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KEYWORDS Summary A model is presented for solute transport in rivers including transient storage
Solute transport; in hyporheic zones. The model consists of an advection—dispersion equation for transport
Analytical solution; in the main channel with a sink term describing diffusive solute transfer to the hyporheic
Tracer experiment; zone. This system of equations is solved analytically for instantaneous injection of a con-
Hyporheic zone servative tracer in an infinite uniform river reach with steady flow. The solution enables to
estimate the temporal and spatial evolution of tracer concentrations downstream of the
injection point with fewer parameters than any other model before. The solution is linked
to a non-linear least squares optimisation algorithm to analyse breakthrough curves and
estimate solute transport parameters. The model is applied to tracer experiments con-
ducted in the Chillan River, Chile, which were previously analysed with a model including
mass exchange between the river and a stagnant storage zone. The fit between observa-
tions and model results is good, except for some experiments where the tailing of the fit-
ted curves is more pronounced than observed. Estimates of the water flow velocity are
practically identical with previous findings, but the estimates of the cross-sectional area
and the dispersion coefficient are markedly different. Estimated values for the diffusion
coefficient in the hyporheic zone agree with values cited in literature and with the mag-
nitude of chemical diffusion coefficients in porous media.
© 2007 Elsevier B.V. All rights reserved.

Introduction retention of the solutes in transient storage zones (e.g. Ben-
cala and Walters, 1983; Bencala, 1984; Legrand-Marq and

Numerous tracer experiments have shown that transport of ~ Laudelout, 1985; Harvey et al., 1996; Morrice et al., 1997;

dissolved chemicals in rivers and streams is affected by  Harvey and Fuller, 1998; Czernuszenko et al., 1998; Fernald
et al., 2001; van Mazijk and Veling, 2005; see also the refer-

" Tel.: +32 2 629 3547; fax: +32 2 629 3022. ences cited by Runkel et al., 2003). Transient storage occurs
E-mail address: fdesmedt@vub.ac.bez

0022-1694/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.jhydrol.2007.02.002


mailto:fdesmedt@vub.ac.be

30

F. De Smedt

when water and dissolved chemicals become temporarily
isolated from the main channel in stagnant water zones,
such as pools, dead-end side channels, or adjacent wetland
areas. In addition, significant portions of the water and dis-
solved chemicals may interchange with the hyporheic zone,
i.e. porous banks and bed sediments near and under a
stream or river where groundwater and surface water mix.
Typical effects of this interchange are retardation of solute
migration and a skewed shape of solute concentration pro-
files in the main stream channel that cannot be explained
by classical advection—dispersion theory (Day, 1975; Cha-
twin, 1980; Nordin and Troutman, 1980; van Mazijk and Vel-
ing, 2005).

Several models have been formulated to explain solute
transport in rivers with mass exchange in stagnant water
zones. The most widespread approach considers a one-
dimensional advection—dispersion equation in combination
with first-order mass exchange between the river and a
lumped stagnant storage zone, with a mass exchange flux
assumed to be proportional to the difference in solute con-
centration between the river and the stagnant storage zone
(Hays et al., 1966; Nordin and Troutman, 1980; Bencala and
Walters, 1983; Legrand-Marqg and Laudelout, 1985; Bencala
et al., 1990; Czernuszenko and Rowinski, 1997; Choi
et al., 2000). The resulting effect of the transient storage
depends upon two parameters, i.e. a mass exchange rate
coefficient and the volume or cross-sectional area of the
transient storage zone (Runkel et al., 2003). Analytical solu-
tions for this model have been presented by Hart (1995), Da-
vis et al. (2000), De Smedt et al. (2005), and De Smedt
(2006). For a summary of status and scope of transient stor-
age model development and application see Bencala (2005).

Other approximate solutions are based on the analysis of
the temporal moments of concentration profiles in the main
channel (Hays et al., 1966; Nordin and Troutman, 1980; Sch-
mid, 1995; Runkel, 1996; Czernuszenko and Rowinski, 1997;
Schmid, 2003). Some investigators proposed similarity func-
tions that have the same temporal moments as the observed
concentration profiles (Liu and Cheng, 1980; Chatwin, 1980;
Schmid, 1995; van Mazijk and Veling, 2005). Also very much
used in practice is an approximate finite difference solution
(Runkel and Chapra, 1993), which forms the basis of the
numerical one-dimensional transport with inflow and stor-
age (OTIS) model (Runkel and Chapra, 1993; http://co.wa-
ter.usgs.gov/otis). This model was extended with a
parameter optimisation technique, OTIS-P (Runkel, 1998),
and has been used extensively for analysing tracer experi-
ments to estimate transient storage characteristics in rivers
(e.g. Choi et al., 2000; Lees et al., 2000; Fernald et al.,
2001; Laenen and Bencala, 2001; Keefe et al., 2004).

Other approaches are less popular. Jackman et al. (1984)
introduced a model consisting of a one-dimensional advec-
tion—dispersion equation in the river linked to lateral solute
diffusion in the hyporheic zone. The resulting transport
equations were solved numerically. Comparison with the
first-order mass exchange approach showed that the diffu-
sion model is somewhat more complicated from computa-
tional point of view but performs better in predicting
observed solute concentration profiles. Worman (1998) gave
an analytical solution for this model in case dispersion in the
river is neglected and the hyporheic zone is infinite in ex-
tend. The solution was successfully applied to interpret

the transport of solutes in several tracer experiments. Wor-
man (2000) showed that the first-order mass exchange ap-
proach and the diffusion approach vyield similar
representations of the first three temporal moments of sol-
ute concentration profiles in the river. In this study, disper-
sion in the river was also neglected, but the hyporheic zone
was assumed either finite, or as an alternative infinite with
in addition to diffusion also advective transport from the
hyporheic zone to the river.

A new approach is based on describing the residence
time distribution of the solutes in the hyporheic zone. Wor-
man et al. (2002) proposed a log normal distribution as an
approximation of residence times resulting from solute
advection along hyporheic flow paths induced by water
pressure differences over a permeable bed. Gooseff et al.
(2003) proposed a power law residence time distribution, in-
stead of an exponential relation. However, these empirical
approaches do not enable to obtain any physical insight in
the governing processes.

The purpose of this study is to extend the modelling ap-
proach of Worman (1998), i.e. diffusion of solute into an
infinite hyporheic zone, by including dispersion in the river,
and to derive an appropriate analytical solution for instanta-
neous injection of a tracer in a river and show how this solu-
tion can be used in practice to predict transport of dissolved
chemicals and observed concentration profiles.

Theory

Transport of solutes in streams with transient storage is
modelled following the approach presented by Worman
(1998), but including dispersion in the river. Consider a uni-
form stream channel with a cross-sectional area A [L?], as
schematically depicted in Fig. 1. The water flow is assumed
steady with a flow rate Q [L>T~"]. When a chemical is intro-
duced in the stream dispersion will produce a cross-sec-
tional average solute concentration C(x,t) [ML~>], where x
is the longitudinal distance [L] in the main stream channel
and t is the time [T]. Also, because of dispersion, the chem-
ical is in continuous contact with the hyporheic zone, which
enables diffusive interchange along the wetted perimeter L
[L] of the river channel, as depicted in Fig. 1. Hence, the
chemical diffuses in the hyporheic zone with a concentra-
tion Cn(x,z,t) [ML™3], where z [L] is the lateral distance
measured from the river channel bed into the hyporheic
zone. The resulting transport equation in the river is

Figure 1 Schematic cross-section of a river channel and the
hyporheic zone, showing the cross-sectional area A, the wetted
perimeter P, and the solute concentrations C in the river and C;,
in the hyporheic zone.
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where D is the dispersion coefficient [L2T~'] in the river
channel, and Dy, is the diffusion coefficient [L’T~'] in the
hyporheic zone. The last term on the right-hand side of
Eq. (1) gives the diffusion flux of solute entering the hypor-
heic zone. Dividing by the cross-sectional area A, results in
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where v=Q/A is the cross-sectional averaged velocity
[LT~"] in the river, and R = A/L is the hydraulic radius [L]
of the river cross-section (which in practice can often be
approximated by the average water depth in natural
streams).

In a typical tracer experiment, a mass M [M] of tracer is
injected at time zero and location x = 0, well mixed over the
cross-sectional area A [L?] of the main stream channel, so
that the initial condition is given by

C(x,0) = (M/A)o(x), 3)
where §(x) is the Dirac function [L™']. In addition, it is as-
sumed that there can never be any tracer at infinity
C(£o00,t) = 0. (4)
The distribution and transport of the solute in the hyporheic
zone is described by a one-dimensional diffusion equation
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Initially, the hyporheic zone is free of solute

Ch(x7z7 0) = 0> (6)

and at the river bed, the solute concentrations in the river
and the hyporheic zone are equal

Ch(x,0,t) = C(x, ). (7)

For the boundary condition at the other extreme of the hyp-
orheic zone, Jackman et al. (1984) assumed a hyporheic
zone of limited extend with a zero flux condition, but here
we will follow Worman (1998) who assumed that the hypor-
heic zone is infinite; hence

Ch(x, 00, t) = 0. 8)

The solution of Eq. (2) subjected to conditions (3)—(8), is
derived in Appendix A and is given by
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where Co(x,t) is the solution of the classical advection—dis-
persion equation subjected to the same initial and boundary
conditions

2
Co(x,t) = 2’:4/% exp {— %} . (10)

The link with the solution presented by Worman (1998) is
achieved follows. When the dispersion in the river is ne-
glected and in case of continuous injection of tracer with
a constant concentration C;, the solution given by Eq. (9) re-
mains valid, but with Cy(x,t) given by

Co(x, t) = GH(vE — x), (11)

where H is the Heaviside function. When Eq. (11) is substi-
tuted in Eq. (9) it follows that

C(x,t) = CH(vt — x)erfc (% - _D)"( /v> : (12)

where erfc is the co-error function. Eq. (12) is the solution
given by Worman (1998).

A similar expression as Eq. (9) has been presented by Mal-
oszewski and Zuber (1990) for chemical transport in a single
fissure in a porous matrix, for which the transport equations
are similar as Egs. (1) and (5) but the boundary conditions
are different because the medium is considered semi-finite
(x = 0) and the chemical is injected as an instantaneous
slug input at the upper boundary, i.e. C(0,t) = Md(t)/Q.
The solution presented by Maloszewski and Zuber (1990) is
similar as Eq. (9) if Co is replaced by the appropriate solu-
tion for these boundary conditions.

Eq. (9) can more conveniently be evaluated as

at 1 , A ati? ,
C(x, t)= \/;/O Co(x, At) A" exp <—1 /1) dz,

(13)

where « is a parameter with dimension [T~"] given by
o = Dy, /4R, (14)

which represents the influence of the solute exchange and
storage in the hyporheic zone on the concentration profile
in the river. From Eq. (13) it follows that the solute transfer
in the hyporheic zone only depends upon «, while in the
first-order mass exchange model two parameters are
needed: the mass exchange coefficient and the size of the
stagnant water zone. Hence, the present model is more par-
simonious, which is a desirable model quality, but it remains
to be proven whether the model is able to predict accu-
rately observed tracer concentration profiles.

In order to illustrate the analytical solution, we assume
an artificial situation where 1 kg of solute is instantaneously
injected in the main channel of a river with a cross-section
of 10 m?, an average flow velocity of 1 m/s, and a dispersion
coefficient of 5m?/s. We use different values for the ex-
change coefficient o, respectively, 0, 1x107¢s™",
1x107>s7", and 1x10~*s~", which are in the range of typ-
ical values as will be discussed further on. The concentra-
tions in the main channel will be calculated at a distance
of 1000 m downstream from the injection point. For the
evaluation of the analytical solution, the convolution inte-
gral in Eq. (13) is calculated with the trapezium rule using
10,000 intervals. The results are given in Fig. 2. When « is
zero, the analytical solution reduces to Eq. (10); notice that
the integrand in Eq. (13) becomes Cy (x,At)d(4 — 1). When o
is different from zero, the concentration curves show a pro-
nounced tailing, which is a typical effect of diffusion in the
hyporheic zone. However, unlike the first order exchange
model, the tailing becomes more and more pronounced with
increasing values of «. This is unlike the first order exchange
model with a finite dead zone volume, where for large val-
ues of the exchange coefficient the concentration in the
transient storage zone becomes indistinguishable from the
concentration in the river because of the intense mixing
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Figure 2 Typical concentration profiles calculated with the
analytical solution for a hypothetical tracer experiment,
considering 1 kg of solute instantaneously injected in the main
channel of a river with a cross-section of 10 m?, an average flow
velocity of 1 m/s, a dispersion coefficient of 5 m?/s, a ratio of
storage zone and main channel cross-sectional area of 0.2, and
different values for the transfer coefficient as indicated in the
figure.

and short residence time. This phenomenon does not occur
with the present model.

Application of the model

The usefulness of the analytical solution is demonstrated
with a practical application involving the analysis of tracer
experiments. In order to analyse breakthrough curves,
resulting from instantaneous injection of a conservative tra-
cer, the analytical solution is linked to a non-linear least
squares optimisation algorithm (Marquardt, 1963), so that
transport parameters that give the best match between ob-
served and simulated concentration values can be esti-
mated. A theoretical concentration profile can be fitted to
an observed tracer breakthrough curve obtained at a certain
sampling location, provided two experimental parameters
are given, i.e. the injected mass M and the distance x be-
tween injection point and sampling location. The theoreti-

cal solution, given by Eq. (13), contains four parameters
that can be optimised: the main channel cross-sectional
area A, the flow velocity v, the dispersion coefficient D,
and the exchange coefficient «.

The model is applied to tracer experiments conducted in
the Chillan River, Chile, which were also analysed by De
Smedt et al. (2005) with a one-dimensional advection—dis-
persion equation in combination with first-order mass ex-
change between the river and stagnant storage zones. A
description of the Chillan river basin and the conducted tra-
cer experiments can be found in Brevis et al. (2001a,b) and
De Smedt et al. (2005). The experiments were conducted
during the Austral summer of 2000—2001, when river dis-
charge and water depths were low. Five tracer experiments
were conducted using Rhodamine injected at two different
locations, and breakthrough curves were measured at
different sampling locations, denoted by numbers 1-10,
at distances several 100—1000 m away from the injection
sites, as shown in Fig. 3.

The tracer experiments are listed in Table 1, labelled
with a code composed of a Roman number representing
the experiment and an Arabic number representing the
sampling location, similar as in De Smedt et al. (2005)
for easy comparison. In addition, observed parameter
are listed in Table 1, i.e. injected tracer mass M, longitu-
dinal distance along the river course between injection
and sampling location x, and observed average water
depth at the sampling location which we will use as a sub-
stitute for the hydraulic radius R. At some locations the
water depth was not measured and here the hydraulic ra-
dius, denoted by R’, is estimated as will be explained la-
ter on. Experiments I, Il and V where conducted using
injection site 1, while for experiments Ill and IV injection
site 2 was used.

Losses of Rhodamine WT during the tracer experiments
are ignored in the analysis because of the short duration
of the experiments. The results from the optimisation pro-
cedure are presented in the remaining columns of Table 1,
giving the optimised values of the model parameters to-
gether with their 95% confidence intervals. Also, values of
the river discharge Q=vA are given, as computed from
the optimised values of the velocity v and the cross-sec-
tional area A. Notice that all these values should be consid-
ered as averages over the total river stretch from the
injection point to the sampling location.

Sampling
point 6

N
1 point
Sampling
point 7

Sampling

Sampling point 8

Sampling point 9

point 10

0 2 km 4 km

——

Sampling

Sampling

5

Injection point 2 and
sampling point 4

Sampling
point 1

Sampling
point 2

Injection

oint 3
P point 1

Figure 3

Setting of the tracer experiments conducted in the Chillan River, Chile.
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Table 1 Observed and optimised parameter values with 95% confidence intervals for the tracer experiments

Exp. M(g x(m) R(m) Am?) v (m/s) Q (m3/s) D (m?%/s) o (1073s7") Dy, (1076 m?/s)
I-3 157.1 4604  0.45% 14.1+1.2 0.458:0.006 6.46 7.05+1.03 0.236 +0.091 1.945 + 0.747
1-4 157.1 6524 0.48 17.6 £2.1 0.400 + 0.001 7.04 5.88 +1.40 0.077 £ 0.054 0.722 £ 0.504
1-9 157.1 11646  0.59 15.3+1.3  0.391:+0.004 5.98 6.33+1.16  0.127 £0.037  1.759 + 0.507
-1 23.8 1100 0.23% 6.3+0.9 0.196 +0.007 1.23 2.02+0.51 0.112+0.062 0.236 +0.129
-2 23.8 2915  0.35 8.3+0.7 0.168+0.003 1.39 2.99+0.37 0.164+0.065 0.787 £0.314
-3 23.8 4604  0.272 7.5+0.7 0.177 £0.003  1.33 3.88+0.52 0.154+0.055 0.434 +0.155
-4 23.8 6524 0.32 7.4+0.5 0.175+£0.002 1.30 3.70+0.41 0.084 +0.024  0.343 + 0.098
-7 35.7 2969  0.24% 6.5+0.4 0.187 £0.003  1.22 3.00£0.53 0.540+0.118  1.197 £ 0.260
11-10 35.7 6354  0.19 5.3+0.5 0.187+0.004 0.99 2.80+0.81 0.463+0.108  0.654 +0.152
IV-5 38.1 1594  0.20 5.9+0.4 0.091+0.002 0.54 1.04+0.14 0.700+0.145  1.076 +0.223
IV-6 38.1 1971  0.25 10.1£0.5 0.098 +0.001  0.99 1.46 £0.13  0.633+0.090 1.581 +0.225
V-7 38.1 2969  0.33 9.3£0.4 0.110+0.001 1.02 1.97+0.16  0.462+0.060  1.954 + 0.254
V-1 20.3 1100 0.19% 52+0.6 0.131:0.004 0.68 1.23+0.30 1.008+0.408 1.529 +0.618
V-2 20.3 2915  0.16% 41+1.0 0.110+£0.006 0.45 1.62£0.49  0.925+0.435 0.938 + 0.441

M: injected tracer mass, x: longitudinal distance along the river channel between injection and sampling location, R: hydraulic radius or
average water depth at the sampling location, A: cross-sectional area of the river, v: cross-sectional averaged water flow velocity, Q:
calculated river discharge, D: cross-sectional averaged longitudinal dispersion coefficient in the river, and «: exchange coefficient
between the river and the hyporheic zone; the last column gives values of the diffusion coefficient in the hyporheic zone Dy, calculated

from the mass exchange coefficient « and the hydraulic radius R with Eq. (14).

2 Estimated.

Results and discussion

The results of the model optimisation for the first tracer
experiment | are shown in Fig. 4, depicting observed and fit-
ted concentration profiles versus time at different measure-
ment locations. The fit between observations and
simulations is good, although one can notice somewhat
more pronounced tailing of the fitted curves compared to
the observations, especially for the first two experiments
I-3 and I-4. The measured and fitted concentration curves
show typical shapes and trends, with peak values decreasing
at consecutive sampling locations, while the solute plume is
increasingly spreading out due to dispersion in the river.
Also, the tailing of the breakthrough curves is prominent
due to the diffusion in and out of the hyporheic zone.

Parameters A and v are rather accurately estimated which
is reflected by their small confidence intervals, while this is
not the case for D and « (Table 1). The estimated values for
the cross-sectional area and the flow velocity are fairly con-
stant, which confirms the assumption of constant flow used
in the transport equations (Eq. (1)). The dispersion coeffi-
cient D and exchange coefficient « are less uniform over the
different sections, but nevertheless the values are in the
same order of magnitude and are close enough to be consis-
tent. Remarkable is that the confidence limits are rather
large, which indicates that these parameters are much more
insecure, and cannot be accurately fitted from the observed
data. The reason for the less accurate estimation of parame-
ters D and o is probably due to the fact both parameters rep-
resent processes that produce spreading and tailing of the
dissolved tracer in the river; hence, parameters D and « are
correlated, which is an undesirable property for accurate
estimation. Remarkable is also that although the measure-
ments at the last sampling point were interrupted too early,
this has little effect on the confidence interval of parameter o
compared to the previous sampling points.

6 3 Tracer experiment |
—
€ 5/ — Fitted
>
é o Observed
c 44
9
J
c 7] 1-9
[0]
g
3 27
(&}
14
0
0 2 4 6 8 10 12
Time (h)
Figure 4 Fitted and observed concentrations for the first

tracer experiment. Observations are shown by open dots and
simulated curves by solid lines, calculated with the optimised
parameter values given in Table 1.

The resulting breakthrough curves for the second exper-
iment are shown in Fig. 5. This was the largest experiment
conducted as breakthrough concentration profiles were
measured at four locations. The fit between theoretical
concentration profiles and field observations is good, but
again the theoretical curves show somewhat more tailing.
From the optimised parameter values presented in Table
1, one can notice that A and v are nearly constant along
the river reach, while there is more variation for the other
parameters D and «. The values of the dispersion coefficient
seem to increase along the river stretch, while there is no
clear trend in the estimated values of exchange coefficient
o. In previous study (De Smedt et al., 2005), where the
observations were fitted with a first-order mass exchange
model, it was concluded that in the last part of the river
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Figure 5 Fitted and observed concentrations for the second

tracer experiment. Observations are shown by open dots and
simulated curves by solid lines, calculated with the optimised
parameter values given in Table 1.

there is much less transient storage than in the upper part,
which could be explained by the fact that upstream of sam-
pling point 2 the bed of the Chillan River is made up mainly
of cobble and gravel, while downstream of this point the riv-
er frequently cuts through bedrock. The present findings
agree partly with this, because there is a marked decrease
in the value o for the last section. As the estimated values
should be considered as averages over the total river stretch
from injection to sampling point, this indicates that there is
reduced diffusion in the hyporheic zone in the last section of
the river probably due to impervious bedrock. Also notice
that estimated values for D and « are very similar to what
was obtained for the first tracer experiment.

The results for the third tracer experiment are shown in
Fig. 6. Unfortunately the measurements are incomplete and
appear to be somewhat irregular, even showing two peaks in
the second curve. However, all model parameters are esti-
mated rather accurately with small confidence limits. In
addition, there is almost no difference between estimated
parameter values at the two sampling locations. Also, the

-7 Tracer experiment Il|

— Fitted

o Observed

1I1-10

Concentration (mg/m°)

0 é A‘t é é 1‘0 1‘2 1‘4 1‘6 18
Time (h)

Figure 6 Fitted and observed concentrations for the third

tracer experiment. Observations are shown by open dots and

simulated curves by solid lines, calculated with the optimised
parameter values given in Table 1.
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Figure 7 Fitted and observed concentrations for the fourth
tracer experiment. Observations are shown by open dots and
simulated curves by solid lines, calculated with the optimised
parameter values given in Table 1.

results are in line with the previous experiments, except
that there is a marked increase in the value of the exchange
coefficient «, for which no obvious explanation can be gi-
ven, unless the incompleteness of the data series and the
shallow water depth that was observed at sampling point
10.

Results of the fourth tracer experiment are given in
Fig. 7. The marked decrease in concentration values be-
tween sampling point 5 and sampling points 6 and 7 is due
to a tributary entering the Chillan River just downstream
of sampling point 5, which obviously dilutes the tracer con-
centration considerably. Nevertheless, all observed concen-
tration curves can be well fitted with the theoretical model.
The fact that the tributary brings in a lot of water is also re-
flected in the sudden increase in the fitted values for the
cross-sectional area A, which almost doubles between sam-
pling location 5 and locations 6 and 7. As the flow velocity
remains almost constant throughout the different sections,
we can conclude that there is a strong increase in river dis-
charge between sampling stations 5 and 6 due to the conflu-
ence. It is also noticed that he fitted values of the dispersion
coefficient D are smaller than what was obtained for the
previous experiments. This is likely due do the very small
flow velocities that occurred during this experiment, as will
be explained further on. On the other hand, the fitted val-
ues for exchange coefficient « are larger than what was ob-
tained for the previous experiments. Again this could be due
to the very shallow water depths that were observed at all
sampling stations. We will also elaborate on this further on.

The results for the fifth experiment are shown in Fig. 8.
Unfortunately, the measurements in sampling station 2
were stopped premature. The fit between theoretical and
observed breakthrough curves is good, although somewhat
more tailing can be noticed in the first theoretical curve
V-1 compared to the observations. Again the fitted values
for the dispersion coefficient D are small and the exchange
coefficient « is distinctively larger compared to other exper-
iments. There are no observations of the water depth avail-
able for this experiment, but from the small cross-sectional
areas and the very small water flow velocities it can inferred
that the river must have been very shallow.
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Figure 8 Fitted and observed concentrations for the fifth
tracer experiment. Observations are shown by open dots and
simulated curves by solid lines, calculated with the optimised
parameter values given in Table 1.

Although the assumption of uniform flow and constant
transport parameters cannot be expected to hold over large
distances, reasonably good results have been obtained with
the model for all tracer experiments. When we compare
these results with the approach based on the model with
first-order mass exchange to a stagnant storage zone (De
Smedt et al., 2005) some striking similarities and differ-
ences become evident. First of all, the fitting of the ob-
served breakthrough curves is somewhat better with the
first-order mass exchange model compared to the present
results. This should be no surprise as the first-order mass ex-
change model has five parameters that can be adjusted to
optimise the fit between the model and the observations.
This is also reflected in the resulting sum of squares of the
residuals, which are close for both models, except for some
notable exceptions where the first-order mass exchange
model performs better. These are especially experiments
I-3, 1-4, IV-6, and V-1, for which the present model predicts
somewhat more tailing of the breakthrough curves com-
pared to the observations. It also follows that the parame-
ters of the first-order mass exchange model are more
accurately estimated, resulting in smaller confidence limits.

Comparing values of common parameters in both mod-
els, it follows that estimates of the water flow velocity
are practically identical, while those of the cross-sectional
area and the dispersion coefficient are markedly different.
This shows that the velocity is largely determined by the
appearance of the leading edge and especially the peak of
the breakthrough curve and does not much depend on the
tail or how we conceptualise the model to explain the tail-
ing of the breakthrough curves. For the cross-sectional area,
the values obtained with the present model are consistently
and substantially lower than for the first-order mass ex-
change model. Probably this must be due to the mass bal-
ance that has to be respected in both models as decay of
the tracer is ignored. Mass balance requires the following
equality

M= VA/ cdt. (15)
0

Because the velocities are the same, but the integral of the
concentrations is larger in the present model due to the

pronounced tailing, the estimated cross-sectional area
has to compensate for this to respect the mass balance,
and, hence, has to be smaller. As a consequence, if the tra-
cer experiments would have been conducted for determin-
ing the river discharge Q = VA, the differences between the
two models would be considerable. Hence, the model con-
cept has a large influence on the estimation of the river
discharge. For instance, for experiment I-3 the river dis-
charge estimated with the present model is 6.46 m3/s
while this is 8.68 m3/s for the first-order mass exchange
model.

The dispersion coefficients in the river channel estimated
with the present model are mostly larger, sometimes as
much as doubled, compared to the values obtained with
the first-order mass exchange model. Again the differences
become larger for experiments that are fitted with a theo-
retical curve showing pronounced tailing, as for experi-
ments -3, I-4, and V-1. It is not immediately clear what
could be the reason for this.

We now discuss some overall characteristics of the re-
sults obtained with the present model. We already ex-
plained that the value of the water flow velocity v
depends primarily on the time instance of the occurrence
of the peak of the breakthrough curve, while the value of
the cross-sectional area A follows from fitting the mass bal-
ance. The dispersion coefficient depends upon the friction
velocity and dimensions of the river channel, as expressed
by Fischer et al. (1979). For uniform flow the friction veloc-
ity can be related to the average flow velocity which implies
that the dispersion coefficient should increase more or less
linearly with the average flow velocity, ignoring secondary
effects of changes in water level, river width, and flow
resistance. Fig. 9 depicts all combined estimated dispersion
coefficients versus flow velocities in the Chillan River. Here-
by we have assumed that all cross-sections have similar
characteristics and, hence, all data can be combined as if
belonging to the same location. Although there is some scat-
ter in de data due to uncertainty in the estimated values,

D (m%/s)

14 o
0- . . ; ;
0 0.1 0.2 03 04 05
v (m/s)
Figure 9 Estimated values with 95% confidence intervals of

the dispersion coefficient D versus the river flow velocity v; the
solid line gives the best least square regression fitted line
forced through the origin.
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especially of the dispersion coefficient, and the data points
belong to different locations, a more or less linear relation-
ship between dispersion coefficient and flow velocity seems
reasonable, as shown by the straight line forced through the
origin and fitted through the data points. Hence, this com-
plies with the theory of Fischer et al. (1979). However,
when compared to similar results obtained with the stag-
nant storage zone model results of De Smedt et al. (2005),
the present linear relationship between dispersion coeffi-
cient and flow velocity is much more evident, while the
slope of the linear relationship is practically the same. In
particular, also the dispersion coefficient versus flow veloc-
ity for experiments I-3, 1-4, and V-1 very well fit the linear
relationship as for the other experiments, although the
present model predicts more tailing than what is observed.
On the other hand, with the stagnant storage zone model
much lower values were estimated for the dispersion coef-
ficient for these experiments, which deviated considerably
from the linear relationship that was present in the other
experiments. Hence, although the present model seems to
perform less for these experiments, the obtained parameter
values are more in line with the rest of the experiments,
which was not the case with the stagnant storage zone mod-
el (De Smedt et al., 2005).

Estimated values of the exchange coefficient « versus
water flow velocity v are presented in Fig. 10, together with
their 95% confidence intervals. The o-values vary between
zero and about 1x107°s™"', and seem to decrease with
increasing water flow velocity. However, we should keep
in mind that o is a variable derived from the diffusion coef-
ficient in the hyporheic zone Dy, and the hydraulic radius of
the river channel R, as given by Eq. (14). From Table 1 it fol-
lows that there were differences in hydraulic radius be-
tween the experiments. For the experiments where the
hydraulic radius was measured (actually the average water
depth in the river), the corresponding values of Dy, can be
interfered from the «-values by inverting Eq. (14). For the
experiments where the hydraulic radius was not measured,
the hydraulic radius was estimated using a non-linear
regression between observed values of the hydraulic radius

o (107 s™)
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Figure 10 Estimated values with 95% confidence intervals of
the exchange coefficient o versus the average main channel
flow velocity v.

£ %
NIJ)
: i
«é {
o {
0 ; ; ; ;
0 0.1 02 03 04 05
v (m/s)
Figure 11  Estimated values with 95% confidence intervals of

the diffusion coefficient in the hyporheic zone Dy, versus the
river flow velocity v; open dots are D,-values obtained from
observed hydraulic radius R, while the closed dots are values
obtained from estimated R"-values; the solid curve represents
the un-weighted mean value of the diffusion coefficient in the
hyporheic zone D,,.

and corresponding estimated values of the cross-sectional
area, i.e. R~ 0.0484%%% with a correlation coefficient
0.79; these are the R?-values listed in Table 1. Conse-
quently, also values for Dy, can be estimated for these exper-
iments, though less precise. The obtained values for Dy, for
all experiments are given in the last column of Table 1.
These values are also plotted versus v in Fig. 11, and show
no particular trend. The Dy-values vary between zero and
2x107®m?/s, with an average 1.05 x 10~® m2/s, which fits
within most of the estimated 95% confidence limits of all
experiments. There are no values of the diffusion coeffi-
cient in the hyporheic zone cited in the literature, except
for the paper of Worman (1998), who on the basis of Cr
transport in the Vistula River, Poland, and a tentative anal-
ysis of Chernobyl Cs transport in several European rivers,
concluded that D;, was found to vary within the range of
0.1x107°~10x 107® m?/s. Hence, this complies with the
present results. Furthermore, the range of values found in
this study also agrees with what one could expect as order
of magnitude of the diffusion coefficient of inert chemicals
in a porous medium as a river bed.

Conclusions

A model has been proposed for solute transport in rivers and
streams affected by exchange with the hyporheic zone. The
hyporheic zone is assumed to be infinite in extend and the
solute exchange between river and hyporheic zone to be
governed by diffusion only. This model proves to be very
parsimony with respect to considered physical processes
and essential parameters compared to any other theory.
The resulting transport equation for dissolved chemicals in
a river is solved analytically for the case of an instant injec-
tion of a tracer mass in a river section with uniform flow.
The solution enables to predict the temporal and spatial
evolution of the tracer concentration downstream of an
injection point.
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The solution is linked to a non-linear least squares opti-
misation algorithm, in order to estimate solute transport
parameters from observed breakthrough curves, which al-
low to estimate the flow velocity, cross-sectional area,
and dispersion coefficient in the river channel, and the ex-
change coefficient between the river and the hyporheic
zone. The latter is a secondary variable derived from the
hydraulic radius of the river and the diffusion coefficient
in the hyporheic zone.

The optimisation procedure is successfully applied to
interpret tracer experiments conducted in the Chillan River,
Chile, which were previously analysed with a first-order
mass exchange between river and a stagnant storage zone
model by De Smedt et al. (2005). The fit between observa-
tions and model results is good, although for some experi-
ments the tailing of the fitted curves is somewhat more
pronounced compared to the observations.

Comparing values of common parameters in both mod-
els, it follows that estimates of the water flow velocity
are practically identical, while those of the cross-sectional
area and the dispersion coefficient are markedly different.
This shows that the velocity is largely determined by the
leading edge and especially the peak of the breakthrough
curve and does not much depend on the tail. Values ob-
tained for the cross-sectional area of the river channel are
substantially lower compared to the first-order mass ex-
change model, which also leads to considerable differences
in the estimated river discharge. Dispersion coefficients in
the stream channel estimated with the present model are
mostly larger compared to the values obtained with the
first-order mass exchange model, but better fit a linear rela-
tionship with the flow velocity.

Estimated values for the diffusion coefficient in the hyp-
orheic zone vary between zero and 2 x 10°® m?/s, with an
average of about 1.x 107®m2/s, which corresponds with
other values cited in the literature and the expected magni-
tude of chemical diffusion coefficients in porous media.

It can be concluded that the presented analytical solu-
tion for solute transport in rivers affected by diffusive ex-
change with an infinite hyporheic zone is a useful model
for analysing tracer experiments and estimation of trans-
port parameters.

Appendix 1. Derivation of the analytical
solution

The solution is obtained by means of the Laplace transform.
We denote the Laplace transform of a function f(t) as

f(s) = L[f(t);t — 5] = /Oocf(t)e’“dt. (A1)

The Laplace transform of Eq. (2), taking into the initial con-
dition Eq. (3), is

?*C o€ - DyoG,
DZ~ —v—_sC4+n==h

o Vox Rzl — A% (A2)

0 A

7=

and the Laplace transform of Eq. (5) with initial condition
Eq. (6) is

Eq. (A3) can be solved taking into account Egs. (7) and (8),

to yield

Cy = Cexp(~2+/s/Dy), (A4)

which enables to calculate the diffusive flux into the hypor-

heic zones, using Eq. (7), as

DGl VsDhg (A5)
z=0 R

R 0z
This can be substituted in Eq. (A2) yielding

*Cc oC VSDh\ = M.
@fva—xf(s+ R >C—7X(>(x), (A6)

D

When Dy, is zero, Eq. (A6) reduces to the classical advec-
tion—dispersion equation, with solution Cy(x,t), hence
C(x,s) = Co(X,s + \/SDn/R). (A7)

To obtain the inverse Laplace transform of Eq. (A7), we
make use of the convolution theorem of the Laplace trans-
form (Sneddon, 1974, p. 228)

L[/tf(r,tf 1)dr;t — s| = L{L[f(ty, t2); t; — s]; t1 — s}.
0
(A8)
Eq. (A7) is now written as
C(x,51,52) = Co(X, 51 4+ v/$:Dn/R). (A9)

where s; = s, = s, but different indexes are used to indicate
that the inverse transformation is performed in two steps.
The first inverse with respect to s; gives

L[C(x,t1, t2); ts — s3] = Co(X, t1) exp(—t1\/s:Dn/R).  (A10)

The second inverse with respect to s,, making use of La-
place transformation tables (Bronshtein et al., 2004, equa-
tion 62, p. 1064), results in

ty Dy ( Dht$>
Cx,t1,t2) = Co(X, t1) = 4 [—3€XP | — .
Ot t2) = Golx, 1) 5 £ P\ R

(A11)

In view of Egs. (A7) and (A8), Eq. (A11) yields the solution

[ B S I P
C(Xaf)—/o CO("’T)ZR\/;G‘XP{ 4R2(t—f)}d7

(A12)

as also given by Eq. (9) in the main text.
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