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S U M M A R Y
This paper deals with the inverse solution of the induction equation accounting for moving
core material. In a layer of the fluid outer core we prescribe the associated velocity field by a
differential rotation. The angular velocity near the core–mantle boundary (CMB) corresponds
to the mean westward drift of the geomagnetic field. We solve the induction equation for the
poloidal magnetic field in both the mantle and the fluid outer-core layer using the magnetic field
as the boundary value at the Earth’s surface and the assumed velocity field as the prescribed
model parameter. The numerical solution of the induction equation is based on a modified
Tikhonov regularization of an integral equation approach described in a previous paper by
Ballani et al..

This numerical experiment shows both the scope of our method with respect to highly
conducting material and the effect of the motion of the conducting material on the penetration
behaviour of field variations.

The results indicate that the downward continuation of the field by our method is possible to
about 100 km below the CMB in the decadal time scale. The penetration depth mainly depends
on the high conductivity, while the effect of the relative rotation is marginal in the uppermost
25 km and becomes more significant in deeper parts. Solutions become more unstable for
depths of the outer core below 100 km, and no relevant solution fitting the data within 10 per
cent can be reached, i.e. decadal field variations at these depths cannot be fully causally related
to those observed at the Earth’s surface.

Key words: core–mantle boundary, downward continuation, fluid outer core, induction equa-
tion, internal magnetic field, inverse problem.

1 I N T RO D U C T I O N

The determination of physical quantities near the core–mantle
boundary (CMB) and the solution of some problems of core dynam-
ics require the geomagnetic field in the CMB region to be inferred
from its representations at the Earth’s surface by inverse solutions of
the induction equation. The electromagnetic (EM) core–mantle cou-
pling torques and the velocity field of the core fluid are such quan-
tities. The magnetic field in the CMB region must also be known as
the boundary value of the dynamo problem and for studying filter
properties of the CMB region on different timescales.

The electrical conductivity, σ , of this region must be known for
the non-harmonic downward continuation by inverse solution. A
constant value of the order of 105 S m−1 is widely accepted for
the core part of this region. The situation is more complicated for
the lower mantle, and the genesis of a lower-mantle conductivity
of significant magnitude has not previously been adequately ex-
plained. The results of recent laboratory investigations go from low

(Shankland et al. 1993) to high (Dubrovinsky et al. 2003) values.
Laboratory experiments, however, cannot say anything about the
spatial distribution of the conducting material, etc. The problems
involved in condensing such information into a conductivity model
practically applicable in a mathematical algorithm are discussed in
greater detail in Section 4.

A perturbation method (e.g. Benton & Whaler 1983) has been de-
veloped previously by which the geomagnetic field can be continued
downwards non-harmonically through weakly conducting regions of
the mantle. The associated series solution of the induction equation
requires the time derivatives of the Gauss coefficients of the geo-
magnetic field as input parameters. These coefficients are inferred
as ‘model data’ from geomagnetic measurements. Consequently,
the convergence of the solution can never be proved theoretically
and depends on both the spatial and temporal scales of the avail-
able representation of the observed field and the assumed value of
mantle conductivity. Within this framework, the non-harmonically
downward-continued field is necessary to compute EM torques. The
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Geomagnetic field in a rotating upper core layer 865

harmonically continued components of the geomagnetic and the
secular variation (sv) field, B0

r and Ḃ0
r , have been used up to now to

determine the velocity field at the top of the core by inversion of the
frozen-flux equation.

Exploring the scope of these approximations for parts of the CMB
region with higher conductivity and defining the corresponding pa-
rameter ranges is, however, not the purpose of this paper. This has
been done recently by Ballani et al. (2002). In this paper, we will
present and use an algorithm for the full numerical solution of the
total induction equation to infer the poloidal geomagnetic field in
the CMB region. This method works without assumptions about
the magnitude of σ and the space–time scale of the observed field:
the method is based on the inversion technique applied to one-sided
initial boundary value problems (e.g. Eldén 1995), leading to a com-
prehensive spatiotemporal solution. The solution no longer requires
‘data’ about the secular variation field or higher-time derivatives
of B, which contain no additional and/or independent information
about the geomagnetic field anyway.

Ballani et al. (1995, 2002) have recently developed such a method
for the non-harmonic downward continuation of the geomagnetic
field to the CMB (r = R c). Its theoretical framework is based on the
following findings. For the mantle, the induction equation for the
poloidal geomagnetic field Bp can be decomposed into decoupled
differential equations of second order for the spherical harmonic
modes, Snm, of the poloidal field scalar, S, defining the poloidal
magnetic field by

Bp = curl curl (rS), (1)

where r is the position vector. The associated initial boundary value
problem is related to the model geometry shown in Fig. 1. The
two boundary conditions (‘model data’) are given by the Gauss
coefficients of the geomagnetic potential field, gnm and hnm, at the
Earth’s surface, r = RE. The mantle is approximated by an outer
insulating shell of radius Rσ and an inner electrically conducting
shell beginning below Rσ . Within the insulating shell, the magnetic
field behaves like a potential field and can be harmonically continued
downwards to r = Rσ . Therefore, the sphere r = Rσ appears as the
actual boundary for the governing differential equation for σ �= 0.

The mathematical problem of solving the induction equation for
r ∈ [R c, Rσ ] with data given only at one side is then an inverse
problem which is severely ill-posed. To obtain an optimal solution,
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Figure 1. The boundary data and model geometry: radii used Rσ = 5480 km, Rc = 3485 km, Roc = Rc − 25, −50 and −100 km; see Section 4 for σ and ω

values.

Ballani et al. (2002) have transformed the induction equation into a
Volterra equation of the first kind (Eldén 1995) and solved a regular-
izing optimal control problem for the unknown boundary function
Snm(Rc, t) (Section 3). The solution procedure is based on the re-
lated, well-developed, inverse heat conduction theory (Dinh Nho
Hào & Gorenflo 1991; Reinhardt & Seiffarth 1993). To overcome
the difficulties with a space-variable coefficient function in the dif-
ferential equation, the solution algorithm uses an idea developed for
geothermal inversion (Stromeyer 1983, 1984).

Apart from the computation of the field at the CMB, Ballani et al.
(2002) have tested their algorithm for highly conducting layers by
calculating Snm in a thin non-moving (passive) upper core layer, r ∈
[R c, Roc]. This is motivated by hypotheses about sedimentation of
light elements in the core producing a shell of highly conducting ma-
terial covering the CMB at the core side (e.g. Buffett et al. 2000). The
motion with the velocity field, v, responsible for the geomagnetic sv
then starts below such layers at Roc < R c, i.e. the component Br nec-
essary for the frozen-flux estimate of v must be continued through
this layer. A comprehensive method to estimate Br at Roc is most
important, in particular, for modelling events with mixed timescales
(high and low frequencies) like the geomagnetic jerk (Ballani et al.
2004).

In this paper we will extend this method to calculations of Snm in
a core shell in which the electrically conducting liquid rotates differ-
entially with the angular velocity ω(r). This assumption is motivated
by an objective which can only be reached in the future: a joint inver-
sion of the core induction equation in deeper core parts with respect
to Bp and v. This is still out of our reach at the moment as it will
require an additional dynamic concept constraining v physically,
e.g. at r = Roc. First investigations in this direction are the trials to
invert the dynamo equations (Stefani & Gerbeth 2000a,b).

To assume a differential rotation should be understood as a first
step by which (1) a numerical algorithm of the inverse solution of
the induction equation for this moving core fluid with its prescribed
velocity field is found and tested and (2) the effect of the motion
on the diffusion of magnetic field variations through the outermost
parts of the core will be studied. The latter might also be valuable to
evaluate the maximum depth of the processes causing the observed
decadal variations of the geomagnetic field (defined by their elec-
tromagnetic penetration power). Some additional physical reasoning
for assuming a differential rotation is given in Section 4.
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From a mathematical point of view, the choice of a differential
rotation is somewhat pragmatic: for the associated velocity field,
v = ω × r, ω = (0, 0, ω), the induction equation can be decom-
posed into two independent systems of differential equations for the
poloidal and the toroidal magnetic field, respectively. This ensures
that the poloidal magnetic field can be calculated without informa-
tion about the toroidal field Bt. It is not considered here because
further modelling and additional assumptions are necessary to cal-
culate its boundary values at r = R c, Roc. Inference from surface
data is impossible, because Bt is zero if σ is zero.

Although the conductivity of the core is assumed to be constant,
the velocity parameter ω(r) reintroduces an additional r-dependent
coefficient into the differential equations of the core, and couples the
sine and cosine modes appearing here as imaginary and real parts,
respectively, of a complex spherical harmonic mode. The algorithm
applied by Ballani et al. (2002) to non-rotating shells must therefore
be modified. The terminology ‘inverse’ is used here with respect to
the determination of Bp and not of v. For the inversion of the core
induction equation with respect to v (but not B) with the diffusion
term considered, we refer to an approximation given by Gubbins
(1996).

2 I N D U C T I O N E Q UAT I O N O F
A N A X I A L LY RO TAT I N G F L U I D

In the following, we outline the derivation of the scalar induction
equation given in textbooks, e.g. Krause & Rädler (1980). The vec-
torial induction equation for a moving fluid is given by

−curl

(
1

µ0σ
curl B

)
+ curl (v × B) = Ḃ

div B = 0 (2)

where µ0 is the permeability of vacuum, σ is the electrical conduc-
tivity (constant in the core), B is the magnetic flux density and v is
the velocity field of moving material. B can be decomposed into its
poloidal and toroidal part, Bp and Bt

B = Bp + Bt = curl curl (rS) + curl (rT ) (3)

which are represented by scalar functions S and T , which average to
zero on spheres for normalization. The term v × B can be written
by the decomposition

v × B = curl r U + r V + grad W. (4)

It defines a representation of a vector field with non-vanishing di-
vergence by three scalar functions, two of which (U , V ) shall be
normed by

∮
. . . sin ϑdϑ dϕ = 0, like S and T . We obtain from eq.

(2) with eqs (3) and (4) the poloidal scalar induction equation at a
preliminary stage:

1

µ0σ

S + U = Ṡ. (5)

This connects the poloidal scalar S in eq. (3) with the scalar U of
the toroidal part of v × B in eq. (4). To introduce v in a special form
we take the radial component of curl(v × B), finding the equation

L2U = −r curl (v × B), (6)

where

L2 = 1

sinϑ

∂

∂ϑ

(
sinϑ

∂

∂ϑ

)
+ 1

sin2ϑ

∂2

∂ϕ2
(7)

is the Laplacian at a sphere r = const. Using the poloidal part in
eq. (3) there results for a rotating fluid with v =ω × r,ω the vector

of the angular velocity, the relation

L2U = −ω(r )(r × gradL2 S). (8)

In the axisymmetric case ω = (0, 0, ω(r )) to be applied here, it is
simplified to

L2U = −
(

∂L2 S

∂ϕ

)
· ω(r ). (9)

Due to the normalization conditions for U , S with eq. (9) the relation

U = −
(

∂S

∂ϕ

)
· ω(r ) (10)

holds. Therefore, the scalar induction equation (eq. 5) can be written
in the final form

1

µ0σ

S −

(
∂S

∂ϕ

)
· ω(r ) = Ṡ. (11)

By spherical harmonic expansion of S we introduce the complex
spherical harmonic modes Snm

S(r, ϑ, ϕ, t) =
∑
n,m

Snm(r, t)Ynm(ϑ, ϕ) (12)

where the spherical surface harmonics Ynm are given (e.g. Arfken
1966) by

Ynm(ϑ, ϕ) = Pnm(cosϑ)eimϕ. (13)

The Pnm, n ≥ m ≥ 0, are the associated Legendre functions defined
by

Pnm(µ) = (1 − µ2)m/2

2nn!

dn+m

dµn+m
(µ2 − 1)n (14)

and extended for a negative second index −m to

Pn,−m(µ) = (−1)m (n − m)!

(n + m)!
Pnm(µ). (15)

As the poloidal scalar S in eq. (12) should be real, we have to require
for the modes

Sn,−m = (−1)m (n + m)!

(n − m)!
S∗

nm (16)

where the asterisk denotes complex conjugation. Ynm are the eigen-
functions of L2 with the corresponding eigenvalues −n(n + 1).
Thus the Ynm can be used to decompose the scalar induction eq. (11)
into a set of single, decoupled differential equations for the modes
Snm(r, t)

∂2 Snm

∂r 2
+ 2

r

∂Snm

∂r
−

(
n(n + 1)

r 2
+ imµ0σ (r )ω(r )

)
Snm

= µ0σ (r )
∂Snm

∂t
(17)

For each n, m this equation now represents a special portion of the
mantle–core induction equation to be applied in the following.

3 T H E A L G O R I T H M F O R S O LV I N G
T H E M A N T L E – C O R E I N D U C T I O N
E Q UAT I O N S

We consider the problem of downward continuation of the geo-
magnetic field measured at the Earth’s surface down to a level Roc

beneath the CMB in the fluid outer core. Boundary values, here ap-
plied in the form of Gauss coefficients gnm(t) , hnm(t), only exist as
outer boundary values on the Earth’s surface RE, or by conventional
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analytic (harmonic) downward continuation for a deeper radius, Rσ .
Therefore, this problem can be characterized as an inverse bound-
ary value problem to determine the time function Snm(Roc, t) at the
boundary Roc from

∂2 Snm

∂r 2
+ 2

r

∂Snm

∂r
−

(
n(n + 1)

r 2
+ imµ0σ (r )ω(r )

)
Snm

= µ0σ (r )
∂Snm

∂t (18)

Snm(Rσ , t) = φ(t),
∂Snm(Rσ , t)

∂r
+ n + 1

Rσ

Snm(Rσ , t) = 0,

0 ≤ t ≤ T (19)

Snm(r, 0) = ψ(r ), Roc ≤ r ≤ Rσ . (20)

The relations (19) formulate the two outer boundary conditions. The
second one is derived from the continuity of ∂/∂r(rSnm) at the tran-
sition Rσ between non-conducting and conducting mantle shell. The
first boundary condition is given in detail by

φ(t) = λnm

2 − δ0m

Rn+2
E R−n−1

σ

n
(gnm(t) − ihnm(t)),

n ≥ 1, n ≥ m ≥ 0 (21)

(with δnm the Kronecker delta and hn0(t) ≡ 0) where λnm are the
Schmidt’s normalization coefficients

λnm =
(

(2 − δ0m)
(n − m)!

(n + m)!

)1/2

. (22)

Eq. (20) is the initial condition. It can be arbitrarily chosen, e.g. as
solution ψ(r ), Roc ≤ r ≤ Rσ , of the equation

∂2ψ

∂r 2
+ 2

r

∂ψ

∂r
−

(
n(n + 1)

r 2
+ imµ0σ (r )ω(r )

)
ψ = 0 (23)

which gives the known harmonic (analytic) potential solution valid
for an insulator ψ(r ) ∝ r−n−1 for the partial mantle interval R c ≤
r ≤ Rσ (ω(r ) ≡ 0 or σ ≡ 0). However, for the whole r interval,
Roc ≤ r ≤ Rσ , ψ(r ) has to be determined by numerical integration
of these ordinary differential equations.

The following special cases of downward field continuation can
help to elucidate and to understand the comparative results given
below as well as to classify earlier work (Ballani et al. 2002):

(1) The simplest and most commonly used downward field con-
tinuation is the harmonic one using

σ (r ) ≡ 0 in eq. (18)

(
followed by ω(r ) ≡ 0,

∂

∂t
= 0

)
. (24)

It is described by the separation solution Gnm(t) · Fharm
n (r ) of eq. (18)

where the harmonic function Fharm
n (r) is a solution of the ordinary

differential equation (eq. 23) for σ ≡ 0. Gnm(t) contains the upper
boundary time structure; here, for example, that of Gauss coeffi-
cients.

(2) Determining the poloidal field at and beneath the CMB,
Roc ≤ R c, assuming in eq. (18)

σ (r ) �= 0, ω(r ) ≡ 0,
∂

∂t
�= 0, (25)

provides decoupled equations for the real and imaginary part of Snm

to be continued downwards through the Earth’s mantle and deeper to
a passive (non-moving) layer on top of the fluid outer core (Ballani
et al. 2002).

(3) The special case of harmonic downward continuation (eq. 1)
belongs to the more general class of the ‘steady-state field downward
continuation’ which works under the assumption that the diffusion
term in the right-hand side of eq. (18) is omitted

σ (r ) �= 0, ω(r ) �= 0,
∂

∂t
= 0 (26)

As for eq. (24) Gnm(t) · F steady
nm (r ) is obtained as the separation solu-

tion of eq. (18) where Fsteady
nm (r) is a solution of the ordinary differ-

ential eq. (23). Gnm(t) is preserving the time structure of the upper
boundary, which is the main characteristic of the steady-state down-
ward continuation.

(4) Preserving the time structure is no longer true in the more
general boundary value problem, eqs (18), (19), (20), with

σ (r ) �= 0, ω(r ) �= 0,
∂

∂t
�= 0 (27)

whose solution in the following will be called ‘diffusive downward
continuation’ (up to now the term ‘non-harmonic downward con-
tinuation’ has been used simply for distinction).

The basic properties of the general diffusive downward continua-
tion problem, eqs (18), (19), (20), which is equipped with parameter
functions, the conductivity σ (r) and the fluid velocity ω(r), are its
uniqueness and its instability concerning the higher-frequency part
of the temporal spectrum. Both properties are important for con-
structing a solution algorithm which needs a regularizing procedure.

The algorithm for the solution of eqs (18), (19), (20) is based
on the equivalent form of an integral equation of the first kind. It
describes the linear relation between pure time functions in 0 ≤ t ≤
T for the two different r levels: the known function (data) at Rσ ,

φ(t) = Snm(Rσ , t), (28)

and the unknown function (solution) at Roc,

f (t) = Snm(Roc, t). (29)

The solution function is expanded by a finite set of linearly inde-
pendent functions (basis) and is searched for as a minimum norm
solution with a special regularization variant.

The three solution steps in detail are the following:

Step (i): The problem of eqs (18), (19), (20) is transformed so
that the resulting problem has the zero initial condition. For that, we
solve the following stable two-sided boundary value problem:

∂2V

∂r 2
+ 2

r

∂V

∂r
−

(
n(n + 1)

r 2
+ imµ0σ (r )ω(r )

)
V

= µ0σ (r )
∂V

∂t
(30)

V (Roc, t) = 0,
∂V

∂r
(Rσ , t) + n + 1

Rσ

V (Rσ , t) = 0,

0 ≤ t ≤ T (31)

V (r, 0) = ψ(r ), Roc ≤ r ≤ Rσ (32)

with the same initial condition eq. (32) as the original problem
eq. (20) and homogeneous boundary conditions at the lower side
Roc (first part of eq. 31) and the same as the second one in eq. (19)
at Rσ . Now, for the difference function

SV
nm = Snm − V (33)

an inverse boundary value problem in full analogy to eqs (18),
(19), (20) can be considered. SV

nm again fulfils the original
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differential eq. (18), the second boundary condition of eq. (19) and—
as intended—the zero initial condition

SV
nm(r, 0) = 0, Roc ≤ r ≤ Rσ . (34)

The first boundary condition of eq. (19), as the data input, is now
changed to

SV
nm(Rσ , t) = φ(t) − V (Rσ , t), 0 ≤ t ≤ T (35)

where V (Rσ , t) is the solution of eqs (30), (31), (32) to be determined.
The first condition in eq. (31) means that this transformation does
not change the unknown function

Snm(Roc, t) = SV
nm(Roc, t). (36)

In the following, considering the transformed inverse boundary
value problem for SV

nm(Roc, t), we will return to the original notation:
omitting the superscript V and denoting the changed boundary con-
dition eq. (35) simply by φ(t) again. By the zero initial condition the
equivalent integral equation for our problem, eqs (18), (19), (20), is
now a convolution type Volterra equation of the first kind

φ(t) = A( f (t)) =
∫ t

0
k(t − τ ) f (τ ) dτ,

φ(t) = Snm(Rσ , t), f (t) = Snm(Roc, t). (37)

Obviously, the kernel k(t) contains all the dependences on r , Rσ ,
Roc, n, m, σ (r ) and ω(r). However, for σ (r ), ω(r ) �= const, the
kernel can no longer be specified analytically. Therefore, the upward
continuation operator A cannot really be calculated in this way, but
shall be tackled in combination with function bases.

Step (ii): The time function f (t) = Snm(Roc, t) is expanded by
basis functions {ek(t)}

f (t) =
∑

k

fkek(t) (38)

Its upward continuation

A( f (t)) =
∑

k

fk A(ek(t)) (39)

can then be described as a linear combination of upward-continued
individual basis functions

eσ
k (t) = A(ek(t)). (40)

For their determination we solve the following (stable) boundary
value problems for the induction equation which is the inversion of
the downward continuation problem of the type in eqs (18), (19),
(20) due to uniqueness:

∂2Uk

∂r 2
+ 2

r

∂Uk

∂r
−

(
n(n + 1)

r 2
+ imµ0σ (r )ω(r )

)
Uk

= µ0σ (r )
∂Uk

∂t

Uk(Roc, t) = ek(t) (41)

∂Uk

∂r
(Rσ , t) + n + 1

Rσ

Uk(Rσ , t) = 0, 0 ≤ t ≤ T

Uk(r, 0) = 0, Roc ≤ r ≤ Rσ .

The time function

eσ
k (t) = Uk(Rσ , t) (42)

is obtained as the solution. With another basis of time functions
{χ i(t)}, it can be expanded as:

eσ
k (t) =

∑
i

aikχi (t) = A(ek(t)). (43)

Obviously, the coefficients aik form the matrix which describes the
operator A with respect to the bases {ek(t)} and {χ i(t)}. If we
introduce {φ i} as the expansion coefficients of the data function
Snm(Rσ , t) by

Snm(Rσ , t) = φ(t) =
∑

i

φiχi (t) (44)

we find the corresponding matrix–vector relation for the coefficients
(vectors) of known and unknown function

(φi ) =
∑

k

aik fk = (aik)( fk). (45)

Step (iii): After the numerical determination of the matrix ele-
ments aik by eqs (41), (43) and of the data expansion coefficients (φ i)
from eq. (44), the expansion coefficients (fk) of the time function
Snm(Roc, t) (eq. 38) remain as the proper unknowns of the down-
ward continuation problem. They are determined by a Tikhonov
regularization of the type

min ‖( fk)‖β subject to ‖(aik)( fk) − (φi )‖α ≤ ε (46)

which accounts especially for the error ε of the data at Rσ (second
term) while the first term searches for optimal temporal smoothness
of the solution at the fixed r level, Roc, according to the applied norm
‖ · ‖β . It means that this method does not regularize for smoothness
in the space variable. The regularization procedure is implemented
with the help of a quadratic programming tool of Hansen (1994)
contained in the regularization toolbox. We select the norms ‖ · ‖α ,
‖ · ‖β as L2 and W 1

2 norms, respectively, referring only to the pure
time function while r is a fixed parameter:

‖u(r, .)‖2 =
( ∫ T

0
|u(r, t)|2 dt

)1/2

(L2 norm) (47)

and

‖u(r, .)‖W 1
2

= ‖u(r, .)‖2 +
∥∥∥∥∂u

∂t
(r, .)

∥∥∥∥
2

(
W 1

2 norm
)
. (48)

As the initial transform (i) with eq. (31) does not change the lower
boundary value at Roc, the unknown function (eq. 36), the result of
Step (iii), is already identical with the final solution.

In addition to this basic course (Steps (i), (ii) and (iii)), the algo-
rithm can still be simplified considerably if some specializations are
made in Step (ii). They can be introduced and treated by substitu-
tions in the equation of the Volterra operator (eq. 37). Considering
the interval [0, T] we assume N as the number of basis functions
ek(t) (see eq. 38) and abbreviate the length of a partial interval
by h = T /N . We choose a ‘first function’ e1(t) which shall be a
quadratically integrable function on [0, T] with

e1(t) =



�≡ 0 for 0 < t ≤ h

0 for h < t ≤ T .

(49)

Then by successive shifting of e1(t)

ek(t) =



e1(t − (k − 1)h) for (k − 1)h < t ≤ kh

0 otherwise
k = 2, . . . , N (50)
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an orthogonal function set ek(t), k = 1, . . . , N is generated. The
associated upward-continued basis functions eσ

k = A(ek), k =
2, . . . , N , solutions of eq. (41), show a similar shift property, so
that they all can be obtained by shifting of eσ

1

eσ
k (t) =




0 for 0 < t ≤ (k − 1)h

eσ
1 (t − (k − 1)h) for (k − 1)h < t ≤ T

k = 2, . . . , N . (51)

This means that only eσ
1 (t), the upward-continued first basis function

e1(t), really has to be calculated.
If, in addition, the basis {χ i(t)} (eq. 43) has the shift property

of eq. (50), then both sets {ek}, {χ i} are orthogonal systems. The
related matrix can be represented by

(aik) = (Aek, χi ) (52)

where (·, ·) means the scalar product on [0, T]. From these properties
it follows that (aik) is a Toeplitz matrix, i.e. for each i and k, 1 ≤ i ,
k ≤ N and any integer l, with 1 ≤ i + l ≤ N and 1 ≤ k + l ≤ N ,
the typical Toeplitz diagonal property

ai+l,k+l = aik (53)

can be derived. Moreover, (aik) is also a lower triangular matrix,
because

aik = 0 for k > i (54)

holds, reflecting temporal causality. The main consequence of these
assumptions is that it is sufficient to determine the first column (ai1)
of (aik), i.e. only one stable problem (eq. 41) (k = 1) really has to
be solved.

Both bases {ek(t)}, {χ i (t)}, which we will use in the follow-
ing, have been selected to be identical and consisting of ‘triangle
functions’. They are generated by a first basis function e1(t)

e1(t) =




2t/h for 0 ≤ t ≤ h/2

2 − 2t/h for h/2 < t ≤ h

0 for h < t ≤ T

(55)

and then shifted by eq. (50) (the same for {χ i}). Such a basis has
the advantage that it corresponds directly to an equidistant time
discretization: the ith partial interval [(i − 1)h, ih] with length h is
assigned to the time point ti by ti = h(i − 1/2) so that this time
point coincides with the maximum value (= 1) of the ith triangle
function.

4 M O D E L A S S U M P T I O N S : DATA ,
C O N D U C T I V I T Y A N D
V E L O C I T Y M O D E L S

The data used are the Gauss coefficients given by Bloxham &
Jackson (1992). On the basis of a spline interpolation, the coef-
ficients are taken as equally spaced (
t = 2 yr) covering the time
interval 1690–1990. As an example, we demonstrate the downward
continuation for the Gauss coefficient g11. To present our downward
continuation result, we define the time functions goc

nm as

goc
nm(t) = n

λnm

2 − δ0m

RE
Re{Snm(Roc, t)} (56)

which depend on one of the three different angular velocity models
ω(r) respectively (see Fig. 2).

3380 3400 3420 3440 3460 3480
−2

−1

0

1

2

model 0

model 1

model 2

ω
(r

) 
[r

a
d

/y
e
a
r⋅1

0
−3

]

radius [km]

Figure 2. Velocity models: prescribed dependence of the angular velocity,
ω, on radius r.

For the steady-state downward continuation (see eq. 26) we have

goc
nm(t) = F steady

nm (Roc) · gnm(t) (57)

where Fsteady
nm (r) is the solution of eq. (23) for given n, m and depends

on the ω model. If ω ≡ 0 (model 0) is selected, which is the harmonic
case (see eq. 24), the relation

F steady
nm (Roc) =

(
RE

Roc

)n+1

(58)

is valid.
In addition, we calculate the radial field component, Br, up to

degree 8

Br(r, ϑ, ϕ, t)

= 1

r

8∑
n=1

n(n + 1)
n∑

m=0

(2 − δ0m)Re{Snm(r, t)Ynm(ϑ, ϕ)} (59)

at different core depths, which is completely determined by the
poloidal part of B.

For the numerical method used, it is necessary that the model of
the electrical conductivity of the core–mantle region approximates
some findings about this region by spherical shells, in which σ is
constant or dependent on r. Recent investigations of this region sug-
gest that it is a complex transition zone including several kilometres
of the upper core (e.g. Buffett et al. 2000) and a few hundred kilo-
metres of the lower-most mantle (e.g. Lay et al. 1998), the so-called
D′′ layer, which can be the result of, for example, compositional
variation, partial melting or infiltration of core material producing a
laterally heterogeneous high-conductivity layer in the lower mantle.

Although a comprehensive model of this layer and its electrical
conductivity has not yet been developed, a layer with a high con-
ductance is suggested by the phase behaviour of the Earth’s nutation
(Buffett 1992) and EM core–mantle coupling on decadal time scales
(e.g. Holme 1998). The necessary conductance can be reached by ei-
ther a thin shell with mantle conductivity, σ M, of the order of the core
conductivity or a thicker shell with lower conductivity (maximum
thickness like D′′). A conductivity value of the order of magnitude of
that of the core was recently determined by laboratory experiments
(Dubrovinsky et al. 2003) as a realistic assumption.

Therefore, in the model below we assume a thin layer of 2 km at the
bottom of the mantle having a conductance of 2 × 108 S, which is of
the order of that necessary for EM core–mantle coupling. In the end,
this and a possible lateral structure has no significant effect on our
investigation because the major effect is that of core conductivity—
the thin layer and the overlying layer with σ M ∝ (R c/r )5 are added
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for consistency with core–mantle coupling, not considered here, and
completeness.

In this paper, the conductivity model is prescribed by

σ (r ) =




0 Rσ < r

10 × (Rc/r )5 Rc + 2 km < r ≤ Rσ

1 × 105 Rc ≤ r ≤ Rc + 2 km

2 × 105 Rc > r,

(60)

where the unit of σ (r) is S m−1 and the basic radii are taken as Rσ =
5480 km and R c = 3485 km. The first three shells give the conduc-
tivity of the mantle, σ M, the last that of the core. For the region in
the interval R c + 2 km < r ≤ Rσ , σ M is chosen according to the re-
sults from laboratory experiments (e.g. Shankland et al. 1993). The
effect of this shell on the inverse solution is marginal on the decadal
timescale because its conductance is about two orders lower than
that of the thin shell at the bottom of the mantle. This lower-most
shell of the mantle in eq. (60) ensures the conductance necessary for
the EM core–mantle coupling and decadal length-of-day variations.
Its value can also be reached by other combinations of the thick-
ness of the shell and the value of σ M. Apart from this, the assumed
model (eq. 60) should be considered primarily as an example for
which the numerical algorithm will be demonstrated. Nevertheless,
the model of mantle conductivity (homogeneity and thickness of
the shell) must be constructed more carefully, if short-period phe-
nomena are to be described, like nearly diurnal oscillations in the
core rotation (e.g. Buffett et al. 2002) or jerks (Backus 1983). The
problem becomes seriously difficult for significantly heterogeneous
conductivity distributions because then the differential equations for
the poloidal and toroidal field are coupled, and the toroidal field is
zero at the interface between a conductor and insulator.

The main objective of this paper is to test the new algorithm
of field continuation into the core for moving core material and to
choose as a first approach a rigid r-dependent rotation. It is not
our intention to give the physical reasoning for such an assumption
which is completely consistent with core dynamics. Indications of
the assumption of a passive or relatively rotating upper-core layer
are given by the sedimentation hypothesis of Buffett et al. (2000),
the H-layer of Braginsky (1993) and other hypotheses of stably strat-
ified states of the upper core, which can break down from time to
time (Bellanger et al. 2001), to give an explanation of the origin of
geomagnetic jerks.

Further physical motivations behind the choice of a rotational
state are given by hypotheses about (1) stable stratification and tor-
sional oscillation of such a shell (e.g. Braginsky 1993; Tanaka &
Hamaguchi 1993) and (2) the need of an outer-core shell (thickness
d) to balance the axial component of the angular momentum derived
from variations of the length of day (e.g. Greiner-Mai 1995).

What in fact can be inferred from observations is the angular
velocity, ω, at or near the top of the core by frozen-flux inversion.
To determine ω in deeper parts is a matter of core dynamics and is
not considered here. Therefore, we can adopt the core-surface value
of ω in accordance with frozen-flux theory, but must prescribe ω(r)
in deeper parts at this stage of investigation.

For the value of the velocity function ω (r) at the CMB, we choose
the mean westward drift of the outer core, ω = −0.1◦ yr−1 (e.g.
Greiner-Mai 1986). Further, we prescribe the radial dependence of
ω for r ∈ (R c − 100 km, R c) by the alternative possibilities of (1)
a step function and (2) a continuous increase to zero, both shown in
Fig. 2. The step function includes a partial eastward drift in deeper

parts and the results will show the effect of this change of the sign
of ω. The model assumptions about ω(r) imply that the observed
variations (except for a global drift) are caused by processes (sources
of the secular variation) in core parts lying deeper than the respective
Roc value.

We choose a maximum depth of 100 km, because the skin depth
is about 20 to 60 km for periods of 20 to 100 yr and we expect that
the solution becomes unstable for r < R c − 100 km. The results
for three velocity models (see eqs 27, 25) are then compared with
the inverse solutions for their steady-state counterparts (see eqs 26,
24). The last case (eq. 24) corresponds to the potential solution.

5 R E S U LT S

Fig. 3 shows the resulting variations of the poloidal g11 modes at
several radii, Roc ≤ R c, and for the different ω as an example. In
addition, Figs 4 and 5 show the influence of the relative rotation
on the continued field, demonstrated by the difference of the radial
component, Br, of B between the ω models 1, 2 and the ω model 0,
i.e. between the rotating and non-rotating state.

Following Fig. 2, the ω models 0, 1, 2 will in the following
be denoted as model 0, 1, 2. In this section, we will discuss the
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Figure 3. Spherical harmonic coefficient goc
11 continued by diffusive, har-

monic and steady-state downward continuation to the spheres r = Roc in-
side the core for the models of the angular velocity, ω (r), shown in Fig. 2:
(a) Roc = Rc − 25 km, (b) Roc = Rc − 50 km and (c) Roc = Rc − 100 km.
Model 2 is not shown in (a) since the difference from model 1 is insignificant.
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Figure 4. The radial component Br of the geomagnetic field up to degree and order 8 diffusively continued in the upper core layer. The figure shows the
difference between Br calculated with velocity ω(r) model 0 and model 1, respectively, for different depths (25 and 50 km) below the CMB at different epochs
(1930 and 1960).
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Figure 5. The radial component Br of the geomagnetic field up to degree and order 8 diffusively continued in the upper core layer. The figure shows the
difference between Br calculated with velocity ω(r) model 0 and model 2, respectively, for different depths (25 and 50 km) below the CMB at different epochs
(1930 and 1960).

differences between the diffusive eqs (27), (25) and the steady-state
downward continuations eqs (26), (24) in the core and the influence
of the relative rotation on the field variations. The influence of model
assumptions about the conductivity has been discussed in a previous
paper by Ballani et al. (2002) for the mantle and a non-rotating core,
i.e. a passive upper core layer (here model 0).

For determining the Br field in Figs 4 and 5 discussed at the
end of this section, we have calculated all coefficients up to n = 8,
m = 8. Because they have nearly the same properties of continuation,
it is sufficient to show g11 as an example which is representative of
the behaviour of the harmonic modes in the outer core:

(i) Fig. 3(c) is used to demonstrate the stability problems of the
algorithm and to determine the approximate depth to which the
continuation of decadal field variations is possible. The first part of
the time interval is dominated by the influence of the required initial

condition by which a certain arbitrariness is introduced. Therefore,
the irregular behaviour in Fig. 3(c) in the first 40 yr is a typical
effect of the regularization procedure. The large amplitudes of the
variations in the middle of the curves indicate that the solution of
the problem becomes nearly unstable. Instability shall mean here
that the range of values can exceed those of the 25 km and 50 km
solutions by about one order of magnitude, which is not physically
reasonable. In addition, any correlative (spectral) relation to the data
and the solutions above is lost. It must be mentioned here that the
misfit bound for the data at Rσ , ε = ‖(aik) ( fk) − (φ i )‖α (see the
regularization procedure of eq. 46) is chosen as 5 per cent for r ≥ R c

− 50 km, corresponding to the assumed error level of the data. This
r level is then the maximum depth for which no instabilities appear.
For r = R c − 100 km, we need a higher ε value (10 per cent) to reach
a stable solution, otherwise for ε = 5 per cent and radii r = R c −
100 km and deeper the solutions becomes unstable, corresponding to
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the typical trade-off in the Tikhonov regularization. From a physical
point of view, this behaviour may be associated with crossing the
skin depth of decadal variations by downward continuation. Because
we are not dealing with single frequencies, this skin depth cannot be
quantified by only one value of r and is an interval of radii according
to the frequency spectrum of the time series used. In general, the
determination of an r-dependent misfit bound ε necessary to reach
stable solutions, i.e. solutions of physical relevance, has to be found
for each case separately.

(ii) We use the solutions for the model 0 (eq. 25) and compare
them with their steady-state case (eq. 24), the harmonic one, to
demonstrate the absolute effect of the high conductivity in the core
(model 0 is defined by ω = 0) on the variations of the poloidal
modes. For model 0, one result is a significant phase shift between
the solutions in the steady state and diffusive case which increase
with depth. Apart from this shift, the solutions show an offset and
a remaining mean difference of solutions after shift and offset have
been applied, which become significant at the two depths of 25 km
and 50 km below the CMB, but do not exceed a maximum value of
about 500 nT. A comparison with the solutions for ω �= 0 (models 1
and 2) shows that the rotation produces no visible additional phase
shift, meaning that the shift between the solutions in the diffusive and
steady-state cases is mainly a consequence of the high conductivity
of the core.

(iii) Comparing the results for the different ω models of eqs (25)
and (27), we can conclude that the rotation increases the absolute
magnitude of the coefficient (compare models 1, 2 with model 0)
by a larger amount than discussed in (ii). Moreover, the difference
between model 1 and 2 is marginal at 25 km (this cannot be resolved
on the scale of Fig. 3a) but becomes significant at greater depths, as
expected from the r dependence shown in Fig. 2, where the angular
velocities of models 1 and 2 nearly agree for the first 25 km. As
already mentioned in (ii), we cannot see a remarkable phase shift
between the models in the diffusive case.

To demonstrate the influence of the relative rotation in the out-
ermost core on a physical quantity completely determined by the
diffusively continued poloidal part of the field (eqs 25, 27), we have
calculated the differences in B r(Roc, ϑ , ϕ, t) (eq. 59) between cal-
culations including model 0 and including models 1, 2, respectively,
and shown its distribution over the globe in Figs 4, 5.

Comparing the two figures, we conclude that models 1 and 2
cannot be distinguished at a depth of 25 km beneath the CMB but
differ significantly from model 0 there as stated for g11 in (ii) above,
and the models 1 and 2 differ at 50 km (see e.g. anomalies in North
America, East Asia and in the south of India) significantly showing
a behaviour comparable to that for g11 in (iii) above. In accordance
with this, model 1 (Fig. 4) shows larger differences from model 0
than model 2 (Fig. 5).

The differences between the two epochs 1930 and 1960 are not
very large but suggest that the difference between the solutions for
the moving and the non-moving fluid changes slightly with time.
This may be a consequence of a variable time structure in the data.

6 C O N C L U S I O N S

We have shown that the algorithm by which we recently solved the
inverse induction problem for the mantle and a non-moving outer
core (Ballani et al. 2002) can be extended to the relatively rotating
outermost core with small modifications if its angular velocity is
approximated with a differential rotation. As the method does not
represent a kind of disturbance theory but provides the full inversion

free from assumptions about the scale of the magnetic field, it is able
to account for the high-conducting core material combined with the
prescribed motions, at least down to a depth of 50 km at the 5 per cent
level of data error. Nevertheless, for a more realistic velocity field
the situation will be more complicated, in particular if the toroidal
field needs to be considered. Our investigation should therefore only
be understood as a preliminary step in the investigation of the inverse
induction problem of the core.

As an example calculation we have shown that the effect of the
high conductivity dominates the phase shift by diffusion, whereas
the relative rotation has no detectable influence on it. In consistency
with the particular r dependence in the prescribed model of ω(r) the
influence of the relative rotation on the magnitude of the magnetic
field is marginal in the first 25 km of the outer core, but leads to a
significant amplification of the field in deeper parts (and a weakening
in the forward problem).

The comparison with the downward continuation in the steady-
state cases has shown that the diffusive inverse solution is stable
in the first 50 km of the upper core if a data error ε of 5per cent at
r = Rσ is allowed; for 100 km depth, this value must be increased to
10 per cent in order to construct a stable solution for the downward
continuation at all. Its physical reasonableness is no longer certain.

Apart from possible physical constraints not considered in this
paper, this behaviour is probably related to an r-dependent skin
effect appearing if the boundary values are given by a discrete finite
time-series with a certain spectral band instead of a single harmonic
signal.

The method used can be applied to calculations of geomagnetic
variations in the outer core necessary for investigations of the ve-
locity field by frozen-flux theory, calculations of EM torques and
estimates of the strength of the magnetic-flux in parts of the outer
core. The pure induction effects (e.g. in a passive layer) are known;
a further physical interpretation of these problems compared with
conventional approximate solutions should be explored in the near
future.
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