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Abstract. We consider the inverse problem of permeability estimation for two-
phase porous-media flow. The novel approach is based on regularization by zonation,
where the geometry and size of the regions are chosen adaptively during the opti-
mization procedure. To achieve this, we have utilized level-set functions to represent
the permeability.

The available data are sparsely distributed in space; hence, it is reasonable
to confine the estimation to coarse-scale structures. The level-set approach is able
to alter the boundaries between regions of different permeability without strict
restrictions on their shape; however, when the data are sparse, a reasonable initial
guess for the permeability is required. For this task, we use adaptive multiscale
permeability estimation, which has the potential of identifying main permeability
variations. These are described by a piecewise constant function, where the constant
values are attained on rectangular zones.

In the current work, we develop a level-set corrector strategy, assuming adap-
tive multiscale permeability estimation as a predictor.

Keywords: inverse problem, permeability estimation, two-phase flow, regulariza-
tion, level-set representation, adaptive multiscale estimation

1. Introduction

History matching of production data is important to determine vi-
tal physical characteristics of a reservoir. In this paper, we are con-
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2 I. Berre, M. Lien, and T. Mannseth

cerned with the spatial characteristic of absolute permeability, which
is required to perform simulations that can predict reservoir behavior.

Information sources for the permeability estimation problem can
be static well data, up-scaled geological data, and dynamic well data.
In this work, we assume no prior knowledge of permeability structures
as from a geological model. The only source of information considered
for the estimation procedure is pressure data from wells (dynamic well
data).

Our approach to this inverse problem is a predictor-corrector strat-
egy. For each estimation problem, we assume that an adaptive multi-
scale estimation (AME) (Grimstad et al., 2003) has been carried out.
Subsequently, using a level-set representation of the permeability, we
correct the AME result by allowing for more general geometry of the
regions of constant permeability.

The purpose of AME is to find a permeability estimate by solving a
sequence of parameter estimation problems with increasing dimension.
In the method, the reservoir is partitioned sequentially into rectangular
regions of decreasing size. The partitionings are chosen by considering a
selection criterion based on the available data, so that a region hopefully
is divided only if there is support for this in the data. At convergence the
domain consists of rectangular sub-regions of different size. However,
because of restrictions on how the regions are partitioned, AME can
lead to over-parameterization.

We propose a methodology that can improve the result after a
step of AME, progressing the optimization by allowing for more general
zone geometry. This is obtained using a level-set representation of the
interior boundaries between regions of different constant permeability.
The boundaries between the regions can then be deformed to obtain
a better zonation, preventing over-parameterization. We denote this
strategy as level-set correction (LSC) of the permeability.

The level-set idea for representation of moving curves or interfaces
was first introduced by Osher and Sethian (1988), and it has several
advantages. Topological changes such as splitting or merging of curves
do, for instance, cause no difficulties.

In the last decade, level-set methods have been popular for solving
inverse problems within imaging (Santosa, 1995/96; Vese and Chan,
2002; Hintermüller, 2003; Burger, 2004). Level-set methods have also
been applied for recovering piecewise constant coefficients in elliptic
equations (Ito et al., 2001; Heimsund et al., 2003; Chan and Tai, 2003).
These inverse problems are, however, characterized by a large spa-
tial density of data. The permeability estimation problem we consider
is, in contrast, characterized by a very sparse spatial distribution of
data. In addition, our forward problem requires much heavier compu-
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tations. Hence, the LSC strategy for permeability estimation is con-
structed to obtain a permeability estimate with few updates on the
level-set functions. This is done by combining a restricted representa-
tion of the level-set functions by an optimization algorithm with rapid
convergence.

We focus on the potential of the LSC strategy for improving the
result after one or more steps of AME by altering the geometry of the
zones. Hence, our initial guess for the level-set estimation corresponds
to what we could expect if AME had been applied as a predictor.

We start by giving the model equations for porous-media flow in
Section 2 before we present the problem of permeability estimation
and consider the ill-posedness of this problem in Section 3. A brief
description outlining the main ideas of AME is given in Section 4. Next,
in Section 5, we introduce a level-set representation of the permeability
and propose a strategy for permeability estimation using this represen-
tation. Numerical results based on the proposed solution algorithm are
presented in Section 6. Some further remarks about how AME and LSC
can be combined are made in Section 7 before we conclude in Section 8.

2. Forward Model for Porous-Media Flow

By means of Darcy’s law, conservation of mass for two-phase, incom-
pressible, and immiscible porous-media flow in a gravity-free environ-
ment with isotropic permeability gives the following equations:

ϕ(x)
∂So

∂t
−∇ · (k(x)kro(So)µ

−1
o ∇po) = qo,

ϕ(x)
∂Sw

∂t
−∇ · (k(x)krw(Sw)µ−1

w ∇pw) = qw.

Here the subscripts refer to the oil phase (o) and water phase (w). Fur-
thermore, with respect to the ith fluid phase, Si denotes the saturation,
which is the volume fraction of fluid in the pores; pi is the pressure; kri

is the relative permeability; µi is the viscosity; and qi is the external
volumetric flow rate. The porosity and the absolute permeability of the
medium are denoted by ϕ(x) and k(x), respectively.

The equations are defined for (x, t) ∈ Ω × [0, T ], where Ω is a
bounded, two-dimensional reservoir domain and T is finite. We assume
irreducible water saturation as initial condition and no-flow boundary
conditions.

Closure of the system is obtained by assuming that the porous
medium is completely saturated, together with an equation of state
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defining the capillary pressure:

S0 + Sw = 1,

po − pw = Pc(Sw).

3. Inverse Problem

We are concerned with estimating absolute permeability, k(x), assum-
ing the other model specifications to be known.

As information source, we use dynamic data from wells; more
specifically, these include time series of pressures sampled in the in-
jection wells during production. Hence, the permeability estimation
problem is an inverse problem. Since drilling a well is expensive, the
spatial distribution of the dynamic well data is typically very sparse.
Consequently, the problem of estimating permeability in each grid cell
of the computational domain is ill-posed, which can result in huge
uncertainties in the parameters even if the measurement errors are
small.

The original ill-posed problem must be regularized to gain a better
posed problem; see, for example the reviews by Yeh (1986), Carrera
(1988), Sun (1994), de Marsily et al. (2000), McLaughlin and Townley
(1996), and Oliver et al. (2001). The different strategies developed to
address this task can be classified into two groups: The strategies com-
pensating for deliberate over-parameterization by penalizing deviations
from prior knowledge about the sought solution as given by the geo-
logical model; and the strategies applying a reduced parameterization
of the sought permeability function. While an example of the former
is maximum likelihood estimation (Gavalas et al., 1976) and Tikhonov
regularization (e.g., Kirsch, 1996), a typical regularization strategy that
fit in the latter category is to reduce the dimension of the parameter
space by dividing the reservoir into zones of constant permeability
value (Jacquard, 1964; see Jacquard and Jain, 1965). This strategy
is referred to as zonation in the literature, and we focus on this type of
regularization in the following.

It is a challenge to determine the number and geometry of zones
prior to the estimation. A too low resolution can result in data not
being reconciled, while a too high resolution can lead to unnecessary
computational work and often to estimated permeability values be-
ing out of range. The latter problem is usually referred to as over-
parameterization. A strategy to avoid over-parameterization is to ini-
tially apply a minimum number of zones and successively increase the
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dimension of the parameter space by sequential division of zones into
sub-zones.

In ordinary multiscale estimation, a regular grid for the zonation
is uniformly refined at each estimation step (Emsellem and de Marsily,
1971). This implies that a two-dimensional region is partitioned into
four sub-regions. Yoon et al. (1999) applies this method to permeability
estimation for two-phase flow given sparsely distributed data.

Ordinary multiscale estimation is further expanded on by intro-
ducing adaptivity into the refinement process, so that partitioning of
a zone is done only when there is support in the available data for
an increased number of parameters. Adaptive multiscale permeability
estimation (Grimstad et al., 2003) is an example of this strategy; the
number of new parameters at each step depends on the available data.
The partitioning of the zones is restricted to rectangular and congruent
sub-regions. Although the partitioning in AME is extended by Krüger
and Mannseth (2004) to also include triangles, the requirements set on
the geometry and size of the zones are still a drawback of this strategy.
A related approach to AME is proposed by Ben Ameur at al. (2002).
They apply it for estimating hydraulic transmissivities for one-phase
flow given a high spatial data density.

3.1. Parameter Estimation Problem

Given a representation of the permeability function

k(x) = k
(

c, {ψi(x)}
)

by means of some basis functions {ψi(x)}, we are able to formulate the
parameter estimation problem.

Let d ∈ R
M denote all the values in the time series of measured

well pressures. Correspondingly, let m ∈ R
M represent the pressures

calculated using the forward model.
The residual can be written as

r(c) = d−m(c).

The parameter estimation problem is now as follows: Find c∗ such
that

c∗ = arg min
c

||r(c)||

for some norm || · || on R
M . The estimation problem is solved by finding

the parameter vector that minimizes the residual norm. We apply a
weighted least-squares objective function, and, since we focus on the
regularizing effect of a reduced parameterization, we do not include a
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penalty term based on prior knowledge about the solution. Hence, the
objective function is given as

f(c) =
(

d−m(c)
)T

D−1
(

d−m(c)
)

. (1)

Here D is the covariance of the measurement errors dε, where d =
dtrue + dε.

3.2. Error in the Estimated Parameters

The errors in the estimated parameters can be separated into two main
groups: modeling errors and estimation errors. The estimation errors
are a combination of bias and variance errors. Bias errors are caused
by the inability of the chosen functional representation to accurately
represent the unknown permeability distribution. The variance errors
are statistical errors caused by the uncertainty in the measured data.
Modeling errors are not considered in the following.

We assume a normal distribution of measurement errors with ex-
pected value E(dε) = 0 and covariance matrix D = σ2I, where σ is the
standard deviation, and I is the identity matrix. That is, there are no
correlation between succeeding errors.

The estimated parameters c∗ give the lowest possible value of the
objective function (1) within the allowed region of parameter space
as long as we do not end up in a local minimum. Due to measure-
ment errors, the true permeability may correspond to a larger value
of the objective function than the attainable minimum. The random-
ness in the pressure data implies that the objective function also has
a statistical distribution, where the objective-function value given by
the reference parameters lies within some interval determined by the
specific distribution.

3.3. Solution Criterion

The pressure measurements are in general not equal to the reference
pressure. Therefore, there is no basis in the pressure data to mini-
mize the residual further than to some predefined limit depending on
the measurement errors. By the assumptions of normally distributed
measurement errors and a close to linear objective function (1) near
a minimum (Sen and Srivastava, 1990), the objective function is χ2

distributed with (M −N) number of degrees of freedom:

E(f(c∗)) = M −N,

σ
(

f(c∗)
)

=
√

2(M −N).
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Here N is the number of parameters for the optimization in question,
and M is the total number of pressure observations. We choose as our
solution criterion for the inverse problem that the objective function
satisfies

f(c) ≤M −N +
√

2(M −N). (2)

4. Adaptive Multiscale Permeability Estimation

Now we present the main ideas behind AME. For a thorough descrip-
tion we refer to Grimstad et al. (2003). As we do not develop this
methodology further, we confine our presentation to a brief outline.

Starting at a permeability estimation problem, the number of pa-
rameters required to reconcile the observation data is unknown. The
strategy of multiscale permeability estimation is to solve a sequence of
parameter estimation problems, hierarchically increasing the number
of parameters from an initial choice of one parameter for the whole
reservoir. Due to the sparsely distributed data, the multiscale estima-
tion seeks to reproduce coarse-scale permeability structures only. The
number of parameters is, hence, expected to be low.

In ordinary multiscale estimation, the resolution is increased by
the same amount on the entire grid. In contrast, an important feature
of AME is that refinement is sought only in regions where this is
supported by the data. The chance of over-parameterization is then
reduced; nevertheless, it is not eliminated since there can still be a fast
growth in the number of new parameters.

Applying AME, a parameterization of the permeability is obtained
by writing

k(x) =
Z
∑

i=1

ciψi(x),

where {ψi(x)} denotes a set of piecewise constant basis functions and
c = (c1, c2, . . . , cZ) ∈ R

Z is the parameter vector.
The original AME algorithm divides rectangular sub-regions of the

reservoir vertically or horizontally into new rectangular and congruent
sub-regions. Which of the valid divisions of the regions that is chosen is
based on the predicted attainable objective-function value f̃ (Grimstad
et al., 2003). This function is an approximation of min f(c) based on a
linearization of m(c). The best parameterization is then chosen based
on comparison of the different f̃ values.

Given the limited set of attainable sub-regions, there are always
some permeability distributions easier recoverable than others. Figure 1
shows the optimal refinement process given a reference permeability
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Figure 1. The optimal refinement process required to recover the permeability
field in the left plot.

Figure 2. The optimal refinement process required to recover the permeability
field in the upper left plot.

with four zones of different constant value. Here the reference perme-
ability can be recovered by four parameters using the AME sub-division
strategy.

In the next example, illustrated in Figure 2, the sufficient AME
representation consists of 16 parameters even if the reference perme-
ability field takes two constant values only. This is obviously an example
of over-parameterization.

After the first AME refinement illustrated in Figure 2, there would
be much to gain by deforming the boundary between the sub-regions.
This illustrates that allowing for more flexible geometry can signif-
icantly reduce the number of zones required to represent the true
permeability. Hence, a correction strategy that can alter the geometry
of the zones is motivated.

5. Permeability Representation by Level-Set Functions

With AME, there are unfavorable restrictions on the geometry of the
zones that can lead to over-parameterization. Since flexible geometry
have the potential of describing the reference permeability with a min-
imum number of zones, the objective of the current work is to improve
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Figure 3. The level-set function.

the permeability estimate from AME by deforming the boundaries be-
tween the sub-regions. To achieve this, we utilize level-set functions
for the representation of the permeability. In this case, the boundaries
between the sub-regions of different constant permeability correspond
to the zero isocontours of the level-set functions.

5.1. The Level-Set Idea

The basic elements of implicit representation of a curve or interface by
a level-set function are presented here. The idea was first proposed by
Osher and Sethian (1988); for a thorough reference, we recommend the
book by Osher and Fedkiw (2003). Let Γ be a closed curve in a domain
Ω. Alternatively, Γ can be an open curve with endpoints connected to
the boundary, ∂Ω. We require φ to satisfy:

φ(x) > 0 if x ∈ interior of Γ;

φ(x) < 0 if x ∈ exterior of Γ;

φ(x) = 0 for x ∈ Γ.

(3)

This makes Γ the zero level set of the function φ, and φ is called the
level-set function for Γ; see Figure 3 for a simple illustration. One of
the main advantages of the level-set method is that it allows changing
topology such as merging and splitting of regions. Traditionally, the
level-set function is initialized as the signed distance from the curve Γ.

5.2. Permeability Representation

As the function k(x) may have many different constant values, we need
to use multiple level-set functions to represent all regions with different
values for the permeability. This is a straightforward follow up of the
ideas of Vese and Chan (2002); see also Chan and Tai (2003). Picture
for instance three closed curves, Γ1,Γ2, and Γ3. With these curves we
associate three level-set functions, φ1, φ2, and φ3. The domain Ω will
then be divided into a maximum of eight sub-domains as illustrated
in Figure 4. By generalizing, we see that n level-set functions give the
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Γ1

Γ2

Γ3

Ω4

Ω2 Ω6

Ω3

Ω1

Ω5

Ω7

Ω8

Figure 4. Partition of the domain by the φl = 0, l = 1, . . . , 3 iso-contours of
the level-set functions.

possibility of 2n regions. By the definition of the Heaviside function,

H(φ) =

{

1, if φ > 0;

0, if φ ≤ 0,

and the definition of the level-set function (3), we can represent our
piecewise constant permeability function as follows:

k(x) =
2n
∑

i=1

ci

n
∏

j=1

Ri(φ
j(x)). (4)

Here

Ri(φ
j) =

{

H(φj), if bji = 0;

1 −H(φj), if bji = 1,

and bin(i− 1) = (b1i , b
2
i , · · · , b

n
i ) is the binary representation of (i− 1),

where bji = 0 or 1. Again, considering the example in Figure 4 and
applying the formula given in (4), we see that the zonal permeability
value in Ω5, which is inside the curves Γ2 and Γ3, but outside the curve
Γ1, is equal to c5.

Even if we are estimating less than 2n permeability regions, we can
still use n level-set functions since some sub-domains are allowed to be
associated with the same constant permeability value. Furthermore, we
do not require that the constant values of the coefficients are known
a priori as these values can be recovered as a part of our level-set
minimization algorithm, which is described in Section 5.6.
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5.3. Discretization of the Level-Set Functions

We are solving our equations on a computational grid and, hence, we
also need a discrete representation of the level-set functions.

The ill-posedness of the inverse problem of permeability estimation
motivates a limited amount of parameters in order to regularize the
problem. Also, since we base the optimization procedure on sensitivity
calculations that are relatively expensive computationally, a restricted
resolution of the representation is beneficial. This is in contrast to
previous applications of level-set methods for inverse problems (e.g.,
Santosa, 1995/96; Vese and Chan, 2002; Hintermüller, 2003; Burger,
2004; Ito et al., 2001; Heimsund et al., 2003; Chan and Tai, 2003),
where the resolution of the discretized level-set function corresponds to
the underlying computational grid.

To obtain a discrete representation for the level-set functions, we
divide the reservoir into N l elements for each level-set function φl and
write the discretized level-set function as

φl(x) =
N l
∑

s=1

al
sχ

l
s(x), l = 1, . . . , n.

Here {χl
s} are characteristic basis functions specifying our represen-

tation of φl, and N l is the dimension of the parameter space for the
representation of φl. Each parameter al

s represents the value of the
level-set function for a group of grid cells, so that N l � (Nx · Ny),
where Nx and Ny denotes the total number of grid cells in the x- and
y-direction, respectively. Letting al = (al

1, a
l
2, . . . , a

l
N l) for l = 1, . . . , n

and a = [a1 a2 . . . an], we can write

k(x) = k
(

a, {χl
s(x)}

)

,

for fixed values of the permeability coefficient c.
The discretized level-set function, φl, is initially an approximation

to the distance function, where the accuracy depends on the resolution
of the discretization.

In the current work, we assume that we have a good initial guess
for the permeability based on AME. Therefore, we allow only for se-
quential, local updates of the boundaries between the zones of different
permeability values. Hence, we apply a more detailed representation of
the level-set function only in the region close to the zero isocontour.
The values of the level-set function outside this region are not allowed
to change. This approach is related to the local or narrow band level-
set method (Adalsteinsson and Sethian, 1995; Peng et al., 1999). In the
narrow band, we apply mostly a coarse representation of the level-set
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12 I. Berre, M. Lien, and T. Mannseth

Figure 5. Example of discretizations P1, P2, . . . , P5 (from left to right) for a
level-set function. The solid line denotes the zero level set in the figures,
whereas the dashed lines illustrate the discretization.

PSfrag replacements

P1

φ

x

Figure 6. Cross section of initial level-set function for discretization P1 in
Figure 5. The level-set function is piecewise constant on each element.

function since we do not have enough information in the observation
data to achieve fine-scale improvements on the zone geometry. The low
number of parameters in the representation enables rapid localization
of coarse-scale features of the permeability.

We start by defining the narrow band of cells that are allowed
to change permeability values as the cells that are less than a certain
number of grid cells away from the the zero isocontour. This gives us
two bands corresponding to positive and negative values for φl. These
bands are further divided into elements, each element corresponding to
one parameter, al

s. We start off by a few elements of a given approximate
length. As the optimization proceeds, we allow for more parameters by
decreasing the approximate length of the elements.

There are usually several different ways the narrow band can be
divided to achieve the desired approximate length of each element. The
chosen strategy have influence on the result, but as long as the elements
have roughly the same number of cells, it is not possible to determine
a best strategy a priori. Since there are only minor and unsystematic
differences in the results when following the different strategies, we do
not go into details on our choice.

In the numerical examples in Section 6, we consider a uniform
square grid with Nh grid cells in each direction, where the grid cells
are of size ∆h × ∆h. The support of each basis function χl

s cover
approximately Np ×Na grid cells as given in Table I. Here Np denotes
the number of grid cells counting in the direction perpendicular to the
zero isocontour, Na denotes the number of grid cells aligned with the
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zero isocontour, and α equals x or y depending on the direction of the
zero isocontour.

Table I. The number of grid cells covered by each basis
function, χl

s, in the alternative discretizations P1–P5.

P1 P2 P3 P4 P5

Np: 1 2 1 2 1

Na: Nα Nα/2 Nα/2 Nα/4 Nα/4

5.4. Parameter Estimation Problem Revisited

The new level-set representation of the permeability allows us to alter
the geometry of the zonation through changing signs of the parameters
{al

s}, s = 1, . . . , N l, a = 1, . . . , n. We do not optimize with respect to
permeability values and the geometry of the zones simultaneously since
difference in scaling can give instabilities in the procedure.

Holding c fixed, we can express the residual as a function of a:

r(a) = d−m(a).

For a given discretization of the level-set functions, the new parameter
estimation problem with respect to a can be written as follows: Find
a∗ such that

a∗ = arg min
a

||r(a)||. (5)

The objective function as a function of a is given as

f(a) = (d −m(a))T D−1(d −m(a)), (6)

where D as before is the covariance of the measurement errors. The
problem is still a nonlinear weighted output least-squares problem, and
we can apply the Levenberg-Marquardt algorithm. This optimization
algorithm requires the matrix of sensitivities of model response with
respect to model parameters.

5.5. Sensitivity Calculations

The sensitivity matrix is the derivative of model response m(c) or m(a)
with respect to model parameters c or a. The sensitivity matrix is an
important component in the optimization procedure. Herein, we apply
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14 I. Berre, M. Lien, and T. Mannseth

a direct method for its computation (e.g., Tortorelli and Michaleris,
1994, Urkedal, 1998).

The direct method utilizes the solution of the forward problem to
calculate the derivatives of the state variables with respect to the pa-
rameters of the model. With this method, a single run of the simulator
calculates both the model output and the first order derivatives with
respect to the parameters. Since more equations have to be solved at
each time step, each run of the simulator requires more time. This is the
most time consuming part of the optimization algorithm, also because
the forward problem in itself requires heavy computations.

An alternative method is the adjoint state or optimal control method
(Chen et al., 1974; Chavent et al., 1975). With this method, the solution
of one adjoint system of equations is required for every gradient that
is needed. This number is equal to one for the computation of the ob-
jective function gradient, and it is equal to the number of observations
for the computation of the sensitivity matrix.

Which of the above methods that is more efficient in computing
the sensitivity matrix depends on the number of observations compared
to the number of parameters. In our case, where the number of param-
eters is significantly lower than the number of observations, the direct
method is preferable.

Yet an alternative approach is the method of finite differences. For
the derivative with respect to each parameter, this method requires
multiple simulator runs. Hence, given our forward problem, the savings
in computer time using the direct method are considerable even for a
few parameters.

As the optimization with respect to c and a is separated in the
numerical solution procedure, we need two different sensitivity matri-
ces: one with respect to c and one with respect to a. The sensitivity
matrix with respect to each al component of a is

J
al =



















∂m1

∂al
1

∂m1

∂al
2

. . . ∂m1

∂al

Nl

∂m2

∂al
1

∂m2

∂al
2

. . . ∂m2

∂al

Nl

...
...

. . .
...

∂mM

∂al
1

∂mM

∂al
2

. . . ∂mM

∂al

Nl



















,

where the subscript on m denotes the index of the model output.
Hence, ∂mr

∂al
s

is the sensitivity of the model pressure corresponding to

the observation dr with respect to the parameter al
s. By means of J

al ,
we can find how to change φl in all grid cells.

We choose to optimize with respect to all level-set functions simul-
taneously. The sensitivity matrix for the optimization with respect to
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the vector a of all the coefficients for the level-set functions is then

Ja =
[

Ja1 Ja2 · · · Jan

]

.

In the same manner, the sensitivity matrix with respect to c is given
by

Jc =















∂m1
∂c1

∂m1
∂c2

. . . ∂m1
∂c2n

∂m2
∂c1

∂m2
∂c2

. . . ∂m2
∂c2n

...
...

. . .
...

∂mM

∂c1

∂mM

∂c2
. . . ∂mM

∂c2n















.

Note that the dimension of Jc is M × 2n, while the dimension of
J
al is M ×N l, and the dimension of Ja is M ×

∑n
l=1N

l.
A step in obtaining the sensitivity matrices Ja and Jc is to estimate

∂k
∂al

s
and ∂k

∂ci
. In the general case of n level-set functions as given in

equation (4), we see that

∂k

∂ci
=

n
∏

j=1

Ri(φ
j),

and
∂k

∂φl
=

2n
∑

i=1

ci

(

n
∏

j=1,j 6=l

Ri(φ
j)

)

Di(φ
l), (7)

where

Di(φ
l) =

dRi

dφl
=

{

δ(φl), if bil = 0,
−δ(φl), if bil = 1.

In the above, δ denotes the Dirac delta function. It can be seen that
∂k
∂ci

is nonzero only in the region corresponding to k = ci. Inside this

region, ∂k
∂ci

= 1.

For ∂k
∂al

s
, we obtain

∂k

∂al
s

=
∂k

∂φl

∂φl

∂al
s

=
2n
∑

i=1

ci

(

n
∏

j=1,j 6=l

Ri(φ
j)

)

Di(φ
l)χl

s,

where we have inserted the expression for ∂k
∂φl given in equation (7).

For computational reasons, the δ function is replaced by δε, where
δε is a smoothed counterpart. We have applied the following function
(Vese and Chan, 2002; Chan and Tai, 2003):

δε(φ) =
ε

π(φ2 + ε2)
.
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applying P3. applying P4.

applying P5.

Figure 7. Choice of parameterization at different levels in the estimation procedure.

For our test cases, we found that taking ε = ∆h was a good choice; see
also Chan and Tai (2003).

5.6. Algorithm

We are now ready to present the numerical algorithm for the parameter
estimation problem.

To solve the optimization problems, we use the Levenberg-Marquardt
method (e.g., Moré, 1977, Nocedal and Wright, 1999).

berreLienMannseth.tex; 11/09/2006; 19:57; p.16



A Level-Set Corrector to an Adaptive Multiscale Permeability Prediction 17

We apply a sequential estimation procedure where we alternate be-
tween optimization with respect to c and a. Every step of a-optimization
that results in an update in the geometry of the zones is followed by
two steps of c-optimization. The reason we apply the proportion, 1 : 2,
between a- and c-optimization, is that one update of a affects the
permeability distribution more strongly than a step of c-optimization.

The algorithm has three levels, where each level corresponds to one
choice of discretization for the level-set functions. The different levels
in the optimization procedure are illustrated in Figure 7.

Based on the result of AME, we start off by comparing the objective-
function values after one step of a-optimization with discretizations P1

and P2 at Level I. If neither of the discretizations P1 or P2 results in
any updates on the geometry, we move on to Level II. Otherwise the
discretization giving the least objective-function value is chosen. In the
latter case, we continue by doing optimization with respect to c. We
continue sequentially, alternating between optimization with respect to
a and c, until a-optimization fails to give any updates in the geometry
of the zones. At this point we go to the next level.

At Level II, we repeat the procedure from Level I, except that now
we compare discretizations P3 and P4.

At Level III in the optimization procedure, we continue the se-
quential optimization with discretization P5.

An unfortunate discretization can give results that lead the opti-
mization onto a wrong track. Discretizations P1 and P2 are qualitatively
different. The ability to choose between them initially, makes the al-
gorithm more flexible for handling of different permeability structures
with a minimum number of elements. The same argument applies for
discretizations P3 and P4.

The algorithm below describes the estimation procedure for each
level of discretization.

ALGORITHM 5.1. Start at Level I. Set k=0. Choose initial a0 and

c0. While the solution criterion is not reached:

1. If we are at the start of Level I or Level II, do step 2 for both

discretizations. Choose the discretization strategy that gave the least

residual at the current level.

2. Initialize {φl,k}, l = 1, . . . , n to be approximations to signed dis-

tance functions on the current discretization grid. Update ak:

pa = arg min
p

||Jk
a
p + rk||

2
2 for ||p|| < ∆k

a
,

ak+1 = ak + pk
a
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18 I. Berre, M. Lien, and T. Mannseth

3. If an update in the geometry of zones was found for the current

parameterization go to step 4. Else if at Level III stop. Else shift

to next level and go to 1.

4. Update c:

pc = arg min
p

||Jk
c
p + rk||

2
2 for ||p|| < ∆k

c
,

ck′

= ck + pk
c

ck+1 = ck′

+ pk′

c

5. Let k = k + 1 and go to 2.

Here ∆k
a

and ∆k
c

are the respective trust-region radiuses.
The focus in this work is on the potential of the LSC approach. In

many of the numerical examples in Section 6, we therefore demonstrate
optimization with respect to a only.

Since we do a trust-region search in the optimization algorithm,
it is desirable to control the magnitude of the parameters. Hence, we
reinitialize the level-set functions as approximations to signed distance
functions at the start of each step. Recall, however, that it is only
the sign of the level-set functions that has influence on the resulting
permeability representation.

5.7. Initial Guess for Permeability

An initial guess for the level-set representation of k(x) is obtained
according to an expected result from AME,

k(x) =
Z
∑

i=1

cAME
i ψAME

i (x),

where {ψAME
i (x)} denotes a set of characteristic basis functions. For

each value of the permeability, we define a region, and take

c0i = cAME
i ,

n
∏

j=1

Ri(φ
j) = ψAME

i , i = 1, . . . , Z,

if there are Z distinct permeability values. In this case, the number of
level-set functions is

n = ceil
(

log2(Z)
)

,

where ceil rounds log2(Z) up to the nearest integer. If the number
of distinct permeability values, Z, is less than the number of regions
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defined by the level-set functions, 2n, we require that ci = ci−1, i =
Z + 1, . . . , 2n, and divide region Z into 2n − Z + 1 pieces defining a
new Ri for each ci, where i = Z, . . . , 2n. In other words, some zones are
associated with the same zonal value.

6. Numerical Results

In this section, we present various examples to study the performance
of the level-set approach. We apply a reasonable initial permeability
guess for the LSC procedure according to what could be expected from
AME as predictor. The results are obtained with a realistic, sparse data
density.

In Table II, we list the physical characteristics of the model reser-
voir. The dimensions of the square, horizontal reservoir are given as
L for the horizontal extent and h for the thickness. All specifications
are presented dimensionless. The pressure, p = po = pw (Pc ≡ 0), is
logged in the injection wells during production. In Table III, details of
the measurements are given.

Table II. Fixed reservoir and fluid properties

Reservoir dimensions L = 1.0 h = 6.25 · 10−2

Initial saturation Sw = 0.1 So = 0.9

Viscosities µw = 1.0 µo = 1.3

Porosity ϕ = 0.3

Relative permeability function krw(Sw) = (Sw−0.1)2

(1−0.8)2
kro(Sw) = (0.8−Sw)2

(1−0.8)2

Capillary pressure Pc(sw) ≡ 0

Table III. Details of measurements

Number of observations for each injector n = 200

Observation times t = i∆t, ∆t = 0.005, i = 1, . . . , n

St.deviation of measurement errors σI = 1.55 · 101, σII = 1.55 · 102

Total injection rate 7.81 · 10−3

To obtain observation data dM of the pressure, we added mea-
surement errors to the pressure values obtained from a run of the
simulator with the reference permeability field. The measurement errors
are normally distributed. For all subsequent examples, we consider two
test cases with different level of measurement error. In Case I, the
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standard deviation is σI on the measurement errors, while for Case II,
the standard deviation is σII . For the numerical examples we have
investigated, the standard deviations σI and σII correspond to about
0.1% and 1% of the maximum pressure difference between the injectors
and producer during the simulated time period.

All the forward flow simulations are done on a 16 × 16 grid. The
wells are positioned in the corners: one production and three injection
wells. These are shown as white dots in the figures. The injection rate
is set to 3.91 · 10−3 in the injector diagonally from the producer. In the
two other injectors, the injection rate is set to 1.95 ·10−3 . The pressure
in the producer is constant.

For all the examples, a table giving the the initial objective-function
value, f i, the limit in the solution criterion (2), f sc, and the objective-
function value at the end of the estimation, f f , is provided. We also
specify the number of updates for the chosen discretizations.

We remark that the non-integer values of the reference permeabil-
ities are due to the scaling of the reservoir into dimensionless form.

6.1. Optimization with Respect to Shape of Zones;

Correct Zonal Values

We first give examples where we optimize with respect to the geometry
of the zones through optimizing the parameters {al}, l = 1, . . . , n,
for different discretizations for the level-set functions. The constant
permeability values, c, are kept fixed. In all cases, the initial perme-
ability guess has correct constant permeability values, c, but incorrect
geometry of the zones.

EXAMPLE 1. In the current estimation, we seek to reproduce a per-
meability field of two distinct values, where the geometry of the zones
is described by one level-set function. The production well is placed
in the lower right corner, while the injection wells are located in the
remaining corners.

Results are shown in Figure 8. Figure 9 shows the updates of the
permeability for each applied discretization. Details of the estimation
are provided in Table IV.

For this example, it is impossible to completely recover the ref-
erence permeability field since we apply only discretizations P1–P5

described in Section 5.6. For this test, there is no obvious best dis-
cretization strategy for the level-set functions at the first steps.
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Table IV. Details of the estimation for Example 1 in Cases I and II.

f i fsc ff geometry updates

Case I 3.44 · 106 6.22 · 102 1.42 · 104 1×P1, 2×P4, 1×P5

Case II 3.49 · 104 6.20 · 102 7.52 · 102 1×P1, 2×P4, 4×P5

Figure 8. From left to right: Reference permeability, initial permeability, and
final estimate for Cases I and II. The permeability values are 1.95 in the left
region and 5.86 in the right region.

Figure 9. From left to right: Sequential geometry updates for Case I until final
estimate.

Despite an equal initial permeability guess, f i corresponding to
Case II is greater than f i of Case I. The reason is the objective function
being scaled by the inverse of the covariance matrix; see Equation (1).
This reflects that if the noise level is high, the data foundation is weak
with respect to improvements in the permeability estimation giving
a low objective function value. The performance of the estimation
algorithm is, therefore, best reflected in the relative reduction of f .

EXAMPLE 2. We seek to reproduce a permeability field of three
distinct values, where the geometry of the zones is described by two
level-set functions. The production well is placed in the upper left
corner, while the injection wells are located in the remaining corners.

Figure 10 shows the reference and initial permeability fields to-
gether with the final estimates. Details of the estimation are provided
in Table V.
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Table V. Details of estimation for Example 2 in Cases I and II.

f i fsc ff geometry updates

Case I 1.03 · 107 6.10 · 102 1.81 · 103 2×P2, 3×P5

Case II 1.02 · 105 6.05 · 102 1.02 · 103 2×P2, 4×P5

Figure 10. From left to right: Reference permeability, initial permeability, and
final estimate for Cases I and II. The permeability values are 9.77 and 1.17 in
the left and right upper regions and 3.12 in the bottom region.

EXAMPLE 3. In the current example, we look at a permeability field
consisting of four zones of different constant permeability values. The
production well is placed in the upper right corner, while the injection
wells are located in the remaining corners. For both Case I and Case II,
the reference permeability field was recovered, see Figure 11. Details of
the estimation are provided in Table VI.

Table VI. Details of estimation for Example 3 in Cases I and II.

f i fsc ff geometry updates

Case I 1.49 · 107 6.24 · 102 5.88 · 102 2×P1

Case II 1.50 · 105 6.24 · 102 6.17 · 102 2×P1
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Figure 11. Reference and recovered permeability (left), initial permeability
(right). The permeability values are, respectively, 3.91, 0.98, 7.81, 1.95, from
the left to the right region.

EXAMPLE 4. We consider the same setup as in the previous example,
but with different reference and initial distribution of the permeability.
Figure 12 shows the reference and initial permeability field together
with the final estimates. Details of the estimation are provided in Table
VII.

Table VII. Details of estimation for Example 4 in Case I and II.

f i fsc ff geometry updates

Case I 3.44 · 107 6.14 · 102 4.34 · 104 2×P2, 1×P3, 1×P5

Case II 3.44 · 105 6.14 · 102 7.95 · 102 2×P2, 4×P5

Figure 12. From left to right: Reference permeability, initial permeability, and
final estimate for Cases I and II. The permeability is, respectively, 1.95, 7.81,
0.98 and 3.91, counting clockwise from the upper left region.

6.2. Optimization with Respect to Shape of zones and

Zonal Values

Now we give examples where we optimize both with respect to the
shape of the zones, defined by a, and the different permeability values,
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c, inside the zones. In these examples, the initial permeability guess
has both incorrect permeability values and incorrect zone geometry.

In the subsequent examples, we have used the following additional
notation: ci denotes the initial permeability values, cr is the vector of
reference permeability values and cf is the final permeability estimate.

EXAMPLE 5. In this example, we seek to recover a reference per-
meability distribution of two distinct values. The initial permeability
values differ by 10% from the reference permeability values, so that
the initial field has a stronger permeability contrast than the reference
field. The production well is placed in the lower right corner, while the
injection wells are located in the remaining corners.

Table VIII. Details of estimation for Example 5 in Case I and II.

f i fsc ff geometry updates

Case I 8.58 · 107 6.24 · 102 6.90 · 104 2×P2, 1×P4, 1×P5

Case II 8.59 · 105 6.24 · 102 1.46 · 103 2×P2, 2×P5

ci cr cf

Case I [6.45, 1.76] [5.86, 1.95] [5.84, 1.94]

Case II [6.45, 1.76] [5.86, 1.95] [5.75, 1.94]

Figure 13. From left to right: Reference permeability, initial permeability, and
final estimate for Case I and Case II. The permeability values are 5.86 in the
left region and 1.95 in the right region for the reference permeability field,
whereas the initial permeability field is 6.45 in the left region and 1.76 in the
right region.

Figure 13 shows the reference and initial permeability field to-
gether with the final estimates. We approach both the reference per-
meability values and the reference geometry. Details of the estimation
are provided in Table VIII.
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EXAMPLE 6. We consider the same setup as in Example 5. As in
Example 5, the initial permeability values differ by 10% from the ref-
erence permeability values, but now the permeability contrast is lower
for the initial than for the reference permeability distribution.

Figure 14 shows the reference and initial permeability field to-
gether with the final estimates. We see that both the final permeability
values and zone geometry differ from the reference permeability even
though the results are a significant improvement on the initial guess.
Details of the estimation are provided in Table IX.

Table IX. Details of estimation for Example 6 in Case I and II.

f i fsc ff geometry updates

Case I 1.61 · 107 6.20 · 102 7.12 · 105 2×P2, 1×P3

Case II 1.61 · 105 6.24 · 102 8.97 · 103 2×P2

ci cr cf

Case I [5.27, 2.15] [5.86, 1.95] [7.23, 2.03]

Case II [5.27, 2.15] [5.86, 1.95] [7.24, 2.03]

Figure 14. From left to right: Reference permeability, initial permeability, and
final estimate for Case I and Case II. The permeability values are 5.86 in the
left region and 1.95 in the right region for the reference permeability field,
whereas the initial permeability field is given by 5.27 in the left region and
2.15 in the right region.

EXAMPLE 7. For this last example, we look at how small perturba-
tions on the reference coarse-scale permeability field from Examples
5 and 6 affect the ability to reconstruct the main permeability shifts.
The small perturbations are random and normally distributed with
standard deviation σ = 0.17.

Figure 15 shows the reference and initial permeability fields to-
gether with the final estimates. Given the two different noise levels, the
resulting geometries are equal.

The coarse-scale permeability shift is recovered applying only a
low number of level-set parameters (P2). As the number of parameters
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increases (P5), the fine-scale permeability perturbations have a stronger
influence on the resulting parameter estimates. This results in a small
deviation on the coarse-scale permeability shift.

Details of the estimation are provided in Table X.

Table X. Details of estimation for Example 7 in Case I and II.

f i fsc ff geometry updates

Case I 7.66 · 106 6.24 · 102 5.43 · 104 1×P2, 1×P5

Case II 7.57 · 105 6.24 · 102 9.59 · 102 1×P2, 1×P5

ci cf

Case I [5.86, 1.95] [5.77, 1.97]

Case II [5.86, 1.95] [5.79, 1.97]

Figure 15. From left to right: Reference permeability, initial permeability and
final estimate for Case I and Case II. The reference permeability field is ob-
tained by adding random perturbations with a standard deviation of σ = 0.17
to a permeability field of 5.86 in the left region and 1.95 in the right region.
The initial permeability field is given by 5.86 in the left region and 1.95 in the
right region.

6.3. Summary of Results

The examples show that the level-set corrector provides significant
reduction in the objective-function values. We observe a considerable
improvement in the geometry of the zones, although the solution crite-
rion is not reached for most of the test examples. One reason for this
are the coarse discretizations for the level-set functions. This choice
of not looking for finer-scale features of the permeability is related to
our wish of combining the level-set strategy with AME in a complete,
sequential predictor-corrector approach.

The estimations are stable with respect to the different noise levels
in the observation data. Since the variance error in the estimation
increases with the number of parameters, the level-set corrector is more
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stable with respect to noise at the start of the estimation when a coarse
discretization is applied.

For the examples in Section 6.2, where the initial permeability
values deviate from the reference values, it becomes more difficult to
recover the reference geometry of the zones. In this case, the updates of
the permeability values can compensate for erroneous geometry. This
is most profound in Example 6.

7. Remarks on How to Further Combine AME and LSC

For future work, other aspects also arise in order to combine AME and
LSC. How early in the process of AME is it best to correct the result
by the level-set approach, and how far should the correction be driven
before it is better to do the next step of AME, dividing the reservoir
into finer sub-regions?

Based on the results so far, we recommend the introduction of the
corrector step at an early stage in order to correct erroneous geometry
from AME and, hence, control the number of parameters. However, at
an early stage of AME the number of sub-regions may be too low to
reproduce the coarse-scale structures of the true permeability distribu-
tion. The objective for the correcting step would then not be to solve
the inverse problem, but rather to make a significant reduction of the
objective function based on the given number of regions. A measure of
the attainable objective function value corresponding to a given number
of parameters would then have to be developed, for example, inspired
by the approach of Grimstad et al. (2003).

Remark. A paper proposing a methodology for a full combination
of LSC and AME, expanding on the ideas of this paper and submitted
after it, has already been published; see Lien et al. (2006).

8. Conclusions

Parameterization of the permeability by level-set functions provides an
opportunity to change boundaries between zones of constant perme-
ability value. This enables an adaptive adjustment of boundaries into
fairly general geometries.

In combination with adaptive multiscale estimation, the level-set
representation of permeability has the potential of recovering the coarse-
scale permeability structures with a rather low number of parameters.

Numerical examples show that the introduction of the level-set cor-
rector after adaptive multiscale prediction improves the permeability
estimates significantly.
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