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S U M M A R Y
We study properties of the energy-flux vector and other related energy quantities of homo-
geneous and inhomogeneous time-harmonic P and S plane waves, propagating in unbounded
viscoelastic anisotropic media, both analytically and numerically. We propose an algorithm
for the computation of the energy-flux vector, which can be used for media of unrestricted
anisotropy and viscoelasticity, and for arbitrary homogeneous or inhomogeneous plane waves.
Basic part of the algorithm is determination of the slowness vector of a homogeneous or inho-
mogeneous wave, which satisfies certain constraints following from the equation of motion.
Approaches for determination of a slowness vector commonly used in viscoelastic isotropic
media are usually difficult to use in viscoelastic anisotropic media. Sometimes they may even
lead to non-physical solutions. To avoid these problems, we use the so-called mixed specifi-
cation of the slowness vector, which requires, in a general case, solution of a complex-valued
algebraic equation of the sixth degree. For simpler cases, as for SH waves propagating in
symmetry planes, the algorithm yields simple analytic solutions. Once the slowness vector is
known, determination of energy flux and of other energy quantities is easy. We present numer-
ical examples illustrating the behaviour of the energy-flux vector and other energy quantities,
for homogeneous and inhomogeneous plane P, SV and SH waves.

Key words: attenuation vector, energy flux, energy-velocity vector, inhomogeneous plane
waves, propagation vector, viscoelastic anisotropic media.

1 I N T RO D U C T I O N

In this paper, we study the properties of the energy flux of homoge-

neous and inhomogeneous time-harmonic plane waves propagating

in an unbounded viscoelastic anisotropic medium. The complex-

valued energy-flux vector F (also called the Poynting or Umov–

Poynting vector) is used as the quantity which fully characterizes

the energy flux and the dissipation of energy of the wave. The real

part of the vector F represents the time-averaged energy flux S. Both

real, Re F = S, and imaginary, Im F, parts are closely related to the

density of the time-averaged dissipated energy W d : W d equals twice

the scalar product of −Im F and propagation vector P (real part of the

slowness vector, perpendicular to the wave front) or twice the scalar

product of Re F and attenuation vector A (imaginary part of the

slowness vector, perpendicular to the plane of constant amplitude).

The aim of this paper is to present a concise derivation of the expres-

sion for the complex-valued energy-flux vector F of homogeneous

and inhomogeneous plane waves propagating in unbounded media

of unrestricted anisotropy and viscoelasticity, to propose an algo-

rithm for its calculation, and to perform analytical and numerical

studies necessary for correct understanding of energy propagation

and dissipation of the relevant plane waves.

Considerable attention in seismology has been devoted to the en-

ergy flux of plane waves propagating in elastic anisotropic and in

viscoelastic isotropic media. For elastic anisotropic media, see, for

example, Fedorov (1968), Auld (1973), Burridge (1976), Gajewski

& Pšenčı́k (1987), Helbig (1994), Carcione (2001), Červený

(2001a), where many other references can be found. The energy

flux of inhomogeneous plane waves in elastic anisotropic me-

dia was discussed by Hayes (1980), Boulanger & Hayes (2000)

and Deschamps & Poncelet (2002). For viscoelastic isotropic me-

dia, refer to Buchen (1971), Borcherdt (1973), Aki & Richards

(1980), Krebes (1983), Richards (1984), Borcherdt & Wennerberg

(1985), Mann et al. (1987), Leroy et al. (1988), Deschamps (1990),

Caviglia & Morro (1992, 1999), Ainslie & Burns (1995), De-

schamps et al. (1997), Boulanger (1998), Brokešová & Červený

(1998) and Carcione (2001). In many parts of the Earth’s interior,

however, both anisotropy and viscoelasticity appear together and

thus viscoelastic anisotropic media must be considered. Certain

useful relations for the energy flux of plane waves in viscoelas-

tic anisotropic media can already be found in the classical book by

Auld (1973). A systematic study of both homogeneous and inho-

mogeneous plane waves in viscoelastic anisotropic media can be

found in a series of papers by Carcione, see Carcione (1994, 1995,

1997a,b, 2001), and Carcione & Cavallini (1993, 1995). See also

Krebes & Le (1994), Deschamps & Assouline (2000) and Červený

(2001b). An excellent treatment of the Poynting vector, dissipated

energy, and related energy quantities can be found particularly in

the paper by Carcione & Cavallini (1993), see also Carcione (2001).

Certain equations presented here were derived already in that paper.
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For viscoporoelastic anisotropic media, see Carcione et al. (2003)

or Hanyga (1999) and Hanyga & Seredyńska (1999). A valuable re-

view of papers related to inhomogeneous plane waves propagating

in various types of media can be found in Declercq et al. (2005).

The algorithms of the computation of the energy-flux vector

in viscoelastic anisotropic media depend on the complexity of

anisotropy of the medium. For SH homogeneous and inhomoge-

neous plane waves propagating in a plane of symmetry of a mon-

oclinic (orthorhombic, hexagonal) viscoelastic medium, analytical

solutions can be found. See Krebes & Le (1994) and Carcione &

Cavallini (1995), where certain interesting properties of energy flux

in viscoelastic anisotropic media were described. Another interest-

ing study offering numerical and approximate analytic results for P
and S waves is presented by Deschamps & Assouline (2000). Several

results presented here closely relate to those derived in the above-

mentioned paper. The general algorithms for unrestricted anisotropy

and viscoelasticity, however, have been proposed only recently. The

basic role in these algorithms is played by the method of determina-

tion of the complex-valued slowness vector p = P + iA, satisfying

the equation of motion. Several alternative, but mutually related,

methods have been proposed to compute p. For a detailed descrip-

tion of these methods, see Červený & Pšenčı́k (2005a). One of them

is based on the generalization of the so-called Stroh formalism for

viscoelastic media. It was used by Caviglia & Morro (1999) to dis-

cuss theoretically the reflection/transmission of plane waves at a

plane interface between two viscoelastic anisotropic media. Con-

siderable attention in that paper was also devoted to the theoretical

treatment of the Poynting vector. The Stroh formalism has also been

applied to studying theoretically homogeneous and inhomogeneous

plane waves in perfectly elastic, viscoelastic and thermoviscoelastic

anisotropic media, including the energy flux, by Shuvalov & Scott

(1999, 2000) and Shuvalov (2001). A method close to the Stroh

formalism has also been used traditionally in seismology for per-

fectly elastic media to compute the velocity-stress propagators in

1-D anisotropic structures, see Frazer & Fryer (1989), Thomson

(1996a,b), etc. This theory can also be generalized for viscoelas-

tic anisotropic media, as shown in the presented references. Here

we shall use the method proposed by Červený (2004) and Červený

& Pšenčı́k (2005a), based on the so-called mixed specification of

the slowness vector, see Section 3.1. In the mixed specification, the

slowness vector is expressed in terms of a complex-valued constant

σ , which can be determined as a root of an algebraic equation of the

sixth degree. The algebraic equation for σ is supplemented by a sys-

tem of linear equations for the determination of the amplitude vector

U. These quantities are sufficient to determine the complex-valued

energy-flux vector F and all related energy quantities. A more de-

tailed description and comparison of the individual approaches for

the specification of the slowness vector can be found in Červený &

Pšenčı́k (2005a).

In Section 2, energy balance equations for time-harmonic waves

propagating in an inhomogeneous viscoelastic anisotropic medium

are derived. Important energy quantities, such as the complex-valued

energy-flux vector F, real-valued kinetic energy K, strain energy U ,

total energy E = K + U , dissipated energy W d and rate of dissi-

pated energy Pd , are introduced. Actually, these quantities represent

the densities of the relevant time-averaged quantities, but the words

‘density’ and ‘time-averaged’ are often omitted in this paper. More-

over, the energy flux S is introduced as the real part of F, and the

energy velocity vector as U = S/E .

In Section 3, all energy quantities are specified for time-harmonic,

homogeneous and inhomogeneous plane waves. In Section 3.1, the

algorithms for the computation of the complex-valued slowness vec-

tor p = P + iA and for complex-valued amplitude vector U are

explained. Section 3.2 presents equations for the complex-valued

energy-flux vector F and for other energy quantities, for homoge-

neous and inhomogeneous plane waves. Various relations between

the energy quantities and propagation vector P and attenuation vec-

tor A are derived and discussed.

In Section 4, the significant directions of plane waves propagating

in viscoelastic anisotropic media, and the angles between the real

and imaginary parts of certain complex-valued vectors, are stud-

ied. All the equations presented in Sections 2, 3 and 4 are valid

quite generally, for inhomogeneous and homogeneous P, S1 and S2
plane waves, propagating in media with unrestricted anisotropy and

viscoelasticity.

In Section 5, SH plane waves, propagating in a plane of symme-

try of monoclinic (orthorhombic, hexagonal) anisotropic viscoelas-

tic media, are studied. In this case, the algebraic equation of the

sixth degree for the determination of the slowness vector reduces to

a quadratic equation. Consequently, all equations for the complex-

valued energy-flux vector and other energy quantities may, in this

case, be expressed analytically. These analytical solutions offer a

simple physical insight into the energy flux quantities in anisotropic

viscoelastic media, and into their properties and mutual relations.

The analytical procedures of Section 5 are supplemented by numer-

ical examples in Section 6. Finally, the properties of the complex-

valued energy-flux vector and of other energy quantities of homo-

geneous and inhomogeneous plane P and S waves are investigated

numerically in Section 7.

We use Cartesian coordinates xi, and denote time t, the Cartesian

components of the displacement vector ui (x k , t), of the particle

velocity vi (xk, t) = u̇i (xk, t), of the stress tensor τ i j (x k , t), and of

the infinitesimal strain tensor ei j (x k , t). Both tensors τ ij and eij are

symmetric, τ i j = τ j i and ei j = e j i. The infinitesimal strain tensor

eij is expressed in terms of the displacement vector as follows:

ei j = 1

2
(ui, j + u j,i ). (1)

The dot above the letter denotes the partial derivative with respect to

time (u̇i = ∂ui/∂t), the index following the comma in the subscript

indicates the partial derivative with respect to the relevant Cartesian

coordinate (ui, j = ∂ui/∂x j ). The asterisk used as a superscript de-

notes complex conjugacy. The Einstein summation convention over

repeated indices is used throughout the paper. For time-harmonic

wave fields, we consider the exponential time factor exp(−iωt),
where ω is a fixed real, positive circular frequency, ω > 0. We

also use the concept of homogeneous and inhomogeneous vectors

for complex-valued vectors. Let us consider an arbitrary complex-

valued vector B = C + iD, where C and D are real-valued vectors.

We call B a homogeneous complex-valued vector if C and D are

parallel, and an inhomogeneous complex-valued vector if C and D
are not parallel.

2 E N E RG Y B A L A N C E E Q UAT I O N S

F O R T I M E - H A R M O N I C WAV E S

We consider a wave field in an inhomogeneous viscoelastic

anisotropic medium, satisfying the equation of motion,

τi j, j + fi = ρv̇i , (2)

where ρ = ρ(x k) is the density, and f i (x l , t) are Cartesian compo-

nents of the body force vector f (x l , t) (force per unit volume).

The generalized Hooke’s law for a viscoelastic anisotropic solid

can be simply derived from Hooke’s law for perfectly elastic media
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using the correspondence principle, see Carcione (2001, p. 102). It

is sufficient to replace the elastic moduli in the standard Hooke’s

law by viscoelastic ones. The generalized Hooke’s law then reads

τi j = ci jkl ekl , (3)

where cijkl(x n , ω) are complex-valued frequency-dependent vis-

coelastic moduli. As ω is fixed, we do not explicitly indicate the

frequency-dependence of cijkl. We assume that the viscoelastic mod-

uli cijkl satisfy the symmetry relations:

ci jkl = c jikl = ci jlk = ckli j , (4)

so that the number of independent viscoelastic moduli reduces

from 81 to 21. Note that the relation Imcijkl = Imcklij has not

yet been proved to hold generally, see discussion of this matter

in e.g. Scott (1997) or Carcione (2001, Section 2.1.1). Alterna-

tively to the viscoelastic moduli cijkl, we also use the density-

normalized viscoelastic moduli aijkl = cijkl/ρ. We assume that the

density-normalized viscoelastic moduli also satisfy the symmetry

relations (4).

The Voigt notation has often been used for τ i j , ekl and cijkl, in

which two indices i , j (i , j =1, 2, 3) are replaced by one indexα (α =
1, 2, . . . , 6), and similarly two indices k, l (k, l = 1, 2, 3) by one index

β (β = 1, 2, . . . , 6). Then (3) can be expressed in the form τ α =
C αβ eβ , where C αβ represents a 6 × 6 symmetric matrix. In this case,

the symmetry relations (4) reduce to one symmetry relation C αβ =
C βα . See Fedorov (1968), Auld (1973), Carcione (1994, 1995,

1997a,b, 2001), and Carcione & Cavallini (1993, 1995). Analo-

gously to C αβ , we also introduce the Voigt notation Aαβ for the

density-normalized viscoelastic moduli.

We shall now derive the energy-balance equations for time-

harmonic waves, propagating in inhomogeneous anisotropic media.

See also Carcione & Cavallini (1993) and Carcione (2001).

Multiplying eq. (2) by −v∗
i , and the complex conjugate of the

time derivative of eq. (1) by −τ i j , and adding both, we obtain( − v∗
i τi j

)
, j

= −ρv∗
i v̇i − τi j ė

∗
i j + v∗

i fi . (5)

For time-harmonic waves, with the exponential time factor

exp(−i ωt), eq. (5) yields,( − v∗
i τi j

)
, j

= iω
(
ρviv

∗
i − τi j e

∗
i j

) + v∗
i fi . (6)

Eqs (5) and (6) are exact, valid for elastic or viscoelastic, isotropic

or anisotropic media. It is possible to express eq. (6) in the following

form:

divF = 2iω(K − U ) − Pd + Ps, (7)

where

K = 1

4
ρviv

∗
i , U = 1

4
Re

(
τi j e

∗
i j

)
,

Pd = ωWd , Wd = −1

2
Im

(
τi j e

∗
i j

)
,

Fj = −1

2
v∗

i τi j , Ps = 1

2
fiv

∗
i .

(8)

Eq. (7) is called the energy balance equation for time-harmonic

waves for an inhomogeneous anisotropic viscoelastic medium. Note

that K, U , W d and Pd are real-valued scalars, Ps is a complex-valued

scalar, and F is a complex-valued vector. All quantities K , U , P d ,

W d , P s and F are time independent.

The individual terms in eq. (7) can be interpreted as follows, see,

for example Carcione & Cavallini (1993), Carcione (2001): K and U
are time-averaged kinetic and strain energy densities, respectively,

P d is the time-averaged rate of dissipated energy density, W d is the

time-averaged dissipated energy density, P s is the time-averaged

complex-valued energy density supplied by body forces, and F is

the time-averaged complex-valued energy-flux vector. We also in-

troduce the real-valued time-averaged total energy density E by the

relation

E = U + K . (9)

The time averaging is understood over one period T = 2π/ω. For the

sake of brevity, we omit specifications ‘density’ and ‘time-averaged’

in most of the following text.

We emphasize again that the complex-valued energy-flux vector

F used here is a time-averaged quantity. The real part of the vector

F is also called active part and the imaginary part is called reactive

part, see Mann et al. (1987). We denote the active part of the vector

F by S:

S = ReF, (10)

and call it the energy-flux vector, or time-averaged energy-flux vec-

tor. In order to distinguish the real-valued S from complex-valued

F, we call F systematically the complex-valued energy-flux vector.

Let us now briefly discuss the physical meaning of the energy

balance eq. (7). Separating real and imaginary parts of eq. (7), we

obtain two real-valued energy balance equations:

div ReF = −Pd + RePs, (11)

div ImF = 2ω (K − U ) + ImPs . (12)

Eq. (11) shows that the energy supplied by internal sources ReP s

decreased by the rate of the dissipated energy P d controls the energy

flux S. For ReP s > P d , the energy flux is outward, in the opposite

case inward. For ReP s = P d , the energy fluxes in and out are equal.

The energy balance eq. (11) for time-averaged harmonic waves

follows directly from the well-known energy conservation law (see,

e.g. Auld 1973)

divSt + ∂

∂t
(K t + U t ) + Pt

d = Pt
s , (13)

valid for real-valued time-dependent quantities, specifically densi-

ties of energy-flux vector St , of kinetic energy K t , of strain energy

U t , of rate of dissipated energy Pt
d and of energy Pt

s sup-

plied by internal sources. It is only necessary to express

each time-harmonic quantity in eq. (13) in a real-valued form

(e.g. vi = 1
2
[Vi exp(−iωt) + V ∗

i exp(iωt)]), and perform time

averaging over one period. As a result, time-averaged K t and

U t are time independent, and the term ∂

∂t (K t + U t ) in eq. (13)

vanishes. Then the energy conservation law (eq. 13) gives

eq. (11).

Let us also briefly discuss the energy balance eq. (12) and let

us first consider the case Im P s = 0. Then the reactive part of the

complex-valued energy-flux vector, ImF, is fully controlled by the

difference between K and U . For U = K , the reactive part of

the energy flux Im F vanishes. This holds in perfectly elastic media.

In viscoelastic media, however, U �= K , and the balance eq. (12)

plays an important role. The explanation of eq. (12) for Im Ps �= 0

is straightforward.

Using S, we can introduce an important concept of time-averaged

energy velocity vector U

U = S/E, (14)

and energy velocity U = |U |.
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We can insert the generalized Hooke’s law (eq. 3) into equa-

tions (8). The expressions for U , Wd and Fj are then as follows:

U = 1

4
Re

(
ci jkl ekle

∗
i j

)
, Wd = −1

2
Im

(
ci jkl ekle

∗
i j

)
.

Fj = −1

2
v∗

i ci jkl ekl . (15)

We use the Voigt notation C αβ for cijkl and prove that U is positive

if Re Cαβ is positive definite, and W d is non-negative if −Im C αβ

is positive definite or zero. We can write

ci jkl ekle
∗
i j = Cαβe∗

αeβ = Cαβ

(
eR

α eR
β + eI

αeI
β

)
,

where eR
α = Re (eα), eI

α = Im(eα), and similarly for eβ . Quantities

eR
α and eI

α represent the real-valued components of the 6 × 1 real-

valued vectors (α, β = 1, 2, . . . , 6). The strain energy is positive, U >

0, if Re C αβ is positive definite. Similarly, W d is positive or equal

zero if −ImC αβ is positive definite or zero. Throughout the paper,

we assume Re C αβ to be positive definite and −ImC αβ positive

definite or zero.

The introduced quantities are measured in the following units:

stress τ i j, the viscoelastic moduli cijkl or C αβ and the energy quan-

tities U , K, E and W d in pascals (Pa ; kg m−1 s−2), the components

of body forces f i in newtons per cubic metre (N/m3; kg m−2 s−2),

density ρ in kilograms per cubic metre (kg m−3), displacement com-

ponents ui in metres (m), the particle velocity components v i and

the energy velocity vector U in m s−1, the density-normalized elastic

moduli aijkl and Aαβ in m2 s−2, the quantities P d and P s in Pascal

per second (Pa s−1 ; kg m−1 s−3), the vector F in watts per square

metre (W m−2 ; kg s−3).

3 E N E RG Y F L U X O F A

T I M E - H A R M O N I C P L A N E WAV E

We consider a homogeneous unbounded viscoelastic anisotropic

medium, and a time-harmonic plane wave, propagating in the

medium,

ui (x j , t) = Ui exp[−iω(t − pn xn)]. (16)

Here p is a complex-valued slowness vector, and U a complex-

valued amplitude vector. Eq. (16) represents a plane wave only if U
and p are chosen in such a way that eq. (16) satisfies the equation of

motion, see eqs (2) and (3). This requirement yields a system of

linear equations for U 1, U 2, U 3:

ai jkl p j plUk = Ui , i = 1, 2, 3. (17)

The condition of solvability of system (17),

det[ai jkl p j pl − δik] = 0, (18)

is the constraint relation for slowness vector p. Eq. (17) is the con-

straint relation for amplitude vector U. Amplitude vector U may, of

course, be suitably normalized.

3.1 Determination of slowness vectors

The determination of the slowness vector p, which satisfies the con-

straint relation (18), is not straightforward. For this purpose, it is

useful to specify the slowness vector in the following way,

p = σn + iDm, with m · n = 0. (19)

Here n and m are two arbitrary, mutually perpendicular real-valued

unit vectors; they are perpendicular and tangent, respectively, to

wave front �. Quantity D is a scalar real-valued quantity called

the inhomogeneity parameter, D ∈ (−∞, ∞). Unit vectors n, m
and inhomogeneity parameter D can be arbitrarily chosen, and the

complex-valued quantity σ is then determined from

det[ai jkl (σn j + iDm j )(σnl + iDml ) − δik] = 0, (20)

which results from eq. (18). This is an algebraic equation of the sixth

degree for σ . It has six complex-valued roots σ , corresponding to

P, S1 and S2 waves, propagating in opposite directions.

Once quantity σ has been found, we can simply determine the

complex-valued slowness vector,

p = P + iA, (21)

so that

P = n Reσ, A = n Imσ + Dm. (22)

Here P is called the propagation vector. It is perpendicular to wave

front �, and oriented in the direction of propagation of the wave

front. Vector A is called the attenuation vector, perpendicular to

the plane of constant amplitude, oriented in the direction of the

maximum decay of amplitudes. We can further compute the lengths

of vectors P and A, |P| and |A|, unit vectors N and M along P and

A, phase velocity C and attenuation angle γ (cos γ = N ·M):

|P| = |Reσ |, |A| = [(Imσ )2 + D2]1/2,

N = P/|P| = εn, M = A/|A|,

C = 1/|Reσ |, cos γ = ε(Imσ )/[(Imσ )2 + D2]1/2,

(23)

where ε = Reσ/|Reσ | = ±1. For more details, see Červený &

Pšenčı́k (2005a).

Note that the plane wave with real-valued slowness vector p
(A =0) is called the bulk plane wave, the plane wave with A �=
0 and D = 0 the homogeneous plane wave, and the plane wave with

A �= 0 and D �= 0 the inhomogeneous plane wave. For homoge-

neous plane waves, P and A are parallel, and for inhomogeneous

plane waves, they are not. The plane specified by P and A (or by n
and m) is called the propagation–attenuation plane �‖.

3.2 Complex-valued energy-flux vector of a

time-harmonic plane wave

Once plane wave (eq. 16), including p and U, has been determined,

we can find an explicit equation for the complex-valued energy-flux

vector F from eq. (8). For u̇i and τ i j , we obtain

u̇i = −iωUi exp[−iω(t − pn xn)],

τi j = iωρai jklUk pl exp[−iω(t − pn xn)].

Vector F then reads

Fi = 1

2
ρω2ai jklU

∗
j Uk pl exp(−2ωAn xn). (24)

Here pl must satisfy eq. (18), and U k (equations 17).

The energy flux S is then given by the equation:

Si = ReFi = 1

2
ρω2Re

(
ai jklUkU ∗

j pl

)
exp(−2ωAn xn) . (25)

Analogously, we obtain explicit expressions for other important en-

ergy quantities: the kinetic energy K, the strain energy U , and the
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dissipated energy W d , see equations (8):

K = 1

4
ρω2Ui U

∗
i exp(−2ωAn xn),

U = 1

4
ρω2Re

(
ai jklUkU ∗

i pl p∗
j

)
exp(−2ωAn xn),

Wd = −1

2
ρω2Im

(
ai jklUkU ∗

i pl p∗
j

)
exp(−2ωAn xn). (26)

From eq. (14), we get the expression for the energy velocity vector

U :

Ui = Si

E
= 2Re

(
ai jklUkU ∗

j pl

)
UkU ∗

k + Re
(
ai jklU ∗

i Uk pl p∗
j

) . (27)

Using eqs (24)–(27) and constraint relation (17), we can obtain

certain useful relations. Multiplying eq. (17) by U ∗
i yields

ai jkl p j plUkU ∗
i = Ui U

∗
i . (28)

Using eqs (24) and (28), we then obtain

p · F = 2K , p∗ · F = 2U − iWd . (29)

Equations (29) yield the scalar products of the complex-valued

energy-flux vector F with propagation vector P and attenuation vec-

tor A, respectively:

P · F = E − 1

2
iWd , A · F = 1

2
Wd − i(K − U ). (30)

Equations (30) may be expressed in terms of Re F = S and ImF as

follows (see also Carcione & Cavallini 1993):

P · S = E, A · S = 1

2
Wd ,

P · ImF = −1

2
Wd , A · ImF = U − K .

(31)

All the equations given above are valid generally, for homogeneous,

inhomogeneous and bulk plane waves, for isotropic and anisotropic,

elastic and viscoelastic media. They have many important conse-

quences. We list several of them.

(1) The total energy E. The total energy E = K + U can be

simply computed using eq. (26). It can, however, be alternatively

expressed in terms of P and S, see equations (31),

E = K + U = P · S

= 1

2
ρω2Re(p j )Re(ai jklUkU ∗

i pl ) exp(−2ωAn xn). (32)

Thus, E is represented by the scalar product of propagation vector

P and the time-averaged energy flux vector S. For P perpendicular

to S, E vanishes.

(2) The dissipated energy W d = 2 A ·S = −2 P · ImF. It is

represented by the scalar product of attenuation vector A and the

energy flux vector S multiplied by 2. Alternatively, it is represented

by the scalar product of propagation vector P and the imaginary part

of the complex-valued energy-flux vector, F, multiplied by −2 . Let

us note that a quantity proportional to the scalar product A · S plays

a key role in the study of ‘intrinsic attenuation’ of Deschamps &

Assouline (2000).

(3) Energy angle i en . It is introduced here as the angle between

propagation vector P (normal to the wave front) and the energy flux

S,

cos ien = P · S/|P||S| = E/|P||S| ≥ 0, (33)

see equations (31). Consequently, angle i en is always less or equal

to 90◦. Moreover, the total energy E is proportional to cos i en .

(4) Energy-attenuation angle γ en . It is introduced here as the

angle between attenuation vector A and the energy flux S,

cos γen = A · S/|A||S| = 1

2
Wd/|A||S| ≥ 0, (34)

see equations (31). Consequently, angle γ en does not exceed 90◦.

Moreover, the time-averaged dissipated energy W d is proportional

to cos γ en. The inhomogeneous plane wave, for which γ en = 0, is

called the intrinsic inhomogeneous plane wave, or intrinsic attenu-

ated plane wave, see Deschamps & Assouline (2000).

(5) The energy-velocity vector U . It is given by eq. (27), but

can also be expressed in a simpler form using eq. (32):

Ui = Si

E
= Si

P · S
= Re

(
ai jklUkU ∗

j pl

)
Re

(
ai jklUkU ∗

i pl

)
Re(p j )

. (35)

(6) Expression for PiUi . It immediately follows from eq. (35)

that

P · U = 1. (36)

This equation represents a generalization of the important relation

p · U = 1 known from perfectly elastic anisotropic media, in which

U is the group velocity vector.

(7) Quality factor Q. Loss factor L. In isotropic viscoelastic

media, the quality factor has mostly been introduced by the relation

Q = −Re (M)/Im (M), where M is the relevant complex-valued

viscoelastic modulus. In anisotropic viscoelastic media, however,

such a definition fails, see Krebes & Le (1994). It is more suitable

to define the quality factor Q in terms of time-averaged energy quan-

tities. Such a definition was also introduced by Buchen (1971) for

isotropic viscoelastic media. For example, the definition valid both

for isotropic and anisotropic viscoelastic media, given by Carcione

(2001, p. 138), is as follows

Q = 2U/Wd . (37)

Using equations (31), we can rewrite eq. (37) it in an alternative

way,

Q = U

Ai Si
= 1

2

Ui U ∗
i

Re
(
ai jklUkU ∗

j pl

)
Im(pi )

. (38)

We further introduce the loss factor L as the inverse of Q,

L = Q−1 = 2Re
(
ai jklUkU ∗

j pl

)
Im(pi )/

(
Ui U

∗
i

)
. (39)

(8) Perfectly elastic anisotropic medium. In a perfectly elastic

anisotropic medium (aijkl real valued), the quantity aijklpjp∗
l UiU∗

k ,

appearing in the expressions for U and W d , see equations (26), is

real valued, for arbitrary complex-valued p and U. This indicates

that the dissipated energy vanishes, W d = 0, see equations (26).

From equations (31), we then obtain

A · S = 0, P · ImF = 0. (40)

In perfectly elastic isotropic media, the energy flux S is always

parallel to propagation vector P. It follows from eq. (40) that both

vectors P and S are perpendicular to attenuation vector A and to the

imaginary part of the vector F.

4 S I G N I F I C A N T D I R E C T I O N S I N

P L A N E WAV E P RO PA G AT I O N

In the propagation of scalar plane waves in non-dissipative media,

there is only one significant direction of propagation, corresponding

to the direction of (real-valued) slowness vector p. For vectorial
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plane waves, the number of distinct directions is larger. It increases

with the increasing complexity of the model (isotropic, anisotropic,

perfectly elastic, viscoelastic).

Let us now briefly summarize the significant directions of vecto-

rial plane waves propagating in viscoelastic anisotropic media:

(a) Slowness vector p. It is complex valued, p = P + iA, with P
and A oriented in generally different directions: propagation vector

P in the direction of propagation (perpendicular to the wave front),

and attenuation vector A in the direction perpendicular to the plane

of constant amplitudes.

(b) Amplitude vector U. In viscoelastic media, the relevant am-

plitude vector is complex valued, U = Re U + i Im U. Consequently,

the amplitude vector is specified by two real valued, generally dif-

ferent directions, along ReU and ImU responsible for elliptical po-

larization.

(c) Complex-valued energy-flux vector F. It is specified by two

real valued, generally different directions, along ReF and Im F.

Vector ReF represents the energy-flux vector S and points in the

direction of the energy-velocity vector U , see eq. (27). Both S and

U are real valued.

If the above listed vectors are complex valued, they may be either

homogeneous or inhomogeneous, see the explanation of the concept

of homogeneous and inhomogeneous vectors in Introduction. An

example where this terminology has often been applied is slowness

vector p = P + iA. This terminology has also been extended to

plane waves, see Section 3.1. The actual inhomogeneity of the plane

wave is controlled by inhomogeneity strength |D|. The plane wave

is homogeneous for |D| = 0, weakly inhomogeneous for small |D|,
and strongly inhomogeneous for large |D|.

The term homogeneous and inhomogeneous can also be used for

other complex-valued vectors. For example, the amplitude vectors

of P, S1, and S2 waves are, in general, inhomogeneous, but the

amplitude vector of an SH plane wave propagating in the plane of

symmetry �S is homogeneous, as its real and imaginary parts are

parallel (perpendicular to the plane of symmetry �S). Similarly, the

complex-valued energy-flux vector F of plane waves is, in general,

inhomogeneous. It may, however, be homogeneous for certain small

nonzero values of D.

We will now briefly discuss an artificially constructed complex-

valued vector s = S + igA. A real-valued positive unit constant g
is introduced to obtain the same dimension of gA and S. We call

the complex-valued vector s the energy-attenuation vector. Its real

part is the time-averaged energy flux, and imaginary part has the

direction of the attenuation vector.

The energy-attenuation vector s = S + igA has certain interesting

properties, which differ from properties of slowness vector p = P +
iA. The differences are mainly between attenuation angle γ (which

is the angle between P and A) and energy-attenuation angle γ en

(which is the angle between S and A):

cos γ = P · A/|P||A|, cos γen = S · A/|S||A|. (41)

It is well known that attenuation angle γ behaves simply in

isotropic viscoelastic media, where its magnitude is always less

than 90◦. In anisotropic viscoelastic media, however, its behaviour

is more complicated. The maximum attenuation angle γ ∗ is not

necessarily 90◦, but may be less, equal or larger than 90◦. See the

detailed investigation of γ in Červený & Pšenčı́k (2005a), Červený

& Pšenčı́k (2005b). Contrary to it, the behaviour of the energy-

attenuation angle γ en is simple; it is always less or equal to 90◦, for

unrestricted anisotropy and viscoelasticity, see eq. (34). It does not

depend on g. We remind the reader that the inhomogeneous plane

wave for which γ en = 0 is called the intrinsic inhomogeneous plane

wave, see Section 3.2/4.

5 E N E RG Y F L U X O F S H P L A N E WAV E S

Eq. (24) for the complex-valued energy-flux vector of plane waves

can be used for unrestricted anisotropy and viscoelasticity, and for

an unrestricted value of inhomogeneity parameter D. It generally

requires solving an algebraic equation of the sixth degree (eq. 20).

In this section we consider only a special case, corresponding to

SH plane waves propagating in the plane of symmetry of a mono-

clinic (orthorhombic, hexagonal) viscoelastic anisotropic medium.

In this case, the algebraic equation of the sixth degree (eq. 20)

factorizes and yields a quadratic equation, which may be simply

solved analytically. Consequently, certain properties of the energy

flux of SH waves can be simply studied analytically, and discussed in

detail.

5.1 Slowness vector of SH plane waves

We consider a plane of symmetry �S in a monoclinic anisotropic

viscoelastic medium, and choose the Cartesian coordinate system

x i in such a way that the plane of symmetry �S corresponds to coor-

dinate plane x 1x 3. We further assume that propagation–attenuation

plane �‖ coincides with �S , that is, p2 = 0. The propagation of SH
plane waves is then controlled by three Voigt density-normalized vis-

coelastic moduli A44, A66 and A46. We introduce the 2 × 2 complex-

valued matrix

ASH =
(

A66 A46

A46 A44

)
, (42)

and assume that Re ASH is positive definite, and −Im ASH positive

definite or zero.

The constraint relation (18) for the slowness vector p of SH waves

yields:

A66 p2
1 + A44 p2

3 + 2A46 p1 p3 = 1, (43)

and the constraint relation (17) for amplitude vector U yields

U(pn) = (0, U2(pn), 0)T . (44)

As expected, the amplitude vector U of SH plane waves is perpen-

dicular to symmetry plane �S and is homogeneous. Component

U 2 may be complex valued. We also introduce the unit real-valued

vectors n and m as follows:

n = (n1, 0, n3)T , m = (n3, 0, −n1)T . (45)

As we can see, n and m, given by eq. (45), are mutually perpendic-

ular.

The expressions for the slowness vector components p1 and p3

can be obtained by inserting eq. (45) into eq. (19):

p1 = σn1 + iDn3, p3 = σn3 − iDn1. (46)

The quadratic eq. (43) for σ then reads:

A66(σn1 + iDn3)2 + A44(σn3 − iDn1)2

+ 2A46(σn1 + iDn3)(σn3 − iDn1) = 1. (47)

It has two roots, σ 1 and σ 2,

σ1,2 = −iD�/�22 ± [
1/�22 + D2�/�2

22

]1/2
, (48)
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where

�22 = A66n2
1 + A44n2

3 + 2A46n1n3,

� = (A66 − A44)n1n3 + A46(n2
3 − n2

1),

� = A44 A66 − A2
46. (49)

Once quantity σ has been found, we can determine

P, A, |P|, |A|, N, M, C and γ using the relations, see eqs

(22) and (23),

P1 = n1Reσ, A1 = n1Imσ + n3 D,

P3 = n3Reσ, A3 = n3Imσ − n1 D,

|P| = |Reσ |, |A| = [(Imσ )2 + D2]1/2,

N1 = ε n1, M1 = [n1Imσ + n3 D]/[(Imσ )2 + D2]1/2,

N3 = ε n3, M3 = [n3Imσ − n1 D]/[(Imσ )2 + D2]1/2,

C = 1/|Reσ |, cos γ = ε Imσ/[(Imσ )2 + D2]1/2.

(50)

We also get P 2 = 0, A2 = 0, N 2 = 0, M 2 = 0.

5.2 Energy quantities of SH plane waves

Let us now discuss the complex-valued energy-flux vector F of SH
plane waves. Using eq. (24), we obtain

Fi = 1

2
ρω2U2U ∗

2 ai2k2 pk exp(−2ωAn xn). (51)

In the following, we shall consider normalized form G of the vector

F:

Fi = AF Gi , (52)

where AF is the normalization factor, given by the relation,

AF = 1

2
ρω2U2U ∗

2 exp(−2ωAn xn). (53)

Normalization factor AF is always real valued and positive, AF >

0. Consequently, the normalized vector G of SH waves is given by

a simple expression

Gi = ai2k2 pk . (54)

If we use the Voigt notation for the density-normalized complex-

valued viscoelastic moduli, G1 and G3 are given by relations

G1 = A66 p1 + A46 p3, G3 = A46 p1 + A44 p3. (55)

Equations (55) represent the final expressions for the normalized

complex-valued energy-flux vector of SH waves. We again empha-

size that A44, A66 and A46 are complex valued, and that p1, p3 are

also complex valued and given by eq. (46).

Using eqs (53) and (55), we can express also other energy quan-

tities of SH plane waves in terms of AF and G:

The kinetic energy K, the strain energy U , and the dissipated

energy W d read:

K = 1

2
AF , U = 1

2
AF Re(G · p∗), Wd = −AF Im(G · p∗).

(56)

The energy flux S, and the energy velocity U are:

S = AF Re(G), U = 2Re(G)/[1 + Re(G · p∗)]. (57)

Quality factor Q and loss factor L are:

Q = 1/(2A · ReG), L = 2A · ReG. (58)

5.3 Significant directions in SH plane wave propagation

In this section, we shall pay attention mainly to energy-attenuation

angle γ en and to the angle between real and imaginary part of the

complex-valued energy-flux vector of plane SH waves.

For SH waves, sin γ en can be computed analytically:

sin γen = |A3ReG1 − A1ReG3|/|A||ReG|. (59)

This yields, see eqs (50) and (55),

sin γen = |Reσ [ImσRe� − DRe|�22]|/|A||ReG|, (60)

where � is given in eq. (49). Now consider weakly inhomogeneous

plane waves (small |D|), and use approximately

Imσ
.= e − f D, (61)

where

e = Im(1/�22)1/2, f = Re(�/�22)
.= Re(�)/Re(�22). (62)

see Červený & Pšenčı́k (2005a, eqs 66 and 67). Inserting eq. (61)

into eq. (60) yields

sin γen = |Reσ [eRe� − D( f Re� + Re�22)]|/|A||ReG|. (63)

The energy-attenuation vector s = S + igA is homogeneous for

such D, for which eq. (63) vanishes. We denote such D for which

s is homogeneous by Datt, and obtain for it a simple approximate

result:

Datt
.= e f/(1 + f 2). (64)

It was shown in Červený & Pšenčı́k (2005a, Section 3.4.7) that Datt

has a very interesting property: Attenuation |A|, as a function of D,

is minimum for such D. For this reason, Červený & Pšenčı́k (2005a,

eq. 71) denoted it Datt.

The conclusion: For weakly inhomogeneous SH plane waves,

attenuation |A |, as a function of D (for fixed direction of propaga-

tion), is minimum for approximately the inhomogeneity parameter

D = Datt, for which the energy-attenuation vector s =S + i g A
is homogeneous. The direction of A is generally different from the

propagation direction specified by P, which means that the corre-

sponding plane wave is inhomogeneous. Note again that the plane

wave with the homogeneous energy-attenuation vector is called the

intrinsic inhomogeneous plane wave, see Section 3.2/4. While Datt

is generally non-zero in viscoelastic anisotropic media, it is strictly

zero in viscoelastic isotropic ones.

As shown in eq. (51), for SH plane waves, we can determine the

vector F analytically. Thus, it is also possible to determine analyti-

cally the angle γ F between S and Im F,

sin γF = |ReG1ImG3 − ReG3ImG1|/|ReG||ImG|. (65)

After simple, but lengthy computations we find that sin γF
.= 0 for

D = DM , where

DM .= ±b/2c, (66)

and where

b = Im(�/�22), c = 1

2
Re

(
�/�

3/2
22

)
. (67)

It was shown by Červený & Pšenčı́k (2005a, Section 3.4.7) that DM

also represents the inhomogeneity parameter for which the phase

velocity (as a function of D) is maximum.

The conclusion: For weakly inhomogeneous SH plane waves,

phase velocity C, as a function of D (for fixed direction of propa-

gation), is maximum for approximately inhomogeneity parameter

D = DM , for which the complex-valued energy-flux vector F is

homogeneous.
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- 0 . 2 0 - 0 . 1 0 - 0 . 0 0 0 . 1 0 0 . 2 0

1 3 5 .

9 0 .

4 5 .

0 .

INHOMOGENEITY PARAMETER D

E
N

-
A

T
T

 A
N

G
L

E
 (

D
E

G
)

- 0 . 2 0 - 0 . 1 0 - 0 . 0 0 0 . 1 0 0 . 2 0

0 . 2

0 . 1

0 . 0  
  

L
O

S
S

 F
A

C
T

O
R

- 0 . 2 0 - 0 . 1 0 - 0 . 0 0 0 . 1 0 0 . 2 0

2 0 . 0

1 5 . 0

1 0 . 0

E
N

E
R

G
Y

 A
N

G
L

E
 (

D
E

G
)

- 0 . 2 0 - 0 . 1 0 - 0 . 0 0 0 . 1 0 0 . 2 0

3 . 5 0

3 . 2 5

3 . 0 0

 E
N

E
R

G
Y

 V
E

L
.(

K
M

 S
-
1

)

Figure 1. Variations with D (−0.2 ≤ D ≤ 0.2) of energy velocity (km s−1), energy angle i en (degrees), loss factor L and energy-attenuation angle γ en

(degrees) of the SH inhomogeneous/homogeneous plane waves for Model 1 (black), Model 2 (red), Model 3 (green) and Model 4 (blue, perfectly elastic).

Propagation angle i = 45◦.

6 N U M E R I C A L E X A M P L E S

F O R S H WAV E S

In this section, we present numerical results for the simplest possible

case of homogeneous and inhomogeneous plane waves propagat-

ing in viscoelastic anisotropic media, namely the SH plane waves

propagating in a plane of symmetry of an anisotropic monoclinic

(orthorhombic, hexagonal) viscoelastic medium, see Section 5.

In this case, the viscoelastic anisotropic medium is fully specified

by three complex-valued, density-normalized Voigt moduli A44, A66

and A46. The properties of the complex-valued slowness vector p and

of related real-valued quantities (propagation vector P, attenuation

vector A, phase velocity C, attenuation |A|, the value of Im σ , and

attenuation angle γ ) of inhomogeneous SH plane waves propagating

in such a medium, were numerically investigated in Červený &

Pšenčı́k (2005b, Section 3). We supplement here these studies by

studies of the energy flux vector S and of some related quantities

(energy velocity U , loss factor L, energy direction i en , and energy-

attenuation angle γ en).

Model 1 is defined by the following moduli:

A44 = 5 − i, A66 = 11.25 − 1.125i, A46 = 2.5. (68)

All quantities in eq. (68) are expressed in (km/s)2. They fully cor-

respond to those given in equation (23) of Červený & Pšenčı́k

(2005b). They are also very close to those used in Carcione & Cav-

allini (1995). The dissipation parameters (i.e. the imaginary parts

of A44, A66 and A46) considered in eq. (68) are rather strong. We,

therefore, consider also three other models, with decreasing dis-

sipation parameters (similarly as in Červený & Pšenčı́k 2005b):
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Figure 2. The same as in Fig. 1, but for −0.03 ≤ D ≤ 0.03. Certain effects of weakly inhomogeneous plane waves are more clearly expressed.

Model 2:

A44 = 5 − 0.5i, A66 = 11.25 − 0.5625i, A46 = 2.5, (69)

Model 3:

A44 = 5 − 0.25i, A66 = 11.25 − 0.28125i, A46 = 2.5, (70)

Model 4:

A44 = 5, A66 = 11.25, A46 = 2.5. (71)

Model 4 represents a perfectly elastic anisotropic medium, with

ImA44 = ImA66 = ImA46 = 0.

Figs 1–6 display four plots each. From top to bottom, they show:

(a) the energy velocity U , given by eq. (57), (b) the energy angle i en ,

given by eq. (33), representing the angle between the energy-flux

vector S and propagation vector P, (c) the loss factor L, given by

eq. (58), (d) the energy-attenuation angle γ en , given by eq. (60),

and representing the angle between attenuation vector A and the

energy-flux vector S.

The colour convention used in Figs 1–5 corresponds exactly to

that used in Červený & Pšenčı́k (2005b): the black curves corre-

spond to Model 1, red curves to Model 2, green curves to Model

3, and blue curves to Model 4 (perfectly elastic). Thus, it is sim-

ple to compare the plots related to slowness vector p from Červený

& Pšenčı́k (2005b) with plots related to the energy flux vector S
presented here.

The quantities under investigation are presented as a function of:

a) inhomogeneity parameter D, −0.2 < D < 0.2. b) propagation

angle i , 0 ≤ i ≤ 360◦, related to propagation vector P, and given by

equations

n1 = sin i, n2 = 0, n3 = cos i. (72)
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Figure 3. The same as in Fig. 1, for propagation angle i = 135◦.

Consequently, two types of figures are presented: (a) For propagation

angle i fixed, and inhomogeneity parameter D varying, see Sec-

tion 6.1; (b) for inhomogeneity parameter D fixed, but propagation

angle i varying (polar graphs), see Section 6.2. Let us emphasize

that propagation angle i is related to the direction of propagation of

the wave front, not to the direction of energy propagation.

6.1 Dependence on inhomogeneity parameter D,

propagation angle i fixed

Similarly as in Červený & Pšenčı́k (2005b), we consider two prop-

agation angles: i = 45◦ (in Figs 1 and 2) and i = 135◦ (in Figs 3

and 4).

In Fig. 1, the same input data are used as in Fig. 2 of Červený

& Pšenčı́k (2005b), so that the computed quantities in both figures

can be directly related. As we are mostly interested in weakly inho-

mogeneous plane waves (D small), region D ∈ (−0.2, 0.2) is quite

sufficient for our studies. As energy angle i en and energy-attenuation

angle γ en display certain interesting peculiarities for very small val-

ues of D, we also include Figs 2 and 4, which show details of the

curves from Figs 1 and 3 for very small values of D, varying from

−0.03 to 0.03. A common feature of all these plots is that they are

non-symmetric with respect to D = 0.

Energy velocityU varies quite smoothly as a function of D. It has

a maximum at D = 0 or very close to it, and decreases with increas-

ing inhomogeneity strength |D|. The distinct shift of the maximum

of the energy velocity from D = 0 to some non-zero D, observed

for phase velocities C, is observed also for energy velocity U , but is

only slight.

Let us now discuss energy angle i en . For weakly dissipative me-

dia, the energy angle is practically constant, independent of D. It is

close to the value of i en , computed for a perfectly elastic anisotropic
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Figure 4. The same as in Fig. 2, for propagation angle i = 135◦.

medium, i en
.= 16.4◦. For viscoelastic media, i en varies approxi-

mately linearly with D. With increasing dissipation, the slope of the

straight line i en(D) increases.

Loss factor L depends strongly on dissipation. It is zero for per-

fectly elastic media. In viscoelastic media, for D given, it increases

with increasing dissipation. For a given model, it is minimum for

approximately D = Datt, and increases with increasing |D|. It can

be taken as a measure of dissipation of the viscoelastic anisotropic

medium for a given n, m and D. For D = Datt, we get an intrin-

sic loss factor (corresponding to the intrinsic inhomogeneous plane

wave), which represents a measure of dissipation of the viscoelastic

anisotropic medium for a given n and m.

Energy-attenuation angle γ en has different properties than at-

tenuation angle γ . It is always less or equal 90◦, whereas attenuation

angle γ may be larger, equal to or smaller than 90◦. This means that

the amplitudes never increase in the direction of energy flux vector

S, as it may be the case in the direction of the propagation vector

P, see Červený & Pšenčı́k (2005b). For perfectly elastic anisotropic

media, γ en is independent of D and equals 90◦. The dominant feature

of γ en for anisotropic viscoelastic media is that, for fixed propaga-

tion angle i and D varying, there is always a (small) D = Datt,

for which energy-attenuation angle γ en equals zero. It was shown in

Section 5.3 that for this Datt, attenuation |A | is minimum. The plane

wave with D = Datt is the intrinsic inhomogeneous plane wave, see

Section 3.2/4. The value of Datt can be approximated by eq. (64)

with eq. (62).

Figs 3 and 4 correspond to the propagation angle i = 135◦. All

the conclusions obtained for i = 45◦ remain valid also for i = 135◦.

Some effects are even more pronounced in Figs 3, 4 than in Figs 1,

2. For example, see the values of γ en and the relevant Datt in Fig. 4.
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Figure 5. Polar diagrams of energy velocity U (km s−1), energy angle i en

(degrees), loss factor L, and cosine of energy-attenuation angle γ en of the

SH homogeneous/inhomogeneous plane waves, for D = 0.02 and for the

same models as in Fig. 1. The meaning of colours is the same as in Fig. 1.

6.2 Dependence on propagation angle i, inhomogeneity

parameter D fixed

Here we discuss the propagation of homogeneous and inhomo-

geneous plane SH waves in a symmetry plane of a monoclinic

anisotropic medium, as a function of propagation angle i, for se-

lected fixed values of inhomogeneity parameter D. We use polar

graphs, with i = 0◦ upwards, i = 90◦ to the right, etc., see eq. (72).
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Figure 6. Polar diagrams of energy velocity U (km s−1), energy angle i en

(degrees), loss factor L, and cosine of energy-attenuation angle γ en of SH
plane homogeneous/inhomogeneous waves, for Model 1, and for D = 0

(black), D = 0.001 (red), D = 0.005 (green), D = 0.01 (blue).

In the figures for energy angle i en , we show the absolute value of i en .

The three other quantities (U ,L, cos γen) are always non-negative.

In Fig. 5, the four curves in the individual plots correspond to

the four models (Model 1–Model 4), and to fixed inhomogeneity

parameter D = 0.02. The same colour convention is used as in

Figs 1–4: Blue corresponds to the perfectly elastic Model 4, black,

red and green successively to Models 1–3.
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The plots of energy velocity U and energy angle i en display a

very small influence of dissipation on the result. The curves for

all three models 1, 2, 3 show practically the same U and i en as

those for perfectly elastic media (Model 4). The polar graphs for

energy velocity U are quite smooth, and have a bean-like shape.

The form and size of the energy–velocity plots is very similar to the

form and size of the phase-velocity plots, see Fig. 4 of Červený &

Pšenčı́k (2005b). The polar graphs for energy angle i en have four

lobes. Energy angle i en changes sign approximately at directions

corresponding to the axes of the bean-like polar graph of energy

velocity U .

The polar plot for the loss factor is again of a bean-like shape,

but is rotated by 90◦ with respect to the polar plot of U . Conse-

quently, the loss factor is maximum for propagation angles i, for

which energy velocity is minimum, and vice versa. The loss factor

depends strongly on the dissipation parameters. For a perfectly elas-

tic medium, the loss factor is zero, and for increasing dissipation it

increases.

The polar plots of cos (γ en) again show a smooth variation with

angle i. For a perfectly elastic medium (Model 4), γ en = 90◦ for

any i. For dissipative models, the values of cos (γ en) increase with

increasing dissipation, being largest for, approximately, i = 0◦ and

i = 180◦. For Model 1, γ en is close to zero in these directions.

Fig. 6 corresponds to the strongly dissipative Model 1, see

eq. (68). The black curves correspond to D = 0 (homoge-

neous wave), the red curves to D = 0.001, the green curves to

D = 0.005, and the blue curves to D = 0.01. The most important

observation is that the shapes of the individual curves in Fig. 6 re-

main very similar to those in Fig. 5. Consequently, the behaviour

of U , ien,L and γ en described in Section 6.1 has a more general

character, at least for SH waves.

7 P L A N E WAV E S I N G E N E R A L

V I S C O E L A S T I C A N I S O T RO P I C M E D I A

In the preceding sections we considered the case of SH waves prop-

agating in a symmetry plane of a viscoelastic anisotropic medium,

which allows derivation of explicit analytic formulae and their sim-

ple analysis. In this section we present and discuss results based on

the determination of the corresponding slowness vectors through

the numerical solution of eq. (17). In this way, we can investigate

homogeneous and inhomogeneous plane waves propagating in ar-

bitrary isotropic or anisotropic, perfectly elastic or anelastic media.

We concentrate on inhomogeneous and homogeneous plane waves

propagating in model of Jakobsen et al. (2003) described and used

by Červený & Pšenčı́k (2005b). We choose again the model cor-

responding to the frequency of approximately 35 Hz. For simplic-

ity, we consider the density of 1000 kg m−3. The matrix of com-

plex valued, density-normalized viscoelastic moduli, measured in

(km/s)2 then reads:

AC = A1 − iA2, (73)

where

A1 =

⎛⎜⎜⎜⎜⎜⎜⎝

46.631 5.983 4.278 0. 0. 0.

46.631 4.278 0. 0. 0.

19.931 0. 0. 0.

13.444 0. 0.

13.444 0.

20.324

⎞⎟⎟⎟⎟⎟⎟⎠

and

A2 =

⎛⎜⎜⎜⎜⎜⎜⎝

0.033 0.022 0.156 0. 0. 0.

0.033 0.156 0. 0. 0.

1.312 0. 0. 0.

0.055 0. 0.

0.055 0.

0.005

⎞⎟⎟⎟⎟⎟⎟⎠ .

Note that both matrices A1 and A2 are positive definite. The matrix

A1 corresponds to an anisotropic medium of hexagonal symmetry

with vertical axis of symmetry, which represents the direction of the

kiss singularity.

We calculate energy velocities U , see eq. (27), energy angle i en ,

see eq. (33), energy-attenuation angle γ en , see eq. (34) and loss fac-

tor , see eq. (39) of a P wave and two S waves propagating in the

plane of symmetry of the medium specified by the above set of mod-

uli. Note that we could extend this study out of the symmetry plane

without any problem. We concentrate on it because the behaviour

of listed quantities can be studied better in the symmetry plane. We

first study the energy velocity as a function of direction of propa-

gation vector (perpendicular to the wave front), and as a function

of direction of the energy flux vector, with D fixed. Then we study

all the above listed parameters as functions of the inhomogeneity

parameter D, for fixed direction of propagation vector.

7.1 Dependence on directions of propagation vector and

of energy flux vector, inhomogeneity parameter D fixed

In Figs 7 and 8, we study the energy velocities of P and S waves for

several selected values of inhomogeneity parameter D in the symme-

try plane of the model of viscoelastic anisotropic medium (eq. 73).

The propagation–attenuation plane, that is a plane formed by vectors

n and m, coincides with the symmetry plane. The colours distin-

guish the curves according to corresponding phase velocities. The

red colour corresponds to the greatest, the black colour to intermedi-

ate and the blue colour to the smallest phase velocity. It was shown

in Červený & Pšenčı́k (2005b) that the red colour in model (73)

always corresponds to the P wave, the black colour corresponds

mostly to the SH wave, only in a vicinity of the vertical axis it may

sometimes correspond to the SV wave.

The polar graphs of energy velocity as a function of direction of

propagation vector (perpendicular to the wave front) for six values

of inhomogeneity parameter D are shown in Fig. 7: D = 0 (ho-

mogeneous wave), D = 0.02, D = 0.06, D = 0.08, D = 0.1 and

D = 0.2. Note that the plots resemble the phase-velocity plots in

Figure 7 of Červený & Pšenčı́k (2005b). For D = 0, the energy–

velocity curves are symmetric with respect to the vertical axis. The

red energy–velocity curve has a bean-like shape and it is sepa-

rated from the remaining surfaces. It corresponds to the P wave.

The black curve corresponds to the SH wave, the blue one to the

SV wave. Both S-wave energy velocities are equal along the vertical

axis. With increasing D, the form of the surfaces becomes more

complicated especially in the vicinity of the vertical axis. The SV -

wave curve intersects the SH-wave curve. At the same time, the

P- and SV -wave energy velocities approach each other and touch

at a point slightly off the vertical axis. All the curves loose their

symmetry with respect to the vertical axis.

Fig. 8 shows the same as Fig. 7 but now energy velocity is a func-

tion of the direction of energy flux vector. For D = 0, the energy–

velocity curves of S waves have a form similar to those of Fig. 7.

The P-wave curve, however, has an ellipsoidal rather than bean-like
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Figure 7. Polar diagrams of energy velocity U (km s−1) of homogeneous/inhomogeneous plane waves in a symmetry plane of the medium (eq. 73) as a function

of direction of propagation vector P (perpendicular to the wave front) for varying D: fastest wave (red; P wave), intermediate wave (black; mostly SH wave),

slowest wave (blue; mostly SV wave).

form. With increasing D, the form of the curves becomes again

more complicated, especially in the vicinity of the vertical axis, and

the curves of P and S waves approach each other; with increasing

D, the energy velocities decrease and plots become non-symmetric

with respect to the vertical axis. There are some features, which

distinguish the energy–velocity plots from those in Fig. 7. We can

see that with increasing D, the energy velocity of the P wave does

not point into directions close to the vertical axis, see the plots for

D = 0.06 and greater. The energy–velocity curve of the P wave

continuously changes into the energy–velocity curve of the faster of

the two S waves. It is obvious that the behaviour of weakly inhomo-

geneous waves in the vicinity of the vertical axis deserves a more

detailed study.

The character of the above plots remains very similar even for

plane waves propagating in a perfectly elastic anisotropic medium

specified by matrix A1 only, see eq. (73). The only remarkable differ-

ence is the preserved symmetry (even for non-zero D) with respect

to the vertical axis in a perfectly elastic medium. This seems to in-

dicate that for weakly dissipative media approximate approaches,

in which the imaginary parts of the viscoelastic moduli, that is, el-

ements of matrix A2, are considered as small perturbations, should

work well.
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Figure 8. The same is in Fig. 7, but as a function of the direction of energy flux vector S.

In viscoelastic or perfectly elastic isotropic media, the sections

of the energy–velocity surfaces of both P and S waves would be

circular.

7.2 Dependence on inhomogeneity parameter D,

propagation angle i fixed

In Fig. 9, we can see the variation of the energy velocity in the plane

of symmetry of the model of the viscoelastic anisotropic medium

(eq. 73) as a function of inhomogeneity parameter D, for several

propagation angles i . The propagation–attenuation plane coincides

again with the symmetry plane. Four values of the propagation angle

are considered: i = 0◦, 5◦, 10◦ and 45◦, and inhomogeneity param-

eter D varies from −0.2 to 0.2. The red colour again corresponds

to the wave with greatest phase velocity, and according to Červený

& Pšenčı́k (2005b), it is the P wave. The black colour corresponds

to the S wave with greater phase velocity and the blue colour is re-

served for the S wave with smallest phase velocity. Fig. 9 confirms

what we can see in Fig. 7. For propagation angles close to the verti-

cal axis, which points into a singular direction in a perfectly elastic

case, the behaviour of energy velocities as a function of D is more

complicated than, for example, for propagation angle i = 45◦. Only

for propagation angle i = 45◦, the behaviour of the plots is similar

to that of the SH waves in Figs 1 and 3.

The first feature which we can observe in Fig. 9 is that the plots are

non-symmetric with respect to D = 0 for propagation angles i = 5◦,
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Figure 9. Variations with D (−0.2 ≤ D ≤ 0.2) of energy velocity U (km

s−1), of homogeneous/inhomogeneous plane waves in a symmetry plane of

the medium (eq. 73) for four values of propagation angle i. Fastest wave (red;

P wave), intermediate wave (black; mostly SH wave), slowest wave (blue;

mostly SV wave). Ticks indicate changes of blue into black and vice versa.

10◦ and 45◦. Lack of symmetry is most pronounced for propagation

angle i = 5◦. On the contrary for i = 0◦, the plot is fully symmetric.

Except for i = 0◦, we can observe a shift of the maximum of the

energy velocity from D = 0 to a non-zero value of D. See a similar

observation for SH wave in Fig. 1.

An interesting feature is the decrease of the SV -wave energy

velocity around D = 0 for i = 0◦ and partially also for i = 5◦.

Another interesting feature is the coincidence of the shear-wave

energy velocities for certain ranges of D. Note also places with

marks indicating changes of colours specifying the S waves. At

these places the phase velocity of the SV wave becomes greater

than that of the SH wave or vice versa.

In a perfectly elastic medium, the most pronounced difference

with Fig. 9 is the strict symmetry with respect to D = 0.

Fig. 10 shows the behaviour of the energy angle as a function

of D. We can again see that only the plot for i = 45◦ resembles

the corresponding plots for the SH wave in Figs 1 and 3. For other

propagation directions, which are close to the singular direction
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Figure 10. The same as in Fig. 9, but for energy angle i en (degrees).

of the perfectly elastic case, the behaviour of the energy angles

is more complicated. For i = 0◦ and for the S wave with smaller

phase velocity, which is an SH wave in this case, the energy angle

is independent of D and zero, that is, the directions of the energy–

velocity vector and the propagation vector are the same. For the

P wave and the SV wave, the energy angle is zero for D = 0 and

increases, with opposite signs for increasing |D|. For |D| = 0.2,

it reaches nearly 20◦. For i = 5◦, the plot becomes strongly non-

symmetric with respect to D = 0. The energy angle of the SH wave

is again independent of D, but it differs slightly from zero. From the

changing colour with varying D (see the marks on the curves), we

can see that for some D the SH-wave phase velocity is smaller than

that of the SV wave, for other D, it is greater. The energy angles of

the P and SV waves are symmetric with respect to the value of the

energy angle of the SH wave. For i = 10◦, the variation of energy

angles of all waves becomes less pronounced, for i = 45◦, it is nearly

constant.

Except for i = 0◦, the plots for a perfectly elastic medium would

be again similar to those shown in Fig. 10.

The energy-attenuation angles of all three waves shown in

Fig. 11 behave similarly as the same angles of the SH waves in Figs 1

and 3. They are always less than 90◦, which distinguishes them from
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Figure 11. The same as in Fig. 9, but for energy-attenuation angle γ en

(degrees).

the attenuation angles, see Červený & Pšenčı́k (2005b), which may

be greater or less than 90◦. As in Figs 1 and 3, the energy-attenuation

angle becomes zero for D, which is, in most cases, slightly different

from D = 0. For propagation angle i = 0◦, the energy-attenuation

angle is, however, zero for exactly D = 0.

The energy-attenuation angles of the P, SV and SH plane waves

for a perfectly elastic medium are constant and equal to 90◦.

Finally, in Fig. 12, we show the behaviour of the loss factor for

the above set of propagation angles. We can see that the behaviour

of the loss factor of the P and SV waves is quite different from

the behaviour of the SH waves, see the nearly constant curve in

Fig. 12, or the curves in Figs 1 and 3. We can see that, except for

i = 45◦, the P-wave loss factor has a pronounced maximum for

D close to zero, whereas the SV -wave loss factor has pronounced

minimum there. This means that in directions close to the vertical

axis, homogeneous and weakly inhomogeneous P waves will be

substantially more dissipated than the corresponding SV waves. For

i = 45◦, the situation changes. The dissipation of SH waves is always

small and practically independent of D. This is a consequence of

small imaginary parts of moduli A44 and A66, see eq. (73).
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Figure 12. The same as in Fig. 9, but for loss factor L.

8 C O N C L U S I O N S

Time-averaged complex-valued energy flux of homogeneous and

inhomogeneous time-harmonic plane waves propagating in un-

bounded viscoelastic anisotropic media can be computed very ef-

fectively using the mixed specification of slowness vector, proposed

by Červený & Pšenčı́k (2005a). In a medium with unrestricted

anisotropy and viscoelasticity, the relevant numerical algorithm re-

quires a solution of a complex-valued algebraic equation of the

sixth degree. For simpler anisotropy symmetries, the algebraic equa-

tion may reduce to fourth or even second degree. The same algorithm

can also be used to compute other time-averaged energy quantities

like the time-averaged energy velocity and time-averaged dissipated

energy.

Presented numerical examples show several interesting phenom-

ena. When studying the behaviour of energy quantities of inho-

mogeneous waves as functions of direction (specified either by the

propagation vector perpendicular to the wave front or by the en-

ergy flux vector), we can observe lack of symmetry, existing for

homogeneous waves, with respect to the direction representing a

singular direction in the corresponding perfectly elastic medium.

Energy quantities behave in a peculiar way in a vicinity of these di-

rections. This phenomenon deserves further investigation. When we
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study the energy quantities as a function of varying inhomogeneity

parameter D, we observe loss of symmetry of the behaviour of these

quantities with respect to D = 0. The non-symmetry is again more

pronounced in directions close to directions, which are singular in

the perfectly elastic case.

The algorithms proposed here open some new possibilities in the

investigation of properties of time-harmonic plane waves propagat-

ing in anisotropic viscoelastic media. This applies mainly to the

instantaneous energy flux and other instantaneous energy quanti-

ties. It would also be useful to investigate, in a greater detail, the

imaginary part of the complex-valued energy flux, and its relation to

the dissipated energy and to the difference between the kinetic and

stress energies. Further studies of energy-attenuation vector and of

intrinsic inhomogeneous plane waves (see Section 3.2/4) seem to be

also desirable.

Similarity of presented numerical examples for weakly viscoelas-

tic anisotropic media to examples computed for perfectly elastic

media and similarity of results obtained for homogeneous and inho-

mogeneous waves open possibilities for use of various perturbation

approaches. It should also be mentioned that the used algorithms

need only a slight generalization to make them applicable to study

of homogeneous and inhomogeneous plane waves propagating in

more general types of media, for example, in porous viscoelastic

anisotropic media. In the general case, this would require to solve

a complex-valued algebraic equation of the eight degree instead of

the sixth degree necessary in the present study.
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Červený, V., 2004. Inhomogeneous harmonic plane waves in viscoelastic

anisotropic media, Stud. Geophys. Geod., 48, 167–186.
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