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Regular observations at the Northern Caucasus
Geophysical Observatory recorded on March 10, 2006,
a catastrophic avalanche, which caused disaster and
fatalities. The instruments located immediately beneath
the avalanche development zone in the tunnel of the
Baksan neutrino observatory recorded detailed struc-
ture of the seismic and magnetic fields at the stage of
preparation and descent of the avalanche. We obtained
unique data that make it possible to correlate them with
independently measured characteristics of the ava-
lanche (volume of the snow mass, velocity of motion,
moments of contacts with uneven features of the path-
way, and so on). However, simple models and formulas
for the specific analysis are lacking. Therefore, we pro-
pose a theoretical basis for comparison with the field
experiment data.

In order to get a clear understanding of the nonlinear
dynamics of avalanches [1, 2], it is useful to have exact
solutions of the problems even in simplified formula-
tion. Such solutions are also needed for testing the pro-
grams for the numerical modeling of more complex
problems.

Let an incompressible medium (

 

ρ

 

 = 

 

ρ

 

0

 

) move down
the slope with angle 

 

α

 

 to the horizon in the gravity force
field 

 

ρ

 

0

 

g

 

. The 

 

x

 

-axis is oriented down the slope; the

 

y

 

-axis is oriented normal to the slope in the upward
direction. We assume that the velocity changes along
the slope more slowly than across the slope and that the
longitudinal velocity component 

 

u

 

 is much greater than
the transverse component 

 

v

 

. The approximations of
such type are used in hydrodynamics (theory of bound-
ary layer) and in wave physics (quasi-optical approxi-
mation of diffraction theory) [3].

Keeping the terms of the order of smallness not
greater than the first, we get the following relations for
pressure 

 

p

 

 and elevation of the free surface 
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)

 

from the projection of the equation of motion on the

 

y

 

-axis

 

(1)

 

Substituting (1) into the projection of the equation on
the 

 

x

 

-axis, we come to the equation

 

(2)

 

We add the continuity equation and kinematic relation

 

. (3)

 

At the surface, 
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 = 

 

h
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)

 

. It is clear that 

 

v

 

 = 0 at the
rigid slope.

We seek solution of (2), (3) as 
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 = 
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), 

 

v

 

 = –

 

y

 

,

where 

 

U

 

(

 

x
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t

 

)

 

 is an unknown function. The continuity
equation and the boundary condition at the slope are
satisfied identically, while Eq. (2) and boundary condi-
tion (3) form the following system

 

(4)

 

System (4) has an exact solution. In order to find it,
we assume

 

(5)

 

Substitution of (5) reduces each of Eqs. (4) to one equa-
tion

 

(6)
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The exact solution corresponding to the specified form
of the initial surface of the medium over slope h =

h0Φ  is an implicit function

(7)

We introduce the following dimensionless notations for
convenience

(8)

and write the solution of (7) as the explicit function X(T,
H):

(9)

We shall analyze the distortions of the surface using the
graphic method described in [4].

As seen from relation (9), the inverse profile of X(H)
is obtained by adding the initial profile X = Φ–1(H)
(where Φ–1(H) is the inverse function to Φ(X)) and

curve X = aT . Then, the profile should be shifted
along X over distance T2.

The profile of the flow is shown in Fig. 1 for time
moments T = 0 (dashed line), T = 0.5, and T = 1 (solid
curves). The parameter is a = 1.

The streamlines calculated from the formula

x
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⎛ ⎞

h x t,( )

=  h0Φ x0
1– x 0.5gt2 αsin– 3t g αcos h x t,( )–( )( ).

h
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x
x0
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g αsin
2x0
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2h0

x0 αtan
-----------------= = = =

X Φ 1– H( ) aT H T2.+ +=

H

(10)

are shown in Fig. 1 (here, C1 and C are constants).

The ambiguity of function H(X) at the leading front
of the flow (Fig. 1a) should provoke a breaking of its
overhanging part. It can be eliminated by introducing a
discontinuity on the basis of equal squares S1 = S2 [5]
(Fig. 1a):

(11)

Here, XSH(T) is the discontinuity coordinate (see
Fig. 1a); H1, H2 are the values of the variable immedi-
ately before and after the discontinuity. Substituting
solution (9) into (11), we find the front propagation
velocity. In dimension variables, it is equal to

(12)

The first term in (12) (which increases with time) is
related to the downslope force; the second term is a
nonlinear additive to the velocity.

The velocity increase should be limited by losses
due to friction between the flow and the slope. We shall
modify system (4) to take into account the slowdown
[2]

(13)

Here, ζ = gcosα · h(x, t), b = gsinα, and ϕ(U) = βU +
kU2. The term with coefficient β describes the losses of
the type of viscid friction, and the term with k describes
nonlinear resistance. If the thickness of the downslope

flow varies smoothly and we can neglect derivative 

in the first equation of (13), Eq. (13) is reduced to a sys-
tem of quasi-linear equations of the first order with an
exact solution. These equations have a common main
part [6]. The solution is cumbersome. For β = 0,

(14)
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Fig. 1. (a) Form of the flow surface at different time
moments. Dashed curve is the initial form. Solid curves
show the surface at T = 0.5 and T = 1. Curve 1 is the parab-

ola H = . (b) Form of the streamlines for the shown

profiles.
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(15)

Here, D2 = sinα; ΦU and Φζ' are arbitrary functions.

This solution can be analyzed more easily if we write it
in dimensionless parametric form:

(16)

Here, ξ = kDt), V = , V0 = , X = 2kx, X0 =

2kx0, η is a parameter coinciding with coordinate X at
the initial time moment.

The scheme of the graphic solution of (16) is as fol-

lows. First, we construct profile V  at a given pro-

file ΦU  and increasing the temporal variable ξ =

kDt), 0 < ξ < 1. Then, we construct the coordinate
as a function of the parameter:

(17)
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Next, we find a reverse function for η(X). Finally,
deforming the abscissa axis of the initial profile, we
find profile V[η(X)] at the current time moment.

The scheme described above was realized in Figs. 2
and 3 for X0 = 1. First, profiles V(η) for ξ = 0, 0.5, and
0.9 were plotted in Fig. 2. The value ξ = 0 corresponds
to the initial profile of arbitrary form. It is seen that the
indented profile becomes smoother with time and small
details disappear. The values of velocity V(η) exceed-
ing unity decrease with time, while the values smaller
than unity increase. In general, the velocity profile
becomes more uniform. At any point η, the value of

U → D =  at ξ = kDt) → 1.

In order to take nonlinear distortions into account, it
is necessary to deform the abscissa axis according to
(17) using the data in Fig. 2. The dependence of X(η)
for ξ = 0.5 is shown in the lower part of Fig. 3. It is not
monotonic, which leads to ambiguity of V(X) (curve 2)
at such large times. The formation of the flow front (an
interval that cuts off dashed areas) smoothes even more
the spatial details of the profile and stretches notably
the region of the flow in which V > 0.5. Curve 1 coin-
cides with curve V(η) at time moment ξ = 0.5 in Fig. 2.

Let us now consider the propagation of finite pertur-
bations along the surface of a uniform flow (not
depending on the coordinate) (see [7]). We specify in
(13) U = U0(t) + U'(x, t), ζ = ζ0 + ζ'(x, t). As follows
from (13), velocity U0 satisfies the equation

(18)

The solution of (18) with zero initial condition is writ-
ten as

g
k
--- αsin (tanh

dU0

dt
---------- b βU0– kU0

2.–=

1

0 0.5 1.0

ξ = 0.9

ξ = 0.5

ξ = 0

η

1.0

X

0.5

0.5

1.0

1 2

1 2

η

VV

Fig. 2. Transformation of the flow velocity profile with
increasing time variable ξ. The auxiliary spatial coordinate
(parameter η in Eq. (16)) is shown along the abscissa axis.

Fig. 3. Transformation of the flow velocity profile as a result
of nonlinear deformation of the abscissa axis for the profile
corresponding to moment ξ = 0.5. 
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(19)

It is seen that the velocity of a uniform flow increases
from zero to a stationary value

(20)

which is gained at t → ∞. In two limiting cases, when
either viscous friction or nonlinear resistance domi-
nates, the steady velocity of a uniform flow becomes

equal to U∞ =  or U∞ = , respectively. Substituting

(19) into equation system (13) for velocity perturba-
tions and elevation of the surface, we get a pair of equa-
tions

(21)

Here, we introduced a new coordinate s = x – (t')dt'.

Small linear and nonlinear terms are gathered in the
right-hand parts of (21). From hereon, we shall omit the
primes in variables describing the perturbation.

We shall use the method of a slowly varying profile
[3–5] for simplifying nonlinear system (21). We seek
the solution in the form of a wave running down the
slope with a slow variation of its shape: ζ = ζ(t1 = µt,

S = s – t ). As a result of a standard procedure [4],
we reduce system (21) to the equation

(22)

According to the solution of (19), the expression in
square brackets in (22) is transformed as follows

(23)

where t0 is determined by relation  = ,

γ ≡ . Introducing new variables

(24)
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we transform the equation to the simplest form

(25)

The exact solution to (25) is given by the implicit func-
tion

(26)

At greater times, decay decreases the proportion of

nonlinear term 3G  in Eq. (25) to the distortion of

the profile. The wave velocity is determined from the
condition of the constant phase

(27)

Substituting U0 → U∞ in (27) at large times, we find the
steady wave velocity without taking into account non-
linear phase effects:

(28)

At small values of reduced time q during the accel-
eration of the flow, one can use approximate solution
G = Φ[S – 3qG] instead of (27). In this case, the veloc-
ity of wave propagation along the flow is equal to

(29)

It is necessary to scrutinize solution (26) to describe
the dependence of velocity on time and perturbation. It
is important to take into account the roughness of the
slope, as was done for sea waves in [8]. These clarifica-
tions would be done later during processing of the
experimental data.
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