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Fuzzy Modeling for Reserve Estimation Based
on Spatial Variability!

Bulent Tutmez,? A. Erhan Tercan,’ and Uzay Kaymak*

This article addresses a new reserve estimation method which uses fuzzy modeling algorithms and
estimates the reserve parameters based on spatial variability. The proposed fuzzy modeling approach
has three stages: (1) Structure identification and preliminary clustering, (2) Variogram analysis, and
(3) Clustering based rule system. A new clustering index approach and a new spatial measure function
(point semimadogram) are proposed in the paper. The developed methodology uses spatial variability
in each step and takes the fuzzy rules from input-output data. The model has been tested using both
simulated and real data sets. The performance evaluation indicates that the new methodology can be
applied in reserve estimation and similar modeling problems.
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INTRODUCTION

Ore reserve estimation, which includes the estimation of characteristics such as
ore grade and ore thickness, has crucial importance for evaluation of mineral
deposits. Estimated reserve is used in all phases of a mining project, including
feasibility, mine planning and production scheduling. Traditional reserve esti-
mation methods can be roughly classified into two main groups: geometric and
geostatistical methods (Henley, 2000). Geometrical methods depend on geometri-
cal relationships between sample points while geostatistical methods (Goovaerts,
1997; Henley, 2001) are based on random functions and consider spatial rela-
tionship of the sample data. Generally, geostatistical methods are more effective.
Bardossy and Fodor (2004) have discussed the advantages and disadvantages of
geostatistical methods for reserve estimation and they stressed that geostatistical
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methods have some limitations. Geostatistical calculation needs suitable computer
programs, and a considerable mathematical background. Further shortcomings of
geostatistics were pointed out in detail by Diehl (1997).

Integrating geostatistical concept with fuzzy set theory (Bardossy, Bogardi,
and Kelly, 1990) is a novel direction, and the application of fuzzy modeling in
reserve estimation is very limited. In the literature, Pham (1997) estimated the
ore grades using a linguistic fuzzy model. Galatakis, Theodoridis, and Kouridou
(2002) carried out a study for lignite quality estimation using a neural-fuzzy
system. The main handicap of these works is that spatial variability of data values
can not be used in the algorithms. Recently, Luo and Dimitrakopoulos (2003),
Bardossy, Szabo, and Varga (2003), and Bardossy and Fodor (2005) have applied
the fuzzy set theory in resource estimation and mathematically evaluated the spatial
continuity of ore bodies by fuzzy sets. Similarly, Tutmez (2005) has recently
carried out a study that tries to combine fuzzy algorithms and spatial variability in
reserve estimation.

This paper considers reserve estimation using spatial variability and fuzzy
modeling. In general, existing fuzzy modeling approaches focus on model accu-
racy. Spatial variability of data is not taken into consideration by them. However,
spatial positions of data directly connected with data values (grades) is very im-
portant for reserve estimation. The aim of this paper is to propose a systematic data
driven fuzzy method based on spatial variability for reserve estimation. The de-
veloped model uses fuzzy clustering and Takagi-Sugeno model structure. Spatial
relationship is used in each stage of the algorithm.

The paper is organized as follows. Section 2 states the theoretical background
of spatial correlation and zone of influence for reserve estimation. Section 3
describes fuzzy model identification and deals with the steps of the proposed
fuzzy modeling algorithm. Section 4 gives numerical examples for both simulated
and real data sets. Section 5 presents the conclusion.

SPATIAL CORRELATION
Reminder on the Zone of Influence

Spatial correlation can be modeled by the variogram function. In practice,
the variogram function is estimated as follows:

N(h)

2y(h) = N [2(x;) — 2(x; + )] (D
i=1

where z(x;) and z(x; + h) are values of the variable at locations x; and x; + & and
N (h) is the number of pairs used in calculating the variogram at distance h.
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The variogram characterizes the structures of the spatial distribution of the
variables considered. Beginning at the origin, y(0) = 0, the variogram increases in
general with the distance. The manner in which this variogram increases at small
distances characterizes the degree of spatial continuity of the variable under study.
The variogram may become stable beyond some distance # = a called the range.
Beyond this distance a, the mean square deviation between two quantities z(x) and
zZ(x + h) no longer depends on distance / between them and the two quantities are
not correlated. The range gives an exact sense to the conventional concept of the
zone of influence of a sample (Journel and Huijbregts, 1978).

FUZZY MODEL FOR RESERVE ESTIMATION

In this section, we propose a fuzzy model for reserve estimation. The con-
struction of the proposed fuzzy model proceeds in three main stages: (1) structure
identification and preliminary clustering (2) variogram analysis, and (3) clustering
based rule system generation.

Structure identification and preliminary clustering comprises of two steps. In
the first step, input and output variables of the model are determined. Following
the first step, the knowledge representation is developed from input-output dataset
by using fuzzy clustering. The main objective of this stage is determining the
number of clusters.

Variogram analysis of a data point consists of constructing a variogram
model which characterizes, in an operational way, the main features of the spatial
variability. Two main steps can be distinguished in this: the construction of an
experimental variogram and defining the range (search radius) via the modeled
variogram.

Clustering based rule system generation comprises of an application of pos-
sibilistic clustering to generate an initial rule base, followed by the identification
of optimal consequent parameters in a Takagi-Sugeno fuzzy system. In this way,
output of the spatial analysis is used in the generation of the fuzzy rule-based
system directly.

Parameter Selection and Preliminary Clustering

In this stage, firstly, the input and output variables of the fuzzy model are
chosen. From the data set, a regression matrix X and an output vector y are
constructed.

@
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Following the parameter selection, data set is partitioned in the Cartesian
product space X x y by using fuzzy c-means (FCM) clustering (Bezdek, Ehrlich,
and Full, 1984) which is the most popular fuzzy clustering algorithm. In the
clustering algorithm, both data coordinates and its measured value (ore grade)
should be represented and clustering must be carried out in the three dimensional
space. This point is very important because the variables used in reserve estimation
are characterized by their spatial distribution (Journel and Huijbregts, 1978). The
fuzzy c-means (FCM) clustering algorithm partitions 3-dimensional vectors into
c fuzzy clusters. The algorithm minimizes an objective function based on distance
measures between cluster centers and data points.

The fuzzy partition matrix satisfies probabilistic property as

> wi =1, Vk=1,...,N. (3)
i=1

For partitioning a collection of N data points into ¢ classes, we define an
objective function J,,, for a fuzzy c-partition,

N c
In(U,¥) =" (uie)" (i)’ &

k=1 i=1

where m € [1, oo] is a weighting exponent, w;; is the membership of the kth
data point in the ith class. The term, d;; is a Euclidean distance measure (in 3-
dimensional feature space, R?) between the kth sample data x; and ith cluster
center v;, given by

172
3
di = dCo —vi) =l —vill = | Y oy —vip)* | ©)

Jj=1

Cluster means (prototypes) and elements of membership matrix are computed as
follows.

N m
M X
C[ Zk—l ik k , (6)

N
D k=1 Mk

and
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Determining the Number of Clusters

Determining the optimal number of clusters has vital importance in pattern
recognition. In the literature, many indices have been proposed by different re-
searchers (Gath and Geva, 1989; Fukuyama and Sugeno, 1989; Kwon, 1998). One
of the differentiated cluster validity index was proposed by Xie and Beni (1991).
According to Pal and Bezdek (1995), this index provides the best results especially
for a small number of clusters, but if the number of clusters becomes very large,
the index decreases monotonically. In recent years, other effective methods were
proposed based on different theoretical foundations as in (Kaymak and Babuska,
1995).

Because data variability has a special importance in reserve estimation, in the
present study a cluster validity approach taking into consideration this parameter
(Tutmez, 2005) is used. It is based on reproducing the data variability of the
samples in the value of cluster centers with a minimum number of clusters as
follows:

Minimize n. under, Std[g(x)] ~ Std[g(c)]. ®)

where 7. is the optimal number of clusters, and Std is the standard deviation. In
this approach, the number of clusters is plotted against the corresponding standard
deviations of the cluster center values and then the number of clusters satisfying
constraint (8) is retained as optimum.

Semivariogram Analysis

The purpose of this step is measuring the spatial correlation (Section 2)
between cluster centers and data values. Semivariogram analysis in fuzzy model
consists of variogram modeling in particular of defining the range parameter of the
variogram. Traditionally, spatial variability is calculated by using the difference
between sample pairs. In this system all data points are involved in calculation.
However, in the present approach we have fixed cluster centers and computation
(estimation) is carried out using the differences between data points and the cluster
centers. A point semivariogram is used for characterizing the spatial variability in
this way.

Point Semivariogram

Point semivariogram (PSV) function was proposed by Sen (1989) and is
used in different studies (Sen, 1998; Sen and Oztopal, 2001). It is a modified
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version of the classical semivariogram function. The classical semivariogram is
not suitable for describing the local variability. PSV was suggested as an alternative
measure for evaluating the local behavior of data. It can be used in determining
the spatial behavior of any variable around a particular cluster. In other words, it
presents the regional effect of all of the other clusters within the study area on the
cluster concerned. Sen (1989) presented the basis of the methodology to obtain
experimental PSVs for each measurement point, which leads to estimation of the
radius of influence around each site (cluster). Its mathematical expression is given
as,

N(h)

y(h) = WZ( m = Znth))’ ©)

where N is the number of data values, N(%) is the number of pairs, Z,, is the
reference grade value, and Z,, 1) is the grade value at a distance /.

Point Semimadogram

Madograms are particularly useful for establishing range parameter (Deutsch
and Journel, 1998). The point semimadogram (PSM), has been proposed by
Tutmez (2005). This function is similar to the PSV; instead of squaring the differ-
ence between Z,, and Z,,,,, the absolute difference is taken. If the experimental
variogram includes the outlier values, the PSM is more convenient than the PSV
due to the advantages of absolute difference measure (Tutmez, 2005),

N(h)

y(h )_WZ' m— Zmshpl- (10)

Clustering Based Rule System Generation

This stage consists of the possibilistic clustering for rule base initialization
before optimizing rule consequents. First, data clustering is carried out using
possibilistic clustering. Second, optimal model parameters are determined by
using the membership matrix and cluster information.

Possibilistic Fuzzy Clustering

Possibilistic fuzzy c-means clustering algorithm (PCM) has been proposed by
Krishnapuram and Keller (1993). Krishnapuram and Keller (1996) stated that the
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possibilistic approach simply means that the membership value of a point cluster
represents the typicality of the point in the cluster, or the possibility of the point
belonging to the class. They presented a fundamental difference between these
two algorithms that FCM is primarily a partitioning algorithm, whereas PCM is a
mode-seeking algorithm, i.e., each component generated by the PCM corresponds
to a dense region in the data set. In the PCM algorithm, each cluster is independent
of the other clusters (Krishnapuram and Keller, 1996). The objective function of
this algorithm can be expressed as follows:

N c c N
In(U,¥) =D (i)™ (i) + Y mi (1= pan)", (11
k=1

k=1 i=1 i=1

where n; > 0. The first term corresponds to minimization of the weighted dis-
tances, while the second term suppresses the trivial solution and tries to increase
the volume of the clusters. The equation for updating the membership degrees that
is derived from the objective function is

ip = —————,1; >0 (12)

Determining the n and m using Spatial Variability

It can be shown from the Equations (11-12) that the parameter 7; is related
to the scaling. It determines the distance at which the membership degree equals
0.5. Essentially, n; determines the “zone of influence” of a point. A point x; will
have little influence on estimates of the prototype parameters of a cluster if dizk is
large when compared with »; (Krishnapuram and Keller, 1996). The parameter ;
is chosen for each cluster separately and can be calculated by using the fuzzy intra
cluster distance as

K n
m=ﬁgwmmf (13)

where N; = ZZ=1 (mix)™. Usually K is chosen equal to 1 (Tim and others, 2004).

We prefer the PCM for clustering due to the functional role of #; in the
algorithm. The “zone of influence” concept is directly related to the range of a
variogram and actually it should be determined by means of variogram analysis in
our application. Starting from this, the point semivariogram/madogram function
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is suggested for defining the n; (Tutmez, 2005). The proposed approach aims to
determine the (7);) from the semivariogram range.

There is a connection between 1; and weighting exponent m. Note that the
spatial correlation is accepted to be 0 for distances beyond the variogram range.
However, according to formula (12), membership value of this function does not
become 0. For this reason, we try to find an approximate solution. First we consider
a termination parameter ¢ that the membership function (12) should attain at some
distance d;;. Then, we can rewrite formula (12) as

1
T =&, (14)
h m—1
1+ (%)
d2 %1
1=s+s<i) , (15)
Ni
d} T 1—¢
- = ; (16)
Ui €
Taking the logarithm of each side of the Equation (16), we obtain
1 d 1—
_mﬂ:ln( 8), a7
m—1 n &
In (ﬁ)
m—1=—" (18)

In ()

Equation (18) describes the m depending on d /1 and &. Krishnapuram and Keller
(1996) showed that the membership function generated by the PCM is a function
of m as shown in Figure 1.

In the PCM, as the value of m increases, the clusters become less localized
and they extend much beyond the normalized squared distance of 1. Note that
the membership is 0.5 at a distance of ,/n;. We now impose that the membership
should be sufficiently small at a distance 2,/7; (twice the effective radius). Be-
cause of this, the membership function should almost completely decay to zero
at dl.zk /n; = 4. We can now determine range distances (a;) for each cluster from
semivariogram models, and set this equal to 2,/7;. These values can be transferred
into the PCM as follows

ai = 2n;)* = 4, (19)
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Figure 1. Relationship between distance and memberships for different values
of m in PCM (After Krishnapuram and Keller, 1996).

when dizk = al.2 = 4n, Eq. (18) can be rewritten as
(20)

If we set e = 0.1, we find m = 1.63.
Alternatively, using a selected m value, a suitable n distance can be calculated.
For this, the following is obtained from (16):

m—1
&
. =d> _ 21
n lk(l—s) (2D

For basic solution, m = 2, dizk = ai2 and ¢ = 0.1 can be selected. Hence, one
obtains n; = ai2 /9. Note that the value of n decreases, as the value of m increases.

Rule Based System

In fuzzy modeling, the fuzzy rule-based structure should represent the
complex-uncertain system for effective approximation. In the present approach,
Takagi-Sugeno (TS) system based on spatial variability is proposed. In the TS
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fuzzy model (Takagi and Sugeno, 1985), the rule consequents are crisp functions
of the model inputs:

Ri: Ifxis A;jtheny, = f(x), i =1,2,...,K. (22)

The selected TS model depends on the output structure. In this study, 1st
order TS fuzzy model is used. This selection is based on the smoothing problem
of the general fuzzy models. Smooth estimations, in which the variability of the
model output is less than the variability in the data, are undesirable for many
systems such as geology based decisions and environmental pollution estimates.
For example, mine project planning uses this variability as input. A 1st order TS
fuzzy model can capture the variability in the data better than a zero-order TS
fuzzy model. The rules in a 1st order TS fuzzy model look

R; :If x1is A;; and x; is Ajp then g; = a;1x1 +aipxo+b;, i=1,2,..., K
(23)

where R; is the ith rule, g; is the the rule output and a;;, a;» and b; are estimated
parameters for each rule i. In the rule base, K denotes the number of rules. The
aggregated output of the model is calculated by taking the average of the rule
contributions (Setnes, Babuska, and Verbruggen, 1998).

Representing the spatial variability in a rule mechanism using linguistic
expressions is a necessary step for this approach. In the geostatistical approach,
which is based on the spatial variability, functional relationship relies on the
distances between data values. As a general hypothesis, if the distance between
data values is small, grades (measured data values) are close each other. On the
other hand, great distance implies dissimilar grade values. In the rule base, we can
represent this relationship by the linguistic term “close.”

Membership Function Assignment

When spatial coordinates of sample data are close to the spatial coordinates
of the cluster center, it is expected that grade values for both sample and cluster
center are also close. For modeling the fuzzy term “close,” Yager and Filev (1994)
suggested a Gaussian-type function

xX—c
Ux = exp |:—(ln2)< . ):| (24)

where o is a constant which determines the spread of the function, x is sample data
value and c is the cluster center (Fig. 2). Gaussian membership functions are more
common in fuzzy systems literature, as they provide both simplicity and flexibility.
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Figure 2. Gaussian memberships and model distance parameters.

Also, fuzzy rule bases typically use membership functions of a single variable, and
Gaussian membership functions are suitable in this sense, since multi-dimensional
Gaussian functions can be decomposed into single-dimensional Gaussians natu-
rally. Hence, in our rule based system, we apply Gaussian membership functions
after the possibilistic clustering step.

Parameter Optimization

A Takagi-Sugeno fuzzy model consists of a set of fuzzy rules, each of which
can be described as a local linear input-output relationship (Babuska, 1998). The
consequent parameters for each rule can be obtained from a weighted least square
estimation.

Let X, denote a matrix with its elements consisting of input values and a
column vector with ones: X, = [X;1] and I'; be a diagonal matrix in RNN
having the normalized weighted memberships y;(xy) = B;(xx)/ Zf:, Bj(xx) as
its kth diagonal element, where the degree of fulfillment of the ith rule 8; can be
derived from the fuzzy partition matrix U using point-wise projection (Hoppner
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and others, 1999). Let X’ denote a matrix composed of matrices I'; and X, (Setnes,
Babuska, and Verbruggen, 1998).

X' = [T Xe); (M2Xe); -+ -3 (Cx X)) (25)

The unknown parameters a; and b; in the fuzzy model are lumped into a single
parameter vector 0 € RE (D),

0 =[al.bi,al by, ....ak, bx]" (26)
The resulting weighted least squares problem has the solution:

[af 5] = [xITx,] "X Ty 27)

i

NUMERICAL EXAMPLES

The proposed modeling approach is illustrated using two data sets. In the
first case study, the fuzzy modeling approach is used for estimating simulated
iron-ore grades. In this application performance comparison has been also carried
out with a past study. In the second case study, a real data set is used and this time,
the proposed modeling approach is considered for the purpose of lignite reserve
estimation.

Example 1: A Comparative Study with Simulated Data

Pham (1997) introduced the grade estimation using fuzzy set algorithms and
used a simulated data set (Table 1) which was taken from Clark (1979). In this
example, the same data set is used and the performance of proposed fuzzy model
is compared to the results of (Pham, 1997). The data set used in the example is
shown in Figure 3. In clustering literature, it is often suggested that the data should
be appropriately normalized before clustering (Jain and Dubes, 1988). Samples
taken from iron-ore deposit were standardized by using a linear transformation
between maximum and minimum grade values [24.4, 41.5].

Determining the Number of Clusters

Considering three features (Easting, Northing, Iron Data Value), clustering
is carried out using FCM. Optimal number of clusters is defined using the validity
approach presented in Section 3.1. Standard deviations of the cluster grades are
plotted against the number of clusters (Fig. 4) and cluster number 5 is obtained as
the optimum (Fig. 3).
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Table 1. Initial Data Set from Iron-Ore Deposit (Clark, 1979)

99

Sample No  Easting  Northing % Cu  Sample No  Easting  Northing % Cu
1 10 40 355 12 15 135 28.6
2 55 145 29.4 13 125 20 41.5
3 175 50 36.8 14 260 115 332
4 235 15 33.7 15 365 60 343
5 285 110 353 16 345 115 31
6 20 105 325 17 25 155 29.6
7 50 40 30.6 18 155 15 40.4
8 145 125 30.1 19 220 90 28.5
9 205 0 40.1 20 265 65 24.4

10 390 65 31.6 21 325 105 39.5
11 310 150 34.8 12 15 135 28.6

Semivariogram Analysis

Figure 5 represents the experimental and model madograms which show the
differences between spatial data points and the cluster centers. Calculating the

experimental madograms, four lag distances were used for each cluster. Zone of

45
X
X
40 - % g
X
X X
S X X
X 35 %
2 o
< X x X
© 30 A
Z X OX
X X
25 X
O cluster centers
20 T T T T
20 25 30 35 40 45
Easting (X1)

Figure 3. Map of sampling points of a simulated iron ore deposit (After Clark,
1979).
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Standard deviation of the cluster grades

Number of clusters

Figure 4. Clustering validity for iron-ore data.

influences of clusters were determined from semimadogram range distances. The
range values can be shown as a vector: [5 7 4 10 4].

Clustering and Parameter Optimization

Parameter optimization step consists of the PCM clustering and local least
square estimation. In the first stage, Gaussian partition matrix is calculated and
then its components are used in the least square estimation problem as the weight
factor. Possibilistic clustering algorithm used the following input.

Number of cluster: 5

2.5
3.5
n parameter vector: 2
5
Sby2
Weighting exponent: m = 1.6

According to clustering based least square optimization, model parameters
are determined. Clusters centers and model parameters are listed in Table 2.



Fuzzy-Reserve 101

v (h) v (h)
S Cluster 1 5+ Cluster 2
4 T 4+ o
3+
]
2T 1 O
i
1
1 H
1
1
1
o % : : : s :
5 10 15 20 25 25 h
v (h) v (h)
54 Cluster 3 54 Cluster 4
o
[¢) 4l
(0]
e}
3+
1
i
2T o:
1
i
1+ i
1
1
1
: : : : 0 10 : : :
10 15 20 25 h 5 10 15 20 25 h
v (h)
54 Cluster 5
4 -’
3 4+
e}
2 T . S
1
1
1
17
1
1
1
a1y 4 I 4 I
0 + . + +
5 10 15 20 25 h

Figure 5. Experimental and model point madograms.

Fuzzy Rule Based System

Gaussian type membership functions are used in the rules. Functions were
modified in accordance with the cluster centers and the zone of influence. For this
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Table 2. Cluster Centers and Optimized Model Parameters

Clusters Coordinate x| Coordinate x, ap as b

Cluster 1 31.80 26.80 —1.883 —0.056 102.024
Cluster 2 26.27 39.10 —0.361 —0.505 58.864
Cluster 3 25.40 28.90 —2.950 30.757 —778.373
Cluster 4 38.30 36.20 —0.063 —0.089 32.655
Cluster 5 35.47 32.80 9.255 7981 —551.100

purpose, the function centers were selected same as the cluster center values. Input
membership functions are depicted in Figure 6. The rules are outlined below:

Rule I: If x; coordinate is close to coordinate of Cx, and x, coordinate is close
to coordinate of C,x,, then Grade = —1.883x; — 0.056x, + 102.024
Rule 2: If x; coordinate is close to coordinate of C»x, and x, coordinate is close
to coordinate of Cyx,, then Grade = —0.361x; — 0.505x, 4 58.864
Rule 3: If x; coordinate is close to coordinate of C3x, and x, coordinate is close
to coordinate of Csy,, then Grade = —2.950x; + 30.757x, — 778.373
Rule 4: If x; coordinate is close to coordinate of C4x, and x, coordinate is close
to coordinate of Cux,, then Grade = —0.063x; — 0.089x; + 32.655
Rule 5: If x; coordinate is close to coordinate of Csx, and x, coordinate is close
to coordinate of Csy,, then Grade = —9.255x; + 7.981x, — 565.415

where C-Cs are the cluster centers. Each cluster is represented by a linear equation
which is obtained from the weighted regression estimation (Table 2).

Performance Evaluation

A scatter plot of actual values against predicted values of fuzzy model is
depicted in Figure 7. In the very successful estimation, predicted and actual values
should lie on 45° line. For this case study, the coefficient of correlation “7” shows
that the proposed fuzzy model has extremely high estimation capacity (r = 0.94)
and it performs better than the Pham (1997). In addition to the *“r” values, perfor-
mance evaluations have been carried out based on root mean square of prediction
error (RMSE) and standard deviations. For model validation, using lower-upper
(LU) decomposition technique (Deutsch and Journel, 1998), the same data set
evaluated in training was conditionally simulated and 81 data values were derived
from this application. The conditioning data have the same variogram models of
Clark’s data (Clark, 1979). The index values are calculated and compared to the
result of Pham (1997) in Table 3. We note that the RMSE of the proposed model
is lowest, while the variability (standard deviation) of predicted values is closest
to the variability of measured values.
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Figure 6. Input membership functions.
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Figure 7. Scatter plot for measured and estimated values.

Example 2: A Case Study for Lignite Thickness Estimation

This section presents the application of the proposed fuzzy modeling ap-
proach to thickness estimation of a lignite deposit. Lignite reserve estimation refers
to estimates for tonnage and averages of lignite quality parameters over an entire
deposit. Estimation of lignite thicknesses, which is an important step for calculat-
ing the tonnage, has been carried out by the proposed fuzzy modeling approach.

Data Set

Sivas-Kalburcayiri field which is considered in this case study is one of the
most productive basins in Anatolia, Turkey. Lignite seams in the field are used to

Table 3. Performance Comparisons for Simulated Data Set

Model Model  Pham“ Pham Pham Pham
INDEX Measured training testing 3 clusters 4 clusters 5 clusters 6 clusters
Standard deviation 4.51 4.22 3.70 0.65 0.88 1.83 1.85
RMSE - 1.55 1.18 4.13 4.26 4.84 4.97

@Pham (1997).
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Figure 8. The Sivas-Kalburcayiri lignite deposit data set.

feed coal to a power plant. The locations of the 60 records for the upper sector of
the field (Tercan and Karayigit, 2001) are shown in Figure 8. The lignite thickness
data were scaled by using a linear transformation between 1.16 and 15.98.

Determining the Number of Clusters

Data were clustered by using FCM. Three dimensional clustering space was
comprised of the Cartesian coordinates and thickness values. Optimal number
of clusters was determined using the validity method presented in Section 3.1.
Standard deviations of the cluster thickness values are plotted against the number
of clusters (Fig. 9) and two clusters are retained as optimum (Fig. 8).

Point Semimadogram Analysis

The semimadogram analysis is used for defining the range of thickness around
a cluster concerned. Using the semimadogram model, the zone of influence for
each cluster was calculated. In this application, zone of influence (range) values
were determined as 7 m and 9 m, respectively. Figure 10 shows the spherical
model madograms.
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Table 4. Cluster Centers and Parameter Vector
Clusters Coordinate x| Coordinate x, X1 X2 Constant
Cluster 1 6.31 5.22 2.119 3.762 —14.065
Cluster 2 6.82 9.86 0.157 0.749 —9.827
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Figure 11. Input membership functions.
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Figure 12. Scatter plot for measured and estimated
values.

Clustering and Parameter Optimization

The PCM algorithm applied in this study used an initial partition matrix
obtained from FCM. Clustering parameters were outlined below

Number of cluster: 2

3.5
n parameter vector: [4'5 i|2 )
y 1

Weighting exponent: m = 1.5

By using the input parameters listed above, clustering and local least square

parameter optimization are carried out. Cluster centers and parameter estimations
are listed in Table 4.

Rule-based Model

For designing the rule-based model, Gaussian type membership functions
were modified in terms of the cluster centers and zone of influence. Input mem-

bership functions are shown Figure 11. The general rule system is described by
the structure outlined below:
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Table 5. Performance Evaluation for Real Data

Index Measured Estimated
Standard deviation 4.03 3.19
RMSE - 2.46

Rule I: If x; coordinate is close to coordinate of C;x, and x; coordinate is close
to coordinate of C,x,, then Thickness = 2.119x; + 3.762x, — 14.065

Rule 2: If x; coordinate is close to coordinate of C»x, and x, coordinate is close
to coordinate of Csx,, then Thickness = 0.157x; — 0.749x, — 9.827

where C-C, are the cluster centers. In the system, each cluster is associated with
a linear regression equation which is obtained from the weighted least square
estimation (Table 4).

Figure 12 shows a scatter plot of actual values against predicted values of
fuzzy model. In addition, RMSE and standard deviations are calculated and given
in Table 5. The variability (standard deviation) of predicted values can be accepted
as close to the variability of the measured values.

CONCLUSIONS

This paper presented a systematic fuzzy modeling algorithm based on spatial
variability for estimating mineral reserves. In the paper, point semimadogram
function has been proposed for measuring the spatial variability, and a new cluster
validity index has been introduced for determining the appropriate number of
cluster. Spatial variability, which has crucial importance for reserve estimation,
was taken into consideration all over the model.

The proposed modeling approach was tested by both simulated and real data.
The results have shown the capability and the performance measures demonstrated
the power of the proposed algorithm. For the future work, neuro-fuzzy modeling
based on spatial variability could be considered.
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