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S U M M A R Y
Scattering of wavefields in a 3-D medium that includes passive and/or active structures, is
numerically solved by using the boundary integral equation method (BIEM). The passive
structures are velocity anomalies that generate scattered waves upon incidence, and the active
structures contain endogenous fracture sources, which are dynamically triggered by the dy-
namic load due to the incident waves. Simple models are adopted to represent these structures:
passive cracks act as scatterers and active cracks as fracture sources. We form cracks using
circular boundaries, which consist of many boundary elements. Scattering of elastic waves by
the boundaries of passive cracks is treated as an exterior problem in BIEM. In the case of active
cracks, both the exterior and interior problems need to be solved, because elastic waves are
generated by fracturing with stress drop, and the growing crack boundaries scatter the incident
waves from the outside of the cracks. The passive cracks and/or active cracks are randomly
distributed in an infinite homogeneous elastic medium. Calculations of the complete waveform
considering a single scatter show that the active crack has weak influence on the attenuation
of first arrivals but strong influence on the amplitudes of coda waves, as compared with those
due to the passive crack. In the active structures, multiple scattering between cracks and the
waves triggered by fracturing strongly affect the amplitudes of first arrivals and coda waves.
Compared to the case of the passive structures, the attenuation of initial phase is weak and the
coda amplitudes decrease slowly.
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1 I N T RO D U C T I O N

The Earth’s lithosphere is made of active and passive structures,

which are characterized by the release and the non-release of strain

energy, respectively (Rykunov et al. 1979; Nikolaev & Troitskiy

1987). Seismic waves propagating through the passive structure are

affected by the attenuation due to scattering and intrinsic absorption,

but the waves passing through the active structure trigger strain

energy due to endogenous sources, as acoustic emission in response

to the induced dynamic stress changes (e.g. Diakonov et al. 1990;

Privalovskiy & Beresnev 1994).

Some studies (Vinnik 1989; Galperin et al. 1990) suggest that

such active structure, as discussed above, may not exist. For example,

Nikolaev & Troitskiy (1987) have found steady seismic emission

from a depth of about 100 km beneath the NORSAR, although

Vinnik (1989) insists that their results must be caused by their wrong

analysis of random fluctuation of traveltimes. Galperin et al. (1990)

also show a negative evidence against short-period seismic emission

from the active structure.

The phenomena attributed to the active structure include not only

acoustic emission but also earthquakes triggered by stress changes

(e.g. Harris 1998). Earthquakes triggered by seismic waves have

been reported relatively recently (e.g. Hill et al. 1993; Kilb et al.
2000; Iwata & Nakanishi 2004; Miyazawa & Mori 2005; Miyazawa

et al. 2005).

In order to investigate the possible nature of active structure, we

assume, first, plausible generic methods to represent both passive

and active structures, and calculate their complete seismic wave-

fields upon incidence. We choose static circular cracks for purely

passive structure, and dynamic cracks for the purely active. We refer

to the former cracks as passive cracks and the latter as active cracks.

The seismic scattering due to passive cracks has been studied by

using analytical methods (e.g. Pao & Mow 1973; Achenbach et al.
1982) and by numerical methods (e.g. Nishimura & Kobayashi 1989;

Murai et al. 1995; Yomogida & Benites 2002). Pao & Mow (1973)

have obtained an exact solution of the displacement on the boundary

of an inclusion embedded in elastic media. Using the boundary

integral equation method (BIEM), Nishimura & Kobayashi (1989)

have solved the elastodynamic crack problems. Yomogida & Benites

(2002) have calculated the waves multiply scattered by dry cracks.

The simulations of wavefields perturbed by fluid-filled cracks have

been treated by Murai et al. (1995).
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An example of an active crack is a fracture. Some problems of

quasi-dynamical fracturing have been solved by analytical methods

(e.g. Sato & Hirasawa 1973; Dahlen 1974; Sato 1994) and prob-

lems of kinematical and dynamical fracturing by numerical meth-

ods (e.g. Das 1980; Das & Kostrov 1987; Fukuyama & Madariaga

1998). These numerical methods often use BIEM, in which compli-

cated boundary elements and conditions can be incorporated (Kame

& Yamashita 1999; Aochi et al. 2002).

Our active structure consists of passive and active cracks, so that

the scattering and fracturing problems are mutually related. In this

study, we use the boundary integral equation derived by Kobayashi

(1987, 2000) to express such interaction, distributing the passive

and active cracks in a 3-D infinite elastic medium, and applying the

BIEM to calculate the scattering of elastic waves.

2 B O U N DA RY I N T E G R A L E Q UAT I O N

M E T H O D F O R PA S S I V E A N D A C T I V E

C R A C K S

2.1 Boundary integral equation

In BIEM the fracturing of a crack and the scattering by a crack are

treated as an exterior problem and an interior problem, where we

numerically calculate the exterior solution and the interior solution

for the outside and inside of the crack boundaries ∂ D, respectively

(Fig. 1). The wave solution for the passive crack is represented by

the exterior solution and we call it as ‘a passive crack solution’. The

perturbation of wavefield by the active crack that is ‘an active crack

solution’, involves both interior and exterior problems. Using the

boundary integral equation derived by Kobayashi (1987, 2000), we

can solve simultaneously the exterior and interior problems in 3-D,

to obtain the wavefield in the structure including passive and active

cracks.

We consider the Cartesian domain D and its boundary ∂ D in an

ordinary 3-D space (Fig. 1). We use vector x to indicate the location

(x 1, x 2, x 3) and the normal vector n to ∂ D, defined as positive when

it points towards the outside of D. The displacement vector u and

the traction vector t are a function of x and the time t, while ·̂ stands

for the vector in the domain of the angular frequency ω. û(x; ω) at

D

∂D

n

interior solution

exterior solution

u (or t)

passive crack solution = exterior solution

active crack solution   = interior & exterior solutions 

Figure 1. Interior and exterior problems for a crack bounded by ∂ D. n is

normal vector to ∂ D. Interior and exterior problems consider the interior and

exterior sides of the boundary, respectively. The solution u (or t) on ∂ D is

obtained in both problems. If we consider the wavefield out of the boundary,

which is a scattering problem by a passive crack, we have the exterior solution

(a passive crack solution). The interior solution is the fracturing of an active

crack in this study. Then, for the scattering wavefield by the active crack, we

need both interior and exterior solutions (an active crack solution).

any point x off ∂ D is written by means of the integral representation

theorem in the frequency domain, as (Kobayashi 1987)

ε(x)ûi (x; ω) =
∫

∂ D
[Ûik(x, y; ω)t̂k(y; ω)

−Ŵik(x, y; ω)ûk(y; ω)] ds(y)

i, k = 1, 2, 3 (1)

ε(x) =
{

1, x ∈ D

0, x ∈ Dc

, (2)

where Û (x, y; ω) is the fundamental solution for a station at x and a

source at y and Ŵ(x, y; ω) is the double layer potential kernel, mean-

ing the traction at a station y for a source at x, and Dc the comple-

ment of D. The fundamental solutions, Û (x, y; ω) and Ŵ(x, y; ω),

are explicitly given (e.g. Eringen & Suhubi 1975; Kupradze 1979;

Kobayashi 1987).

We consider the case that the station x is infinitesimally close to

the boundary. Using limit properties of the potentials, we have a

boundary integral equation (Kobayashi 1987)

C+
ik(x)ûk(x; ω) =

∫
∂ D

Ûik(x, y; ω)t̂k(y; ω) ds(y)

−−
∫

∂ D
Ŵik(x, y; ω)ûk(y; ω) ds(y), (3)

where -
∫

()ds implies the Cauchy principal value integral and C+
ik (x)

is δ ik for x ∈D and δ ik/2 for x ∈ ∂ D if the boundary in contact

with x is smooth. The first integral term and the second term, are

called the single layer potential and the double layer potential, re-

spectively. For a numerical calculation of the double layer potential,

some regularization is required to evaluate the principal value inte-

gral with singularity. We discretize the boundary integral equations

by assigning the values of displacements and tractions to the nodes

of boundary elements. To remove and reduce the influence of the

singularity, we use an interstand remeshing method (Beskos 1987),

which replaces a non-triangular boundary element with a triangular

element ds, so that ds is transformed into rdrdθ in polar coordi-

nates. When r = |x −y| → 0, the two fundamental solutions have

singularities Û of O(1/r ) and Ŵ of O(1/r 2). However, with the

interstand remeshing method, the first integral term in eq. (3) has

no singularity and the singularities of the second integral can be re-

duced to O(1/r ). By solving eq. (3) with initial conditions, we have

the displacement û(x; ω) and the traction t̂(x; ω) on the boundary.

Eq. (3) shows the interior program in D. When we consider the

exterior area of D and there is no affect from the far-field (a radiation

condition), the interior representation (3) can be applied to the exte-

rior (Kitahara 1985). The scattered wavefield satisfies the radiation

condition. We can write the scattered wavefield ûsc(x; ω) as

ûsc(x; ω) = û(x; ω) − ûin(x; ω), (4)

where û is total wavefield and ûin is incident wavefield. Similarly,

t̂ sc(x; ω) = t̂(x; ω) − t̂ in(x; ω). (5)

We have the equations for the exterior problems by substituting ûsc

and t̂ sc for û and t̂ , respectively, in eqs (1) and (3). Once the boundary

integral eq. (3) is solved, we can calculate the wavefield at any point

x in D from the representation theorem (1) with the solutions of

displacement û and traction t̂ on the boundaries.

The crack fracturing and the scattering by one side of the crack

surface can be represented by eqs (1)–(3). To calculate the multiple

scattering wavefield by the passive crack, the exterior problem of
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a crack bounded by two planes without the complement domain

requires a representation different from the above.

For a crack with free surface S, the displacement vector off S is

û(x; ω) = ûin(x; ω) +
∫

S
Ŵ(x, y; ω)�û(y; ω) ds, (6)

where �û is a dislocation of displacement across the crack surface.

The limit properties of the potentials yield the boundary integral

equation (Nishimura & Kobayashi 1987)

−
n

T ûin(x; ω) = p.f.

∫
S

n

T Ŵ(x, y; ω)�û(y; ω) ds, (7)

where
n

T is the elastic traction operator defined as

Ŵki (x, y; ω) =n(y)

T i j Ûk j (x, y; ω), (8)

p.f. designates the finite part of the divergent integral and the bound-

ary condition includes no dislocation at the crack tip (Nishimura &

Kobayashi 1989). This boundary integral equation has a (hyper-)

singularity (Tanaka et al. 1994).

2.2 Accuracy and stability of the solution

Hereafter, we use (x, y, z) instead of (x 1, x 2, x 3).

2.2.1 Interior problem

An example of the interior problem is a crack fracturing in a plane

(Fig. 2). The boundary S is divided into two regions, S1 and S2, where

only the region S1 will fracture. On S1, the stress drop associated

with the fracture is given a priori, so that the traction t̂ is known,

while on S2 no displacement (�û = 0) is given because there is no

fracture (Table 1). Solving eq. (3), we have the solution that shows

the slip �u (=u, in this case) on S1 and the traction t on S2.

We test our BIEM code by solving a kinematic crack problem.

The rupture of a plane crack including a self-similar nucleation is

analytically solved (e.g. Sato & Hirasawa 1973; Dahlen 1974; Sato

1994). We compare our numerical solutions with the corresponding

analytical solutions, assuming that the rupture starts at the centre of

a circular crack with the crack boundary moving towards the pos-

itive x. We also assume that the stress drop is �σ (Table 1). The

rupture velocities in the directions x and y are vx = cT (shear wave

+x

-x

+y

-y

S

1

S

2

v

x

v

y

SLIP

n

Figure 2. Spontaneously fracturing crack. One side of the crack boundary

is illustrated and the boundary is plane with normal vector n. The boundary

consists of two parts, S1 and S2, where the boundary will be fractured and

not, respectively. The white arrow toward +x indicates the slip direction on

this side. The slip direction of the opposite side is −x . vx and vy are the

rupture velocities in the x- and y-direction, respectively.

Table 1. Boundary condition of a crack in the time domain.

Known Unknown

�u |y = �u |z = 0

S1: fractured region (stress change in t |x ) = − �σ �u |x

t |y = t |z = 0

S2: non-fractured region �u = 0 t

a 

Circular Boundary

x

y
Lv.1

Lv.2 Lv.3

Figure 3. Boundary elements for a plane circular crack. Circular boundary

of radius a (top left) is divided into triangular boundary elements by the

method of Everett (1997). Large index Lv. indicates fine boundary elements

meshes. Lv. 1: 16 elements and 13 nodes, Lv. 2: 64 elements and 41 nodes

and Lv. 3: 256 elements and 145 nodes. Two stars on the crack are the points

where the slip histories are shown in Fig. 4.

velocity) and vy = cR (Rayleigh wave velocity), respectively, where

the ruptured surface includes neither friction nor cohesion and the

maximum rupture velocities are expected: shear wave velocity for

mode-II and Rayleigh wave velocity for mode-III (Richards 1973;

Dahlen 1974). In our finite crack model we assume that the region

beyond the circular crack with radius a is a barrier with effective

infinite strength. In the kinematic problem, the rupture velocity is

given and the whole crack boundary is assumed to rupture with the

given stress drop. The time histories of t (and t̂ in the frequency do-

main) should be given a priori on S, therefore, we need not consider

S2 but only S1 in the calculation. Boundary elements are generated

by the method of Everett (1997), illustrated in Fig. 3, where trian-

gular elements are adopted for the use of the interstand remeshing

method.

Fig. 4 shows the time-domain comparison of the slip functions

on the boundary, obtained by the BIEM, with those by the quasi-

dynamic method (Sato 1994). During the rupture propagation, both

slip functions are in agreement with each other. The crack in the

quasi-dynamic method continues to slip because of the infinite crack

plane, while that in the BIEM stops the slip after the rupture front

arrives at the barrier. The final slip in the BIEM depends on the sizes
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Lv.2

Lv.3
0

0

in
fin

ite

finite
(μΔu)/(aΔσ)=1

S
L
I
P

0 1 2 3

TIME [cT(t-t0)/a]

Figure 4. Slip functions of the kinematic circular crack at the two points

indicated in Fig. 3. The circular crack begins to rupture at time t = t 0 from

the central point with the rupture velocity of vx = cT (shear wave velocity)

and vy = cR (Rayleigh wave velocity). We assume cR/cT = 0.9194. Solid

lines are quasi-dynamic solutions (Sato 1994), and diamonds and circles are

solutions by BIEM using different meshes Lv. 2 and Lv. 3 (Fig. 3). Time and

slip are normalized. μ is rigidity, �u slip displacement and �σ stress drop.

of the boundary elements (Lv. 2 or Lv. 3 in Fig. 3). However, the

differences of the final slip are slight and the numerical calculation

is stable.

We apply the BIEM to the dynamic circular crack problem, in

which the rupture spontaneously propagates with admissible veloc-

ity under friction. The initial conditions on the crack are shown in

Fig. 5. The central area of the crack is a brittle circular region of ra-

dius a/4, where high stress drop is expected. At time t = t 0 we raise

the initial stress σ 0 at the brittle region to the same level as the yield

stress σ y , then the rupture of the crack starts. The rupture growth

is influenced by the slip-weakening law (Andrews 1976) (Fig. 6).

If the traction at an arbitrary point on S2, which is defined by r >

a/4, exceeds the threshold to rupture, the rupture starts there. Then

the traction and the boundary condition on S2 determine the rupture

velocities and the fractured point is included in S1. We solve for

the slip and the traction enlarging S1 and reducing S2, and iterate

the procedure until the rupture condition is no longer provided or

S2 has no area. When the rupture front arrives at crack tip r = a,

where the yield stress is supposed to be infinite (i.e. barrier), the

rupture on the boundary stops. Fig. 7 shows the slip function at the

centre of the crack for different critical slip �uc, which is the yield

limit for the stress to drop to a constant σ f . Slip rate (or slip ve-

0

S
T

R
E

S
S

 
 
σ

0 1

RADIUS  [r/a]

1/4

σ
f

σ
0

σ
y

Figure 5. Stress condition on a circular crack. σ 0 is initial stress, σ f is

friction stress and σ y is yield stress. The central area of radius a/4 is a

brittle circular region, where the initial stress and the stress drop are higher

than the other area. At the crack tip r = a, barrier is supposed by taking

infinite σ y .

0

S
T

R
E

S
S

 
 
σ

0

SLIP  Δu

σ
0

σ
y

σ
f

Δu
c

Figure 6. Constitutive relation between the slip and friction condition re-

quired by slip-weakening law. The friction is initially σ 0. Once the stress

reaches σ y , the slip starts and the friction gradually decreases. When the slip

reaches a certain yield limit �uc, the friction continues to take a constant

level σ f .

locity) slowly increases for large �uc and reaches a similar rate in

every case, thereby suggesting the slip delay. The final slip and rup-

ture velocities decrease with �uc. The rupture velocities are about

50 per cent of the shear wave velocity cT and vx > vy. The result

obtained in our calculation is consistent with the result of Fukuyama

& Madariaga (1998), who showed the slip velocity, the slip and the

stress on circular faults by changing �uc with the slip-weakening

or rate-weakening friction lows.

2.2.2 Scattering by a passive crack

The BIEM is applied to a simple example to obtain a passive crack

solution. One circular crack is located in a full-space elastic medium,

where Poisson’s ratio ν = 0.25. The boundary elements are Lv.2

in Fig. 3. We obtain the scattering cross-section normalized by the

crack surface areaπa2, for the normal incidence of a monochromatic

plane P wave with wavenumber k, where a is the radius of the crack

(Fig. 8). The solution by the BIEM is in an agreement with the

solution given by Martin & Wickham (1983).

2.3 Scattering problem for an active crack

In the case of scattering problem for an active crack, the incident

wave dynamically triggers the rupture of the active crack and the

spontaneously growing crack boundary scatters the wave (Fig. 9).

0.0

0.5

1.0

1.5

S
L

I
P

 
 
[
μΔ

u/
aΔ

σ]

-0.5 0.0 0.5 1.0 1.5 2.0

TIME  [cT (t-t0)/a]

Δuc /a = 0

Δuc /a = 2
-6

Δuc /a = 2
-5

Δuc /a = 2
-4

Δuc /a = 2
-3

Figure 7. Slips on the centre of circular crack for �uc. Plane circular crack

boundaries of Lv. 3 in Fig. 3 are used. We suppose σ y/μ = 0.3, σ f /μ =
0.1 and σ 0/μ = 0.2 for a/4 < r (see Figs 5 and 6). The fracture starts at

time t = t 0 from the brittle region.
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Figure 8. Scattering cross-section of a passive crack for ak. Incident plane

P wave with wavenumber k is vertical to the surface of the crack with radius

a as indicated in the inset figure. Squares with a dotted line are solution by

BIEM and circles are by Martin & Wickham (1983).

Then the interior and exterior problems are mutually related in the

calculation of the wavefield (Figs 1 and 9). The solutions of the

boundary integral equations in both problems are the displacements

and tractions. Hence, we can easily combine the two problems to

obtain the active crack solution. In the boundary integral equation

of the exterior problem for the active crack, we assume that the non-

fractured area has no potential, that is, neither the single layer nor

the double layer potential. The incident waves are scattered by the

fractured area of the crack.

3 WAV E F I E L D S G E N E R AT E D B Y

PA S S I V E A N D / O R A C T I V E C R A C K S

We calculate the response of the elastic media containing passive

and/or active cracks to the incidence of a plane S wave. All the

cracks have a constant radius a and are distributed randomly. The

Ricker wavelet (Ricker 1945) with dominant frequency f which has

the wavenumber k, and polarization in the x-direction, is used as the

source time function, incident either on a single crack or on a group

of cracks from the z-direction (Figs 9 and 10).

3.1 Single scattering by a passive crack and an active crack

The passive crack produces scattering upon incidence, while the

active crack both, produces scattering and also radiates elastic waves

by rupture, due to dynamic triggering (Fig. 9). Thus, the wavefield

caused by the active crack is much complicated as compared with

that by the passive crack. We calculate the wavefields for two cases

in which either a passive crack or an active crack is located in an

infinite elastic medium. We assume ak = 3 and show no direct wave

propagation behind the crack and diffracted waves at the crack tip.

Passive crack Scattered wave

Incident wave

Active crack
Scattered wave

Incident wave

Energy emission

Figure 9. Schematic representation of a passive crack and an active crack. A plane wave is incident on the cracks. The passive crack generates scattered waves

as secondary waves. The active crack generates scattered waves and other waves due to the rupture of the crack.

-1
0

-5

0

5

1
0

x

-1
0

-5

0

5

10

y

-
5

0

z

Figure 10. Location of one circular crack in an infinite elastic medium. The

crack (open circle) of ak = 3 is either the passive crack or the active crack,

and its surface is oriented horizontally and also shown are the projection on

xy-, yz- and zx-planes. Broken line at z = 0 is a profile line, where stations are

located to see the calculated displacements. Incident plane S wave (Ricker

wavelet) polarizing in x-direction and propagating through +z-direction, is

shown on the zx-plane.

The boundary elements of Lv. 2 are used (Fig. 3). The properties of

the active crack are the same as in Figs 5 and 6, where we assume

that the slip direction is + x on the lower boundary, �uc = 0 and

σ f = 0, which means that the fractured area is free surface. The

traction of the crack boundary has a finite initial value �σ and

drops to 0 after the fracture. The active crack becomes finally the

passive crack. Fig. 10 shows the location of the crack, either passive

or active, and the diagonal line along which observation points are

selected.

Fig. 11(a) shows the calculated waveforms of the three-

component displacements at the observation line for the case of

the passive crack. The dimensions of the length and time are nor-

malized by a/3 and a/3cT , respectively. At the stations above the

passive crack, the direct waves are weak because of no direct prop-

agation through the crack. The waves due to diffraction around the

crack tip follow the direct waves.

Fig. 11(b) shows the calculated waveforms for the active crack.

When the traction acting on the brittle region exceeds the threshold

σ y , rupture is triggered and elastic waves are radiated. Then, the

fractured region of the active crack immediately becomes passive.

The total wavefield includes the elastic waves radiated by the rup-

ture, which appear right after the direct wave. The amplitudes of

the direct waves at the stations above the active crack (Fig. 11b) are

not as attenuated as for the case of the passive crack (Fig. 11a). The

scattering of waves due to the growing crack boundary is shown

in Fig. 11(c), in which the wavefield due to the rupture has been

C© 2006 The Authors, GJI, 165, 658–667
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Figure 11. Calculated displacements due to the vertical incidence of a plane S wave for the model of Fig. 10. The shape of the incident wave is Ricker wavelet

and polarizes to x-direction (t = 0, z = −5). The length and time are normalized by a/3 and a/3cT , respectively. (a) A model of one passive crack. The

x-, y- and z-components of displacements are indicated. The observation points are set on the diagonal line from (10, 10, 0) to (−10, −10, 0) (Fig. 10) and

the waveforms at the observation points are shown from the top to the bottom for each component. (b) A model of one active crack. Crack surface on the

lower side slips to +x-direction. The fractured area is assumed to be free of traction. In the brittle region defined as r ≤ a/4, �σ/μ = 0.1, |σ y − σ 0|/�σ

= 0.1 and σ 0 = 2σ 0|a/4<r<a . (c) A model of one active crack without radiation of energy due to the fracturing. The fractured area is assumed to be free of

traction.

removed. At the stations above, the amplitudes of the direct waves

are not as attenuated as in the case of the passive crack (Fig. 11a).

This is because, when the initial phase of the incident wave arrives

at the active crack, this does not rupture yet, hence, does not scatter

the incident wave because there is no growing crack surface. Once

the rupture starts due to dynamic triggering, the incident wave is

scattered by the growing crack surface made by the rupture. The

purity scattered wavefield is weak compared with that of the pas-

sive crack, until the rupture front reaches the radius a. Thus, in the

active crack model (Fig. 11b), the amplitude of the first arrival de-

pends on this weak scattering, the stress drop and the rupture start

time.

3.2 Multiple scattering by passive cracks and active cracks

We calculate the wavefields perturbed by the two kinds of cracks dis-

tributed randomly in an elastic full-space. All the cracks are neither

overlapped nor extremely close to each other. Multiple scattering be-

tween cracks plays an important role in scattering of elastic waves

for dense distribution of cracks (Frankel & Clayton 1986; Yomogida

& Benites 1995) and is formulated for use of the BIEM in this pa-

per. The boundary elements of Lv. 1 and Lv. 2 (Fig. 3) are used

for passive and active cracks, respectively. There is little difference

between the cases of Lv. 1 and Lv. 2 to calculate the waves scattered

by a passive crack.

Fig. 12 shows a random distribution of 25 passive cracks and 1

active crack used in the following examples. In the first, we will try

to model the passive structure and consider only 25 passive cracks.

Fig. 13(a) shows the three-component displacements calculated for

the vertical incidence of a plane S wave with ak = 1.27, which

can provide the dominant scattering because strong scattering is ex-

pected when ak ∼ 1 (e.g. Sato & Fehler 1998). There is a possibility

of a scattering of a P wave converted from the S wave, where akp

= 0.73 for the wavenumber kp of the P wave, so that for any elastic

waves, which have wavenumber k0, we can expect ak 0 ∼ 1 in this

-5
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x
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0

5

y

0

z

Figure 12. Distribution of 26 circular cracks (ak = 1.27) in an infinite

elastic medium. Open circles are 25 passive cracks, while a circle filled with

oblique lines is an active crack. All the cracks are randomly and laterally

distributed and are projected on xy-, yz- and zx-planes. The broken line at

z = 0 is the profile line.

model. The length and time are normalized by a/1.27 and a/1.27cT ,

respectively. The scattered waves that result from multiply reflected

and diffracted waves, make coda after the arrival of direct wave.

In the next example, an active crack is located among the 25 pas-

sive cracks (Fig. 12). For this, we have to solve the interior problem

for the active crack, simultaneously with the exterior problem. The

calculated waveforms (Fig. 13b) show strong coda, compared with

the case of only passive cracks (Fig. 13a). To make this evident we

take the differences of waveforms between Figs 13(a) and (b) and

point it in Fig. 13(c). The radiated waves from the rupture of the

active crack and their multiply scattered waves conform the coda,

exhibiting large amplitudes.

Next, we add four active cracks to the model of Fig. 12 (Fig. 14a).

The calculated waveforms show strong coda waves (Fig. 14b) due
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Figure 13. (a) Calculated displacements for the model considering the 25 passive cracks but not the active crack. The incident plane S wave is generated

toward + z-direction at t = 0 and z = −6. The three components of displacements on the profile line are shown. The waveforms on the profile line from (5,

5, 0) to (−5, − 5, 0) are shown from the top to the bottom for each component. The length and time are normalized by a/1.27 and a/1.27cT , respectively. (b)

Calculated displacements for the model of 25 passive cracks and one active crack. The model of Fig. 12 is used. The incident wave is the same as in (a). In the

active crack, |σ y − σ 0|/�σ = 0.05 and �σ/μ = 0.1 for the brittle region (r ≤ a/4) and |σ y − σ 0|/�σ = 1 and �σ/μ = 0.05 for the outside. The crack

surface on the lower side slips to + x-direction. (c) Differences of the two wavefields for the model with 25 passive cracks (a) and that with 25 passive cracks

and one active crack (b). The wavefield is obtained by subtracting traces of (a) from those of (b).

to wave contribution of the five active cracks. First arrival P waves

are observed in z-components (Fig. 14a).

The strong coda waves observed for the models containing active

cracks cannot be generated by 40 passive cracks (Fig. 15).

3.3 Scattering attenuation

Scattering attenuation Q−1 of the direct wave is calculated by mea-

suring the attenuation of initial phase of the envelope. Changing the

dominant wavenumber k of the incident wave, we obtain the scatter-

ing attenuation Q−1 as a function of ak for the model of 25 passive

cracks, in order to see whether or not our solutions in the passive

structures are accurate. In Fig. 16, our Q−1 is compared with Q−1

from two single scattering models (Wu 1982). To calculate Q−1

much precisely in the case of ak = 0.32, we need other crack distri-

bution model with a long travel distance through cracks. It is believed

that the scattering Q−1 has a peak around ak ∼ 1 (e.g. Kawahara

Figure 14. (a) Distribution of 25 passive cracks and 5 active cracks in infinite elastic medium. (b) Calculated displacements at the observation points on the

profile line.

& Yamashita 1992; Sato & Fehler 1998), with which our results are

consistent.

3.4 Root-mean-square (rms) envelopes

We obtain the rms envelopes of velocity waveforms calculated for

the 441 observation points at z = 0 for the four models of passive

and active structures above. The coda amplitude increases with the

increase of the number of passive cracks or active cracks (Fig. 17).

The rms envelope in Fig. 17(b) (25 passive cracks and 1 active crack)

shows that the coda amplitude becomes larger than that in the case

of only passive cracks (Fig. 17a). For the model of 25 passive crack

and 5 active cracks, the attenuation of the direct wave is a little

smaller than the former two models (Figs 17a–c). In the model of

40 passive cracks, the amplitude of direct wave is much reduced and

the amplitude of the coda is increased as compared with the case

of 25 passive cracks (Figs 17a and d). However, in both cases, the

constant total energy in the wavefield restricts the amplitude of the
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Figure 15. (a) Distribution of 40 passive cracks in infinite elastic medium. (b) Calculated displacements at the observation points on the profile line.
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Von Kármán type

Figure 16. Scattering attenuation Q−1 as a function of ak. The 25 passive

cracks of radius a in Fig. 12 are used for the calculations, by changing

dominant wavenumber k of incident wave. For ak = 0.32, 0.64, 1.27, 2.54,

5.08 and 10.2, the averages of Q−1 and their standard deviations are indicated

by solid circles and error bars. Solid and broken curves are calculated by

single scattering models (Wu 1982) with rms velocity variation of 40 per

cent. The exponential and Von Kármán type auto correlation functions of

velocity variation are used in this calculation.

coda. Some peaks seen in the envelopes for the models containing the

active cracks are mainly the radiated waves from the rupture of the

active cracks (Figs 17b and c). These results indicate the importance

of the active cracks: they can produce additional coda waves from

the energy radiation due to rupture, while the amplitude of the first

arrival from incident wave may scarcely attenuate regardless of the

number of the active cracks because the attenuation of direct wave

is mainly associated with the scattering by the passive cracks.

4 D I S C U S S I O N

4.1 Numerical results

The coda waves in the structure with active cracks show large ampli-

tudes, which agree with the fact that the active cracks radiate internal

0
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25 passive cracks

(a)

25 passive cracks + 1 active crack

(b)

25 passive cracks + 5 active cracks

(c)

40 passive cracks

(d)

Figure 17. The rms envelopes for four models (solid lines). For each model,

the envelopes of velocity waveforms are calculated for the 441 equally spaced

points at the indicated plane z = 0 (Figs 12, 14a, 15a). Broken line is the

envelope of incident wave. (a) 25 passive cracks, (b) 25 passive cracks and

one active crack, (c) 25 passive cracks and 5 active cracks, (d) 40 passive

cracks.

strain energy. Another property is the slow decay of coda amplitude.

This can be derived by measuring coda attenuation Q−1
C of ak ∼ 1 for

each model in Fig. 17. Ratios of coda attenuation for the four models

with plane-wave incidence are Q−1
C (a):Q−1

C (b):Q−1
C (c):Q−1

C (d) =
1.00:0.92:0.45:0.68, where we take the time-window 20–30, and in

which (a)–(d) correspond to the models of Figs 17(a)–(d), respec-

tively. The coda attenuation factor Q−1
C decreases with the number

of passive or active cracks. The active cracks make slower the decay

of the coda wave amplitudes than the passive crack, possibly due

to the strong multiple scattering around the active cracks. The pas-

sive cracks surrounding the active cracks make it difficult that the

propagation of the waves radiated by their rupture. Scattered waves

are influenced by the mean distribution of cracks, while the radiated

waves from the active cracks are affected by the distribution of the
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neighbouring cracks. The relative locations of the active and passive

cracks are important.

Only one random realization is assumed in this paper, but we

have confirmed that other random realizations also generate similar

wavefields, as long as the size and density of the cracks are not

changed. Similar rms envelopes are obtained for the models of the

passive cracks as shown in Figs 17(a) and (d). However, if we assume

different locations of the active cracks, the coda waves observed at

the stations could be different.

4.2 Realistic model and actual structure

We choose an S wave as the incident wave, but an active crack can

be as well excited by the incidence of a P wave or a surface wave. In

any case, the relation between the incident direction of the wave and

normal vector of the boundary of the active crack is important for

dynamic triggering and scattering. Considering the cracks around

a fault zone (Reches & Lockner 1994; Vermilye & Scholz 1998;

Yamashita 2000), a realistic model should incorporate not only with

horizontal cracks but also with oblique cracks, where the properties

of the active cracks reflecting surrounding stress field should be

investigated as well as the main fault.

When the medium contains many cracks to represent realis-

tic structures, the numerical computations even by BIEM become

tremendous. In case of the large number of boundaries, fast multi-

pole method (e.g. Fujiwara 2000) is useful for calculating multiple

scattering of waves between the active and the passive cracks.

The rupture of the active crack starts when the stress reaches the

yield stress, while the rupture start becomes possible when the yield

stress drops to the initial stress (e.g. Kilb et al. 2000). Also low-

frequency components of incident waves have potential abilities to

trigger the crack as well as the large amplitude (e.g. Gomberg et al.
1997; Voisin 2002).

We must take account of the intrinsic attenuation, which might

play a more important role in the amplitude variations of observed

seismic waves than the scattering attenuation. The observed wave-

forms are influenced by three factors: intrinsic attenuation, scat-

tering attenuation and seismic radiation from the active structure.

The first two attenuation factors are measured from observations

(e.g. Hoshiba 1993). The complicated combination of these three

factors seems to make it difficult to detect the evidence of the active

structure.

At shallow volcanic and geothermal regions, the active structure

is actually found. For example, teleseismic waves from large earth-

quakes triggered frequent volcanic tremors and microearthquakes,

which could slightly increase the amplitude of the coda (Miyazawa

et al. 2005). Hence, as far as the sources in the active structure locate

in shallow region and we are capable of recording the signals with

good S/N ratios, the actual observation of specific coda predicted in

this study would be potentially possible.

5 C O N C L U S I O N S

BIEM is applied to the calculations of the wave scattering in ideal-

ized models of passive and active structures. The passive structure

is modelled by passive (open) cracks in a 3-D elastic medium, and

the active structure by passive and active (closed) cracks. The pas-

sive cracks decrease the amplitude of incident wave by scattering,

and the multiply scattered waves are observed in coda. The active

cracks are dynamically triggered by incident waves, the total energy

of the wavefield increases due to the radiation of elastic waves from

the active cracks, and multiple scattering with slowly decaying high

amplitude is observed in coda waves.

The lithosphere would consist of the passive and active structures,

therefore, observed seismic waves are affected by intrinsic absorp-

tion, scattering attenuation and probably negative attenuation due

to the dynamic triggering. We should take account of not only the

attenuation but also the negative attenuation, if the structure seems

to be active.
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