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Extraction of Spatial Features Using Factor Methods
Illustrated on Stream Sediment Data’

W. J. Krzanowski*? and T. C. Bailey?

Descriptive analysis of multivariate spatial data is considerably aided by preliminary extraction of
underlying factors or components, followed by analysis of the derived factor or component scores.
Much work has been done in this area, and a recent study proposed two contrasting types of such factors
which differ in their spatial features. One type comprises orthogonal factors that exhibit lack of spatial
cross-correlation across the study region, while the other focusses on extracting maximum spatial
structure but results in cross-correlated factors. Many applications would benefit from a combination
of these types, so the present paper shows how they can be synthesized in order to produce factors that
are approximately orthogonal and also maximise spatial structure. An alternating least squares process
is described for doing the computations and its efficacy is evaluated by Monte Carlo simulation. The
proposed method is illustrated on a study of trace elements across Vancouver Island, where it is shown
that the extracted factors are orthogonal, have approximately zero spatial cross-correlations, and
when their scores are plotted on maps of the study region then there is a definite indication of spatial
structure. The main features of the two separate previous types of factors have thus been combined
successfully into a single set.

KEY WORDS: alternating least squares, common principal components, multivariate spatial
analysis, spatial principal components.

INTRODUCTION

One common type of multivariate spatial data consists of measurements taken
on p different variables at n locations in some spatial region or domain. For
example, a subset of the National Geochemical Reconnaissance performed by the
Geological Survey of Canada comprises measurements of the 5 elements zinc
(Zn), copper (Cu), nickel (Ni), cobalt (Co) and manganese (Mn) taken at 916
stream locations in North Western Vancouver Island. Such data typically exhibit
several different forms of covariance: the usual covariances between variables at
each site, but also spatial autocovariances within variables and cross-covariances
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70 Krzanowski and Bailey

between variables induced by proximity of neighbouring sites. The former may
be termed pointwise cross-covariance, the latter lagged autocovariance and cross-
covariance. Any inferences drawn about the data must take proper account of all
these forms of covariance (or, equivalently, correlation).

Typical objectives of analysis are the identification and interpretation of
any trends that exist across the region of interest, and perhaps the prediction of
responses at sites not represented in the sample. Popular approaches involve sim-
plification of the multivariate structure by preliminary extraction of underlying
factors or components, followed by analysis of the derived factor or component
scores. The simplest, and most readily available, approach is a principal compo-
nent analysis of either raw or standardised data, but while the resultant principal
component scores are pointwise uncorrelated nothing can be said in general about
their lagged cross-correlations. Indeed, Goovaerts (1993) shows that even when
principal components are computed with coregionalized variables, spatial orthog-
onality can only be expected in some special circumstances (such as those of
intrinsic correlation or independent nugget components and uncorrelated sub-
sets of variables). In general the cross-correlation between principal components
may be nonnegligible, especially if the correlation structure of the raw variables
changes according to the spatial scale considered, so more directly customized
factors or components are needed. Bailey and Krzanowski (2000) have surveyed
existing alternatives, and have proposed two different types of factor that can be
used in such analysis. However, while each type of factor has undoubted benefits,
both types have some shortcomings. The present contribution therefore aims to
show how the best features of each type can be combined into a single analysis.

Background technical material is first summarised, the proposed scheme is
then outlined, its efficacy is evaluated by Monte Carlo simulation, an illustrative
example is provided, and a brief discussion concludes the paper.

TECHNICAL BACKGROUND

Suppose that {y(s) = (yi(s), ..., y,(8))’, s € R},isa p-valued, second-order
stationary, spatial process, defined over point locations, s, within some spatial
domain or region R and let ¥ = cov(y(s)) be the pointwise dispersion matrix of
this process. Without loss of generality in what follows, we can assume that the
expectations of the y; are zero. Spatial factor methods aim to replace the y; with
a (smaller) number of components that exhibit ‘interesting’ spatial properties.
In practice the focus has been more specifically on isolating components whose
spatial covariance structure acts predominantly over a particular spatial range or
scale.

Published methods date back to Webster (1978), and overviews have been
provided by Goovaerts (1997) and Wackernagel (1998). See also Grunsky and
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Agterberg (1988, 1991) and Nielsen and others (1997, 2000). A key approach is
that by Switzer and Green (1984) and Switzer (1985), who seek p components
u;(s) =ay(s),i =1, ..., p,suchthatcov(u;(s), u;(s)) = cov(u;(s), u;(s + 8)) =
0, i # j, and corr(u;(s), ui(s + 8)) < corr(u;(s), u;(s +39)), i < j, where § is
some suitably chosen predetermined, fixed vector of length § denoting spa-
tial separation or lag. The underlying mathematics stems from the optimisa-
tion problem: find the coefficient vector a which minimises the autocorrelation
corr(u(s), u(s + 8)) = %, where C(8) = cov(y(s), y(s 4 48)). This is mathe-
matically analogous to the standard canonical variate set-up in classical mul-
tivariate analysis (Krzanowski, 2000, section 11.1), and leads to the equation
(C(8) — AX)a = 0. This equation has p distinct solutions a;, which are the nor-
malised eigenvectors corresponding to eigenvalues A; = corr(u;(s), u;(s + §)) of
% ~1C(§). The eigenvectors are typically arranged in ascending order of the A;, in
which case the spatial factors have no pointwise correlations, no cross-correlations
at the spatial scale defined by the chosen fixed lag §, and successively minimise
spatial auto-correlation at that lag.

Practical extraction of Switzer’s components requires estimates of ¥ and
C(8) from sample data. X can be estimated by the conventional sample covariance
matrix S for the p variables, but such an estimate may be biased (see, e.g., Percival,
1993) so a bias reduction technique such as the jackknife may be needed. A simple
approach has been suggested by Quenouille (1957) in the time series context, and
this can be equally applied to spatial data. Sample covariance matrices S, S, are
computed from an arbitrary division of the data into two portions in addition to
the matrix S, and the bias-corrected estimate of X is given by 2S — (S; + S,) /2.

However, direct estimation of C(8) will usually require corrections to achieve
a symmetric and positive definite estimate, and this can cause problems.
These problems can be avoided if we use the matrix of semi-variances, I'(§) =
%Var (y(s 4+ 8) — y(s)), instead of C(§). We note that I'(§) = X — C(4) for a sta-
tionary process satisfying the condition of reflection symmetry, i.e. C(§) = C(—4),
so that

(C) —AX)a=0
= (FG6)— (1 —M)X)a=0.

Resultant components are thus the same, but are now arranged in descending order
of eigenvalues as these are (1 — corr(u;(s), u;(s + 8))). The standard geostatistical
estimator can be used for I'(§) without any of the foregoing problems in estimation
of C(8). However, we return to this question in the last section below.

One further simple algebraic result is useful on computational grounds. If A
is the diagonal matrix of eigenvalues of X and L is the matrix whose columns
are the corresponding eigenvectors, then from the spectral decomposition of ¥ we
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can write ¥ = FF’, where F = L+/A. Thus

T@® -1 —-1X)a=0
= (F'TOEFE) "' -1 -1)e=0,

where e = Fa, so that A, = (1 — u;) and a; = (F))"'e; where (i;, e;) are the
eigenvalues and eigenvectors of F~'T'(§)(F")~!. The advantage of this formulation
is that we are working with a symmetric matrix, and extraction of its eigenvalues
and eigenvectors is a much more stable computation than for the non-symmetric
).

Switzer components thus have the two features: zero cross-correlations and
ordered autocorrelations, but only at a single spatial separation §. Bailey and
Krzanowski (2000) therefore set out to generalise the technique and to derive a set
of components that have the same features but now across a set of spatial separa-
tions &1, 82, . . ., 8;. For a reasonable size of k and a judicious set of separations,
this can be used to approximate a whole area of interest. However, maximisation
or minimisation of autocorrelations can now no longer be associated directly with
lack of cross-correlation between components: maximising or minimising auto-
correlations will lead to different components at each lag, while maximising or
minimising a single function of autocorrelations will not necessarily produce zero
cross-correlations at all lags.

Thus a choice must be made between two objectives, and two distinct sets of
components can be produced. The first set arises when we look for components
that have no cross-correlations at all lags, which requires the Switzer equations to
be satisfied for a single set of components over a range 81, §,, ..., §; of spatial
separations, i.e.

(C@)—1X)a=0 (i=1,2,....k
= T@)—(1—-2))a=0 (i=12...k
= (F'TE)FE) ' =1 —2)l)e=0 (i =1,2,....,k),

where F and e are defined as before.

These equations no longer have exact solution when k > 1, but approximate
solutions can be found via a Common Principal Component Analysis (CPC; Flury,
1988) of F~!'I'(8;)(F')~! for i = 1,2, ..., k, using either maximum likelihood
(Flury and Constantine, 1985) or least squares (Clarkson, 1988). The resulting
components, which have low spatial cross-correlations, are thus given by u;(s) =
a;-y(s), j=1,2,..., p, where a; = (F")"'e; and e, are the normalised common
eigenvectors. Some examples are given in Bailey and Krzanowski (2000).
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However, these components will have unpredictable autocorrelation proper-
ties. So, rather than requiring our components to have no spatial cross-correlations,
we may prefer their autocorrelation functions to exhibit a variety of decay patterns
over lag. Such a set of components can be produced if we consider a parameterised
family p®(8;0®) of simple spatial autocorrelation functions, where 8 is the lag
and ¥ is the vector of parameters. For example the exponential family

p(k)(s. 0(k)) _ 1f8 = O
| a®e=BY if 5 >0

has % = (a®, B ®)), where ,B(k) reflects the range for spatial correlation and a®
provides for the possibility of a discontinuity, or ‘nugget effect,” at the origin.
We then look for orthogonal components whose spatial autocorrelation structures
best approximate the p®(§;0%)), k =1,..., K. We can use least squares for
each component; having found the optimum parameter values for a particular
component, we project the data into the subspace orthogonal to all preceding
components and repeat the process for the next component.

Thus in the exponential example above, for the first component we consider:

% (458 -1 pion)
mbn §.a\ 2
a, Zi (1 - %)
= (2 (1 —ee )

) %
a,o, a'T(0;)a
Zi (1 T Taza )

where the §; (>0) are chosen to cover the full distance over which one would ex-
pect the spatial autocorrelation of any component to act. (The denominator ensures
that the recovered components are ordered in terms of their spatial autocorrelation
across the distance range considered.) We can denote the resulting optimising
parameters as a'l, o, BV, project into the subspace orthogonal to this compo-
nent, and repeat the process. Overall we obtain a'”, ..., a%) and oV, ..., «®;
BY, ..., B for orthogonal components (a(k)),y(s), whose spatial autocorre-

lation successively best approximates a®e=PY8 with these functions being in
decreasing order. Some examples are given in Bailey and Krzanowski (2000).
While each of these two sets of components are useful for spatial analysis,
both exhibit shortcomings. The first set comprises components that have approxi-
mately zero cross-correlations at any spatial scale and so may be treated separately
in any subsequent analysis, but which are arbitrarily ordered at each lag and do
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not necessarily fit any useful autocorrelation model. On the other hand, the second
set are systematically ordered in terms of spatial autocorrelation and are orthog-
onal, but nothing can be said about their lagged cross-correlations. Prediction,
in particular, benefits if the components not only have predictive power through
strong spatial structure but also have zero cross-correlations at all lags, so that
each contributes independently to the overall prediction. An ideal solution would
thus come from a synthesis of our previous two types of component, and in the
next section we suggest a possible way to achieve this.

SYNTHESIS OF COMPONENTS

We would like to adjust the previous CPC analysis in order to maintain
approximately zero cross-correlations everywhere, but to superimpose onto the
resultant components an ordering in the range of their spatial autocorrelations
through fit to a suitable parametric model. The development which follows is per-
fectly general, but to fix ideas we again use the exponential model as an exemplar.
Let us therefore re-examine the CPC analysis above. Our derived components
were given by u ;(s) = a/jy(s),j =1,2,..., p,where a; = (F)"'e; and e, solved
the equations

FITEHF) '—=1 =2)De=0 (i =1,2,...,k).

For subsequent reference, write E as the matrix containing the orthonormal e; as
its columns.
Consider z = F‘ly (sothatu(s) = e’,-z(s), j=12,...,p). Then

cov(z(s)) = F~cov(y(s))(F~'Y

=F'xF)!
— A—I/ZL—]LAL/(L/)—IA—I/Z
=L

So;, = (F") C(8;)(F~'Y is therefore the cross-correlation matrix of z at lag
8;. The CPC analysis can be viewed as producing a set of orthogonal components
of z, with coefficients in columns of E, such that all E'Q;E are approximately
diagonal.

Thus if we now wish to find spatial components that not only have as nearly
as possible zero cross-correlations at all lags but also fit as closely as possible an
exponential model for their autocorrelations, then we want

(i) off-diagonal elements of all E'S2;E to be as nearly as possible zero, and
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(ii) diagonal elements (E'2;E);; to be as nearly as possible equal to « je_ﬂj(S[
forall i and j.

Replacing C(-) by I'(-) does not affect (i), but changes the function in (ii) to
1 — O{jé‘iﬁj&" .

A least-squares criterion is clearly appropriate for judging the fit in (ii), so
least-squares rather than maximum likelihood is the overall method of choice for
finding the optimum components. Clarkson’s (1988) algorithm finds the matrix
E that reduces the off-diagonal elements of all E';E approximately to zero, i.e.
minimises the sum of squares of all off-diagonal elements of E'Q;E. But from
above we see that E'Q;E is the cross-correlation matrix at lag §; of the u; so has
diagonal elements equal to 1. So if we write

A; = diag(1 — are P 1 —ape 1= a,,e’ﬂ"a"),

then our objective is to minimise the sum of squares ¢ of all elements of E'Q;E —
A;. But since E is orthonormal, we can replace A; by (E'E)A;(E'E), and hence
to minimise ¢ we can equivalently minimise the sum of squares ¢’ of all elements
of E[®; —E A, E']E.

An alternating least-squares iterative scheme to achieve this can be set up as
follows. Initial estimates E© Al(-o) are obtained by minimising the sum of squares
of off-diagonal elements of E';E using the Clarkson algorithm, and then fitting
the exponential model 1 — a,e %% to the rth diagonal element of E®’Q,E© for
r=1,...,pandi = 1,..., k by ordinary least squares.

Then in the jth iteration, EV) is found as the E which minimises the sum of
squares of off-diagonal elements of E'[€; — EU ‘I)Af,’ “DEU-VE while Al(.’ )is
found by fitting the exponential model to diagonal elements of EV) @, E/).

Iterations are continued until two successive values of ¢’ are equal to within
some small pre-set tolerance. Let EV) and Al(.f ) be the values of E and A; at
termination. Then the fitted exponential model parameters are given directly by
AY)| while the coefficients of the jth required component u; are given by the
elements in the jth row of a = (F)'E().

The end product of this iterative scheme is thus a set of coefficient vectors,
which can be interpreted in the usual manner of multivariate components and
which can be used for constructing scores that can be plotted for elucidation of
underlying trends in the data.

EXPERIMENTAL VERIFICATION

To investigate the extent to which the proposed technique is able to recover
structure built in to a set of data, we designed some Monte Carlo simulations. The
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way we did this was essentially to start at the end and work backwards. Since
the technique aims to isolate components whose spatial autocorrelations exhibit
an ordering described by a parametric model, and whose cross-correlations are
(approximately) zero at all lags, we started by defining components that had this
structure. We generated observations for these components, and performed a series
of transformations in order to convert them into a typical set of (correlated) spatial
multivariate observations. We then applied the proposed technique to these data,
and examined how accurately it could recover the known input structure.

Details of the data generation are as follows. Suppose that we wish to pro-
duce a data set comprising n observations on p variables, based on k underlying
components that have the specified structure. Following the earlier development,
we took the exponential family again as the parametric model of the autocorre-
lations but for simplicity used a one-parameter version by setting «) = 1 for all
i. The first step was thus to decide on values for B0 (i = 1,..., k), and then
to generate n k—element data vectors whose population autocorrelations at lag
s were (e 7", ... e #"%) and whose population cross-correlations were zero
at all lags. The library RandomFields for the statistical software package R
(http://www.r-project.org/) was used to generate n univariate observations from
each of k Gaussian Markov Random Fields having means 0, variances 1 and
specified autocorrelation functions e B fori = 1,..., k. This provided a series
of k components, each with the required autocorrelation structure. However, they
will not necessarily have approximately zero cross-correlations at all lags. To ob-
tain the latter condition, we adopted a rejection sampling approach: components
were cyclically rejected if any of their computed cross-correlations with existing
components were too large, and a new component with the same autocorrelation
structure was generated. Rejections were continued until the cross-correlations
between components at all lags lay within a specified tolerance of zero. To ensure
reasonable execution times we set the tolerance level at less than 0.1 in absolute
value.

The above process therefore produced an (n x k) matrix U of observations on
the spatially uncorrelated components for a given set of 8¢ values. We then gener-
ated an arbitrary k x k orthonormal matrix E (by randomly generating k—element
vectors and orthonormalising them using the Gram-Schmidt process) and trans-
formed U to Z = UE. Finally, in order to generate a data matrix Y which had a
non-trivial (i.e. non-identity) pointwise dispersion matrix X, we chose values for
this matrix, decomposed it into the product FF', and set Y = ZF'. The transfor-
mation that takes U into Y is EF’, so the back-transformation that takes Y into U
is T = (F")"'E/, and this matrix is easily computed in any run of the program.

Having generated the data matrix Y, we then applied the proposed technique
to it and judged the extent to which it had been successful by comparing the recov-
ered values of ) with the input ones (i = 1, ... k), and the recovered coefficients
A with the input ones T. As an additional performance check, cross-correlations
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of the recovered components were inspected to make sure they were close to zero,
and the autocorrelations of the recovered components at each lag were compared
with those of the input components.

Preliminary investigation of the data generating mechanism showed that the
execution time rose extremely quickly as n, p and, particularly, k increased. We
decided to generate spatial data across a unit square for normalisation, and to
provide realistic sample sizes we settled on n = 32 x 32 = 1024. In order to
make the experiment tractable, therefore, we considered just three representative
situations: (k =2, p = 3), (k =3, p=3)and(k = 3, p = 4). For (i) we chose
(10.0, 3.33) when k = 2 and (10.0, 3.33, 2.0) when k = 3. These values produced
autocorrelation functions exhibiting rapid, moderate and slow decay respectively.
When p = 3 we set

1.00  0.25 0.50
Xx=]025 1.00 —-0.25 |,
0.50 -0.25 1.00

and when p = 4 we set

1.00 0.25 0.50 0.25
0.25 1.00 0.75 0.50

Yy =
0.50 0.75 1.00 0.75
0.25 0.50 0.75 1.00
Ten lags, at values 0.1, 0.2, ..., 0.9, 1.0 were considered to be sufficient to cover

the distance over which the spatial autocorrelations were acting, so these values
were chosen for both the rejection sampling and the data analysis.

Results are given in Tables 1 (fork =2, p =3),2 (fork =3, p = 3) and 3
(fork = 3, p = 4). In each table we give the “target” (i.e. input to data generation)
and “recovered” (i.e. output from data analysis) values of (i) 8@ for (i =1, ..., k),
(ii) coefficients, as columns of T and A respectively, and (iii) autocorrelations of
the components in columns, up to lag 0.5.

Broadly speaking the results show that the proposed technique recovers the
input structure very well, although there is some variability across the three sit-
uations. First, inspection of cross-correlations between recovered components
showed them all to be below 0.1, indeed considerably so with only a very few
exceeding 0.05. The technique is therefore highly successful at providing compo-
nents that are spatially approximately uncorrelated at all lags, which is one of its
two principal aims.

The second principal aim is to order the components in terms of the speed of
decay of their autocorrelations as fitted to a parameteric (here exponential) model.
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Table 1. Comparison of Input and Output Feature Values fork =2, p =3

Input Output
Features compared cpt 1 cpt2 cpt 1 cpt2
g 10.00 3.33 10.24 5.45
Coefficients 0.633 0.150 0.627 0.163
0.532 —0.619 0.554 —0.608
0.243 0.603 0.222 0.608
Autocorrelations
lag 0.1 0.359 0.632 0.362 0.630
lag 0.2 0.166 0.434 0.169 0.432
lag 0.3 0.040 0.307 0.042 0.306
lag 0.4 —0.065 0.172 —0.064 0.171
lag 0.5 —0.104 0.019 —0.105 0.019

There is some variability in respect of this aim across the three situations. For
k =2, p =3, Table 1 shows that the aim is achieved excellently: the recovered
B(i) values are both close to the input values (to within the sort of sampling
variation that might be expected) and, perhaps more crucially, the recovered auto-
correlations at lags 0.1 to 0.5 match those of the input components almost exactly.
This latter comparison also holds good for k = 3, p = 4 (Table 3), although here
the recovered B(i) values are somewhat more discrepant from their input val-
ues. The poorest recovery is shown for k = 3, p = 3 (Table 2), where only the
recovered autocorrelations for component 3 show good accord with their input
counterparts while the other components, and B(i) values, exhibit some disagree-
ments. These findings are mirrored by the comparison of recovered (A) and input
(T) coefficients: excellent for all components in Tables 1 and 3, but only good
in Table 2 for component 3. For a graphical illustration, Fig. 1 shows both the

Table 2. Comparison of Input and Output Values fork =3, p =3

Input Output

Features compared cptl cpt2 cpt3 cptl cpt2 cpt3

o 10.00 3.33 2.00 12.17 9.26 7.12
Coefficients 0.100 —0.232 1.266 0.011 —0.180 1.272
0.744 0.762 —0.445 0.987 —0.103 —0.462
—-0.510 1.047 —0.558 0.420 1.076 —0.596

Autocorrelations

lag 0.1 0.267 0.421 0.467 0.333 0.343 0.469
lag 0.2 0.117 0.148 0.256 0.068 0.189 0.257
lag 0.3 0.074 0.057 0.068 —0.039 0.108 0.138
lag 0.4 0.040 0.045 0.038 —0.037 0.070 0.056

lag 0.5 0.005 0.056 0.006 —0.044 0.064 0.061
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Table 3. Comparison of Input and Output Values fork =3, p =4

Input Output

Features compared cpt 1 cpt2 cpt3 cpt 1 cpt 2 cpt3

B 10.00 333 2.00 16.20 10.57 475
Coefficients —0.349 0.505 0.822 —0.349 0.502 0.769
—0.918 —0.375 —0.476 —0.930 —0.366 —0.504
—0.162 0.285 —0.189 —0.120 0.287 —0.213
0.793 0.658 —0.385 0.890 0.655 —0.383

Autocorrelations

lag 0.1 0.210 0.486 0.795 0.206 0.486 0.791
lag 0.2 0.038 0.130 0.615 0.043 0.130 0.616
lag 0.3 —0.051 —0.178 0.412 —0.047 —0.178 0.419
lag 0.4 —0.088 —0.270 0.193 —0.091 —0.269 0.202
lag 0.5 —0.066 —0.229 —0.016 —0.071 —0.229 —0.011

input autocorrelation function (i.e. e P plotted against § in a solid line) and the
recovered autocorrelation function (i.e. e B plotted against § in a dotted line)
for each component i (rows of figure) for each of the three situations (columns of
the figure). The matches between input and recovered functions are good for all
first components, but poorer for the later ones.

As a final point, it should be borne in mind that any recovered transformation
may only be unique up to arotation of axes, i.e. a further orthogonal transformation.
It is therefore possible that application of Procrustes Analysis (e.g. Krzanowski,
2000, pp. 155-163) may yield a much closer match between input and recovered
configurations, but this possibility was not pursued as the existing results seemed
to be adequately convincing.

ILLUSTRATIVE EXAMPLE

For illustration we turn to the National Geochemical Reconnaisance men-
tioned in the introduction. The spatial coverage was quite dense; in general, the
reconnaissance programme aims to achieve a sampling density of at least 1 sample
per 13 km? and in this particular case the figure was more like 1 sample per 9 km?.
We consider the subset consisting of measurements on the 5 specified elements
(Zn, Cu, Ni, Co, Mn) taken at 916 stream locations throughout North Western
Vancouver Island. Preliminary inspection of the data revealed a feature typical of
geochemical data measuring concentrations, namely highly skewed distributions
of individual elements with a preponderance of generally low values, so we first
transformed all variables to logarithms before conducting any analysis. Initial
plots suggested reasonable stationarity, so we next inspected variograms of the
individual elements and noted that all autocorrelations had stabilised by a lag of
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Figure 1. Input (solid line) and recovered (dotted line) autocorrelation functions for each
component (rows) in each of the three experimental situations (columns).

around 20 kilometres, so for computation of the components described above we

chose the 6 lag (§;) values 3, 6,9, 12, 15 and 18 km.

With these choices we were then able to estimate X using the sample (point-
wise) covariance matrix, and the matrices I'(§;) at the 6 specified lags by calculat-
ing half the sample variance of the differences between all pairs of observations
that lay within a small tolerance of the appropriate distance apart. Replacing pop-
ulation quantities in the methodology above by these sample estimates, we were
able to find five spatially uncorrelated components. We label these components
“dual” (as they are designed to optimise two aims), and now discuss their main
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features for this set of data. For convenience we abbreviate the lagged distances
3,6,9etcto lags 1, 2, 3 etc.

Inspection of matrices of cross-correlations between components showed that
at lag zero they were all exactly zero, as expected, while the sum of squares of the
60 (10 correlations x 6 lags) values for lags 1-6 was just 0.310. So the first aim,
of producing (approximately) spatially uncorrelated components, had certainly
been met. But how effective was the technique in the second aim, i.e. imposing
a spatial structure on these components? Figure 2 shows the correlograms of the
five components, with fitted exponential functions superimposed on the graphs
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Figure 2. Autocorrelations at lag x for dual components, with fitted exponential model
superimposed.
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(but note that the order in which these components are produced is arbitrary, as
discussed in the last section below). With the exception of component number
2 the dual components generally fit the postulated exponential model reasonably
well, so they not only have (approximately) zero spatial cross-correlations but also
have discernible spatial structure.

A further question to ask is to what extent the dual components provide a
good summary of the data. To answer this question we formed scores from each set
of components (by applying the matrix of component loadings to the original data
matrix), and then plotted these scores on maps of the study region (Vancouver
Island). To obtain interpolated maps we applied localized regression using the
SPlus loess function of order 2 and with an appropriately chosen smoothing
parameter (see, e.g. Cleveland, Grosse and Shyu, 1992). The five such plots are
shown in Fig. 3. Increasingly darker shading represents increasing amount of the
relevant combination of trace elements. We see that there is a definite indication
of spatial structure, attesting to the utility of the proposed technique.
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Figure 3. Maps of loess-smoothed scores computed from the dual components.
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DISCUSSION

The simulation results and the illustrative example have shown that the pro-
posed technique provides a useful addition to the toolkit for multivariate spatial
analysis to set alongside existing factor methods, but there are of course various
areas that require further discussion and investigation.

One such centres on the problems raised in estimation of central quantities
such as covariance matrices and semi-variance matrices. Our mathematics above
has been developed in terms of population quantities, and here we could have kept
to C(d) throughout rather than transforming to I'(8). The latter was introduced
in order to avoid computational problems arising in estimation of the former but,
as has already been mentioned, the resulting mathematics is only valid if the
reflective symmetry assumption C(8) = C(—4) is obeyed. This assumption has
been discussed by various authors (e.g. Myers, 1982; Ver Hoef and Cressie, 1993),
who point out that it is a difficult assumption to check and deal with in practice.
In all our illustrations above this is not an issue, as the exponential autocorrelation
model implies an isotropic structure. However, our view in general is that, whether
or not reflective symmetry is valid, estimation of semi-variance matrices should
always be more robust in practice than estimation of covariance matrices so should
be preferred. Use of the semi-variance version formulated by Clark, Basinger and
Harper (1989) has been shown to circumvent the reflective symmetry assumption
in prediction situations (Ver Hoef and Cressie, 1993) so might also be used to
advantage in the present case, but this is yet to be investigated.

A second area of interest is the interpretation of components and their role in
dimensionality reduction. In principle, interpretation of the components derived
above can proceed in the usual manner by identifying each component with those
variables that have “large” coefficients and attaching an interpretation in terms
of their sizes and signs. However, the fact that the mathematics is related to
that of canonical variates indicates that there are potential scaling problems, and
these need resolution before confidence can be placed on any interpretations.
Similarly, a standard approach to dimensionality reduction is to discard those
components that provide only a small contribution to the overall “goodness of
fit” measure. The problem in the present case is that there are various potential
aspects of goodness of fit of a component (e.g. lack of cross-correlation with
other components, closeness of autocorrelation behaviour to a postulated model,
variance explained), so the components cannot at present be uniquely ranked in
order of “importance.” Further work is needed to derive a suitable overall measure
of goodness of fit that can form the basis of such a ranking.

Two final points concern specific choices made in the above analyses that
could be generalized with advantage. In our examples with the exponential
model we have assumed that spatial correlation is isotropic, so generalization
to anisotropic correlation structures would clearly be of interest. Secondly, we
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have suggested that the user should decide at the outset of the analysis on the set
of lags that are deemed to be satisfactory for spanning the space of investigation.
The choice of number of lags and their spacing involves a similar set of considera-
tions as those that arise in variogram estimation more generally (e.g. Wackernagel,
1998). Additional constraints imposed by the common principal component model
underlying our techniques militates against use of a large number of lags. A simple
rule of thumb would suggest using between about six and ten, but an automated
system would benefit considerably from a built-in lag optimisation procedure. We
aim to investigate these aspects in future work.
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