Journal
of

Hydrology

Journal of Hydrology 244 (2001) 86-96
www_elsevier.com/locate/jhydrol

Effect of the occurrence process of the peaks over threshold on the
flood estimates

B. On6z™, M. Bayazit
Civil Engineering Department, Hydraulics Division, Istanbul Technical University, Maslak, 80626 Istanbul, Turkey
Received 10 April 2000; revised 28 November 2000; accepted 26 January 2001

Abstract

Partial duration (peaks over threshold) series have been used as an alternative to annual maxima series in flood frequency
analysis. Poisson process is usually assumed for the occurrence of peaks. In some peaks over threshold series, variance of the
annual number of exceedances is significantly smaller (or larger) than the mean. In such cases binomial (or negative binomial)
distribution has a better fit. Expressions are obtained for the estimation of the 7-year flood and its sampling variance when
binomial (or negative binomial) model is combined with the exponential distribution of peak magnitudes. It is shown that the
results are almost identical to those obtained using the Poisson model, for which much simpler expressions are available.
© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
1.1. Literature review

Partial duration flood series (peaks over threshold)
have been proposed as an alternative to annual maxi-
mum flood series in flood frequency analysis. A
partial duration series consists of all the peaks above
a certain threshold level, whereas an annual maximum
flood series contains only the maximum flood of each
year. It has been argued that partial duration series
method uses more information about the floods
because it works with more elements than the annual
maxima series method (Langbein, 1949). Further-
more, it has more physical relevance because it is
based on models for the distribution of the annual
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number of exceedances of flood events and of their
magnitudes. In practice, it is usually more meaningful
to consider not just the annual maximum floods but
also the floods that exceed the safe capacity. The idea
is to derive the distribution of the magnitudes of
annual floods from the assumed distributions of the
annual number of occurrences and the magnitudes of
the peaks over threshold.

Shane and Lynn (1964) assumed that the occur-
rence times of flood peaks followed a Poisson process
and the flood magnitudes had the exponential distri-
bution (since the upper tails of many commonly used
distribution functions are approximately exponential).
Kirby (1969) showed that the Poisson process could
be justified as a limiting form of the randomly spaced
Bernoulli trials at sufficiently small exceedance prob-
abilities. The probability distribution and moments of
the number of exceedances in a specified time interval
approached those implied by the occurrence of trials
in a Poisson process.
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Zelenhasic (1970) considered the two-parameter
gamma distribution for the magnitude of exceedances,
of which exponential distribution is a special case. He
investigated the distribution of annual maximum
floods assuming Poisson distribution for the annual
number of events and exponential distribution for
their magnitudes, in which case annual maxima is
found to follow the Gumbel distribution. Analysing
the data from two streams, he found that the Gumbel
distribution has a better fit to the annual maximum
floods when its parameters are estimated on the
basis of the partial duration series.

Taesombut and Yevjevich (1978) compared a
number of distributions for the annual number and
magnitude of the exceedances. They did not derive
expressions for the probability distribution of annual
maxima except for the combination of Poisson and
exponential models. They empirically investigated
the efficiency of estimates of flood peaks of given
return periods by using annual and partial flood series
on two study cases. It was found that the estimates of
annual floods of a certain return period from partial
series had a smaller sampling variance than the esti-
mates from annual series, if partial series had at least
1.65 exceedances per year on an average, as obtained
theoretically by Cunnane (1973). Using 17 sets of
partial flood series in the U.S. they showed that the
Poisson or mixed Poisson process had the best fit to
the observed frequency distribution of annual number
of exceedances, closely followed by the negative
binomial. Exponential or mixed exponential distribu-
tion had the best fit to the observed frequency distri-
butions of the magnitude of exceedances.

NERC (1975); and Cunnane (1979) found that the
data from 26 streams in Great Britain indicated that
the number of peaks occurring each year was not a
Poisson variate, its variance being significantly
greater than its mean. They argued that the negative
binomial distribution did not seem to offer a vast
improvement although no statistical test was carried
out.

Van Montfort and Witter (1985) investigated the
use of the generalised Pareto distribution instead of
the exponential distribution for the magnitude of
exceedances and proposed some statistics to compare
the goodness-of-fit of two distributions.

Ben-Zvi (1991) investigated the goodness-of-fit of
the Poisson and negative binomial distributions to

eight flood data series in Israel at a number of thresh-
old discharges using the y” test. He found that the
acceptance rate of the fit of the negative binomial
distribution to the samples was better than that of
the Poisson distribution.

Rosbjerg et al. (1992) and Madsen et al. (1997)
showed that the generalised extreme value (GEV)
distribution is obtained for annual floods when Pois-
son process assumption for the occurrence of excee-
dances is combined with the generalised Pareto
distribution for the magnitude of exceedances. They
derived approximate expressions for the variance of
the T-year event estimator.

Vukmirovic and Petrovic (1997) and Lang et al.
(1997) considered binomial and negative binomial
distributions for the annual number of peaks, and
gave expressions for the distribution of annual
maxima for these cases.

Recently, Lang et al. (1999) presented a state-of-
the-art review of the peaks over threshold modeling.
They discussed issues such as the threshold selection,
models for the occurrence processes of the peaks and
for the distribution of their magnitudes, and the corre-
spondence between the peaks over threshold and
annual maximum flood distributions. They concluded
that the main difficulties of the peaks over threshold
approach concern the selection of the threshold level
and of the occurrence process.

1.2. Objective of the study and outline of the paper

Poisson process is the most commonly used model
for the occurrences of exceedances. Resulting Poisson
distribution for the annual number of peaks over
threshold has a variance equal to the mean. However,
it has been observed that in certain cases the variance
of observed number of exceedances is significantly
different, usually larger, than the mean. In this
study, two other models are considered for the
process. These lead to binomial and negative binomial
probability distributions, two-parameter distributions
that are of the same family as the Poisson distribution.
One of them has a variance smaller than the mean, and
the other has a variance larger than the mean. These
distributions are combined with the exponential distri-
bution for the magnitude of the exceedances, and
expressions for the resulting probability distributions
of the annual maximum floods are theoretically
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derived. Sampling variances of the T7-year return
period floods are also estimated in each case.

This study aims at clarifying the role of the model
chosen for the occurrence times of flood peaks over a
threshold in flood frequency analysis. In a recent
review Lang et al. (1999) discussed the selection of
the occurrence process, which points out the signifi-
cance of the subject. In practice it would be important
to know if a model other than the Poisson process
should be chosen when the variance and mean of
the observed number of exceedances are significantly
different. Thus it is required to find out how the
expressions for the 7-year flood and its sampling
variance are changed when different models are
adopted for the occurrence process.

The paper starts with the introduction of the models
for the probability distribution of the annual number
of exceedances. Binomial and negative binomial
distributions are then combined with the exponential
distribution, and formulas for the probability distribu-
tion function of the annual maxima are derived.
Expressions for the 7-year return period annual
flood, x;, are obtained in each case, and formulas for
its asympotical sampling variance are derived in the
Appendix. Finally, some applications are made to
illustrate the use of the derived expressions.

2. Models for the distribution of the annual
number of exceedances

In this study three models are considered for the
probability distribution of m, the annual number of
exceedances.

2.1. Poisson distribution

This is the model most commonly used for the
distribution of the annual number of peaks above a
certain threshold level x;. A useful quality of this
distribution is that if a process is Poissonian for a
certain level xg, it is also Poissonian for any other
level higher than x, (Cunnane, 1979).

Poisson distribution has the probability mass func-
tion:

P(m = k)= e "ullk), k=0,1,2,... (1)

Moments of variable m are

Em=E=p
Var(m) =V = pn ()
M3(m) = p

where E(m), Var(m) and pw;(m) are the mean,
variance, and third order central moment of m, respec-
tively.

This distribution has a variance equal to the mean.
It has been used by several researchers (e.g. Shane and
Lynn, 1964; Kirby, 1969; Zelenhasic, 1970; Rosbjerg
et al.,, 1992; Madsen et al., 1997) for modelling the
probability distribution of the annual number of
exceedances although in many cases the assumption
of the equality of the variance to the mean does not
hold (Taesombut and Yevjevich, 1978; Cunnane,
1979). Records of the peaks over threshold data of
some streams showed that peaks sometimes occurred
in bunches, interevent times not being identically
distributed in conflict with the assumptions of Poisson
process (NERC, 1975).

2.2. Binomial distribution

This two-parameter distribution has a mean higher
than the variance. Its probability mass function is

Y
Pm=k) = (k)a"(l — )’k k=0,1,2,...

3)

where ( ’; ) is the number of combinations of vy differ-
ent things taken k at a time:

Y
( ) ) = YUk!(y — k)! (4)

Moments of variable m are

E(m)=E = avy
Varm) =V = o(l — )y 5)
pa(m) = a(l = a)(1 - 2a)y.

2.3. Negative binomial distribution

In most cases annual number of occurrences of the
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peaks above threshold has a variance larger than its
mean. Negative binomial distribution has this prop-
erty, and has been used by Taesombut and Yevjevich
(1978), Cunnane (1979), Ben-Zvi (1991), Vukmirovic
and Petrovic (1997) and Lang et al. (1999) in the
modelling of peaks over threshold. It is argued that
this distribution accounts for the clustering of the
peaks in some years (NERC, 1975; Lang et al,
1997). Lang (1999) showed that the waiting time of
a process described by a negative binomial distribu-
tion is also exponentially distributed as is the case for
the Poisson process, and explained the apparent para-
dox by the fact that the negative binomial distribution
allows the clustering of events.
Formulas for this distribution are as follows:

tk—1
P(m = k) = (Y ) )ak(l -,

k=0,1,2,...

(6)

Em)=E=ay/(l — @)
Var(m) = V = ayl(1 — a)®

pa(m) = (1 + @ayl(l — @)’
Williams and Bretherton (1963) provided the tables of

this distribution.

2.4. Tests for the choice of the distribution

Taesombut and Yevjevich (1978) used the y* test to
determine the best-fit distribution. Cunnane (1979)
proposed to use the dispersion index defined as:

I = Var(m)/E(m) (3)

The test statistic corresponding to the dispersion index
is:

(m; —my* _ (N— 1V
d=2. m  E

©))

=

where m; is the annual number of exceedances
observed in the year i (i=1,2,...,N), and m is the
mean of m;. d follows a x? distribution with N — 1
degrees of freedom. As the Poisson distribution has a
dispersion index /=1, the poissonian hypothesis is
not rejected if the computed d value is in the range

()(fy,z, )(%,a,z) where « is the significance level. If d <
~,» binomial distribution can be preferred, if d >
Xi-on Degative binomial distribution can be
preferred.

3. Probability distribution of annual maximum
floods

The probability distribution function F,(x) of the
annual maxima can be derived using the total prob-
ability theorem. If G,(y) is the probability distribution
of the magnitude of exceedances y = x — x;, we can
write (Shane and Lynn, 1964):

F\(x) = > P(m = bIG,»]" (10)
k=0

It will be assumed here that G,(y) is exponential with
the parameter B8 = E(y) = Var®? ) :

Gy(y)=1—exp(—=y/B), y=0 (1)

Exponential distribution has been widely used to
model the magnitude of the exceedances. If y is expo-
nentially distributed for a threshold level x,, it will
also be exponential for any level higher than x
(Ashkar and Rousselle, 1983). Zelenhasic (1970)
and Taesombut and Yevjevich (1978) used this distri-
bution. It was shown that the exponential assumption
did not fit the data of some streams for low threshold
levels (NERC, 1975).

Another distribution for the magnitude of excee-
dances is the generalised Pareto, of which the expo-
nential distribution is a special case. Van Montfort
and Witter (1985) proposed this distribution. Rosbjerg
et al. (1992) showed that exponential distribution
should be preferred when the shape parameter k is
less than 0.1 even if the parent distribution is general-
ised Pareto. Vukmirovic and Petrovic (1997) consid-
ered the Weibull distribution.

Exponential distribution of y will now be combined
with the Poisson, binomial and negative binomial
distributions, respectively, to derive the probability
distribution F,(x) of annual maxima.

3.1. Poisson distribution

Zelenhasic (1970) obtained an expression for F,(x)
when the number of exceedances are poissonian and
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their magnitude is exponential:

o —u k

F = "1~ exp(-y/p))
k=0 :
= ¢ *exp{ull — exp(—y/B)}
= exp{ — pexpl—(x — %)/Bl} (12)

F.(x) is the Type I extremal (Gumbel) distribution,
widely used in flood frequency analysis. It is known,
however, that annual maximum floods of many
streams do not follow this distribution.

3.2. Binomial distribution

Inserting Eq. (3) for P(m = k) and Eq. (11) for G,(y)
into Eq. (10):

(%)

F=7Y (Z)ak(l — )" [1 = exp(—y/B)I*

k=0

0 v k
=(l-a)"> (k )(&) [1 — exp(—y/B)*

|

13)

=(- a)7{1 -

using the binomial series expansion of (1 + a)” where
1 + a is the quantity in brackets in Eq. (13). (1 — a)”
is the probability that the annual flood does not exceed
the threshold level x,.

3.3. Negative binomial distribution

Inserting Eq. (6) for P(m = k) and Eq. (11) for G,(y)
into Eq. (10):

F.(x)

© (k+y—1
=> ( Z )ak(l — a)"[1 — exp(—y/B)I*
k=0

ool )

using the binomial series expansion of (1 —b)" 7
where 1 — b is the quantity in brackets in Eq. (14).
Lang et al. (1997) obtained expressions equivalent

(14)

to Egs. (13) and (14) using an approach based on
random censoring. Similar expressions were given
by Vukmirovic and Petrovic (1995).

4. T-year flood and its sampling distribution

Annual flood of T-year return period has the prob-
ability of non-exceedance

1
Fx)=1-—-=T 5)

Expressions for the T-year flood x; corresponding to
this probability and its asymptotic sampling variance
are derived below.

4.1. Poisson distribution

Combining Egs. (12) and (15) an expression for the
estimate of the T-year flood is obtained:

Xr=x9+t BInu— BIn(—InT)) (16)

Cunnane (1973) obtained the following expression for
the asymptotic sampling variance of the estimate X7
computed from N-year long observations:

Var(x;) = (BH/uN){1 + [In w — In(=InT)1*}.  (17)
Rosbjerg (1985) introduced a small sample correction

factor to the above formula, which is of minor impor-
tance for uN > 10.

4.2. Binomial distribution

Combining Eqgs. (13) and (15):
2. — Y
1- a)y{l + L[l - exp(—u>]} =T
l—«a B

Solving for x7:
fr=xp+BIna—BIn(l —1,"). (19)

An expression for the asymptotically sampling
variance of X7 is derived in Appendix A, with the
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Table 1
Characteristics of the peaks over threshold series

Series No Station No. Station name

Basin area (10° mz) Record length N (yr) Threshold x, (m3/s) Number of peaks

1 28804
2 3183500

Trent at Trent Bridge, UK 7490
Greenbrier, at Alderson, 3500
W.Vir., USA

86 300 (150) 216
101 650 180

following result:

_ _ 2
Var(iy) = ;#/N{(z 4 3 1)(1 @)

ay 2

o
PRI L T T DY R _ (=20
ay l—Tll/y @y o

L l-a 70T, 2(1— a)
2y (1-1" oy

_ 2 1/
x[%_zw_a)]M} (20)

1= T]l/y

4.3. Negative binomial distribution

Combining Eqgs. (14) and (15):

(1 - a)y{l - a[l - exp<— ’%T%)]}W: T, (21)

Solving for x7:

B =2x0— Bln(l a) BT 1. (@2

Asympotical sampling variance of the estimate of %7
is (see Appendix A):

Var(ﬁT)ZBZ/N{(Z—i— ! ) L 1z«

ay)a®  ay

xlnz[ (= a1 - ]

o

2y — (1 + @)*/a) T; 7 In’T,
oty (T =1y

L2 Ja + a) _, 7,7 InT,
a2y2 o Y Tl_l/y—l '

(23)

+

4.4. Comparison of T-year flood magnitudes of the
three distributions

For the negative binomial distribution, combining
Egs. (16) and (22), with (1 — @)/ = 1/(I — 1) and
v = u/(I — 1), the ratio Ryp of the T-year flood esti-
mates of the negative binomial and Poisson distribu-
tions is obtained as:

Rup — Ew —x)/B _ In(l — 1) — ln(Tf(I’““) N
NP — ()’C\TP - X())/B o In uw— hl(_lnT])

(24)

Similarly, combining Egs. (16) and (19), with o =
1 =1 and y= p/(1 — I), the ratio Rgp of the T-year
flood estimates of the binomial and Poisson distribu-
tions is:

G —x)B _ In(1—1I)—In(1 - T{l*l)/yd)
BET Gy —x0)IB In w — In(—In 77)

(25)

Both ratios tend toward unity when the return period T
is high (T} = 1).

For w=2 and /= 1.4 for the negative binomial
(I = 1/1.4 for the binomial) models, the relative differ-
ence between the estimates of the Poisson and nega-
tive binomial (or binomial) models is less than 2%
even when 7 is as small as 5 years. It is seen that
the T-year flood magnitudes estimated using the Pois-
son, binomial and negative binomial distribution
assumptions for the annual number of exceedances
are practically identical.

5. Examples

Models proposed for the times of occurrence of the
exceedances are applied to two data sets. Character-
istics of the data used in the study are given in Table 1.
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Table 2
T-year floods and their variances for series no. 1

Return period Xr (m3/s) Var iy (m6/sz)

T (yr) Gumbel Poisson and Negative binomial Gumbel Poisson Negative binomial
Xp =300 m%s

25 996 902 3463 1780 1817
50 1124 1005 4774 2403 2441
100 1251 1107 6305 3119 3157
250 1418 1242 8669 4208 4246
500 1544 1343 10716 5142 5179
xp= 150 m¥s

25 996 1017 3463 1727 1754
50 1124 1143 4774 2241 2268
100 1251 1268 6305 2820 2847
250 1418 1432 8669 3686 3714
500 1544 1555 10716 4420 4447

5.1. Series no. 1

Most of the peaks over threshold series have a
larger variance of the annual number of peaks than
its mean. This is the case for series no. 1, of which the
mean is £ = 2.51 and the variance is V= 3.52 at the
threshold level x, = 300 m?/s. Parameters of the nega-
tive binomial distribution are estimated from Eq. (7)
as o = 0.287, y = 6.24. Dispersion index test has the
test statistic

_ -1V

d E

=119.2 > X35, 0075 = 112.
Parameter of the Poisson distribution is i = E = 2.51.

The hypothesis of Poisson distribution is rejected at
the level of significance a = 0.05. The y? test is also
applied to test the goodness-of-fit of the Poisson and
negative binomial probability distributions. Using 9
class intervals (m = 0,1,...,8) the Poisson distribution
gives

X2 = ]9.] > X%,OQS = ]4.]

and the negative binomial distribution gives

X2 = 62 < /\/%,().95 = 126

Thus the Poisson distribution is rejected whereas the
negative binomial distribution is not rejected at the
level & = 0.05.

Exponential distribution fitted to the magnitudes of
the peaks has the parameter S = E(y) = 146.3. Tests
given by Van Montfort and Witter (1985) are applied

to check the adequacy of the exponential distribution
against the generalised Pareto distribution. The statis-
tic G (maximum/median) is equal to

G =807/85=9.5.

For the sample size of peaks n = EN = 216, 0.05 and
0.95 quantiles of G in exponential samples are 5.9 and
12.2, respectively. The exponential distribution
hypothesis is not rejected. The statistic r,/z is equal to

rn = —0.075v216 = —1.1.

For n =216, 0.05 and 0.95 quantiles of r\/ﬁ are —1.78
and 1.59, respectively. Again, exponentiality is not
rejected.

The study is repeated at the lower threshold level
xo = 150 m?/s in order to see the effect of lowering the
threshold. There are 454 peaks in 86 years. The para-
meters are £ =5.28 and V= 7.38. Parameter of the
Poisson model is w = E = 5.28. Parameters of the
negative binomial distribution are « =0.285,
v = 13.2. Dispersion index test statistic is

_ -1V

d = 118.8 > X3s0.075 = 112.

Again, Poisson model is rejected at 0.05 level of
significance. Applying the x* test with 13 class inter-
vals (im=0,1,...,12)

X =333> xi100s = 19.7

for the Poisson distribution, whereas the negative
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Table 3
T-year floods and their variances for series no. 2

Return period 7(yr) iT(m3/S) Var iT(mG/SQ)

Gumbel Poisson and binomial Gumbel Poisson Binomial
25 1881 1835 9343 8336 8289
50 2109 2055 12879 11509 11460
100 2335 2274 17009 15194 15144
250 2632 2562 23886 20858 20807
500 2857 2779 28910 25747 25696

binomial distribution gives

X2 = 15.7 < X%O’O'gs = 18.3.

The test rejects the Poisson model but not the negative
binomial model at the level a = 0.05. Exponential
distribution with the parameter = E(y)=178.4
has a good fit to the magnitudes of the peaks above
150 m¥s.

Results are similar to those at the higher threshold
level.

5.2. Series no. 2

Very few partial duration series has a variance of
the annual number of exceedances smaller than its
mean (Taesombut and Yevjevich, 1978). Series no. 2
has the mean E=1.78 and variance V =1.61.
Although the variance is smaller than the mean, the
dispersion index test does not reject the hypothesis of
Poisson distribution:

d . 90.4 > X%00,0.025 = 742.

The XZ test with six class intervals (m =0,1,...,5)
rejects neither the hypothesis of Poisson distribution
nor that of the binomial distribution. For Poisson
distribution:

X =107 < X305 = 9.5

for binomial distribution with parameters o = 0.095,
v =18.6:

XZ =091 < X§,0.95 =1728.

Both distributions seem to have a very good fit to the

annual number of peaks of the observed series.
Exponential distribution with the parameter

B = E(y) =313 has a very good fit to the magnitudes

of the peaks. Statistics have the values:

G =8.35, rn = —0.34.

For n =180, 0.05 and 0.95 quantiles of G are 5.5 and
12.5, respectively. Corresponding quantiles of ri/n
are —1.78 and 1.22. Neither test rejects the hypothesis
of exponential distribution.

5.3. Estimates of T-year floods and their sampling
variances

For both series, T-year floods and their
sampling variances are estimated for various
values of the return period (7 =25, 50, 100, 250
and 500 years) assuming Gumbel distribution for
the annual maxima series, Poisson and negative
binomial (for series no. 1) or binomial (series
no. 2) models for the partial duration series. Para-
meters of the Gumbel distribution are estimated by
the maximum likelihood method. For other
models, formulas derived in this study are used.
Results are given in Tables 2 and 3.

Estimates of x; are the same for Poisson and bino-
mial (or negative binomial) models. These estimates
are smaller than those of the corresponding estimates
of the Gumbel distribution of annual maxima. For
series no. 1, the choice of the threshold level affects
the estimates of x7. For xy = 150 m’/s, X7 values are
larger than those of xy =300 m3/s, and close to the
Gumbel estimates. Variances of £ are slightly larger
for negative binomial and slightly smaller for bino-
mial models than those of the Poisson model in these
examples. Var(f;) of Gumbel model are much larger
than those obtained using the (negative) binomial or
Poisson models.
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6. Conclusions

Partial duration series of some streams have annual
number of exceedances that has significantly larger
(smaller) variance than the mean. In such cases nega-
tive binomial (binomial) model provides a better fit to
the process than the Poisson model. However, flood
estimates based on the negative binomial or binomial
models when combined with the exponential distribu-
tion for the magnitudes of peaks are almost identical
to those obtained using the Poisson model, as is also
the case for their sampling variances. This result is in
agreement with the findings of Kirby (1969) and
Cunnane (1979) and makes it unnecessary to prefer
the binomial or negative binomial models even when
the Poisson process hypothesis is rejected by the
statistical tests. It is easier to use the Poisson model
because it leads to much simpler expressions for the
T-year flood and its sampling variance. The choice of
the threshold value has an important effect on the
flood estimates, and needs to be studied further.
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Appendix A. Asymptotical variances of T-year
flood estimates

Probability distribution of annual floods based on
binomial or negative binomial distributions of mean
annual number of exceedances (Eqs. (13) and (14))
have three parameters: o and y of binomial or nega-
tive binomial distribution, and 8 of exponential distri-
bution. It has been shown that the magnitudes of
exceedances are independent of the number of excee-
dances (Taesombut and Yevjevich, 1978). Therefore,
it will be assumed here that o and B are independent,
and so are y and .

A.l. Variances of parameters

a and vy are functions of E and V, the mean and
variance of annual number of exceedances. Asympto-
tical sampling variances of their estimates can be

computed as

Var(@) = ( za) Var(£) + ( av) Var(V)

0 N
o d 0 BV
oE oV
N dy av) -
Var($) = Var(E) + Var(V
ar($) (a ) ar(E) (W ar(V)
RY! A A
+ 2 2% covE, V), (A1)
9EQV
where
Var(E) = V/IN, Var(V) = 2V?/N,

Cov(E, V) = us/N.

For binomial distribution, with « =1 — (V/E) and
= E*(E — V) from Eq. (5):

aa_V_l—oz aa__l__l
0E  E* ay’ v E  ay
dy EE-2V) 2a-—1
0E (E—-V)? o
9 E? 1 . 1 —
_7272:_2’ Var(E):u’
avV  (E—V) Py N

. 201 - a)
Var(v)zw,

N

. 1—a)l-2

Cov(k, V)= X a)](v @Y.

Substituting the above expressions into Eq. (A1) and
rearranging, the asymptotical sampling variances of
the estimates of « and y are obtained:

_ _ 2
Var(@) = (2+ 3aayl)(l Na) , (A2)

1-2a)?% |1 -
Var(?)=[2(1 _0‘)“/_( aa) ]( azzf/[)y'
(A3)

Asymptotical covariance of & and ¥ can be computed
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as follows:
N da dy A da dvy N
Cov(&,9) = — —=Var(E) + — —~Var(V
V(@)= p o YarE) + Gy gy Var)
da 0y Jda dy PN
— L+ ==L E,V).
(aE oV | 9V oE )COV( V)

(A4)

Substituting the expressions for the partial derivatives
and sampling variances and covariance of the esti-
mates of E and V into Eq. (A4) and rearranging:
(1 - 2a)? 1—a
o

aN
(AS)

Cov(Q, 9) = — 21 — a)'y]

B is the mean of the exponentially distributed magni-
tude of exceedances whose variance is 3. Therefore,
the sampling variance of the estimate of 3 is

g B
E(mN ~— ayN (46)

Var(f) =

because the mean number of exceedances in N years is
E(m)N.

For negative binomial distribution, with « =1 —
(E/Vy and y = E*(V — E) from Eq. (7):

__(-ay

% ay

8(1__1
OE
o  E _(1—a)

av V2 ay
dy _EQV-E) _(1+a)l—a)
0E  (V—E? o? ’
wy  E (-a
vV (V—-E?} o
2

A ay .\ Zayz
Var(f)= ———, Var(V)= —~ |
al)= T aV)= TN

A A (1+ x)ay
Cov(E, V)= ——1.
oVE V)= T N

Substituting these into Eqgs. (A1) and (A4) and rear-
ranging:

(1 - ay

W (A7)

Var(@) = <2y - & - 2)

1+ a)
Var(§) = [27_ (;)]QZN (A8)
2 _
Cov(@, §) = [(ltf) - 27]10[]\,0‘, (A9)
N5 (1-wp’
VarB) = pin = oy (A10)

A.2. Variances of T-year flood estimates

T-year flood x7 based on the binomial and negative
binomial distributions of the annual number of excee-
dances is given by Eqgs. (19) and (21), respectively. X7
is a function of the parameters «, 3 and vy. Its asymp-
totical sampling variance can be computed as

2 2
Var(f;) = (%) Var(&) + (%) Var(B)

oxr \? axy
+ (ﬂ) Var(9) + 2 27 2T cova, %)
ay da dy

(A11)

assuming that B is independent of « and vy.
For binomial distribution (Eq. (19))
a)%T _ B aﬁT _ o
R e s
1

(A12)
%y 1/"InTy B
dy 1-1" ¥

Substituting Egs. (A2)—(A6) and (A12) into Eq. (A11)
and rearranging, an expression for the asymptotic
sampling variance of % is obtained:

2 _ Y
Var()?r)zcsv{(2+3a 1)(1 Ll

ay a

1, P (1 - 2a)?
+— I — |+ |20 -y - —~
ay n(l—le) [( @)y o

1—a T77I0°T, 201 -
ey (1-1"2 oY
1 —2a) T InT
x[ﬂ —2p(1 — a)]ll—nl}. (A13)
o

_ 7l
T,
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For negative binomial distribution: (Eq. (22))

B
da ol —a)’

0x _ 1-
5] e

xr  T,"InT, B
dy 11 A

Substituting Eqgs. (A7)-(A10) and (Al4) into Eq.
(A11) and rearranging

? 2 1\1

L1 alnz[ (1— a1, " =1 ]

ay a

(1 + a)?
- v
. 2y o T2’

a2y (T, " = 1)

2 (1+a)2_2y 7, In T,
ey o« -1y

(A15)
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