second part of the optimization is T2 at Xop, that is
the variance component of a kriged estimate due to variogram uncertainty at Xop.
This is approximated by Eq. (14). The covariance matrix in Eq. (14) is calculated
using all of the Nox + N, locations. However, the derivatives of Z are calculated
using only the Ny locations from the kriging variance phase of the optimization.
Otherwise the objective function would be made zero if one of the N, locations was
positioned at X, At the end of the second optimization phase the full objective
function described by Eq. (24) is calculated. The choice of Ny and N, are arbitrary
so the process is repeated with different combinations all summing to N and then
scheme with the lowest value of ¢gr(S) is selected. We present two 100 location
examples of schemes which minimize Eq. (24) by this approach. The bounds on
O are listed as Cases 8 and 9 in Table 3.

RESULTS
Propagation of Variogram Uncertainty

Figure 2 shows the approximate MSE from Eq. (21), the kriging variance and
the simulated MSE at each of the 90 test sites for a spherical variogram function
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Figure 2. Predicted MSE (continuous line), kriging variance (dotted line) and
simulated MSE (crosses) along the transect for a spherical variogram with ¢ =
0.25, ¢y =0.75 and a = 240.0 m.

with ¢g = 0.25, ¢; = 0.75 and a = 240.0 m. The interval between sample points
is approximately 100m. The simulated MSE is noticeably larger than the kriging
variance at each of the locations. Thus for this sample scheme and variogram
combination, variogram uncertainty has an observable effect on the precision of
kriged estimates. This effect is well approximated by the theoretical expression
for T2 given by Eq. (14).

Figure 3 shows the results of further simulated tests using the Test 2—5 var-
iogram parameter vectors listed in Table 1. In these tests the nugget ¢y and sill
c; parameters are varied. The difference between the MSE and kriging variance
increases with both the nugget and sill parameters and the simulated MSE is rea-
sonably approximated by Eq. (21) in each case. However the theoretical expression
is less effective for Test 6 shown in Figure 4. In this example the variogram range
has been reduced to 180.0 m. The sample scheme shown in Figure 1 is less suit-
able for estimating the variogram in this case since a lower proportion of pairs
of locations are separated by distance less than the range of spatial correlation.
Therefore the inverse Fisher information matrix predicts large variances for each
parameter. The mean values plus or minus standard errors for ¢y, ¢; and a are
0.25 £ 0.64,0.75 £ 0.68 and 180.0 m =+ 85.9 m respectively. Therefore the distri-
bution of variogram parameters must be significantly censored to ensure that none
of the parameters are negative. Thus the distribution of variogram parameters that
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Figure 3. Predicted MSE (continuous line), kriging variance (dotted line) and simulated
MSE (crosses) along the transect for the Test 2—5 spherical variograms with parameters as
listed in Table 1.

was assumed to estimate the propagated error differs from the actual distribution.
In addition the Taylor series that was assumed in estimating the propagated errors
is only accurate if the errors in estimating the variogram parameters is small.
Thus for situations such as Test 6 where the variogram is not precisely estimated
the estimate of the propagated errors is also imprecise. In Test 7 which is also
shown on Figure 4 the range is 320.0 m. The mean values plus or minus standard
errors are 0.25 +0.17, 0.75 & 0.37 and 320.0 m £ 89.5 m respectively. Since the
variogram errors are smaller and less censoring is required the propagated kriging
errors are accurately approximated by (21).

Optimal Sample Schemes for Known Variograms

Figure 5 (KV) shows a 50 location sample scheme optimized to minimize
the mean kriging variance across the region X for a spherical variogram with
co = 0.127, ¢; = 1.000 and a = 240.0 m. The sample locations in Figure 5 (K'V)
are evenly spread across the field. A similar pattern of locations is seen when the
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Figure 4. Predicted MSE (continuous line), kriging variance (dotted line) and simulated
MSE (crosses) along the transect for the Test 67 spherical variograms with parameters as
listed in Table 1.

kriging variance is minimized for the other variogram parameter vectors listed in
Table 2.

Figure 5 (Cases 1-6) show 50 location sample schemes where the mean
total variance cr% [Eq. (21)] has been minimized for different sets of spherical
variogram parameters. Table 4 shows the standard deviation on the variogram
parameters predicted by the Fisher information matrix for each of these schemes
and sets of variogram parameters, the standard deviation for the same parameters
where the kriging variance has been minimized, the kriging variance for each
scheme and the mean of the total variance expression for each scheme. For each
set of variogram parameters the optimized mean total variance schemes contain
locations which are dispersed evenly over the region with a number of closer
pairs. The closer pairs cause the standard deviation of the variogram parameters,
particularly the nugget effect, to be reduced. These schemes have a larger mean
kriging variance than the corresponding schemes where the kriging variance has
been minimized, but the mean total variance is lower.

There are clear differences between the optimized mean total variance
schemes for different variogram parameters. Case 1 shows the minimized total
variance scheme for a spherical variogram with parameter values ¢y = 0.127,
c; = 1.000 and a = 240.0 m. The majority of locations are spread evenly over
the region but there are are three close pairs of locations separated by 20.0 m, the
minimum separation distance allowed by the optimization algorithm.

When the sill parameter is increased so that the parameters are co = 0.127,
c; = 1.5 and a = 240.0 m has little effect of the optimal sampling array in Case 2
but when the nugget is increased in Case 3 there are more sets of close pairs.
When the range is reduced to 120.0m and 90.0m in Cases 4 and 5 the num-
ber of close pairs increases and small transects form. When a = 90.0 m the 50
sample locations appear to be insufficient to cover the region. A large number of
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Figure 5. Sample scheme optimized to minimize the mean kriging vari-
ance across the trial region for a spherical variogram with parameters
cop =0.127, ¢; = 1.000 and a = 240.0m (KV) and sample schemes
optimized to minimize the expected MSE across the trial region for
spherical variograms with parameters listed in Table 2 (Cases 2—-6).

close pairs are required to adequately describe the variogram which means some
portions of the field are unsampled. Case 6 shows 125 locations optimized to
minimize the mean total MSE for the same variogram parameters. There are still
a number of close pairs arranged in a transect but the whole of the region is now
covered.
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Table 4. The Predicted Standard Error for each Variogram Parameter, the Mean Kriging Variance
E[o*k2 (X16)] and the Mean Total Variance E[o*% (x]6)] for Each of the Optimized Sample Schemes

Case o (co) o(cr) o(@)m Elog(x16)] Elo7(x/6)]
1 0T2 0.18 0.37 50.85 0.46 0.48
1 ok2 0.24 0.42 53.79 0.45 0.49
2 0T2 0.31 0.42 33.42 0.78 0.81
2 ok2 4.61 4.62 96.90 0.76 5.78
3 0T2 0.85 0.89 121.94 0.94 0.95
3 okz 77.84 77.84 374.36 0.91 971.23
4 o% 0.17 0.59 48.95 0.60 0.63
4 okz 0.33 0.61 50.30 0.60 0.64
5 0% 0.28 0.46 71.80 0.94 0.97
5 okz 0.42 0.56 81.47 0.92 0.99
6 0% 0.26 0.32 15.00 0.65 0.66
6 okz 0.86 0.88 26.44 0.63 0.81

Optimal Sample Schemes for Distributions of Variogram Parameters
Figure 6 shows a 30 location sample which minimizes the mean value of ¢gr

in a Bayesian framework for the Case 7 distribution of variogram parameters. As
was the case when the variogram was known the optimized scheme has a number

30

251 1
20+ . 1

151 . 1

Northings /m

10f - 1

0 5 10 15 20 25 30
Eastings /m

Figure 6. Sample scheme consisting of 30 locations designed by
minimization of ¢gt(S) for the Case 7 distribution of variogram
parameters.
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of locations spread relatively evenly over the region although a few close pairs are
included to provide information about the degree of spatial correlation over short
distances.

This optimization requires a large number of computations. Table 5 shows the
results from minimizing ¢t by the computationally cheaper two stage method.
A total of 100 locations are divided into two sets. One set is used to minimize
the kriging variance, akz; the other set to minimize the additional variance due to
variogram uncertainty, 72. Table 5 shows how the mean values of akz, 72 and 0T2
vary with Ny, the number of locations devoted to minimizing ok2 for the Case 8
and Case 9 distributions of variogram parameters. Generally ak2 decreases and 72
increases with Nox. There is some fluctuation but this may merely be an artefact
due to the stochastic nature of the SSA algorithm. The rate of decrease of akz is
relatively slow whereas 72 increases rapidly as N, approaches 100. For the Case
8 distribution where the minimum value of a in ® was 50.0 m the smallest value
of GTZ occurred for Nox = 80. In Case 9, when the minimum value of a in @ was
increased to 90.0 m, the smallest value of aTz occurred for Ny = 95.

DISCUSSION

For the relatively small sample size of 50 locations, estimation errors in
the variogram have an observable effect on the accuracy of the kriged estimates.
The magnitude of this effect is accurately approximated by Eq. (21) except when
the variogram range is small relative to the interval between sampling locations.
This is not surprising since when the range is small, few comparisons are made

Table 5. The Mean Kriging Variance E[sz(X; #)], Mean Variance Contribution from Variogram
Uncertainty E[72(X;0)] and the Mean Total Variance E[UTZ(X\G)] Across X for the Schemes Op-
timized in Case 8 and Case 9 with Different Number of Locations Nk Devoted to Minimize the
Kriging Variance

Case 8 Case 9
Nk E[o2(x|®)]  E[t*(x|§)]  E[oi(x|)] E[o (x]8)] E[7(x|0)] E[c?(x]0)]
55 555 %1071 1.65x107%  5.71x107!  4.74x10~"  8.67 x107°  4.83x107!
60 553 1071 1.57x107%2  5.68x107!  4.62x107'  1.01x1072  4.73 x107!

65 547 x107'  2.11x1072  5.68x107!  459x107! 921 x1073  4.69x107!
70 538 x107!1  2.46x107%2  5.63x107"  4.49x107'  1.14 x1072  4.61x107!

75 551 x107'  1.13x1072  5.62x107!  4.46x107!  1.02 x1072  4.57x107!
80 538 x107!  1.80 x107%2  556x10~!  439x107'  1.18 x1072  4.50x107!
85 533x1071  3.89x107%2  572x107!  437x107'  1.15x1072  4.48x107!

90 545 x1071 452 %1072 580x10~'  438x107'  1.31 x1072  4.47x107!
95 555x1071  6.01 x1072  6.07x107!  429x107' 1.76 x1072  4.47x107!
100 5.32x107! 74.9 75.4 424%x10°"  1.05x107!  5.29%x107!
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between measurements separated by less than the range. Therefore the variogram
is poorly approximated and in turn the Taylor series approximation is inaccurate.
In this paper optimized sample schemes are considered. These schemes contain
sufficient close pairs to estimate the spatial correlation over short distances so the
approximation of the effects of variogram uncertainty on kriging should always
be reasonable.

The simulation tests only explored the propagation of a known variogram un-
certainty into kriging. They assumed that this uncertainty could be accurately ap-
proximated by the inverse Fisher information matrix. Although Marchant and Lark
(2004) showed that this approximation is generally reasonable, Pardo-Igtizquiza
and Dowd (2003) demonstrated that the assumption of variogram parameter esti-
mates of having a multivariate Gaussian distribution is an over-simplification.

The expression for the total variance in an ordinary kriging survey was
successfully used to optimize sample schemes when the variogram was known.
These schemes ensured a good coverage of the region for kriging and a sufficient
number of close locations for variogram estimation. In each case the uncertainty of
variogram parameters predicted by the inverse Fisher information matrix was less
than that for a scheme of the same size designed by minimization of the kriging
variance. The reduction in variogram uncertainty was largest for variograms with
a small range. The schemes which minimized the total variance had a marginally
larger kriging variance than the schemes which minimized the kriging variance.
The pattern of these schemes varied according to the variogram parameters. As
the range of spatial correlation decreases the required number of close locations
increases. Variables with a small range have to be sampled at a large number
of locations to ensure that there is sufficient data for variogram estimation and
ordinary kriging across the field. If the relative nugget effect is large the close
locations are distributed as pairs whereas for small relative nugget transects of
four or five close locations may be seen.

Since the optimal sample scheme does vary according to the variogram
parameters it is prudent to adopt an optimization algorithm which considers a
number of different variogram parameters. Therefore the optimization was imple-
mented within a Bayesian framework. Rather than assuming a single variogram
this method requires the practitioner to select a probability distribution for the var-
iogram parameters. The relative sampling effort devoted to the variogram estima-
tion and kriging processes varies according to the lower bound on the distribution
of the range parameter. The selection of the parameter distributions will still be
somewhat arbitrary but they may be based upon the intuition of the practitioner
combined with previous results from sampling the same variable under similar
conditions. Thus the Bayesian framework is more likely to lead to suitable sam-
ple schemes, but the computational load in the design of these schemes is a lot
larger.
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CONCLUSIONS

Abt, Welch, and Sacks (1999) observed that when a variable is intensely
sampled relative to its range of spatial correlation a regular survey may be sufficient
for variogram estimation. However, we see that when separation of locations in a
regular sample scheme is around half the range of spatial correlation, variogram
uncertainty may make an observable contribution to the errors in an ordinary
kriging survey. For known variograms this error contribution may be accurately
approximated prior to sampling via a Taylor series although this approximation
does fail if few sample locations are separated by less than the variogram range.

Optimal sample schemes for both variogram estimation and ordinary kriging
may be designed if an expression for the total sampling error in an ordinary kriging
survey is minimized. This expression includes variogram parameter uncertainty
and estimation uncertainty upon kriging. A particular variogram function must
be assumed to calculate this total error expression. The resulting schemes are
sensitive to the assumed variogram function. Since the variogram function is not
known prior to sampling the total error expression should be minimized in a
Bayesian framework which allows for variogram uncertainty. The minimization
of the total error expression within the Bayesian framework is computationally
expensive since each calculation of the total error function must be averaged over
the study region and over plausible variogram parameters. The computational load
may be reduced if the optimization is split into two parts; one to minimize the
ordinary kriging errors and the other to minimize variogram uncertainty.
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