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SUMMARY

Analytic solutions are provided for the displacement and stress fields induced by an edge
dislocation in a layered medium composed of two welded half-spaces endowed with different
elastic parameters. A plane strain configuration is considered, with the dislocation surface
perpendicular to the interface between the two half-spaces. Two cases are considered: in case |
the dislocation surface is entirely embedded in one half-space, in case II the dislocation surface
cuts across the interface. From these elementary solutions, a closed Volterra dislocation (with
constant slip) can be easily obtained: in model A the dislocation opens and closes within the
same medium, in model B it opens in one half-space and closes in the other. These elementary
solutions also provide the singular kernel of the integral equation governing the equilibrium
configuration of a mode-II crack (in which the stress drop is assigned). The stress field induced
by closed Volterra dislocations (models A and B) or by a crack with constant stress drop
(model C) is computed and compared with the solutions in a homogeneous medium. Important
differences appear in the overall pattern of the stress maps. Lower values are generally found
for the vertical normal component and for the shear component near and within the softer
half-space, which might be anticipated on intuitive grounds as due to the different rigidity of
the two media in welded contact. However, unexpected differences are found in the normal
stress component parallel to the interface (which needs not be continuous at the interface):
this component shows wide regions of high stress on the hard side of the interface which, in
models B and C, give rise to clear maxima and minima within two narrow lobes elongated
along the interface. These interface stress concentrations extend up to distances comparable to
the vertical extension of the dislocation surface and their amplitude is comparable to the stress
change induced over the dislocation surface. The physical motivation for the presence of these
maxima are discussed and their dependence is studied from the rigidity contrast between the
two media and from the position of the dislocation surface relative to the interface.
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INTRODUCTION

In recent years, fault interaction has been widely recognized as being responsible for important contributions to the stress field. These
interactions may alter significantly the undisturbed seismic cycle, by anticipating, delaying or even triggering earthquakes on nearby faults
(e.g. Stein et al. 1992; King et al. 1994; Harris 1998).

The displacement and the stress fields generated by the slip of transform, thrust or normal faults are usually estimated through the solutions
of the elastostatic equation for screw or edge dislocations. These studies have been performed mostly employing homogeneous half-space
models, for which a complete set of analytical solutions is available (Okada 1992), in spite of the presence of considerable heterogeneities
within the Earth’s crust (e.g. the sedimentary-basement transition or the upper-lower crust transition). Heterogeneous (layered models) have
been mostly developed for point sources, (e.g. Singh 1970; Rundle 1980; Roth 1990) owing to the mathematical difficulties arising when
tackling with extended sources. An extended source is often modelled through a discrete distribution of point sources but, due to the strong
singularities present in the stress field of a point source, this procedure is non-convergent near the source and is thus unsuitable for near-field
studies (e.g. Bonafede & Rivalta 1999b).

In order to overcome these problems, numerical methods have become more popular than the analytic ones. Finite element or boundary
element methods are more versatile and allow us to take into account different aspects, such as structural heterogeneities (e.g. Crouch &
Starfield 1990; Dahm 1996) or surface topography (e.g. Savage & Swalfs 1986; McTigue & Segall 1988), in order to obtain models closer to
reality.
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Figure 1. Sketch of the elementary dislocation problem in a layered medium. The lower half-space, in z > 0, is endowed with Poisson ratio v; and rigidity u1;
it is welded to the ‘upper’ half-space in z < 0 (Poisson ratio v, and rigidity 1,) along the plane z = 0. A dip-slip dislocation line is presentinx = 0,z = z¢
with Burgers vector b = bk. The dislocation surface goes from z = z¢ to z = +o00: the face x = 0% of the dislocation surface is displaced in the z-direction
by —b/2, the face x = 0~ is displaced by the same amount in the opposite direction. Case I: the dislocation line is in the half-space 1 (z¢9 > 0). Case II: the
dislocation line is in the half-space 2 (zo < 0).

Nevertheless, numerical methods face some problems, such as difficulties in handling singularities (and dislocation problems are
intrinsically singular) or in choosing the most appropriate boundary conditions: this problem is particularly relevant in heterogeneous media
where boundary conditions must be assigned even at interfaces within the computational domain. The validation of numerical models is thus
strictly connected with their capability of reproducing the analytical solutions available for the problem closest to that of interest.

Analytical solutions of dislocation problems in layered media are also important for more general reasons: exact solutions of simplified
models provide a basic understanding of the physical problem under study, even if they may be unsuitable for application to specific real cases.
Moreover, solving the dislocation equations analytically, permits us to extract the singular kernel appearing in the integral equation which
govern crack equilibrium.

In this paper we complete the analysis of the dislocation problems in layered media, begun with the study of tensile dislocations and
cracks (Bonafede & Rivalta 1999a,b) and of screw dislocations and cracks (Rybicki 1971; Bonafede et al. 2002). We proceed now with the
application of the previous investigation techniques to the remaining case of the edge dislocation, in which the Burger’s vector is parallel to
the dislocation surface and perpendicular to the dislocation line (Fig. 1). We shall restrict to considering the case of a dislocation surface
perpendicular to the interface between the two media, since solutions for oblique surfaces can be obtained as linear combinations of tensile
dislocations and edge dislocations over vertical surfaces.

Analytic solutions in closed form will be obtained for the displacement and stress fields generated by a vertical edge dislocation with
constant slip (Burgers vector), in the proximity of (case I) or across (case II) the interface between two different elastic media. Over the interface
z = 0, displacement and traction components are imposed to be continuous (welded boundary conditions). Edge dislocations present several
mathematical analogies with the previously analysed case of tensile dislocations (Bonafede & Rivalta 1999a, hereafter termed as Paper I), so
that the solutions will be expressed in terms of the previously defined constants and functions retaining the same symbol convention, whenever
possible.

THE ELEMENTARY EDGE DISLOCATION

Let us consider an elementary edge dislocation, embedded in a medium, made up of two half-spaces, characterized by different elastic
parameters and welded along the plane interface z =0 (Fig. 1). We assume a plane strain configuration in which no dependence from the
coordinate y is allowed and the displacement vanishes in the y-direction. The elementary dislocation surface is defined as the half-plane
x =0, z> z(, bounded by the dislocation line x =0, z=z,. Over the dislocation surface, a jump discontinuity of the displacement u is
assigned, which is described by a constant Burger’s vector b = bk

b =u;(x =0",2) —u;(x =07, 2), z >z

(the minus sign being due to convention). If the solutions pertinent to an unbounded homogeneous medium are used separately in each
half-space, employing the elastic parameters pertinent to each half-space, the interface z = 0 is the site of discontinuities for the displacement
and the stress fields; some of these discontinuities must be removed to comply with the welded boundary conditions. The aim of the following
paragraph is to compute the stress and displacement fields generated in the half-space z > 0 and in the half-space z < 0 by assigned surface
tractions presenting the same discontinuities; subtracting these expressions (termed Galerkin contributions) from the homogeneous dislocation
solutions will provide the final solutions in which displacements and tractions are continuous across the interface.

To this end the Galerkin method will be employed (e.g. Fung 1965), which permits us to deduce the stress and displacement fields
produced in a half-space z > 0 (or z < 0) by the imposition of assigned loads on the surface z =0.
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The dislocation line is x = 0, z = z,, which is parallel to the y-axis and the Burgers vector b = bk is constant. Apart from an arbitrary

rigid body translation, the edge-dislocation solution in an unbounded medium can be written as (e.g. Landau & Lifschitz 1967)

uffo)(X, z,20) = —

47(1 —v)

x2+(z — zp)? (z — z0)?
Zy x2 + (Z - ZO)2

[(1 —2v)In 3

x(z — zo)
(I —=v)x? +(z — )

b
ul™(x, z,z) = —E[qﬁ(x,z;zo) )

where the superscript (0o) indicates that this is the solution for a homogeneous unbounded medium and

zZ—Z

T .
— + arctan if x>0

X
Z—1Z

¢(X, Z;ZO) =

-5 + arctan if x <O.

The stress field induced by this displacement is given by the following expressions:
b/VL X [(Z - 20)2 - xz]
22(1=) [ 4z - 2]

b (=20 =20 — x?]
27'[(1 — l)) [XZ + (Z _ 20)2}2

a;j'f)(x, z,20) =

oN(x, z,20) =

3 bp x [xz +3(z — 20)2]
220 =0) [ 4 -]
buv X

a(l —v)x2 4 (z — z0)?

0l9(x, 2, z9) =

(00)
o yy

(x,z,20) = —

(D

2

G)

Substituting w1, vy for u, v in the half-space z > 0 and u,, v, in the half-space z < 0, the following discontinuities of the displacement

and traction components would appear in z = 0:

2 2 2

X< +z z
Auy(x, z0) = ul3(x, 20) — u(x, z0) = bylln \/ - 2 —
Zj X+ zg

_ (00 (00) _ XZo
Au.(x,z0) = u,, (x,z0) — U, (x,z0) = bym
2_ 2
Zo|x* — 2§
Aoy (x,z9) = O‘;S)(X, zp) — G)S?)(x, z0) = b‘s[izz]
[xz + zo]

x [x? + 323]

A0 (x, 20) = 0.3(x, 20) — 0 (x, 29) = —bS >
3]

where subscripts 1 and 2 refer to the half-spaces z > 0 and z < 0, respectively, and

11 1w

" maowy T amaow

11 1w
P U ow "Tamaow
Yy =Y2—" § =38, — 4.

4)

)

(6)

Since the welded interface is normal to the z-axis, the continuity of tractions implies the continuity of 0., and o.. (0., vanishes identically in

plane strain). Discontinuities of oy, and o,, must not be removed.

The process involved in the computation of the Galerkin components has already been detailed in Bonafede & Rivalta (1999a) for the

tensile dislocation problem; accordingly, intermediate results, necessary to obtain the final expressions, are reported here only in the case of

differences. The first step is computing the Fourier transforms of the discontinuities to be removed.

Fourier components of discontinuities (case I)

In the case z; > 0, we may write the discontinuities (4) and (5) in terms of their Fourier transforms:
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x[x? 4323 +oo .
Ao..(x,z0) = —b§———— = b3 n(k)sinkx dk
23 + x?] 0
Zo [z% — x2] +eo
Aoy (x,20) = =D ————5 = b3 E(k)coskx dk
[z% + xz] 0
(M
A, X [x2 + 328] oo )
A——(x,z0) = by ———5 = —by n(k)sinkx dk
dx [z(z) + xz} 0
9 : z Z2 _x2 +00
AZE (x, zg) = —by°[°—2] = by/ £(k) cos kx dk
ax [zg + xz] 0
where the Fourier transforms 7(k) and & (k) are easily computed employing the theorem of residues:
£(k) = kzoe 0
y ®)
n(k) = (1 + kzp)e " zo > 0.

The derivatives of the displacement are employed above, instead of the displacement itself, since the latter is non-integrable over
0 < x < 00 (so that its F-transform does not exist).

The Galerkin components (case I)

The dislocation line is x =0, z =z, > 0. Let us compute the displacement and stress fields generated in the half-spaces z > 0 and z < 0 by
assigned harmonically modulated tractions &I-? over the plane z = 0. A superposed tilde designates a single harmonic component and the
superscript G reminds us that this is the Galerkin contribution. For a detailed description of the Galerkin method, employed here for removing
the discontinuities on the interface, we refer to Bonafede & Rivalta (1999a). The present problems require the following boundary conditions
(the first set is for the Galerkin problem in half-space 1, the second for half-space 2):

G5, (x,z = 0) = A(k)sinkx 65,(x,z = 0) = Ay(k)sinkx
659,(x,z = 0) = By(k) cos kx 68,(x,z = 0) = By(k)coskx

-G G )
G(x,2=0)=0 6,,(x,z=0)=0
&UG.I(Z — +00)=0 Vi, j. c”rl.jc.z(z — —o0)=0 Vi, j.

where A4;(k), ..., By(k) are functions of the wavenumber & to be determined.

The displacement components arising from the boundary conditions above are obtained after integrating the following expressions with
respect to x:

~G —kz o3
O €I 20 4,0 +20 - v)Bi0) — (4K + BiIK:]
X 2p

~G kz o3
Uiy _ TSR ) dn(k) — 21 — v2)Ba(k) + [Aa(k) — Ba(k)kz]

dx 2“2 (10)

ol e coskx
iyl G v)Ai1(k) + (1 = 2v1) Bi(k) + [4:1(k) + Bi(k)]kz]

X 2p
il e** coskx
8—22 = ————[2(1 = v)Aa2(k) + (1 — 2v2) Ba(k) + [Aa2(k) — Ba(k)]kz].

X 2p,

The stress components generated by the same loads are:
68,(x, z; k) = [A1(k) + (A1 (k) + By (k))kz]e ™ sinkx
59,(x, 2:k) = [Aa(k) — (Aa(k) — Bo(k))kz]e" sin kx
69,(x, z;k) = [Bi(k) — (A4, (k) + Bi(k))kz]e™ cos kx
5XGzz(x, z;k) = [By(k) — (A3(k) — By(k))kz]e* cos kx (11

68 (x, z; k) = [A4,(k) + 2B (k) — (41(k) + B (k)kz]e™* sin kx
39,(x, z; k) = [Aa(k) — 2By(k) + (A2(k) — Ba(k))kz]e® sinkx
65,(x, z:k) = 2v1 (43 (k) + Bi(k))e ™ sinkx

65(x, 23 k) = 2va(Aa(k) — Ba(k))e* sinkx.

© 2002 RAS, GJI, 149, 508-523



512 E. Rivalta, W. Mangiavillano and M. Bonafede

We can now arrange a linear system to determine the coefficients 41, 4,, By, B,, which are required to remove the harmonic components
of the discontinuities in (7):

A dn(k)

M A _p 8& (k) (12)
By —yn(k)
B, v&(k)

where & (k) and (k) are given by (8) and the matrix M in the present case becomes:

1 -1 0 0
0 0 1 -1
M: 1—2\12 _1—21)1 _1—\)2 _1—1)1 (13)
21 21 M2 |3
1—1)2 1—1)1 1—21)2 1—21)1
12%) M1 2#2 2,[L1
Hence
(A2, Ay, By, B)" = bM™! (8n(k), 8&(k), —yn(k), y&(k))" (14)
The inverse matrix M~! can be written as
—(a; + ™) c” d —e
1 a, + ¢t c” d —e
ol L | @t )
(e—d)(e+d) c” —(ay+ct) e —d
c” (aa+ct) e —d
where
3— 41)1 3— 41)2
a) = a, =
T T4
_ 1 -3 —4v)(3 -4 ot = 1+(3—4v1)(3—4v2)‘ (16)
81y Btz
:1—2v2_1—2v1 . :l—vz+1—v1
2442 241 M2 M1

From (15) we can compute analytically the coefficients 4,(k), 4»(k), B (k), B2(k) as functions of the wavenumber k. These will be inserted
into (11) and, after integrating in dk, we obtain the stress fields UUG. generated by the discontinuities (7). The integrals ;;(x, z; zo) involved in
synthesizing the response of the two half-spaces to the discontinuities (7) are the same as those defined in Bonafede & Rivalta (1999a) for the
tensile dislocation problem and are reproduced here in Appendix A.

Employing these definitions of ;; the solution can be written most simply by defining a row matrix ¢
=G

_ G G G G
o= (ale Oz Oz 0222) (17)

Obtaining the following expressions:
4

of =bZFi§.[,-j, (no sum over 7). (18)
j=1

where superscript ‘/’ denotes case I and

D C-D —(C—D) 2C,—D)

o D Ci+D —(C, - D) 0 (19)
|-G —(C-D) —(C;-D) —2AC-D)|
-Ci C+D —(C,—-D) 0
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with
C = ﬁ[a(al + ")+ yd]
C, = ﬁ[—&(@ +c")+yd] . (20)
D = ﬁ[&c’ —yel

ai, ay,c”,ct,d, ebeing defined in (16) and 8, y in (6).
A simpler expression for Cy, C, and D directly in terms of the elastic parameters vy, v, (1, (4o can be obtained after some algebraic
manipulation:

Cy =8, — 2 pa(ky + K2)
Cy =81 — 21 pa(ky + K2) - (21)
D =2p1pa(ir — K2)

where §; and §, are given in (6) and

1 1
/(1 =
2 3—-4
7+ ( VK2 22)
1 1
/(2 =
27 o + (3 — 4w
Other stress components (which need not be continuous on z = 0) complete the specification of the stress tensor:
1
EUXG)A = —(Cy = 2D)L51 +(Cy, — D)y, — 3(Cy — D) 33 + 2(Cy, — D)3y
1
5 S =—(C1 +2D)L4y — (C1 + D)y + (C, — D)1
(23)

1
—0G, = =2v(Cy — D) (I51 +2153)

1
EG;;Z = —21,(C| + D)1y

Analytic expressions for the displacement components are finally obtained by integrating (10) in dk and then in dx; the following
primitives are needed:

Yij(X,Z;Zo)Z/L(/(JC,Z;ZO)dX

and the integration constant is chosen in such a way as to make the displacement continuous across the interface. These primitives have been
computed in Bonafede & Rivalta (1999a) and are reproduced here in Appendix A.
Galerkin contributions to the displacement components for case I, due to the strain function, accordingly are:

4
uS(x,z320) = b Y T ¥y, 7320)
j=1
4
ud(x,z;20) = b Z T/ Yaj(x, 2; 20)
=1
/4 (24)
uG(x,7320) =b Y T V1%, 2320)

Jj=1

4
u$(x, z;20) = bz T, Ya;(x, 23 20)

Jj=1

where T! is the following matrix:

MiK1 — Hoks Y1 — 212K Y1+ 2uikr 2(y1 — 212K1)
T = H1K1 — U2k2 V2 — 2JL1k2 —¥2 + 21k 0 25)
V1 — WKL — Hoky Y1 — 2[aK] Y= 2uikr 2(y1 — 2p0k1)
V2 — ikt — paky —(va — 2pik2)  ya — 2K 0

and yy, y2, k1, k; are given in (6) and (22).
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Thus we have obtained the complete set of solutions for the Galerkin problems in half-space z > 0 and z < 0 when z;, > 0 (case I). The

elementary dislocation solutions uﬁell) , uf.zl), and 6, /% in a medium formed by two welded half-spaces is obtained after subtracting the

ij1> 9ij2
Galerkin displacement uC and stress O’i?, from the dislocation solutions in a homogeneous unbounded medium ul(»oc) and ol.(joo) (eqs 1-2):

(el) (00) G (el) (00) G H

Uy =y — U, Oy =0y —0;, Inoz> 0
el) _  (o0) G (el) __ __(o0) G :

Up =Up —Up, Ojy =0y — 0, I z< 0.

The problem of case II, in which z; < 0, can be solved employing the same procedure sketched above. We skip the details and write down the
complete elementary solutions in the next paragraph, superfix (e/ ) will be omitted henceforth.

ELEMENTARY SOLUTIONS

Casel

According to what has been exposed in the previous paragraph, the displacement field generated by an elementary dip-slip dislocation in a
layered medium, when z, > 0, is:

4
X2+ (z — z9)? (z — z0) I
7 Ux IR =——[(1-2 1 — TE YA
pi (22 20) @ﬂl—w)% vi)in 2 M 2;31”
J=
4
1 1 X2+ (z — zp)? (z — z0)? J
T Ux 9 4y =——|((1-=2 1 — T  Ya:
p (X, 2. 20) e {( ) In 2 + Epy——" §_| 4 Ya)
R (26)
| 1 1 xk-z) ~
—u.1(x,2,20) = —=— | B(x, 2;20) — N1y,
B 1(x, 2, 29) T [ (x, 25 20) 2 —vl)x2+(Z_Zo)2:| Z ity
=
1 1 1 x(z — z0) ‘
zZ—Z) 7
—u(x,2,20) = —5— | B(x, 23 20) — =y Ty,
plalx 7. 70) 2n{ (x. 2:20) Xl—vﬁx2+(2—z@4 C
=

where ®(x, z; z¢) is given by (2), ¥;;(x, z; z9) are given in Appendix A and the matrix T! is given by (25). Stress components for which the
continuity conditions were imposed are given by

—0:21(x, 2, 20) =

2 IR ) 4
! X[ +3E - 20)] SR,
Jj=1

S =) [ 4z — 2]

—0:22(X, 2, 20) =

e x[FPH3E-z00] <,
- Fl 1y

b - _MU—W)W+@_%HZ
) 27)
1 (z = 20) [(z — 20)* = x?
Ly = N 2] ey
R S GtV R~
4

wy  (2—z0)[(z — 200 — x?] ,
—0un(X, 2, 20) = 2 - )b
b 27T(1 — Uz) [X2 + (Z _ 20)2] ]2:1: J

where I;;(x, z; zo) are given in Appendix A and F' is given by (19). Other non-vanishing stress components are

i X [(z —z)? — xz]
01 (¥, 2, 20) = 5> +(Co—=2D)5 — (Cy — D)5 +3(Co — D)3 — 2(Cy — D) g
b 27U =) [ 4z — 27]
1 W, X [(z —z)? — xz]
EUXXZ(X, z,20) = 7l . 2T (C1 +2D)sy + (Cy + D)lsy — (Cy — D)3

(1= 12) [x2 + (z - 20)?] . (28)

1 123041 X
—Ooy1(X, 2, 20) = — 2v1(Cy — DY (I + 21
ba'"l(x z, 2¢) Jt(l—vl)x2+(z—zo)2+ vi(C2 — D) (I3 + 2133)

M2V2

+ 2v,(Cy + D)y

1
anyZ(xy z,z9) = _71(1 Ttz

where C,, C,, D are given by (20) or (21).
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Case II
If the dislocation surface extends from z =zy < 0 to z = +o00 (i.e. if it cuts the interface z = 0), the displacement field is given by:
4
1 1 x2 4 (z — z9)? (z — z0)?
—uy(x,z,z0) = —— | (1 = 2v))1 — Ty,
pi 22 = m {( Vi) In 2 TR rC—zay 21: 4 14
=

4
1 1 x2 4 (z — z9)? (z — z9)? 1
T Ux 9 4y =——1[(1-2 1 — THY::
bu 2(x, 2, Z0) 471 —v) {( v2) Iy / 22 + X2+ (z — zo)? E 1 37 43)
=

1 1 1 (z — ) u @
X(Z — 2o 11
T Uz IR} =——|® s Z, - — IS
piav 220 = o { 220 = 59 —v.)xz-f—(z—zo)z} 21: 272
=
4
1 1 1 x(z — 2¢) 11
—un(x,z,z0) = —z— | D(x,z;20) — — TMYy;
bu_Z(x z ZO) T |: ()C z ZO) 2(1 — VZ) x2 +(Z _20)2 Z 1j 4L
=
where
—(p1k1 — paka) Vo= 2umika =2 —2uak2)  2(v2 — 21K2)
T — —(p1ky — [ak2) Y1 — 22K —(y1 — 2u2K2) 0 ' (30)
Vo — M1KL — ok V2 — 241K 2 =2k 2(y2 — 2pak2)
Vi— ikt — paka —(1 = 2p0K1) 1 — 212k 0

We may note that (29) and (30) can be obtained respectively from (24) and (25) by keeping the same expressions for the unbounded medium
solution and exchanging the roles of half-spaces 1 and 2 (i.e. x - —x,z — —z, u; — u, and v; — v,) in the second part of the solution. Indeed
if such an exchange is performed, we must also change, from (21), C; — C,, C; — C;, D — — D. It might be proved that these selection rules
must hold, employing invariance arguments and the superposition principle.
Stress components on which the continuity conditions are imposed are given by
4

la 10, 2,20) = — Ml X[x2+3(z_20)2] _ZFA{[L;'
-4 9 9 - i J
b 27(1 —vy) [xz +(z— 20)2]2 = J
4
LS T i k)5 O %
zZZ bl 9 - . _]
’ i = G31)
4 .
i (z —z20) [(Z —zo)? — xz] i
—0x:1(X, 2, 20) = — Fl'L;
b 27T(1 — Ul) [xz + (Z _ 20)2]2 ; 2j 74
4
L a2 20) = I (z — z0) [(z —z0)? — xz] ~ Z .
Xz (. - 1744
b 27 (1 — vy) [xz T — 20)2]2 o J
where
-D  CGi+D —(Ci+D) 2Ci +D)
po| 7P @ SGED 0 (32)
—-C, —(C;+D) —(Ci+ D) —2(Ci+ D)
-C, C,—-D —(C,+D) 0
|
.ﬁwﬂ'&!‘ * o SR model B % -
‘ MoV, ' :
x
Zy
l My Vy
I
| |
Zy+h
‘I'z

Figure 2. A closed Volterra dislocation is obtained by superposing the elementary solution for a dislocation line in z =z and Burgers vector b with the
solution for a dislocation line in z =z + /4 and Burgers vector —b. In model A the dislocation surface is entirely embedded in half-space 1. In model B the
dislocation surface cuts across the interface from z; <0 to zg >0 (zg —z; =k =10 km).
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Galerkin contribution
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Figure 3. Map of the stress component o... (normal to the interface) for a bounded dislocation surface with vertical extension # = 10 km and Burgers vector
b = 30 cm. Coordinates x and z are in km. Stress contours are plotted at 0.25 MPa intervals by solid lines if positive (tensile, yellow-to-red), by dashed lines
if negative (compressive, green-to violet). (h) homogeneous medium with pt, = 1 = 30 GPa; the ordinate on the left refers to model B, the ordinate on the
right to model A. (a) model A: zg = 0.2 km, # = 10 km, 1 = 30 GPa and pup = 0.3u1 (v = vy = 0.25); the interface between half-spaces 1 and 2 is
the plane z = 0, shown as a solid line. (b) model B: the interface is still in z = 0, elastic constants as in (a), dislocation surface —/4/2 < z < +h/2 with
h = 10 km. (c) Opposite of the Galerkin contribution —ag for model A, contour lines plotted at 0.05 MPa interval; (d) same as (c), for model B.

Figure 4. Same as Fig. 3 for the shear component oy .
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RESULTS AND DISCUSSION

The elastostatic equation has been solved for the case of an edge dislocation embedded in an inhomogeneous medium composed of two
welded elastic half-spaces. Edge dislocations are typically employed in geophysics to model dip-slip faults, but clearly can also be employed
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to model the stress induced by a strike-slip fault impinging on a lateral inhomogeneity. However, for clarity of exposition, we shall refer in the
following to the coordinate z as the ‘depth’ below the interface. The present solutions complete the set of tensile dislocations (modelling dikes
or crevasses) and screw dislocations (modelling strike-slip faults) in layered media (see Bonafede & Rivalta 1999a; Rybicki 1971; Bonafede
et al. 2002).

Once the stress field generated by elementary dislocations has been obtained, it is easy to compute the effects of a closed dislocation. In
fact, employing the solution of Case I we can build a rectangular dislocation embedded in half-space 1, below the interface, by writing the
solution for a dislocation line in z, > 0 and subtracting from it the solution for a dislocation line in z¢ + /# (model A, Fig. 2). If on the contrary
we subtract the solution for Case I with dislocation line in zy > 0 from the solution of Case II with dislocation line in z; < 0, we obtain a
rectangular dislocation closed symmetrically across the interface (model B, Fig. 2).

Moreover, by integrating the elementary solutions, multiplied by a suitable dislocation density distribution, we can obtain a crack model
(model C) in which the stress-drop At,. is assigned over the crack plane x =0 and the slip is variable over the dislocation surface. This
procedure differs only in minor details from that described in Bonafede & Rivalta (1999b) for a tensile crack, and will be omitted here for
conciseness.

The stress maps resulting from these three models will now be examined and compared with the stress maps in a homogeneous medium.
In Figs 3, 4 and 5 the stress components o.., o,, and oy, are plotted for a closed dislocation in a homogeneous medium with u, = u; (in
panel H), and compared with solutions in an inhomogeneous medium, plotted in panels (A) and (B) respectively for model A and B. In both
models A and B we assume 1 =30 GPa, u, =9 GPa, (2/p1 =0.3), b=30 cm, 4 = 10 km. In model A zy =200 m, in model B z; = —/ /2
and zo = h/2.

The stress components o, and o,, are continuous across the interface z = 0, as imposed by the welded boundary condition, while the
horizontal stress component o, in models A and B is clearly discontinuous in z = 0. In Fig. 3, the main effects induced by the heterogeneity
is the stress decrease close to and within the softer medium in z < 0. Such a decrease can be qualitatively interpreted as due to the smaller
rigidity of half-space 1 and to the continuity of 0., across the interface, which lowers the stress even in the stiffer half-space 1. In other terms,

o h
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0.4
0.2
0
3 |
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£ 2| |
S |
5 |
be 1} |
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Figure 6. Maximum value of the Galerkin component |(TXGX| over the interface z = 07. In (a) u, is variable, while z; = —5 km, zg = 5 km, | = 30 GPa,
and b = 30 cm as in Fig. 3(b); stress values are normalized to %, (a representative stress drop value over the dislocation surface). In (b) / varies from 1 to

24 km, the dislocation surface is zg — 7 < z < z¢, with zo = —10 km, 1 = 30 GPa, up = 0.3u1, 5 = 30 cm.
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one might think that the strain field is practically unaffected by the presence of the heterogeneity so that the change in rigidity is the main
cause of the stress changes with respect to the homogeneous case. But this is an oversimplification of the actual results, particularly close to
the interface. In order to appreciate better the effects induced by the heterogeneity on the o, component, —o' ¢ (the opposite of the Galerkin
contribution) is plotted in panels (c) and (d) of Fig. 3 for model A and B respectively. This is the contribution to be added to the homogeneous
solution crz(:lo ) (inz > 0) and az(;f ) (in z < 0) to obtain the complete solution. Fig. 3(c) shows that the introduction of the heterogeneity induces
significant additional stress contributions close to the interface: these have the same sign as in the homogeneous model in the softer half-space
2 but the opposite sign in the harder half-space 1. Thus, in model A, the introduction of the heterogeneity enhances o, in the softer medium
and lowers it in the harder medium. This strong stress concentration is related to some terms of the Galerkin contribution becoming singular
when both z and z, approach zero. Far away from the interface, the Galerkin contribution vanishes and the solution becomes more and more
similar to the homogeneous solution.

In model B however, the Galerkin component is small, even close to the interface, so that the solution is indeed similar to az(:f )
(Fig. 3d). This is clearly due to the larger distance of the dislocation lines from the interface, but we shall see that other stress components are
more sensitive to the heterogeneity even for model B.

The shear stress component o, is shown in Fig. 4: in Fig. 4(h) the solution is shown for a homogeneous unbounded medium with uniform
rigidity 1. In Figs 4(a) and (b) the complete solutions are shown for model A and B respectively. In Figs 4(c) and (d) the opposite of the
Galerkin contribution (—o. %) is shown for models A and B. In Fig. 4(c) we observe an opposite behaviour with respect to the component o :
here the stress (in absolute value) is lowered in the softer half-space 2 and enhanced in the harder half-space 1. Again, the large Galerkin
contribution in model A is due to terms becoming singular when z and z, approach zero. Interesting differences appear also in model B, since
the shear component o ¢ is now significant (Fig. 4d) near the interface. This may be interpreted as due to the bending of the interface, as
discussed below.

and 0y

CRACK MODEL M, /1, =0.3 AC =3 MPa

inhomogeneous | homogeneous

Figure 7. Map of the stress components oy, oy, and o, relative to the crack model C, in the homogeneous medium with 1y = 1 = 30 GPa (top panels)
and in the inhomogeneous medium with ;1 = 30 GPa, o = 0.311 (bottom panels). A constant stress drop Aty = 3 MPa is assigned in both cases and the
solution is found in terms of a continuous distribution of edge dislocations. The crack surface is —4/2 < z < +h /2 with & = 10 km.
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In Fig. 5 the discontinuous stress component o, is shown. In Fig. 5(h) the solution is shown for a homogeneous unbounded medium
with uniform rigidity u,. In Figs 5(a) and (b) the complete solutions are shown for model A and B respectively. In Model A we see that
contour lines of o, on the hard side of the interface are much wider than in the homogeneous medium (Fig. Sh), showing that the presence of
the softer medium beyond the interface enhances this stress component significantly. In model B (Fig. 5b) this effect is even higher and two
lobes containing relative maxima of |o,, | are found on the hard side of the interface: these lobes reach horizontal distances comparable with
the vertical extension of the dislocation surface. Figs 5(c) and (d) show —a S (the opposite of the Galerkin contributions) for model A and
B, respectively. In model A (Fig. 5¢) a complex pattern appears near the interface and near the dislocation surface, which lowers the absolute
value of stress on the harder side of the interface and increases it on the softer side. However, at large distances from the dislocation surface,
along the interface, non-negligible Galerkin contributions increase the absolute value of stress on both sides of the interface, giving rise to
the elongated stress contours of Fig. 5(a). Galerkin contributions are very significant particularly for model B (Fig. 5d) along the interface
and up to considerable distances from the dislocation surface. As a result, the complete stress component o, reverts its sign on the harder
side of the interface, its absolute value increases on the softer side and the overall stress pattern changes appreciably. These high-stress lobes
can be interpreted in terms of the bending of the interface accompanying the dislocation slip, which gives rise to compression in half-space
1 on the concave side of the boundary and to extension on the convex side (see Fig. 2b). The presence of similar lobes with the same sign
(but with much less amplitudes) on the softer side of the interface can be interpreted as due to the softer medium being dragged by the harder
medium in the x-direction, following to the boundary conditions of displacement continuity. This qualitative interpretation is supported from
the consideration that o,, depends mostly on %ux (and on aiz“z’ but to a lesser extent) and the former must be continuous across the interface,
so that its contribution to o,, must be discontinuous but with the same sign.

Next we study the location and intensity of the two lobes of stress concentration for the o,, component in cases A and B: how do they
change with the rigidity contrast m = (u; — p2)/u; and with the position of the dislocation lines? In Fig. 6(a) model B is considered for a
dislocation surface which cuts symmetrically across the interface (similar to model B of Fig. 5): the maximum amplitude of the Galerkin
component over the interface z = 0 is shown, normalized to b/ h, a representative stress drop value, where 2 = 10 km is the vertical extension
of the dislocation surface —4/2 < z < h/2. The position of the stress extrema are steady while changing m. Employing the same parameters
as in Fig. 5(b) the extrema are found in x = +2.88 km, z = 0" km, independently of the value of m. We note that the intensity increases
while decreasing the rigidity ratio and the maximum stress concentration is obtained for vanishing w,.

In Fig. 6(b) the maximum absolute value of the Galerkin component o S is plotted as function of the extension of the dislocation surface:
the lower dislocation line is fixed in zo = 10 km below the interface, in half-space 1, while the position of upper dislocation line is in zg — &
with 4 increasing from 1 km to 24 km. The stress singularity in # = 10 km is connected with the already mentioned singularities of Galerkin
contributions when a dislocation line gets close to the interface. This stress maximum increases but is localized within a shrinking area while
h approaches 10 km from below (model A), until the upper dislocation line enters into half-space 2 (model B) and a wide lobe of relatively
high stress is attained, nearly independent of /, when the dislocation surface extends significantly into half-space 2. It may be mentioned that
the stress maximum reverts its sign when the dislocation surface crosses the interface, as appears from Figs 5(c) and (d). The asymmetry of
Fig. 6(b) indicates that the wide lobes of high stress appear only after the dislocation surface has crossed the interface.

In Fig. 7 the stress components are plotted for a crack model (model C) with constant stress drop Az, = 3 MPa prescribed over the
crack plane (At is employed to denote the stress drop in order to avoid confusion with the stress discontinuity Ao appearing in eq. (7)).
These maps are dominated by the singularities present at crack tips, but the most interesting differences with respect to the homogeneous
medium are still the two stress lobes of o, in the proximity of the interface z = 0, where this stress component reverts its sign with respect
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Figure 8. Maximum absolute value of the stress component o,,, computed over the interface for the crack model of Fig. 7. Stress values are normalized to
the stress drop At = 3 MPa.
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to the homogeneous medium. Thus, the presence of these high stress lobes in the edge dislocation problem is not model dependent, rather it
is strictly related to the presence of a welded contact between two media with different elastic properties.

It is interesting to note that, in the tensile dislocation problem, much lower and narrower lobes of stress concentration in the o,, component
are present in the dislocation solution with constant Burger’s vector (see Fig. 5b of Bonafede & Rivalta 1999a) while larger concentrations,
similar to the present ones, were present in the tensile crack model with constant overpressure (see Fig. 11b of Bonafede & Rivalta 1999b).
The reason for this different behaviour can be found in the different geometry of the two problems: in the tensile problem the interface warps
significantly if the fracture opens wider in the softer part of the medium, and this happens in a crack model (see Figs 8b and 9 of Bonafede &
Rivalta 1999b) but not in a dislocation model with constant Burgers vector. In the dip-slip problem, on the other side, the slip on the fracture
plane is normal to the interface z = 0, so that it warps already when the Burger’s vector b is constant.

In Fig. 8 the maximum value of the Galerkin contribution for model C, computed in z =07, is plotted versus the rigidity contrast
m = (1 — )/ for the crack model C of Fig. 7. This plot shows differences with respect to model B (Fig. 6a), since the stress concentration
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Figure 9. Map of the principal stress directions o7 and o3, relative to the dislocation model, in the homogeneous medium (h) with u, = u; = 30 GPa

(a) and in the inhomogeneous medium (model B) with j¢; = 30 GPa, up = 0.3u; (b). The value of ™ = "‘—553 is contoured in the background to show
the maximum deviatoric stress (contour levels refer to 1, 2, 5, 10 bar). Thick segments indicate compression and thin segments tension. Where two segments
appear, the intermediate principal stress is in the y-direction, orthogonal to the plane of the figure. Where only one segment appears, the intermediate principal
stress is orthogonal to it in the plane of the figure and the other principal axis (maximum or minimum) is in the y-direction.
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grows slower at first (at low m values) and then faster. It may be worthwhile mentioning that the position of the extrema is not fixed in the
crack model, since it recedes from x = 2.13 km (for low rigidity contrast) to x = 1.77 km (for high rigidity contrast).

In Figs 9(a) and (b) the principal stress directions are plotted for the homogeneous case (H) and for model B. In both pictures the value
of the maximum shear stress 25 is contoured in background. Compressive axes are indicated by thick segments and tensional axes through
thin segments. The rigidity discontinuity affects in particular the proximity of the interface: both maximum shear stress and the directions of

the principal axes show a different configuration in presence of a material discontinuity.

Looking at the principal axes plotted along the interface, in z = 0% (i.e. within the harder medium in panel B), we see that the maximum
shear stress is typically at 45° with respect to the coordinate axes in the homogeneous medium (H). If we assume that the initial stress present
before the dislocation event, was a single shear component ¥, = t° , we easily acknowledge that the induced shear stress in the homogeneous
model goes mostly to release the initial stress, but this is not the case for the heterogeneous model, within the lateral lobes: the initial stress rfz
has no shear component on its principal planes which dip at 45°. The large variation in the deviatoric stress and the directions of the principal

axes thus suggest that structural discontinuities may become preferential sites of secondary rupture events.

CONCLUSIONS

In conclusion, the results of the present work show that, in presence of discontinuities of the elastic parameters, the displacement and stress
fields change significantly with respect to homogeneous media: elastic discontinuities act as stress attractors, particularly for the component
oy, Stress concentrations appear both in dislocation models A and B and in the crack model C. These results differ considerably from tensile
(mode I) and screw (mode I1I) dislocations models in layered media (Bonafede & Rivalta 1999a, 1999b; Bonafede et al. 2002).

The results obtained here and in the previous papers give a preliminary insight into the question of how inhomogeneities can affect
the stress field generated by faulting or by dyke injection: the answer is that inhomogeneities are responsible for significant changes with
respect to homogeneous models, providing stress concentrations which amount to significant fractions of the stress drop and extend along the
elastic discontinuities up to distances comparable to the vertical extension of the dislocation surface, particularly when faults cut across the
discontinuities. Stress components which do not need be continuous across the interface are typically most affected by the presence of elastic
inhomogeneities.

Stress concentration along interfaces is particularly high when the rigidity contrast is high. Very high rigidity contrasts are seldom found
in the crust as far as the elastic behaviour is considered, but higher contrasts of effective rigidities can be obtained if a viscoelastic rheology
is considered: for instance, the SLS rheology often employed to account for seismic wave attenuation, accounts for long term rigidity which
may be significantly lower than the short term rigidity.

As a result, the interpretation of triggered seismicity in terms of stress induced by slip on nearby faults or by dyke injection in volcanic
regions should take the elastic (and rheological) structure of the medium into account.

However, proceeding analytically beyond the simple models described in this paper becomes soon awkward: the simple addition of a
free surface boundary conditions to the present model would make the analytic inversion of Galerkin components extremely cumbersome and
it seems advisable to resort to numerical methods. The present solutions are in any case useful in testing numerical models, (e.g. to deploy
suitable meshes in finite element models) which may provide the displacement and stress fields generated by a dip-slip fault embedded in a
more complex heterogeneous medium. Exact analytical solutions are also important because they yield the singular part of the integral kernels
appearing in crack problems, and we have seen that singularities are present at crack tips and at the intersection of the crack surface with the
welded interface.
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The integrals ;;(x, z; zo) appearing in (27-28) and (31-33) are defined in Bonafede & Rivalta (1999a) and are reproduced below for ease of

reference:
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The functions Y;;(x, z;z9) = f I;; dx + c appearing in (26) and (29) are given below (c is a constant chosen as to yield continuity of the

displacement field over the plane z = 0):
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In Y}, and Y3, the function sgn(xz)
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+1 according to whether the argument xz is positive or negative.



