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Abstract

Determination of the volcanic eruption source parameters—total grain-size distribution and vertical ash mass distribution (VMD)
within the source—is carried out on a collection of measured-area samples and granulometry data. For this, the geophysical
inverse methods and Hybrid Particle and Concentration Transport Model (HYPACT) driven by wind and turbulence fields
simulated with the Regional Atmospheric Modeling System (RAMS) are used. A two-step inversion procedure is proposed to
obtain approximate but physically meaningful solution when the total number of ashfall samples is small and it is not possible to
make a good initial guess of the source parameters. First, a spectrum of particle fall velocities is estimated by selecting a best-fit
subset of aerodynamically distinct subpopulations of free and aggregate particles from the trial set used to simulate a
polycomponent ashfall. The singular value decomposition (SVD) analysis is then employed to identify spatial components of
the ash emissions’ vertical distribution, as resolvable by the observations. Model validation experiments are conducted for the
January 12, 2011, short-duration vulcanian explosion at Kizimen and paroxysmal phase of the December 24, 2006, sub-Plinian
eruption at Bezymianny. The derived VMDs exhibit high variability in fine ash content (~60-100 wt%) as well as strong
secondary maxima in the lower troposphere, likely reflecting the contribution of ash particles fallen out of co-pyroclastic flow
ash clouds and partially collapsing eruption columns.

Keywords Volcanic ash - Aggregate fallout - Total grain-size distribution - Vertical ash mass distribution - Ill-posed problem -
Regularization

Introduction

Over recent decades, numerical models of volcanic ash dis-
persal and fallout have become widely used to constrain erup-
tion source parameters, such as total erupted mass (TEM),
total grain-size distribution (TGSD), and a range of ash injec-
tion heights, from observations of tephra mass load and
granulometry (see, for example, recent studies by Klawonn
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et al. 2012; Stuefer et al. 2013; Moxnes et al. 2014; Turner
etal. 2014; Marti et al. 2017; White et al. 2017). Initial studies
were based on simplified representation for transport and de-
position (Suzuki 1983; Armienti et al. 1988; Carey and
Sigurdsson 1982; Cornell et al. 1983), with Sparks et al.
(1997) reviewing the state-of-the-art by the late 1990s.
Comparing simulated mass loads against measurement data
allows “best-fit” parameters to be selected using known in-
version techniques: the downhill simplex method (Connor and
Connor 2006); simple and weighted least squares (Pfeiffer
et al. 2005; Costa et al. 2009; Bonasia et al. 2009; Spanu
et al. 2016); and multiple least squares with some kind of
regularization (Stohl et al. 2011; Klawonn et al. 2012;
Moiseenko and Malik 2014). Provided that the meteorological
fields are predicted correctly, the above model-based approach
has important advantages over traditional sedimentological
techniques (Pyle 1989; Bonadonna and Costa 2012) as it al-
lows for intrinsic consistency between the measurement data,
which are assumed to characterize the general features of the
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particular deposit dispersal pattern, the derived estimates of
the source parameters, atmospheric transport conditions, and
particle settling velocities.

Since the complexity of the actual eruption source is often
greater than the resolving power of the deposit data, the most
important issue in selecting the source parameters is choosing
the optimal (and, by necessity, highly limited) set of those
model parameters that describe the most important aspects
of the phenomena and can be determined uniquely from mea-
surement data. This is commonly achieved by a parametric
approach based on predefined simple functional forms for
TGSD and vertical ash mass distribution (VMD) (Connor
and Connor 2006; White et al. 2017). Additionally, an as-
sumption about particle sphericity or constant shape factor is
made to constrain ash particle settling rates (Bonasia et al.
2009; Klawonn et al. 2012). Although parametric methods
are known to be highly efficient in geophysical investigations
as well as atmospheric transport-related inverse problems,
provided a suitable form for the prior distribution is chosen
(Enting 2002; Debcedilski 2010), their application to an erup-
tion source may be questionable on physical grounds, giving
large variations in eruption styles and magnitudes for explo-
sion events and phases of individual eruptions (Walker 1971,
1981; Sparks et al. 1997).

In this study, we consider the inverse problem for the erup-
tion source parameters, where deposit data is sparse and ob-
servations on the eruption plume dynamics are very limited so
that no good initial guess of TGSD and VMD can be made.
The central problem of constraining the fall velocities of free
and aggregate particles is solved by simulating numerically
transport and sedimentation of particles comprising a trial set
of model subpopulations. Selecting different optimal subsets
of aerodynamically distinct subpopulations for each size bin
of grain-size analyses then provides an implicit account for the
commonly observed variation in component abundances
(morphology) with particle size (Walker 1971; Wohletz et al.
1989), which may be important in constraining particle set-
tling velocities from polycomponent ashfalls. This approach
has been shown to allow for significant reduction in the total
number of unknowns of the problem, resulting in model-
predicted deposit dispersal patterns that are generally consis-
tent with field data (Moiseenko and Malik 2014). The original
non-parametric procedure of Moiseenko and Malik (2014) is
extended to invert TEM, TGSD, and VMD of bulk ash as well
as fine and coarse ash fractions. The inversion procedure uses
well-developed regularization techniques (subset selection,
truncated singular value decomposition) to obtain an approx-
imate, but physically meaningful solution constrained by ash-
fall deposit data and independent observations of the heights
of the eruption column and the downwind ash plume.

The model validation experiments were conducted for the
January 12, 2011, VEI =2 short-duration vulcanian explosion
at Kizimen Volcano and the December 24, 2006, VEI =2-3
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sub-Plinian eruption of Bezymianny (termed the KZ11 and
BZ06 ashfalls here). Ash simulations were performed using
the Hybrid Particle and Concentration Transport Model
(HYPACT) driven by wind and turbulence fields simulated
with the Regional Atmospheric Modeling System (RAMS)
(www.atmet.com). Although eruptions with a higher
explosivity index are obviously of greatest interest
concerning their environmental and geological impacts, we
feel that the present study provides insights into those aspects
of the inversion problem which are relevant to a substantially
wider range of eruption magnitudes and dispersive powers,
including a broad spectrum of particle fall velocities, large
and poorly controlled uncertainties in simulating dispersion
of ash particles by mesoscale turbulence, and a low signal-to-
noise ratio in the measurement data.

Theoretical considerations
Basic assumptions

We consider a population of particles, R,,,q, emitted from an
eruption source occupying a volume (2 in the computation
domain and representing a highly simplified approximation
to a natural source of volcanic ash formed by all the processes
relevant to turbulent convective mass transfer, inter-phase
changes, and secondary fragmentation within an eruption col-
umn as well as elutriation of fine ash from pyroclastic flows
(PF). We call this a “convective stage” of atmospheric
transport as opposed to a simulation of a “downwind plume”
stage in which ash particles are transported by atmospheric
wind. It is then assumed that R, represents the sum of con-
tributions from the vent-originated eruption plume and co-PF
clouds, with each particle from R4 settling at either its indi-
vidual terminal fall velocity or a collective settling speed of
the respective aggregate particles. We further refer to the
above ash particle classes, differentiated with respect to set-
tling conditions, as free (F) and aggregate (A) classes, so that
Riog = F U A (see Appendix 1 for basic notations).

The simplest geometric model of the eruption source, suffi-
cient for the purposes of this study, is a vent-centered cylinder
of radius Ry, representing a characteristic horizontal scale of the
eruption dynamic-driven stage of atmospheric transport, and
length z. = z,— z;,, where z,, is the vent altitude according to the
model topography and z, is the top height of the eruption col-
umn. Apart from the prescribed spatial geometry, the source is
characterized by a time-independent emission rate g(z)/A ¢
[kgm 's '], where At is the emission time duration, such that
q(z) Oz gives a total mass of particles emitted within a range of
heights from z to z+ 0z. The other commonly used assump-
tions are as follows: (i) formation of ash aggregates in the
downwind plume stage can be neglected and (ii) all particles
within the source are uniformly mixed irrespective of their
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terminal fall velocities; consequently, for any subpopulation of
particles discriminated by particle size and morphology, the
corresponding VMD is proportional to the VMD of R4

Validity of the above assumptions should be checked a
posteriori as part of the inversion procedure. Although forma-
tion and growth of ash aggregates and mixed ash/water and
ash/ice hydrometeors may take place within a dispersed ash
plume through a variety of processes (Textor et al. 2006;
James et al. 2002, 2003; Mangan et al. 2017; Durant et al.
2008; Steinke et al. 2011), violation of assumption (i)
concerning the non-interacting particle classes does not seem
to have a strong effect on the results of the present computa-
tions. This is because the characteristic times of ash fallout are
relatively short (<1 h), thus simulations of sedimentation can
be performed using time-independent settling speeds.
Assumption (ii) concerning uniform mixing assumes no grav-
itational separation of ash-sized particles, which may be a
reasonable first-guess approximation for the true VMD
(Moiseenko and Malik 2014) in the absence of direct obser-
vations of grain-size variations with altitude in an eruption
column. Using 63 pm as an approximate upper limit for the
size of elutriated ash particles (Girina (1991), Bezymianny
volcano; see also Evans et al. (2009)), one may consider a
total VMD as the sum of inputs from a coarse ash (> 63 pm)
fraction, with the eruption plume as its primary origin, and a
fine ash (<63 um) fraction whose VMD combines the effects
of the eruption plume and co-PF clouds, so that ¢(z) = ¢(z) +
q£z), where the lower indexes ¢ and f are used henceforth to
denote quantities related to the coarse and fine ash fractions,
respectively. Apart from physically motivated discrimination
between the primary emission sources (i.e., eruption plume
and co-PF clouds; for more discussion, see Cornell et al.
1983; Rose and Durant 2009; Evans et al. 2009; Bonadonna
et al. 2002), the above approach allows the effects of size-
induced gravitational sorting of ash particles in the convective
stage to be estimated. We then apply the model of spatially
uniform source either to the total ash fraction of pyroclasts
(bulk ash-based approach) or to each of the above defined
size fractions (fraction-based approach), with specific exam-
ples given in section “Inversion results.”

The model of Wilson and Huang (1979) (referred to as WH
henceforth) is employed to describe the combined effect of
shape and roughness on falling speed of free particles by using
a single shape parameter F (shape factor) (Riley et al. 2003;
Liu et al. 2015). It is assumed that particle aggregates fall at
speeds of equivalent solid spheres (F=1), with “equivalent
aggregate diameter” d,, (following the terminology of James
et al. 2002) and density p, treated as adjustable parameters in
the model (Mastin et al. 2016). Consequently,

ve = vwu(p, F,d ) (free particles) (1a)

v = vwu(p,, 1,d,) (ashaggregates) (1b)

where v, is the settling speed of ash particle of size d and
density p from F and A classes, respectively, and vyy is the
fall velocity of the WH model.

In the present simulations, Ry;,oq is divided among L equal-
sized (on a phi scale) bins, k (=kq, ... k), of the grain-size
analyses of ash deposit samples so that ash particles in bin &
have sizes from 2 % to 27**! mm (the lower subscript k will be
used to denote a quantity related to bin k). For each &, we

define a trial set { S, }II:LQ of model subpopulations such that

Rimod = UiL:k] (Rmod)k7 (Rmod>k = U;’i?Sk,pv (2)

where the first P subpopulations (Si. 1 ... Sk, p) and the re-
maining O subpopulations (S, p+1 ... Sk, p+ o) consist of F-
and A-particles, correspondingly, with each subpopulation
characterized by the joint distribution of eitherp, F" and d (F-
particles) or p,, d, (A-particles).

Let R be an initial population, following terminology of
Walker (1971), representing the total assemblage of ash-
sized pyroclasts composing a particular ashfall deposit. The
key assumption of the inversion consistent with Egs. (2) is that
for each k (bin size), there exists an optimal, in a statistical
sense, subset from the above trial set, composed of a highly
limited number of model subpopulations Sy, ,, which approx-
imates sufficiently accurately the true unknown distribution of
k-particles in R with respect to their settling velocities.

In the above formulation, the words “a highly limited
number” are important in order for the results of inversion
based on a limited amount of field data be statistically signif-
icant. Any given choice for model particle subpopulations is
highly subjective, since it is always a compromise between the
model complexity, when trying to account for a broad range of
particle settling velocities, and the amount of available mea-
surements. An approach for constraining the trial set of model
subpopulations adapted to the present simulations is discussed
in section “Forward simulations.”

The inverse problem

Lety = {y(ri)}l{:1 be an observation vector representing
mass loads (mass per area values, kg m %) measured at sample
sites ry, ..., r;. The grain-size analysis of the first [, </
measured-area samples will also yield L data vectors
vi={v (1) }fil ,k=ki, ... kr. (The bold symbols are used con-
ventionally to denote vector quantities.) A discrete represen-
tation for the inverse problem is obtained by dividing the
volume {2 into J model sources: 2 = U}-]:] {2;, where (2; rep-
resents a disk of radius R, and height Az;=z; 1 —z,j=1,...J
(z1=2p, Z7+1=2,). Assume for definiteness that J< I, so that
the problem of VMD retrieval (Eq. (10) below) is over-
determined with respect to the total number of unknowns
(Jackson 1972).

@ Springer
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The theoretical (model-predicted) mass load y;, at a location
r on the ground is given according to Eq. (2) by

N P+
yk(r) }] 14p= lr}/kpjgkpj(r u, ll VtaRwAZj)a (3)

where ;. ,, ; is the total mass of Sy ,-particles emitted from a
Jjth model source ({2), and gy, ,, ,(r) is the probability that a
particle emitted from (2; will settle at r which is
preconditioned on the resolved wind (u), atmospheric turbu-
lence (u’), settling velocity (v,), and source dimensions (R;,
Az;) and must be computed from the atmospheric transport
model. Using the assumption of uniform mixing of particles
within the source, we can write

Viepj = Mi'fk,pv (4)
so that

N P

() = S MY P g (1), (5)

where & ,>0 is a weight fraction of S; ,-particles in the
TEM, X}, E;);kap =1,and M; (: El’:“q(z) dz) is the to-

tal mass of ash particles emitted from the jth model source.

Using the bulk ash-based approach (see sub-section
“Basic assumptions”), the complete observational model
relating the measured data to model predictions is given
by vector equations

Vi =%+ ek =k, . ke, (6)
Y=Vt + % te (7)

where €; and ¢ are unknown random (f, x 1) and (/ x 1) vec-
tors representing the total discrepancy between the model-
predicted and observed mass loads (we will refer to particular
elements in ¢, and € as model prediction errors). The inverse
problem associated with Egs. (5, 6, and 7) consists of deter-
mining for each k the best-fit subset of subpopulations Sy,
S c(1,2,...,P+Q), along with the corresponding coeffi-
cients & , and M; given the measurement vectors y and yj,
k=ky, ... kp.

An approximate solution to systems (6, 7) is obtained by
successive approximations starting with a vertically homoge-
neous source with a height-independent emission rate (g =
const) constrained by independent estimates for z;, and z,.

Step . Setting M| =M, = ... = My = M’ka = M-f,w,,
we solve for X, = (Xg, p=1, X, p=1.-- Xk, p=p+0) 50 that
Vi = Axi, k=ki, .. kg, (8)
wherey, = Wiy, A, = WiAy, Ay is I, X (P + Q) matrix with

clements a;, = Z,le (i), with pth column of the matrix

representing input from the subpopulation Sy, ,, and Wy is an
(I * 1) prediction error covariance matrix (see sub-section

@ Springer

“Simulation scenarios”). Let X; be a solution to Eq. (8) so that
a first-guess approximation to & , is given by

¢ IS Y ~ vk P+QO+
§kp = Xep/ M M= iy, Zp 1 Xkpo (9)

where M-J gives the first-guess approximation to TEM of ash
particles in all size bins.

Step II. Invoking ék’p into Eq. (5) and summing over k
according to Eq. (7), we seek a solution m to the system

y =B'm, (10)

where y'= Wy, B'=Bm, m=(M,,..M)isa (Jx 1) vector of
unknowns, W is an (/ x ) model error covariance matrix, and
B is a (I X J) matrix with elements

(B0)i; = Thp, Ty R (Ti)- (11)
One can finally obtain the following estimates:

M =YL, M;, (12)

AM; =MoY, 08, k=ki .k (13)

where M, is the TEM of ash particles, and
(AMy,, AM,, ..., AMy,) and (M, M>,...,M ;) represent
the discrete approximations for TGSD and VMD, respective-
ly. The important advantage of using Eq. (7) in the second step
of the inversion procedure is that, in the absence of significant
bias in measured mass loads and model simulations, the pre-
diction errors of the size bin-related problems in Eq. (8) are
expected to partially compensate each other by summing &,
which results in more stable estimates for VMD. Additionally,
the bulk ash-based approach provides the best strategy in the
case of small grain-size samples (i.e., when I, < <), as the
whole set of measurement data is used for the simulations.
Alternatively, one may use the fraction-based approach (see
sub-section “Basic assumptions™) and consider vector equa-
tion which is similar to Eq. (7) but related to mass loads for
either the coarse or fine ash faction, with the only difference
being that the summing of k in Egs. (7, 9, and 11) is performed
over a subset of k indexes related to the size fraction. The
system (10) is then solved separately for each fraction to ob-
tain the total VMD and TEM of ash, given by M; = (M)
+(M; ) and Mo = (Mo + (Myo)s along with a mass frac-
tion of the fine ash particles (mg); = (M )/,/M ,
me3 = (Mior)/Mior. The complete description of the inversion
technique is provided in Appendix 2.

Volcanological setting

Below, we consider two well-studied eruptions from currently
active volcanoes at Kamchatka Peninsular—the complex
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andesitic stratovolcanoes of Bezymianny and Kizimen
(Fig. 1)—to assess the general validity of the proposed inver-
sion approach under different atmospheric transport condi-
tions and eruption styles.

The January 12, 2011, ashfall from Kizimen

Kizimen volcano (55° 08.0" N, 160° 19.3’ E, altitude
2376 m) is located in the central part of the eastern vol-
canic belt of Kamchatka (Melekestsev et al. 1995). The
newest cycle of explosive-extrusive-effusive activity at
Kizimen began in October 2010 (Malik and
Ovsyannikov 2011). Since then, increased seismic activity
at the volcano has been recorded continuously along with
ash plumes of varying thicknesses traveling as far as
500 km downwind at tropospheric to sub-statospheric
levels. Here, we study the January 12, 2011, explosive
event, with the eruption start time (20:38 UTC, January
13 07:38 local time) and duration (10 min) constrained by

seismic data from the Kamchatka Branch of the Russian
Academy of Sciences Geophysical Service (http://www.
emsd.ru/~ssl/monitoring/main.htm). Strong (30-50 ms ")
unidirectional winds in a free troposphere resulted in the
ash plume moving rapidly downwind at a visually
estimated altitude of 5-6 km (N.A. Malik, ground obser-
vations 60 km from the vent; all heights from here on are
above sea level). The fan-like deposit dispersal pattern
(Fig. 1) had a small angle of spread and was probably
produced by the simultaneous deposition of ash particles
from the eruption column and co-PF clouds, as supported
by the results of present simulations (see below). The total
mass of the KZ11 fall deposit was estimated using a sin-
gle straight-line approximation on the log mass—area'’
plot (Fierstein and Nathenson (1992), Eq. (12) with thick-
ness 7T converted to mass load) to be equal to 0.6—1.2 x
10 kg. Grain-size distribution (GSD) analysis was per-
formed on 12 measured-area samples (Table 1) using a
combination of sieve and laser diffraction analyses to

[ ] P g
119/110 — sample number / mass load, g/m? " pSheveluch .,
e —sites with zero mass loads < 2
A - active volcanoes v 340 1306 6306,
O - settlements yp l A
; - " +800,1400, ~
N fu 750 o g o400 \/
3 ‘220 Klyu h’f
b & 120 W5
b #120 BAG06/1143 | <
¥so w : KL chB-04- 0612561+
& 320 : / «B-11:0711309
\ \ & 1 =
N A 3 Ushkoigk : 2401
navgay \ VSKY |
\h 0110 i (l)(ozyrevsk A uchevskoy
119/120 .15 e éezym.anny
¥ 32,
\ of i 148
\ay - o317, A Plosky Tolbachik
X 125
& s \.98f1.16L o
8 -119\\0 2\
96/200
L ] P " +87 \ \“ P
Y Y
Schapino \\ \
°Tayozhny N
L
Dolinavka ‘*NAKizimen
A Vysoky.
— - - - A Komarova
) 1 Ll 1
0 20 40 60 km i Gamgyen y
‘ol.:;lt : 156'E 160°E 164E 168

Fig. 1 The BZ06 Plinian fall and the KZ11 ashfall deposits (light gray;
dashed line marks deposit dispersal axis) and the BZ06 ashfall from co-
PF clouds and a lower part of the eruption column (dark shaded area
WSW-N from Bezymianny). Black arrows, whose length is scaled with

the wind speed, show wind speeds and directions at heights of the ash
plumes (h) and 850 mbar (~ 1.5 km a.s.l.) (1) at the time of ashfalls basing
on atmospheric soundings at Klyuchi radiosonde station (KL, ~40 km N
from Bezymianny) (http://weather.uwyo.edu/upperair/sounding.html)
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obtain GSDs from the KZ11 fall deposit within the 0.5—
1000 um size range (size bins from k=1 to k=11).

The December 24, 2006, ashfall from Bezymianny

Bezymianny Volcano (55° 58.7" N, 160° 35.2" E, altitude
2880 m) is located in the central part of the
Klyuchevskaya volcanic group about 10 km SSW of
Klyuchevskoy volcano. The current activity started with
a catastrophic eruption in 1956 (Girina 2013). Short ex-
plosive eruptions, occurring once or twice a year, are ac-
companied by pyroclastic flows and effusion of viscous
lava, with ash plumes rising up to 615 km (all heights
are given above sea level). The culminating phase of the
December 24, 2006, eruption (start time 09:17 UTC,
21:17 local time) lasted ~50 min and was accompanied
by strong pyroclastic flows (volume 0.006-0.008 km?,
runout distance of ~6.5 km) (Girina 2013), a steady erup-
tion column reaching 13—15 km (night-time observations
of lightning), a laterally spreading umbrella cloud (satel-
lite imagery), ash fallout (visually observed as ash/snow
mixture 40 km from the vent), and downwind ash plume
at an altitude of ~10 km traced as far as 850 km NE of
the volcano (Malik 2011).

Compared to the KZ11 event, a wider range of injection
heights and strongly veering winds below 300 mbar at the
time of the BZ06 ashfall resulted in partially overlapping
deposits produced by ash which fell out of either the um-
brella cloud or the lower part of the eruption column and
co-PF clouds (Fig. 1), with the model-predicted ranges of
injection heights of 8—15 km and 2—8 km, respectively (see
section “Inversion results”). We refer to these areas of the
deposit as the Plinian and co-PF parts of the BZ06 deposit,
respectively.

The TEM of the tephra fall deposit was earlier estimated
to be 4.0-6.7 x 10° kg, using the PlumeRise model
(Woodhouse et al. 2013) and >3.8 x 10° kg (based on
izomass map) (see Moiseenko and Malik (2014) for de-
tails). Sixteen samples from the BZ06 Plinian fall deposit
were sieved at 19 intervals down to 63 um to measure the
GSD within the range 63-500 um as well as the fine ash
fraction (mg3) (Table 1). Additionally, three of the above 16
samples collected at distances 30—40 km from the vent

were analyzed using a combination of sieve and laser dif-
fraction analyses to obtain GSDs of the BZ06 Plinian fall
deposit in the 0.5-500 um size range (size bins 2—-11).
According to Fig. 2, the GSDs of the KZ11 and BZ06 fall
deposits are polymodal and have a low degree of sorting at
all distances from the vent, which can be explained by ash
aggregation, a wide range of particle fall velocities, and a
combination of the co-PF and eruption plume fallouts.
Significant contributions of all these factors are shown
clearly in the results of our simulations.

Forward simulations
RAMS/HYPACT modeling system

Numerical simulations of atmospheric ash dispersal and fall-
out were performed with the Hybrid Particle and
Concentration Transport model (HYPACT) (Tremback et al.
1994; Walko and Tremback 1995) driven by three-
dimensional (3D) wind, potential temperature, and turbulent
kinetic energy fields simulated by the Regional Atmospheric
Modeling System (RAMS) limited area weather forecast mod-
el (Pielke et al. 1992; see also: www.atmet.com). The initial
and boundary conditions for the RAMS simulations were
determined using the National Center for Environmental
Prediction’s Final Operational Global Analysis (NCEP FNL)
meteorological dataset on a 6-h basis.

Numerical computations of meteorological fields and
ash dispersal were performed using three nested polar ste-
reographic grids G1-G3 (Fig. 3). The outer G1 and first
inner grid, G2, have horizontal dimensions of 40 x 40 and
70 x 70 and horizontal resolutions of A,=60 and A, =
15 km, respectively. The G1 and G2 grids are common in
our ash dispersal simulations for active volcanoes in the
Kamchatka-Kuril arc and allow large scale weather sys-
tems traveling across the region to be resolved. The second
inner grid, G3 (107 x 107, A, =3 km), is centered on the
volcano location and enables topography-generated atmo-
spheric motions on scales > O (10 km) to be resolved. The
three grids have similar vertical structures, with spacing
between adjusting layers varying from 200 m near the sur-
face to ~700 m in the upper troposphere and lower

Table 1 Ashfall sample data

Ashfall deposit I(ly) AL (AL,), km Ad, um Me3 AM, g m 2
BZ06 40 (16) 23-105 (31-93) 0.5-500 0.53-.84 10-2560
KZ11 12 (12) 51-136 (51-136) 0.5-1000 0.59-.85 42-200

I total number of ash deposit samples, I, number of grain-size samples, AL the sampling distance range from the
source volcano, AL, those for the grain-size samples, Ad particle size range (LDA and sieve analyses), 153 mass
fraction of fine ash particles (<63 um), AM total range of the mass loads
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Fig. 2 Grain-size distributions of
intermediate fallout from the
KZ11 (a) and BZ06 (b) eruptions.
A key is “sample number/
distance from vent”

Fig. 3 Domains of 60 x 60 km
(G1), 15x 15 km (G2), and 3 x

3 km (G3) nested grids used for
the simulations of ash transport
and deposition. KIZ, Kizimen
Volcano; BEZ, Bezymianny
Volcano; KLU, Klyuchi radio-
sonde launch site; P.-KAM,
Petropavlovk-Kamchatskii Town.
Horizontal coordinates x and y of
the computational grid are coor-
dinates in a polar stereographic
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stratosphere (40 vertical layers). The RAMS model output
was saved as 30 min averages of corresponding instanta-
neous three-dimensional meteorological fields.

We use a Lagrangian (random-flight) model HYPACT driv-
en by RAMS-calculated meteorological fields to simulate at-
mospheric transport in a randomly fluctuating wind field by
tracing large amounts of model particles carrying a prescribed
mass of ash attributed to a given subpopulation (Sy, ,) and
emission source ({2). The random-flight models are known
to be the most appropriate tool to simulate three-dimensional
atmospheric dispersion in inhomogeneous turbulence (Wilson
and Sawford 1996; de Haan and Rotach 1998; Yamada and
Bunker 1988; Turner et al. 2014). The original Fortran 90 code
of HYPACT model has been upgraded to simulate fallout of
ash-sized pyroclasts incorporating the assumption that motion
of individual ash particles or aggregates responds to all fre-
quencies of atmospheric turbulent motions (i.e., effect of par-
ticle inertia is negligibly small), which seems to be a reason-
able assumption for particles less than 1-2 mm (Wang and
Stock 1993).

Ash transport simulations

Volcanic source geometry In the BZ06 simulations, the source
radius R, is set to 12 km which is the maximum crosswind
diameter of the umbrella cloud according to satellite images
(Moiseenko and Malik 2014). Assuming a proportionality be-
tween R, and z. (Golitsyn et al. 1989), the above estimate is
reduced to R,=8 km as a representative value for the KZ11
eruption cloud. Variation of the above estimates within a factor
of 1.5 was found to produce little effect on the simulated deposit
patterns at distances >5R; where most samples were collected.
Consequently, the inversion of VMD is performed under fixed
Zps 2 and R, (Table 2) at 1 km height increments, so that the
total number of unknowns of the discrete problem (10) is J= 10
and J= 14 in the KZ11 and BZ06 simulations, respectively.

Particle subpopulations We simulate F-particles from 63 to
1000 pm (63-500 pm) size range for the KZ11 (BZ06) ashfall
and A-particles from 125 to 0.5 pum to provide mixed settling
conditions for individual ash particles in the transient range of
63—125 um where aggregation efficiency exhibit strong vari-
ation with particle size (Schumacher 1994; Gilbert and Lane
1994; James et al. 2003) (Table 3).

In our simulations, we neglect for simplicity any possible
variations of free particle shape and density with respect to
particle size within a given F-subpopulation. The density of
simulated free particles is set to the value of the midpoint of
the corresponding bin assuming a size-density relationship
p = —logd (Wohletz et al. 1989; Bonadonna et al. 2002) in
the 16-2000 pm size range. A constant density of
2600 kg m ° is assumed for particles < 16 pum, approximating
the density of the solid phase of the ejecta (Proussevitch and
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Sahagian 2012). The density of ash particles >2000 pum is set
at 1600 and 1900 kg m > for the KZ11 and BZ06 eruptions,
respectively, based on our measurements of densities of large
pyroclasts collected within proximal areas of recent tephra
falls from these volcanoes.

Collection of ash particles from the simulated ashfalls
shows a variety of angular to sub-rounded shapes character-
ized by different elongation (b/a) and flatness (c/b) values,
where a, b, and ¢ are the maximum, intermediate, and mini-
mum diameters, respectively. Using projected area images, we
calculate the aspect ratio AR = a/b of individual particles from
63 to 125 um and 125-250 pum size bins based on manual
measurements of the corresponding Feret diameters (Riley
et al. 2003). The measured ARs are found to follow approxi-
mately the gamma distribution (Fig. 4):
SOxa,B) = 5 (D(e) " a* e ™,

Xx=AR-1.  (14)

It is then assumed that the empirical distribution of the par-
ticle three-dimensional aspect ratio AR'=F ™' = a/ [ (b + ¢)]
can be approximated to a reasonable accuracy by fix™; o, 5%,
where x* =AR* — 1 and " and 3* are unknown coefficients, so
that fix™; o™, %) — flx; a, B) in the asymptotic limit ¢/b — 1.
Using the general rule for transforming probability density
functions along with the definition of AR™, we obtain

u(F) —;zf(;—l,a*,ﬂ*), (15)
where u(F) OF gives the relative number of particles in a range
from F to F'+ OF. For each size bin, we use a trial set of P=3
model subpopulations distributed according to Eq. (15), with
the corresponding modal values F,,oq at 0.4, 0.55, and 0.8 (Fig.
4) (we refer to these subpopulations as Fy 4, Fo 55, and Fgg,
respectively). A low value for the scale parameter 3*(=2) is
accepted in final computations so that the above distributions
are sufficiently flat, in accordance with the observed wide
range of particle shapes according to Zingg’s classification
(Wilson and Huang 1979).

To constrain settling rates of ash aggregates, we consider
sets of A-particles in a range of size bins from k=0 to k=4
(based on diameter d,), with each set divided into the three
subpopulations of particles having constant densities p, of
250, 500, and 1000 kg m > to obtain the total number of
Q=15 A-subpopulations. The associated range of fall veloc-
ities of A-particles overlaps those of natural ash aggregates,
generated by electrostatic forces in the presence of variable
amounts of atmospheric water, constrained by direct observa-
tions of ashfalls (Carey and Sigurdsson 1982), laboratory
measurements (James et al. 2002, Fig. 5), and the results of
model simulations (see Mastin et al. 2016, and references
therein).
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Table 2 List of model parameters
used in forward and inverse

simulations

Model parameters Source
Input (fixed) parameters:
1 x 1° meteorological fields (initial and boundary conditions) NCEP FNL

Model particle subpopulations (S, ,,): see Table 3

Volcanic source height range (z;, z,):
z,=1.5 km, z,*=11.5 km (KZ11 simulations)
2,=2.0 km, z,=16.0 km (BZ06 simulations)

Forward simulations

Seismic data®
Girina (2013)

RAMS-simulated meteorological fields

Aw A, bandwidth parameters calculated according to the turbulence model

Yamada and Bunker (1988)

HYPACT-derived source functions (g, », )

Adjustable parameters

The source radius (R,)°
8-20 km (BZ06 simulations)

4-20 km (KZ11 simulations)

Optimal subset of particle subpopulations (see Table 3)

Inversion parameters

The best-fit subsets (S;") for each size bin of grain-size analyses
Source mass parameters: TEM, TGSD, VMD

* A plausible upper limit on ash injection altitudes

°Based on visual inspection of seismic data and quantitative comparison with other eruption events of similar

magnitude

¢ The plausible ranges of R,. The finally accepted values are R;= 12 km and R, =8 km in the BZ06 and KZ11

simulations, correspondingly

The power law size distribution n(/) « I is used for parti-
cles in each model subpopulation, where n(/)0 [ is the number of
either free particles (/= d) or aggregates (/=d,) between / and
[+ 0l. We set D =4 based on results of trial simulations so that
the total mass of ash in a given subpopulation Sy ,, is uniformly
distributed over ¢ € [k, k— 1] (¢ = —log(l/ly), lo=2 mm) (see
Wohletz et al. 1989, Egs. (4, 5, and 34)). The whole set of trial
F- and A-subpopulations, each represented by /,=32,000
HYPACT particles, is summarized in Table 3. An orthogonal
sampling method (McKay et al. 1979) is used to achieve a
nearly uniform initial spatial distribution of the emitted particles
over the whole volume of each model emission source ({2)).

Source functions The results of HYPACT simulations were used
to calculate the source function valuesgy, ,, Ar;),i=1, I, using the
density kernel approach (Rosenblatt 1956; De Haan 1999):

Ip

= X (i), K (sl Al ). (16)

Ekp.j (l',' )
where (my ,, ;), is a mass of the nth model particle related to the
subpopulation Sy, and the source {2;, x,, y, are particle coordi-
nates on the Earth’s surface, K(-)is a kernel function, and A, A,

are bandwidth parameters controlling the area over which m,, is
spread through unresolved motions. A physical concept of

Table 3 Model F- and A-

subpopulations used in the simu- Ash particle size bins, ~ Ash particle size range, Model F- Model A- P+
lations (P + Q is the total number k pm subpopulations subpopulations 0
of trial subpopulations per size
bin) KZ11 event
1,2,3 125-1000 Fo4, Foss, Fos - 3
4 63-125 Fo4. Foss. Fos A1-Ags 18
5-11 0.5-63 - A-Ass 15
BZ06 event
2,3 125-500 Fo4, Foss, Fos - 3
4 63-125 Fo4, Foss, Fog A-Ays 18
5-11 0.5-63 - A-Ays 15
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turbulent dispersion of individual puffs in a far-field limit (De
Haan and Rotach 1998) is used to prescribe a Gaussian-shaped
kernel estimator K whose bandwidths are determined, as part of
the upgraded numerical algorithm of HYPACT, through time
integration of the velocity variances along a parcel trajectory
(see Yamada and Bunker (1988) for further discussion).

Simulation scenarios

In the case of the KZ11 data set, we have /=1, so that the
fraction-based approach is directly applied to invert VMD,
TGSD, and TEM of ash particles emitted from the whole range
[zp, z,] of injection heights. Two types of simulations are per-
formed for the BZ06 ashfall. Since the BZ06 grain-size sam-
ples were collected only within the Plinian part of the deposit,
the fraction-based approach is applied to invert the source mass
parameters within the probable range of heights of the umbrel-
la cloud (i.e., 815 km). The bulk ash-based approach is also
used to derive VMD and TEM of ash for the whole range of
injection heights based on the complete set of mass per area
samples (Table 1). We refer to the above simulations as BZ06-
P (Plinian) and BZ06-T (total) simulations.

Since a direct estimation of the model error covariance ma-
trixes is strongly inhibited by the small amount of data and
unknown distribution of the model prediction errors, we adapt
the simplest form for W and W/ by setting w; ;=(w; ) =9; ;
(where §; ; is a delta function) in the KZ11 and BZ06-P simu-
lations. The above approach was found to be better than alter-
native techniques based on proportional weighting factors
(wi; =1/ y? ) or statistical weighting (w; ;=1/y;), as shown
by the respective residual plots (Draper and Smith 1998). This
feature may be indicative of the complex nature of the prediction
errors whose magnitudes are not directly related to the measured
mass loads, but instead by a variety of atmospheric and deposi-
tional factors acting on sub-grid scales (Engwell et al. 2013).

In the BZ06-T simulations, there is a marked difference in
the measured mass loads from the Plinian (<y>=947 g m )
and co-PF (<y>= 73 gm ?) parts of the deposit, where <y> is
the mean observed mass load for the corresponding subset of
samples. The proportional weighting factor (w; ;=1/< y>%) is
then used for each of the above subsets to balance their con-
tribution into the TSVD-based optimal solution.

Inversion results

As statistical measures to describe the model performance, the
2) 1/2

/7 and the overall relative bias (ORB = (I7) 'Y e; ) are
determined, where 7 = I"'Y"_ y(r;) is a mean observed mass
load and e=y—y is a vector of residuals (see Eq. (7)). We obtain
rRMSD =0.46, ORB=0.13,y =373 ¢ m 2 and TRMSD =

relative root mean square difference rRMSD = ([ = ZII.:] €

0.42, ORB=0.12,7 =67.1 gm > for the KZ11 coarse and fine
ash fractions and rRMSD = 0.48, ORB=0.02, 7 =761.9 g m™>
for the BZ06-T bulk ash simulations. According to Fig. Sa—, the
majority of the predictions fall within a factor of 1.5 of the
measured mass loads, with a few outliers resulting from large
prediction errors near the deposit margins where spatial gradients
of the mass load are greatest (Fig. 5d—f). It is important to note
the low ORB values despite some high rRMSDs reaching ~ 50%
of the mean of the observed mass loads. The low ORBs, along
with the absence of any meaningful trends in the residuals with
respect to distance from vent and azimuth angle (Fig. 6), indicate
the general adequacy of the derived fits (Draper and Smith 1998)
and correct estimation of the particle fall velocity spectrum.

The VMDs of ash from the KZ11 and BZ06-T simula-
tions (black solid lines) and the BZ06-P simulation (black
dashed line) are shown in Fig. 7. The close proximity of
the two BZ06 VMDs at heights > 8 km is due to the above
mentioned specifics of the BZ06 data set as the co-PF
cloud-related subset of measurements does not affect the
results of the BZ06-T simulations for the upper part of the
eruption column. The derived total VMDs show a distinct
multimodal structure resulting from the complex character
of the eruption source. The upper tropospheric and lower
tropospheric parts of the VMDs reflect a contribution of
ash injected from the umbrella cloud which developed in
the vicinity of and well above the neutral buoyancy level
(z,) of the vent-originated eruption plume. The model-
predicted heights z,, which we associate with the primary
peaks in the derived VMDs, are 6 km in the KZ11 simula-
tions and 11.5 km in the BZ06-F and BZ06-T simulations.
The above values are ~1-2 km higher than the observed
heights of the downwind plumes (5-6 km and 9-10 km,
respectively, see section “Volcanological setting”). The ob-
served discrepancy is most probably due to the expected
overall descent of the ash plume en route, with the corre-
sponding travel times of 20 min in the KZ11 event and >
30 min in the BZ06 event based on the observed wind
speeds at these levels (atmospheric sounding data from
http://weather.uwyo.edu/upperair/sounding.html).

Figure 7 also shows the proportion of fine ash ((m¢3);
values) within the altitude ranges of the fraction-based simu-
lations (green solid lines). According to the figure, gravitation-
al separation of particles at heights > z,, results in a rapid
decrease in coarse ash abundance, likely due to a rapid de-
crease in vertical plume speed in the upper part of the eruption
plume (see Fig. 4 from Moiseenko and Malik (2014) for the
vertical speed profile in the BZ06 eruption column simulated
with PlumeRise model). The respective proportion of fine ash
increases from 0.63 (z=5 km) to ~1.0 (z>10 km) for the
KZ11 event, and from 0.47 (z=10.5 km) to 0.85 (z=15 km)
for the BZ06 event. The lower fine ash proportions in the
BZ06-P simulations are likely due to the coarser GSD of the
Plinian fall ash as well as more energetic motions in the BZ06
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umbrella cloud which could have meant that turbulent mixing  flow at its frontal part; ~z=425 m in the present case).
still dominated the gravitational sorting of the sub-millimeter ~ There is an appreciable contribution of the co-PF ash in the
particles at the time of the BZ06 Plinian ash fallout. KZ11 event as well, which is clearly seen from the predicted
The VMDs from the KZ11 and BZ06 simulations show fines-enriched (mg3 =0.74) secondary maximum peaking at
distinct secondary maxima at heights well below z,, which 4 km. The above feature is in agreement with the observed
can be explained by a significant contribution of ash from  strong pyroclastic flows accompanying all the current explo-
the co-PF clouds. In particular, the height of the secondary  sive activity at the volcano.
peak from the BZ06 VMD (5.5 km) is in close agreement with The estimated TEMs of the coarse and fine ash fractions are
the predicted top height of the co-PF clouds (of ~4.5-5.3 km)  0.31+0.05 x 10° kg and 0.90 +0.10 x 10 kg (the KZ11 event,
based on the empirical relationship, 4, =8 — 10 iz for  particles <1000 pm)and 0.93 £0.16 x 10° kgand 1.27 £0.17 x
Bezymianny Volcano (Girina 1998) (/, is a co-PF cloud top 10° kg (the BZ06 Plinian fall, particles <500 pm). The derived
height above ground level, /i is a width of the pyroclastic ~ proportion of fine ash from the BZ06 umbrella cloud (mg; =
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Table 4 Best-fit model

subpopulations for the simulated Size bin  Settling mode  Size range®, um  Average density, g cm > Shape factor F° v, range, m/s
size bins. Values in columns 3-5
relate to the parameters of indi- KZ06 event
vidual ash particles and aggre- 1 F 5001000 1.81 0.55 1.53-5.26
gates for F and A settling mode, 2 F 250-500 1.96 0.55 0.70-338
respectively. In the case of the two
best-fit subpopulations (bins 4 3 F 125-250 2.10 0.8 0.19-1.84
and 511 in the BZ06 event), their 4 F 63-125 2.24 0.4 0.06-0.82
respective mass fractions are pro- 511 A 63-125 1.00 1. 0.12-0.47
vided in the second column BZ06 event
2 F 250-500 2.15 0.55 0.73-3.81
3 F 125-250 2.25 0.8 0.26-2.28
4 F (0.65) 63-125 2.35 0.8 0.08-1.00
A (0.35) 250-500 0.50 1. 0.76-1.95
5-11 A (0.25) 250-500 0.25 1. 0.42-1.22
A (0.75) 250-500 0.50 1. 0.76-1.95

# Size range of individual ash particles and aggregates in the case of F and A settling modes, correspondingly
® The mode of the distribution (15) for F-particles

0.58) is significantly lower compared to that from the KZ11 observed high abundance of fine-grained particles in the KZ11
deposit (mg3 =0.75) which may reflect the different rheology  fall deposit is a common feature of ashfalls produced by the
of the erupting magma in typical vulcanian and sub-Plinian style =~ volcano during its current explosive activity. According to
eruptions (Walker 1981; Cas and Wright 1987). We note that the =~ BZ06-T simulations, the TEM of particles <500 um is 4.16 +

Fig. 8 The model-retrieved a
TGSD (+2 standard error) of ash
particles from the KZ11 ashfall
deposit (eruption cloud and Co-
PF plumes) (a) and the BZ06
Plinian fall deposit from the um-
brella cloud (b)
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Fig. 9 The L-curves (a, ¢) and a 07 Cc
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0.58 x 10° kg, of which 2.32+0.48 x 10° kg was injected at
heights of the umbrella cloud. The derived TEMs from the
KZ11 and BZ06 ashfalls agree well with independent estimates
provided above in section “Volcanological setting.”

The best-fit subpopulations of ash particles in the KZ11
and BZ06-P simulations are shown in Table 4. In most cases,
a single subpopulation of either F- or A-particles is required to
approximate FVD within the given size range. The only ex-
ception is the mixed settling regime of ash particles from the
BZ06 63—125 um size bin and aggregate settling regime of the
BZ06 fine ash mode (particles <63 pum) simulated with the
two best-fit subpopulations. Also, the model-predicted high
modal values of the shape factors (0.55-0.8) (Table 4) are in
quantitative agreement with a visual examination of ash par-
ticles from the KZ11 and BZ06 samples, which shows a high
abundance of equant to sub-equant shapes (Guschenko 1965).

The transition from free to aggregate/mixed settling regime
is predicted for particles <63 pm and < 125 um for the KZ11
and BZ06 ashfalls, respectively. Previous studies demonstrate
that the exact threshold size separating the free particle and
aggregate-dominated settling regimes varies across a broad
range from a few tens to hundreds of microns depending on
the amount of accessible liquid water (Gilbert and Lane 1994;
Schumacher 1994; Schumacher and Schmincke 1995). Dryer
environmental conditions in the KZ11 eruption event resulted
in a sharp transition between the two settling modes, lower
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threshold size, and narrower range of aggregate settling
speeds compared to the respective values for the BZ06
Plinian fall (see Table 4). The settling speeds of aggregate
particles in the BZ06 ashfall were in the range of 0.42—
1.95 m s, with optimal values for effective aggregate sizes
and densities being 250500 pm and 0.25-0.5 g cm ", respec-
tively. The proposed ranges are similar to those derived from
numerical simulations of ashfall from the May 18, 1980, Mt.
St. Helens eruption (V,=0.7-0.8 ms ', p, =400-600 kg m >,
d,=0.2-0.3 um) (Folch et al. 2010; Mastin et al. 2016), thus
supporting results of previous simulations according to which
aggregation of fine ash operates as a discrete process that is
not directly related to eruption style or magnitude (Mastin
et al. 2016).

The model-derived TGSDs from the KZ11 fall deposit and
the BZ06 Plinian fall deposit are shown in Fig. 8. Bonadonna
and Houghton (2005) demonstrate that TGSDs obtained from
some common sedimentological techniques are highly depen-
dent on the availability of samples from the most proximal and
distal parts of the deposit. Since the deposit data are used to
constrain FVD of the initial population of ash particles in the
present simulations, incomplete sampling could also have an
impact on successful inversions unless the ash transport and
deposition conditions are approximately uniform across the
whole deposit dispersal area. Consequently, the TGSDs cal-
culated in this study must be considered only as indicative,
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and representative of some of the most important features of
the true size distribution. The model-predicted TGSD of the
KZ11 ashfall is unimodal, peaking at 5¢ (31-63 um size bin),
and probably representative for particle size distribution in the
eruption column, with a small addition of the elutriated fine
ash. The observed unimodality was found to be a common
feature of other ashfall deposits from vulcanian type explo-
sions and rock fragments produced in shock-tube experiments
on rapid decompression at high temperatures (Spieler et al.
2003). The predicted bi-modal structure of the TGSD of the
BZ06 Plinian fall most probably reflects a size selective ag-
gregation process, which plays an appreciably more signifi-
cant role in the BZ06 fallout compared to that from the KZ11
event. As noted by Schumacher (1994), the existence of a
grain-size boundary separating fine cluster-forming ash from
coarser cluster-modified ash particles (using the author’s no-
tation) somewhere in a range of 45-63 pum leads to a distinct
minimum in grain-size distribution in intermediate parts of the
deposit (Durant and Rose 2009; Rose and Durant 2009). This
is frequently observed in Plinian and sub-Plinian fall deposits
(see more references in Schumacher (1994)) and is also sup-
ported by the results of the BZ06 Plinian fall simulations.

Discussion and conclusions

Explosive volcanic eruptions generate large amounts of ash
particles whose settling rates are not related uniquely to parti-
cle size or mass owing to a wide range of shapes and densities
and aggregation processes. The proposed inversion approach,
which is based on a trial set of particle subpopulations, allows
the probable ranges of particle acrodynamic parameters to be
constrained; these parameters vary depending on the fall ve-
locity model selected. Results show that the predicted eruption
source parameters are generally consistent with the spatial
characteristics of the actual deposit dispersal pattern, mea-
sured grain-size composition, and observational constrained
height of the eruption column. It might be supposed that the
obtained low signal-to-noise ratio (y/cy value) (2.4 and 2.1
for the KZ11 and BZ06-T simulations, respectively) is created
by this inversion technique owing to the specifics of the mea-
surement data and limitations in the atmospheric modeling.
However, we demonstrate that the TSVD-based inversion
technique is able to provide physically meaningful results
even where there are large uncertainties in the ash transport
simulations.

When emitted into the atmosphere, volcanic ash particles
are entrained by atmospheric movements over an extremely
wide range of spatial and temporal scales, contributing to the
total effect of differential advection and turbulent dispersal of
the eruption cloud. Temporal evolution of ash plumes at sub-
stratospheric heights is known to be strongly controlled by
mesoscale (2-2000 km) atmospheric processes and is the

region of the total spectrum of atmospheric motions that is
mainly stochastic in nature and hence can be predicted only
in a statistical sense. The potential role of errors in simulating
the evolution of ash plumes on a mesoscale is expected to be
quite large for those vulcanian and sub-Plinian type eruptions
which are too short-lived relative to the tropospheric
Lagrangian time 7;~"' (~10* s in the mid-latitudes) of the
energy-containing eddy motions estimated from the Coriolis
parameter f(Gifford 1984; Mikkelsen et al. 1988), which is the
case in this study. Our simulations strongly indicate that care-
ful selection of the model parameters which affect the rate of
horizontal dispersion (i.e., the volcanic source radius Ry and
the bandwidth values A, A, in Eq. (16)) is a necessary prereq-
uisite for obtaining consistent results for the eruption param-
eters and the predicted deposit dispersal pattern.

In our computations, we employ the method of Yamada
and Bunker (1988) for calculating optimal bandwidths based
on the RAMS sub-grid turbulence and Taylor’s (1921) homo-
geneous diffusion theory. This provides a physically meaning-
ful alternative to a widely used approach based on the treat-
ment of the turbulent dispersal rate as an adjustable parameter
of the inversion procedure. Consequently, the only adjustable
parameter affecting the horizontal dimensions of the down-
wind plume in our simulations is R which must be considered
as an effective radius of the eruption cloud near the source (see
Gifford 1955, 1984). Using well-developed approaches to
find an optimal truncation number for the TSVD solution thus
provides an objective control on the degree of model predic-
tion error due to both unknown settling rates and limitations of
atmospheric transport simulations.

An appreciable contribution of both the umbrella region
and co-PF clouds into the simulated ashfall deposits is clearly
seen in the fact that the derived VMDs peak at the height of the
downwind ash plume with strong secondary maxima at lower
tropospheric levels. The general conclusion is that the pro-
posed inversion technique is able to provide additional insight
into the vertical ash mass distribution and gravitational sepa-
ration of ash particles in an eruption column provided the
amount of field data is sufficient to resolve the fine spatial
structure of the eruption source.

Important limitations of the current inversion approach
arise from neglecting temporal variations in volcanic source
geometry, eruption intensity, and the ash particle settling re-
gime. Using observational data for the above parameters in
inverse simulations is an interesting challenge as it would
allow for better quantification of the atmospheric and volca-
nological factors affecting ash dispersal and fallout on a re-
gional scale.

Acknowledgements We thank Dr. O. Girina for fruitful discussion of the
related topics, as well as colleagues from IVS U. Demyanchuk, T.
Manevich, Y. Muravyev, A. Ovsyannikov, I. Tembrel, and A.
Sokorenko who took part in sample data collection and analyses during

@ Springer



19  Page 16 of 19

Bull Volcanol (2019) 81:19

the 2006 and 2011 field works on Bezymianny and Kizimen volcanoes.
We also thank anonymous reviewers for their valuable suggestions and
comments that helped to improve the original manuscript as well as A.
Harris, C. Bonadonna, and F. Van Wyk de Vries for editorial handling.

Appendix 1. Basic notations

Variable Definition

R Initial population of the erupted ash particles

£ Jjth model emission source

k 27527 mm size bin

Sip A model pth subpopulation of particles in kth size bin
Rinod A set of model particle subpopulations Sy,

F, A Model classes of free particles and ash aggregates
y(ry) Mass per area at sample site r; [ML?]

€ Vector of model prediction errors [ML 2]

Vi, p,;  Total mass of Sy ,-particles emitted from jth model source [M]
Zkp(r)  Value y(r) corresponding to vy, ,, ; =1 [ML72]

a, b, ¢ Particle axial lengths, a>b>c [L]

AR Aspect ratio a/b, dimensionless

F Shape parameter = (b + ¢)/(2a), dimensionless

AR" Inverse of the shape parameter (= '), dimensionless
a, 3 Coefficients of the beta distribution

q Vertical ash mass distribution [ML ']

2p Vent altitude [L]

Z The top height of the eruption column [L]

R, Radius of model emission source [L]

Mot Total erupted mass (TEM) of ash particles [M]

AM;, TEM of particles in a size bin k£ [M]

TEM of particles emitted from jth model source [M]
& p Weight fraction of Sy -particles in TEM, dimensionless

Me3 Weight fraction of fine ash (< pm) particles in TEM,
dimensionless

v Settling speed of either individual particle or ash aggregate
[LT]

Appendix 2. The inversion technique

In practical calculations a straightforward method of solution to
linear systems (8, 10) is strongly inhibited by ill-conditioning of
the matrixes A; and B. Additionally, the amount of measure-
ment data involved is commonly greatly insufficient for a prior
estimation of the covariance matrix W for the observations,
which places important limitations on choosing solution
methods. An optimal, in a least squares sense, solution to Eq.
(8) is obtained via a subset selection process which is the natural
method of regularization to the corresponding least squares
problem according to the general representation (5) (see further
discussion in Moiseenko and Malik (2014)). A truncated SVD

@ Springer

(singular value decomposition) technique (Varah 1973; Hansen
1990a, 1990b) is used as a regularization method for solution to
Eq. (10). Following (Varah 1973), the SVD of the problem
matrix B = WBis defined as

()
Ix
where U is an orthogonal matrix whose column vectors uy, ...,
u; span the vector space of the data, V is an orthogonal matrix
whose column vectors vy, ..., v, span the vector space of un-
knowns, and diag denotes a diagonal matrix with diagonal ele-
ments equaling to singular values of B  arranged in the decreas-
ing order: 0y >0,>...20,>0. The truncated SVD (TSVD)
solution m,. to Eq. (10) is given as a weighted sum of the first
r singular vectors v, (n=1, ... 7):

J = U[XIEIXJVSX‘N Y= diag(UH "'7UJ) (17)

- T
¥ u y
m, = )y —=

n=1 On

Viny (18)

where u’ y is an nth Fourier coefficient of the expansion of the
transformed observation vector y = Wy in the data space, and r
is the truncation parameter of the expansion.

According to the general properties of an atmospheric
transport operator (with B as an example, see Eq. (11)), the
number of oscillations in the left and right singular vectors u,
and v,, increases with 7, so that choosing a particular value for
r provides a control on smoothness of the regularized solution
m,. The necessary conditions for obtaining a meaningful
TSVD solution are that (I) the Fourier coefficients of the prob-
lem (10) unperturbed by model errors decay to zero faster
than the o, so that the discrete Picard condition (DPC) is
satisfied; (II) the total amount of perturbations is bounded
(i.e., the signal-to-noise ratio in the perturbed problem is not
too low) (Hansen 1990b). Under the above assumptions, the
both measurement data and the true VMD have small compo-
nents at high » in the data and parameter spaces, correspond-
ingly, so that a satisfactory approximate solution can be ob-
tained by truncating SVD of B at some 7 below its maximal
theoretical value given by J.

In present simulations, the control on the propagation of
model uncertainties is achieved by using several simultaneous
strategies to find the optimal truncation number basing on
visual examination of plots (e, lm,ll), (#, ||u£y/|| ), and
(n, IIu,{y/II/an ), where e, =lly —B m,|l and [lm,|| represent
L, norms of the residual vector and the regularized solution,
correspondingly. Particularly, the curve given by the set of
points (e,, lm,ll) is known to exhibit a characteristic L-
shaped behavior in log-log scale provided the conditions (I,
II) are satisfied (Hansen 1990a). The optimal regularized so-
lution can then be computed as the solution m,. corresponding
to the corner of the curve to achieve a good balance between
the solution and residual norms (see more discussion in
Hansen (1990a, 1990b, 1992)).
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In practical computations, the DPC is not satisfied for those
coefficients which are associated with the large singular values,
as u y have a tendency to be dominated by model errors at
high n. We then use the DPC-based approach to find the opti-
mal truncation number by calculating the three-point moving
geometrical mean (see Hansen (1990b), Eq. 5.1 with g =1):

173
p,,:aj(ngj;u,{y) L n=3,..,J-2, (19)

and setting » equal to the index n corresponding to the first
local minimum of the curve (n, p,,). Alternatively, the general-
ized cross-validation (GCV) estimate of 7 is computed as the
global minimizer of the function CV,, = II— B H,)y I/ — n)*
(Golub et al. 1979), where I is the (/ x I) unit matrix and H,, is
the pseudo-inverse of B based on the first  eigenvectors of the
problem matrix. We then use all the above methods (i.e., those
based on the DPC, L-curve, and GCV) to check the general
consistency among the inversion results obtained through dif-
ferent selection techniques as well as to assess the overall per-
formance of the widely used GCV method in the present in-
version problem.

To illustrate this, Fig. 9 shows various plots of TSVD so-
lutions for the KZ11 fine ash and BZ06-T bulk ash simula-
tions. According to the figure, the transition between the near-
ly horizontal part of the L-curve, where the regularization
errors dominate, to the steeper, model error-dominated part
at higher n occurs at »=4 and »=5 in the KZ11 and the
BZ06-T simulations, respectively. At n = r, the regularization
and model errors are balanced so that the above value repre-
sents the optimal truncation parameter of the problem. The
essentially similar results for the optimal truncation number
are obtained using the DPC-based criterion. Visual inspection
of the perturbed Fourier coefficients vs. index number 7 (Fig.
9b, d) shows the general tendency for the perturbed Fourier
coefficients |u! y | to decrease monotonically in a range of n <
r, whereas for n > r, they strongly fluctuate at a level dictated
by model errors.

Application of the GCV method gives a lower truncation
number of »=3 (KZ11 simulations) and » =4 (BZ06-T simula-
tions), which results in appreciably over-smoothed solution in
the former case. Inefficiency of the GCV method in the KZ11
simulations can be explained, on physical grounds, by similar
transport and deposition conditions over a wide range of
distances downwind, so that one could expect a high degree
of correlation among the model prediction errors. As
demonstrated by Hansen (1992) and Wahba (1990), formal
application of the GCV approach in such circumstances may
lead to unsatisfactory results due to difficulties in discriminating
inputs from the true signal and a correlated noise. We finally
recommend the DPC-based criterion as a primary tool for com-
puting the optimal truncation number for a slightly over-
determined problem of the kind considered in the present study.
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