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Abstract

Widening in sinuous channels occurs when the retreat of the outer bank exceeds the advance of the opposite bank. An

analytical model is presented to simulate width adjustment in meandering channels of non-cohesive bank material resulting

from bank erosion of two interactive processes: basal erosion and bank collapse. Bank collapse refers to the avalanche of non-

cohesive material in the upper part of bank above water surface resulting from over-steepening of the bank surface due to basal

erosion. The rate of basal erosion, including lateral erosion and bed degradation, is calculated as a function of the longitudinal

gradient of sediment transport rate and strength of secondary flow. The transverse bed slope is treated as a variable that

increases as channel sinuosity increases until the transverse bed slope reaches its maximum value. By simplifying the bank-

collapse process for non-cohesive materials, the present study shows that the rate of bank-line retreat is determined by lateral

erosion rate, near-bank bed-degradation rate, sediment grain size, and difference between flow depth and bank height. The time-

dependent widening processes of two meandering channels in the laboratory are selected to test applicability of the model. The

result shows that the simulated bank lines at individual time intervals closely match the experimental measurements. Whether

the sinuosity of a meandering channel will increase or decrease is primarily determined by didtribution of the lngitudinal

gradient of sediment transport rate along the channel.

q 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Channel widening, as a result of bank erosion,

attracts substantial attention from engineers and

scientists because the retreat of bank lines can

seriously affect floodplain dwellers, damage riparian
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vegetation, and endanger bridge crossings and bank-

protection structures (ASCE TC, 1998). Eroded, fine-

grained bank material may pose a hazard to aquatic

habitats and contribute to sedimentation problems

downstream (Darby and Thorne, 1994). However,

width adjustment, especially in meandering channels,

is a complex morpho-dynamic process resulting from

the interactions between flow, sediment, and movable

boundaries. These adjustments can be triggered by

either climate change or anthropogenic activities,

such as urban growth or stream realignment. There-

fore, modeling width adjustment is still a challenging
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problem in the area of river engineering despite the

importance of understanding width-adjustment

process.

Studies of channel width adjustment can be divided

into two approaches according to respective objec-

tives: one approach is to predict the equilibrium

channel under regime conditions (stable, long-term)

and the other approach is to simulate the processes

underlying meander evolution. Empirical regime

formulas developed from field observations and

regression analyses have been used to correlate the

geometry of equilibrium channels with basin charac-

teristics, such as drainage areas (Dunne and Leopold,

1978; Montgomery and Gran, 2001), bankfull or

effective discharge (Leopold and Maddock, 1953;

Hey and Thorne, 1986; Kellerhals and Church, 1989;

Knighton, 1998), and sediment grain size (Schumm,

1968; Ferguson, 1973). The empirical equations have

been successfully applied to predict regime conditions

of alluvial channels.

Extremal theories assume that alluvial channels

attain equilibrium when an indicator (e.g. stream

power, rate of energy dissipation, concentration of

suspended sediment, etc.) reaches its maximum or

minimum (ASCE TC, 1998). These theories include

the minimum stream power (Yang, 1976; Chang,

1979), maximum sediment transport efficiency

(Kirkby, 1977) or capacity (White et al., 1982; Millar

and Quick, 1993; 1998), minimum variance (Wil-

liams, 1978), and the principle of least action (Huang

and Nanson, 2000; Eaton et al., 2004). The width of

the equilibrium channel was also determined using the

threshold concept of sediment incipient motion

(Glover and Florey, 1951; Lane, 1955) or, more

realistically, by accounting for the lateral diffusion of

downstream momentum (Parker, 1978; Ikeda et al.,

1988; Ikeda and Izumi, 1990, 1991; Kovacs and

Parker, 1994; Vigilar and Diplas, 1997).

In general, extremal theories lack physical foun-

dation and are used infrequently to model the width-

adjustment process, which often is of greater interest

than the shape of the equilibrium channels (Sun et al.,

1996). Osman and Thorne (1988) developed a

process-based model to predict channel-width adjust-

ment by accounting for the combined effects of lateral

erosion and mass instability in producing bank

instability. This method was modified by Darby and

Thorne (1994); Darby and Thorne (1996), and Simon
et al. (2000) to predict the width and volume of mass

failure. However, it is difficult to use this method to

predict bank failure without a precise prediction of

basal erosion. Ikeda et al. (1981) assumed the rate of

bank erosion is linearly related to the magnitude of

near-bank velocity perturbation, a difference between

depth-averaged velocity and cross-sectional mean

velocity. This assumption was employed in numerous

subsequent studies (Parker et al., 1982; 1983; Parker,

1983;Parker and Andrew, 1986; Johannesson, 1985;

Johannesson and Parker, 1989; Odgaard, 1989;

Larsen, 1995; StØlum, 1998; Sun et al., 1996,

2001a,b). The Ikeda et al., 1981 model directly

correlated the rate of bank erosion with the near-

bank flow field, however, this assumption could be

unrealistic because bank retreats and advances depend

on whether sediment is accumulated or washed away

from bank toe where the near-bank excessive velocity

could be less or greater than zero.

In recent years, numerical models emerged as a

cost-effective tool to simulate the morpho-dynamic

process of alluvial channels. Increasingly, two- and

three-dimensional computational hydrodynamic

(CFD) models are applied to simulate the morpho-

dynamic processes of meandering streams (Mos-

selman, 1998; Nagata et al., 2000; Duan et al.,

2001; Darby et al., 2002; Olsen, 2003). Mosselman

(1998); Nagata et al. (2000); Duan et al. (2001), and

Darby et al. (2002) coupled process-based bank

erosion models with two-dimensional, depth-aver-

aged models of flow and bed topography in movable

computational grids. Duan et al. (2001) indicated that

the rate of bank retreat or advance depends on the

longitudinal gradient of sediment transport, strength

of secondary flow, and erosion of sediment from the

bank. Darby et al. (2002) considered the deposition of

failed bank material at the toe of the bank and its

subsequent removal. However, Mosselman (1998);

Darby et al. (2002) calculated basal erosion through a

method similar to the simple assumption set forth by

Ikeda et al. (1981). In addition, Mosselman (1998);

Duan et al. (2001) neglected the bank-failure process,

whereas Nagata et al. (2000) neglected the difference

between basal erosion and bed degradation. As we

will discuss in the following paragraphs, higher and

steeper banks are more likely to collapse than lower

and less steep banks; therefore, the bank height above
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the water and critical side slope should be considered

when the bank erosion rate is calculated.

In the present study, the bank erosion model of

Duan et al. (2001) is modified by extending the

control volume to half of the channel width and taking

accounting for the effects of bed-degradation and

bank-collapse processes. Bank collapse in this paper,

as cited in Nagata et al. (2000), refers to the avalanche

of non-cohesive material in the upper part of bank

above water surface resulting from over-steepening of

the bank surface due to basal erosion. To test the

applicability of the modified model, the present study

implements an analytical flow model and simulates

the widening processes of two meandering channels in

a laboratory.

The two-dimensional flow field in a sine-generated

channel was solved using the linear theory (Johan-

nesson and Parker, 1989). Concerning the phenom-

enon of bank erosion for non-cohesive material, two

consequent basal erosion and bank collapse, were

recognized. The rate of basal erosion is determined

primarily by the gradient of sediment transport rate in

the longitudinal direction, while previous research

indicated the rate of basal erosion was proportional to
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Fig. 1. Definition of variables and coordinate syste
the magnitude of excessive near-bank velocity or

shear stress. The present study assumes channel banks

are composed of non-cohesive materials so that the

rate of bank-line retreat is a function of the rate of

basal erosion (including lateral erosion and bed-

degradation), bank material grain size, and difference

between flow depth and bank height. The current

model is limited to non-cohesive bank material. When

applied to natural rivers, more realistic bank failure

models for cohesive and stratified bank material must

be developed.
2. Model development
2.1. Flow model

The flow-governing equations are two-dimen-

sional, depth-averaged, steady-flow, Reynolds-aver-

aged Navier–Stocks equations in channel-fitted,

curvilinear, orthogonal coordinates written as follows
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where u and v denote depth-averaged velocity

components in the longitudinal and transverse

directions, respectively; z axis is aimed upward; g is

the acceleration of gravity; x and h denote water

surface and bed elevation, respectively; r is water

density; h is flow depth; and C is the curvature of the

channel centerline defined as follows

CðsÞZ
dq

ds
Z

1

r
(4)

where q is the deflection angle between the down-

channel direction and the x axis, and r is the local

radius of curvature. Fig. 1 gives the coordinate system

and physical definitions of the variables.

The two integral terms on the right-side of Eq. (2)

are dispersion terms resulting from the redistribution

of streamwise momentum due to secondary flow

(Johannesson and Parker, 1989). T is a dimensionless

shape function describing the vertical variation of

streamwise velocity having a depth-averaged value of

unity, and vs is secondary flow velocity in the

transverse direction.

The planform of natural meandering channels can

be approximated simply by sine-generated curves

(Langbein and Leopold, 1966). The periodic shape of

a meandering loop is depicted by the angle of the

channel centerline (q) with respect to the down-valley

direction and wavelength of the meandering loop. The

mathematical expression for the sine-generated curve

can be written as follows

qZ q0 cosðksÞ (5)

where K is dimensionless wave number given by kZ
bk and kZ2p/l; b is half-width of channel; l is the
meander wavelength; and q0 is the value of q at the

deflection point of two consecutive meandering loops.

Assuming the ratios of flow depth and channel width

to the radius of channel curvature are small and

neglecting the second-order terms in Eqs. (1)–(3), the

first-order solution of streamwise velocity, including

the effect of dispersion terms for sine-generated

meandering channels, is obtained as

u ZU CUNbkq0½Ka cosðksÞCb sinðksÞ� (6)

where U is the reach-averaged primary velocity, and b

is the normal half-width of the channel. The value of

N ranges from a negative unity at the inner bank to a

positive unity at the outer bank. The parameters a and

b can be expressed as follows

aZ
kHCfðACAs CF2 C1Þ

H2k2 C4C2
f

(7)

bZ
2C2

f ðACAs CF2K1ÞKH2k2

H2k2 C4C2
f

(8)

where Cf is the Chezy friction coefficient; F is the

Froude number defined as FZU=
ffiffiffiffiffiffiffi
gH

p
; H is the reach-

averaged flow depth; A is the scour factor, which

characterizes the transverse bed slope; and As

represents the momentum redistribution effect exerted

by the secondary current. Similar solutions were

derived by Johannesson (1985); Johannesson and

Parker (1989) where the dispersion terms were found

to be essential in distributing flow momentum. Smith

and Mclean (1984); Nelson and Smith (1989), and

Blanckaert and de Vriend (2003) stressed the non-

linearities in flow hydrodynamics. As channel

curvature and bar amplitude increase, non-linearity

in the flow solution can be expected to play an

increasing role in the flow dynamics and thus

influence the shape and evolution of meandering

channels.

The second-order solution including both non-

linearities and dispersion terms (Imran et al., 1999)

proved to be effective when applied to a submarine

meandering modeling. However, researches (Ikeda et

al., 1981; Parker et al., 1982; Parker, 1983; Parker and

Andrew, 1986) have shown that a linear solution is

sufficient in simulating flow and the evolution of the

meandering process when channel curvature is mild

or moderate. In reality, the intensity of flow and
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sediment transport tends to subside as the meander

evolves due to the increased length of the channel and

gentler slope. Let channel sinuosity be defined as dZ
L/l, where L is the meander length along centerline

(m); l is the meander wavelength (m). A meandering

channel is considered mildly curved when d!1.2,

moderately curved when 1.2!d!1.5, and highly

curved when dO1.5 (Rosgen, 1996) The findings of

Julien (2002) indicate the migration rate of meanders

is at a maximum when sinuosity is approximately

1.34. This evidence also agrees with the observations

of Friedkin (1945); Schumm et al. (1987), and Hickin

and Nanson (1975) analysis of field data, which

showed that the rate of channel migration reaches its

maximum at relative curvature R/BZ2–3, where R is

the radius of centerline curvature (m); B is the channel

width (m). According to the relation between channel

sinuosity and relative curvature given by Langbein

and Leopold (1966), R/BZ2–3 is equivalent to dZ
1.1–1.4. The objective of the present study is to use

experimental laboratory cases (dz1.07) to verify a

newly developed bank erosion model that indicates

the reasonableness in physical process by relating

bank erosion to the gradient rather than the excess or

deficit of streamwise velocity. The solution to the flow

hydrodynamic field expressed in Eq. (6) is accurate

for the purposes of the present study.

In Eq. (6), parameter As represents the strength of

the secondary current, and parameter A quantifies the

transverse bed slope. The linear expression of A

(Johannesson and Parker, 1989) is shown below:

vh

vn
ZKAHC (9)

At the apex of a sine-generated meandering

channel where ksZp/2, Eq. (7) gives

u ZU

uKU
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ZUNbkq0

2C2
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H2k2 C4C2
f

2
4

3
5
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The parameter A vanishes when the channel bed is

flat in the transverse direction (Johannesson and

Parker, 1989). The parameter As can be neglected in

mildly sinuous channels (d!1.2) when the secondary
flow is weak. The flow in natural rivers is most likely

to be subcritical with the Froude number being less

than unity. Therefore, the denominator in the

parenthesis is positive for subcritical flow, and uOU

is valid near the inner bank when K1%N!0,

regardless of sinuosity and wavelength. This con-

clusion agrees with the experimental results of Chang

(1971); Silva (1995); Shiono and Muto (1998), which

showed that the locus of high velocities remained

close to the inner banks of a flat-bed, sine-generated

channel until reaching a downstream inflection point.

On the other hand, a number of laboratory exper-

iments (Friedkin, 1945; Hickin, 1972; Schumm et al.

(1987)) proved that a highly-sinuous natural channel

can be developed from a straight or low-sinuous flat-

bed channel by eroding the outer bank. This means

that retreat of banklines does not occur at the high-

velocity zone. Rather, the bank erosion model of Duan

(1998); Duan et al. (2001) showed that the advance or

retreat of bank lines related directly to the gradient of

streamwise velocity. Although the maximum stream-

wise velocity exists at the inner bank of the apex when

channel have no transverse slope, the maximum

acceleration of streamwise velocity occurs at the

downstream apex where the bank erodes. The

longitudinal distribution of gradient of streamwise

velocity results in the downstream migration as well

as lateral extension and downstream rotation of

meandering loops.

The center streamline of the channel is defined to

distinguish flow acceleration and deceleration zones.

The gradient of longitudinal velocity and rate of

sediment transport can also be calculated by using the

center streamline. The channel centerline divides the

cross-section of a meander into two equal parts, one

on the left and one on the right, whereas the center

streamline separates flow discharge into two equal

parts at each cross-section. These two lines are the

same in a straight channel. However, they differ from

each other in a meandering channel because flow

velocity is distributed non-uniformally along the

transverse. When the center streamline deviates

from the channel centerline toward the outer bank,

the gradient of longitudinal velocity and rate of

sediment transport are positive because the flow

converges.

The mathematical expression for center streamline

was obtained by integrating Eq. (6) to satisfy the
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following equation

ðY
Kb

u dN Z
1

2

ðb
Kb

u dN (11)

where Y represents the transverse coordinate of the

center streamline, and u is the streamwise velocity

expressed in Eq. (6). The solution to Eq. (11) yields

Y Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1Cb2k2q20½Ka cosðksÞCb sinðksÞ�2K1

p
kq0½Ka cosðksÞCb sinðksÞ�

(12)

Y denotes the transverse coordinate of the center

streamline ranging from Kb to b. When YZKb, the

center streamline is located at the left bank; when YZ
0, the center streamline is located at the center of the

channel; and when YZCb, the center streamline is

located at the right bank.
2.2. Bank erosion model

Bank erosion of non-cohesive material consists of

two interactive physical processes: basal erosion and

bank collapse (Nagata et al., 2000). Basal erosion

refers to the fluvial entrainment of bank material by

flow-induced forces acting on the bank surface-drag

force, resistance force, and lift force. Basal erosion

does not guarantee retreat of the bank line because the

collapsed bank material may be deposited at near

banks, such as sand bars, and thus cause the bank line

to advance. The rate of bank erosion traditionally is

calculated empirically from the geometry of channel
qn
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Fig. 2. Sediment flux balance in half of a cross-section.
bends, bank material, and flow intensity (Hickin,

1977; Hooke, 1980). Process-based bend migration

models (Johannesson, 1985; Odgaard, 1989; Sun

et al., 2001a,b) successfully extended the Ikeda

et al. (1981) bank erosion theory to model long-term

trends of meandering evolution in complex sedimen-

tary environments. These models represent the

authentic assumption that the rate of bank erosion is

proportional to the excess near-bank velocity;

however, this assumption could be unrealistic because

the advance and retreat of bank lines are determined

by sediment mass balance near banks. Duan et al.

(2001) solved the two-dimensional, depth-averaged

momentum and continuity equations expressed in

Cartesian coordinates for the flow field. Although

sediment transport and lateral bank erosion were

considered, bed degradation and geotechnical bank

failure or collapse was neglected in Duan et al. (2001).

In the present study, the Duan et al. (2001) bank

erosion model was modified by extending the control

volume to half of channel width b and accounting for

the effect of bed-degradation and bank-collapse

processes. The modified bank erosion model, derived

from the mass conservation law for near-bank cells,

was employed to simulate the migration of bank lines.

The simulated initiation, migration, and evolution of a

meander indicated that the rate of bank erosion is a

function of the longitudinal gradient in sediment

transport, strength of secondary flow, and mass

wasting from bank collapse.

2.2.1. Advance and retreat of bank-lines

Bank erosion eventually causes banks to advance

or retreat. Bank advancement is caused by the

deposition of sediment near the bank. This sediment

can come from an eroded bank or bed material

transported from upstream. Banks retreat as they are

eroded, and the material is transported away by the

flow. Predicting bank advance or retreat is based on a

balance (or mass conservation) of the sediment in a

control volume near the bank, including sediment

from bank erosion and bank failure or collapse,

sediment stored on the bed due to deposition, and

sediment fluxes transported in and out of the control

volume. Fig. 2 illustrates bank geometry and sediment

flux balance in the control volume. Initially the

transverse slope of the channel is zero, and the angle

of the bank surface is equal to the angle of repose for
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non-cohesive bank material. The sediment continuity

equation can be written as follows

qs C
vqs

vs
ds

� �
bKqsbCqn ds

ZKu0 h ds

2
ð1KPÞrsKub

b ds

2
ð1KPÞrs (13)

where u 0 is the lateral bank erosion rate defined as the

distance of bank retreat at the bank toe per unit of time

in the transverse direction; ub denotes the bed-

degradation rate at the bank toe; rs is the sediment

density; qs and qn are the component sediment

transport rates per unit width in the s and n directions,

respectively; and P is porosity.

Rearranging Eq. (13) produces

u0 ZKub

b

h
K

2

hrsð1KPÞ

vqs

vs
bCqn

� �
(14)

River bank material is often different from bed

material (Darby and Thorne, 1994); therefore, u 0 is

not necessarily equal to ub. Eq. (14) indicates that the

rate of lateral erosion can be estimated by the rate of

bed degradation, longitudinal gradient of sediment

transport rate, transverse sediment transport rate, and

channel geometry (i.e. b, h). However, the actual

distance of bank retreat, as observed and measured in

the field, is the distance that the top bank line retreats

per unit time rather than the distance of basal erosion

per unit time occurring under the water surface. The

rate of bank erosion is derived as the distance of bank

retreat or advance occurring at the top bank lines.

Fig. 3 schematizes bank erosion processes including

bed degradation, lateral erosion, and bank collapse. In
Fig. 3. Sediment flux balance in half of a cross-section.
Fig. 3, the dashed line [line (1)] represents the initial

bed and bank surfaces, and line (1) changes to the

dash-dot line [line (2)] after bed degradation and

lateral erosion occurs. Banks having slopes that are

greater than the angle of repose are unstable;

therefore, the line (2) is transient, and the collapsed

bank material from the upper bank (the area of ECBI)

will deposit immediately at the bank toe (fill the area

of IFG) to form a bank surface of the same repose

angle. Therefore, the solid line [line (3)] shows the

cross-sectional profile after bank collapse occurs.

Fig. 3 shows that the distance of lateral migration

(symbolized as DL) and bed degradation (symbolized

as DZ) occurring during a short time step, DT, will

result in the collapse of upper bank materials;

consequently, the bank line retreats (symbolized as

DB). Hasegawa (1981) proposed a similar model that

was successfully applied by Nagata et al. (2000) in

simulating laboratory experiments of meandering

evolution. The mass volumes per unit length depicted

in the area of ECBI and IFG are equal, and the areas of

triangle BFH and parallelogram EDHC are equal as

well according to Nagata et al. (2000). The following

mathematical expression is produced

1

2
ðDLCDZ cot fÞðh0 CDZÞZDBðH0 CDZÞ (15)

where h0 and H0 are initial near-bank flow depth and

bank height, respectively, and f is the angle of repose.

Therefore, the distance of bank retreat can be

calculated from Eq. (15) and expressed as follows

DB Z
ðDLCDZ cot fÞðh0 CDZÞ

2ðH0 CDZÞ

Z
ðDLCDZ cot fÞh

2H 0
(16)

where H 0 is the bank height after basal erosion occurs.

Dividing DT at both sides of Eq. (16) yields

DB

DT
Z

h

2H 0

DL

DT
C

DZ

DT
cot f

� �
(17)

By applying the definitions for the rate of bank

retreat, bed degradation, and lateral erosion, Eq. (17)

becomes

uZ
h

2H 0
ðu0 Cub cot fÞ (18)
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where uZ lim
DT/0

ðDB=DTÞ represents the retreat rate of

the bank top line. By substituting Eq. (14) into Eq.

(18), the following expression results:

uZub

h cot fKb

2H 0

K
1

ð1KPÞrsH 0

vqs

vs
bCqn

� �
(19)

Eq. (19) indicates that the retreat rate of the bank

top line can be calculated by using the rate of bed

degradation; longitudinal gradient of the sediment

transport rate; transverse sediment transport rate;

properties of bank materials such as the angle of

repose and porosity; flow parameters (i.e. b, h); and

bank geometry (e.g. bank height, etc.). The calcu-

lation of sediment transport rates (qs, qn) in Eq. (19) is

discussed in Section 2.2.

From Eq. (9), one can obtain the following

expression:

hjnZb ZKbAHC (20)

Therefore, the rate of bed degradation at the toe of

the outer bank can be expressed as

ub Z
vh

vt
nZb ZK

vðb AHCÞ

vt

���� (21)

H remains constant throughout. Therefore, the

following expression results:

ub ZKbHA
vC

vt
KbHC

vA

vt
(22)

Eq. (22) is valid when the channel curvature is

mild. In Eq. (22), vC/vt is calculated at each time step

for individual channel planform. The term,vA/vt, is

discussed in Section 3. The parameter A ranged from 0

to Amax, corresponding to the process where the

transverse bed slope developed from zero to its

maximum value. The analytical expression for the

maximum value of A is discussed in Section 4.1.
2.2.2. Empirical sediment transport equations

Eq. (19) requires a formula to calculate the

streamwise sediment transport rate, and for the

present study, the Leiwei bed-load equation (Chien

et al., 1989) was selected. This formula is valid for a

wide range of sediment particle grain sizes (DZ0.25–

23 mm) and flow conditions (H/DZ5–500). The
Leiwei bed-load equation is expressed as follows:

qs Z 2D
Uffiffiffiffiffiffiffi
gH

p

� �3

ðUKUcÞ
D

H

� �1=4

(23)

where D is the mean grain size of sediment particles,

and Uc is the reach-averaged incipient velocity for bed

load. Eq. (23) is rewritten as follows

qs Z kqU4 (24)

where kqZ2D1:25=ðg1:5H1:75Þ, and URUc is assumed.

The first-order derivative of qs in the longitudinal

direction is obtained through the following

expression:

vqs

vs
Z kq4U3 vU

vs
(25)

Ikeda (1989) derived the transverse bed-load

transport rate by analyzing the force balance of a

moving spherical particle on a plane inclined in both

longitudinal and transverse directions. The ratio of

transverse and longitudinal bed load transport rate

was derived as

Cs Z
qn

qs

Z tan 4C
1C CL

CD
m

cm

ffiffiffiffiffiffi
tC

t

r
tan j (26)

where Cs is the ratio of qn to qs; f is the angle where

the bed-shear stress deviates from the s direction;

tan j is the transverse bed slope, whose maximum can

be calculated by formulas found in the literature

(Kikkawa et al., 1976; Ikeda, 1989); m is the

coefficient of the kinetic friction between the particles

and equals 0.43 (Kikkawa et al., 1976; Ikeda, 1989); c

is the ratio of the kinetic friction coefficient to the

static friction coefficient, which equals 0.59 (Ikeda,

1989);tC and t are the critical and actual bed shear

stresses, respectively; and CD and CL are the drag and

lift coefficients, respectively. Concerning a spherical

sand particle placed on a rough bed, Kikkawa et al.

(1976) suggested that CL/CDZ0.85 and CDZ0.4.

Engelund (1974) derived the direction of the resulting

bed-shear stress expressed with the deviation angle

written as tan fZ(tn/ts)Z7.0h/r. Eq. (26) represents

the correlation between bed-load transport rates in the

s and n directions. Then, the transverse bed-load

transport rate can be obtained with the following

expression:
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qn ZCskqU4 (27)

Eq. (27) is used to calculate bed-load transport rate

in the transverse direction. The coefficient Cs can be

determined using Eq. (26).
2.2.3. Maximum value of A for equilibrium cross-

sections

As discussed in the preceding paragraphs, the

parameter A quantifying the transverse bed slope

vanishes when the channel bed is flat at its beginning.

As the meandering planform evolves, the transverse

bed slope develops until reaching its maximum value.

Other studies (Engelund, 1974; Kikkawa et al., 1976;

Zimmerman and Kennedy, 1978; Ikeda et al., 1981;

Parker and Andrew, 1986; Odgaard, 1989) have been

conducted where a constant value for A was assumed,

which implicitly assumed the existence of a transverse

bed slope at the beginning of meandering develop-

ment (Engelund, 1974; Kikkawa et al., 1976; Zimmer-

man and Kennedy, 1978; Ikeda et al., 1981; Parker

and Andrew, 1986; Odgaard, 1989). In the present

study, the parameter A ranged from 0 to Amax. An

equation expressing the maximum value of A can be

derived by using the Kikkawa et al. (1976) relation for

an equilibrium transverse slope written as follows

vh

vn
ZK

3

4

mCD

1Cm CL

CD

 !1=2
vb

rs
r
K1

� �
gD

h i1=2 (28)

where m is the coefficient of kinetic friction between

sediment particle and bed; CD and CL are drag and lift

coefficients, respectively; and rs and r are sediment

and water densities, respectively. Let vb and ub denote

the components of near-bed velocity in the n and s

directions, respectively, Engelund (1974) obtained the

following correlation:

vb Z 7:0
h

r
ub (29)

The velocity distribution satisfies the exponential

law

ub Z ð1CmÞ
ðD=2Þ

h

� �m

U (30)

where mZ1/6–1/7. Replacing the near-bed velocity,

ub, with Eq. (30), Eq. (28) then becomes
vh

vn
ZK

3

4

mCD

1Cm CL

CD

 !1=2
7:0HC 0

rs
r
K1

� �
gD

h i1=2 ð1

CmÞ
D

2H

� �m

U (31)

For quasi-uniform flow, the local flow depth h is

replaced by the reach-averaged flow depth, H, in Eq.

(31). Combining Eq. (31) with Eq. (9), the mathemat-

ical expression for A in the equilibrium cross-section

is derived as follows:

Amax Z
3

4

mCD

1Cm CL

CD

 !1=2
7:0

rs
r
K1

� �
gD

h i1=2 ð1

CmÞ
D

2H

� �m

U (32)

Eq. (32) shows that the maximum value of A for the

equilibrium cross-section is determined by flow depth,

velocity, lift and drag coefficients, friction coefficient,

and particle grain size of bed material.
2.2.4. Rate of channel-width adjustment

Narrowing in sinuous channels occurs when the

rate of alternate or point bar growth exceeds the rate

of retreat of the cut bank opposite. Conversely,

widening in sinuous channels may occur when outer

bank retreat, due to toe scouring, exceeds the rate of

advance of the opposite bank, due to alternate or point

bar growth (Nanson and Hickin, 1983; Pizzuto, 1994;

ASCE TC, 1998). Schumm (1985) and Simon and

Thorne (1996) state that the process whereby stability

is recovered is characterized by aggradation of the

channel bed and fluvial deposition on the banks.

Schumm (1985) refers to the bank-deposition feature

as berms. Bank failure or collapse is commonly

caused by geotechnical instability of bank and may

dominate the bank erosion process resulting in, for

example, incised channels. In the present study, the

fundamental mechanism in bank collapse is destabi-

lization in the upper part of the bank due to basal

erosion occurring at the bank toes. Advance or retreat

of bank lines is determined by combining Eqs. (19),

(22), (25), and (27):
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vt
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K
1

ð1KPÞrsH
0

4kqbU3 vU

vs
CCskqU4

� �
(33)

Applying Eq. (33) at the left bank for the left half

of the cross-section yields:
Set flow param

Set original channel

Set time counter to

Set the value of pa

STO

Compute Ui and Uo

Ti+1 = Ti +

Set the new pl

t= LIM
No

Compute ∂Ui/∂

START

bi+1 = bi -Dt (

Compute w

Compute flow field

ComputeCf , k, F, a, b

Fig. 4. Program
ul Z b KHA
vC

vt
KHC

vA

vt

� �
hl cot fKb

2H 0

K
1

ð1KPÞrsH
0

4kqbU3
l

vUl

vs
CCskqU4

l

� �
(34)

Similarly, applying Eq. (33) at the right bank for

the right half of the cross-section yields,
eters

 geometry 

 zero. t = 0

rameter A

P

 D t

an form

IT 

Yes

s and ∂Uo /∂s

w1 +wr) 

Compute ds of centerline 

1&wr

q = q0 cos(ks) 

Compute r =  ds/dq

Compute transverse slope

Compute Cs

flowchart.
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ur Z b KHA
vC

vt
KHC

vA

vt

� �
hr cot fKb

2H 0

K
1

ð1KPÞrsH
0

4kqbU3
r

vUr
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CCskqU4

r

� �
(35)

The subscript ‘l’ and ‘r’ denote variables for the

left and right banks, respectively.

The channel width bi adjusted to biC1 at the next

time step iC1 is written as:

biC1 Z biKDtðul CurÞ (36)

If the flow regime and sediment supply are quasi-

steady over periods of decades or centuries, the

morphology of the river adjusts to create a metastable,

equilibrium channel width (ASCE TC, 1998). The

outer bank retreats at the same rate as the opposite

bank advances (i.e. ulZKur), and the channel then

maintains a constant width as its planform evolves.

This assumption of constant width was employed by

the model of Ikeda et al. (1981). Many natural rivers,

however, cannot be considered to have equilibrium

channels (ASCE TC, 1998). These rivers display

significant morphological changes, including width

adjustments as observed both in the laboratory

(Nagata et al., 2000) and in the field (Nanson and

Hickin, 1983; Pizzuto, 1994).
3. Numerical method

The finite difference method was used to discretize

Eq. (36). Fig. 4 contains a flowchart depicting the

operational protocol of the computer program. In the

first step in the program, initial flow parameters,

including U, H, J, and initial channel geometry, are

set. The present model is applicable to a sine-

generated channel where the planform is expressed

by Eq. (5). Cross-sections are assumed to be

trapezoidal in shape and the bank slope is set to

equal to the angle of repose. The initial channel width,

bank height, sediment particle size, and transverse bed

slope are given at tZ0. First-order derivatives of

scalar variables, with respect to the s coordinate, are

approximated by the central difference scheme.
dF

ds
z

DF

Ds
Z

FiC1KFiK1

2Ds
(37)

where F is a scalar variable.

The channel curvature, C, is calculated using Eq.

(4). The parameter A is assumed to be a time-

dependent variable as discussed in Section 3. The

location of center streamline Y and the parameter Cs

are calculated by using Eqs. (12) and (26), respect-

ively. Once the difference between the center stream-

line and channel centerline is determined, Ul and Ur at

each cross-section can be obtained. Their first-order

derivatives, with respect to the s coordinate, can also

be obtained using Eq. (37).

At the beginning of the computation, Eqs. (34) and

(35) are used to calculate the distance of bank retreat

at both banks. At the next time step, flow depth and

velocity are solved by using the channel width and

transverse bed slope from the previous time step. The

transverse bed slope varies from zero to its maximum

value at equilibrium. Then, the channel planform and

curvature at the new time step are calculated using the

newly obtained channel centerline, whose migration

rate was obtained as follows:

2uZ ðulKurÞ (38)

where u is the rate of centerline migration.
4. Sensitivity analysis and model verification

4.1. Sensitivity analysis of A distribution function

Nagata et al. (2000) conducted four sets of

experiments to study channel-width adjustment in

meandering and straight channels. One set of these

experiments (Run 2) was selected in the paper to

determine the appropriate distribution function of

parameter ‘A’. The experimental results of Run 1 were

chosen to verify the applicability of the developed

model to simulate the widening processes of a sine-

generated channel. The flume is 10 m long and 1 m

wide with a depth of 0.2 m. A trapezoidal cross-

section, with a bottom width of 14 cm, top width of

30 cm, and bank height of 4 cm, was formed at the

beginning of both experiments. The bank and bed

material in both experiments consisted of fairly

uniform sand having a particle mean diameter of
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1.42 mm, and the angle of repose was 34.38. The

initial planforms for both experiments were set as a

sine-generated channel having a wavelength of 2 m

and an initial angle q0Z308. During both experiments,

sediment was fed manually into the entrance of the

channel. Temporal changes in bank lines were

recorded by taking photographs, and bed profiles

were measured using a point gauge and a laser bed

profiler.

For the experiment Run 1, a constant discharge of

1.98 l/s was maintained at the inlet of the flume

channel, which had a mean flow depth of 3.00 cm and

a valley slope of 1/300. Bank boundary lines were

measured at 15, 60, and 125 min during the

experiment. The Chezy friction coefficient, Cf, was

calculated by using Manning’s equation and equaled

0.082. The parameter Amax equaled 2.02 when

calculated using Eq. (32). The constant discharge at

the inlet of Run 2 was 0.63 l/s, which was less than

one-third of the discharge in Run 1. The flume channel

had a mean flow depth of 1.5 cm and a valley slope of

1/100. Bank boundary lines were measured at 15, 60,

and 120 min. The Chezy friction coefficient Cf was

calculated as 0.220 by using Manning’s equation. The

parameter, Amax, in Run 2 equaled to 2.09 when

calculated using Eq. (32).

Besides the calculation of Amax in the model, this

section discusses the sensitivity analysis of modeling

results to the selection of the A distribution function.

Undoubtedly, along with the development of the

transverse bed slope from zero to its maximum value

in the experiments, the parameter A-adopted in the

model-ranged from 0 to Amax. In experimental Run 2,

for example, the value of A changed from 0 to 2.09

within 120 min; AZAmax at 120 min when the
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Fig. 5. Assuming the parameter A as different time variables.
transverse bed slope reached its maximum value in

the experiments. However, it is not known how the

value of A varies with time. In the present study, four

functions were assumed in order to study how the

value of A varies with time. These functions include

assuming (a) A has a constant value of 2.00, (b) A

varies linearly with time (Eq. (39)), (c) A varies as a

Type I parabolic function of time (Eq. (40)), and (d) A

varies as a Type II parabolic of time (Eq. (41)). The

four time-dependent distribution functions are plotted

in Fig. 5. For the linear distribution, the functional

relation of A is written as:

A Z
t

60
(39)

The parabolic distribution of Type I is assumed to

follow Eq. (40).

A Z

ffiffiffiffiffiffi
t

30

r
(40)

The parabolic distribution of Type II is assumed to

be:

A Z
t2

7200
(41)

T ranges from 0 to 120 min for all the equations from

(39) to (41) in Run 2.

Fig. 6 compares the influence of the four time-

dependent distribution functions on parameter A,

while the channel undergoes width adjustment in

Run 2. In Fig. 6, the discrete rectangular points

represent the data measured after 120 min in Run 2.

The dashed line denotes the calculated planform after
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Fig. 6. Sensitivity analysis of various distribution functions for A

(rectangular dots denote the measured boundary at TZ120 min in

Run 2).
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120 min using a constant, AZ2.00. The dash-dot line

denotes the calculated planform assuming a linear

distribution of A (Eq. (39)). The dotted line denotes

the calculated planform by assuming Type I parabolic

distribution of A (Eq. (40)). The double-dot-dash line

denotes the calculated planform by assuming Type II

parabolic distribution of A (Eq. (41)). The results

revealed that the channel migrated downstream too

rapidly when the parameter A were defined by Eq.

(39) or Eq. (41) but too slowly when A was assumed to

be a constant. These scenarios are not realistic for

natural rivers. The Type I parabolic distribution

expressed in Eq. (40) yields the best result and was

adopted in the following calculations.
4.2. Verification by experimental datasets

Run 1 was selected in the present study to verify

applicability of the model to simulate the widening

processes of meandering channel. During the exper-

iment, constant flow was released at the inlet of an

open-channel flume. The original channel has a sine-

generated planform. The parameter A used in both

experiments was assumed to be a time-dependent

variable that satisfied the Eq. (40). In both exper-

iments, the time step for flow computation, Dt,

equaled 1/60 min, and grid size Ds equaled one-

hundredth of the wavelength, l. Flow parameters used

in the simulations of both experiments are summar-

ized in Table 1.

Banks advance with the development of point bars,

while banks retreat when they are eroded and the

eroded material is transported downstream. Point bars

did not undergo detailed measurement in these

experiments. Therefore, to be consistent in establish-

ing experimental conditions, when the rate of bank

retreat, as calculated with Eq. (33), was greater than

zero (bank advance), the bank is assumed to be

unchanged in the simulations. If the rate of bank

erosion was less than zero, bank-lines were relocated.
Table 1

Experimental flow conditions and parameters used in calculating the first

Run no. Q (cm3/

s)

B (m) J (m/m) H (cm) U (cm/s) K

1 1980 0.14 1/300 3.0 23.5 0.

2 630 0.10 1/100 1.5 21.00 0.
Simulation results are summarized in Figs. 7–12

where flow direction is from left to right in all figures.

Temporal changes in planforms for Runs 1 and 2 are

plotted in Figs. 7 and 8, respectively. Simulated bank

lines are compared with measured bank lines, and

good agreement was observed at individual time

intervals. As pointed out by Nagata et al. (2000), the

channel tended to decrease its sinuosity in Run 1;

however, the channel tended to develop in Run 2. To

explain the two resulting types of channel processes

that occurred in Runs 1 and 2, the center streamlines

and longitudinal gradients of the sediment transport

rates near the left banks are plotted in Figs. 9 and 10 at

tZ0. From Figs. 9 and 10, one can see that the center

streamlines were deflected toward the inner banks at

tZ0 in both experiments, which means the higher-

flow velocity zones existed adjacent to the inner banks

in both cases. It is clear that erosion of the concave

banks was not caused primarily by higher-velocity

flows but rather by the higher-longitudinal gradients

of sediment transport rates, as described in Section

2.2. Figs. 9 and 10 also plotted the longitudinal

gradient of sediment transport rate near the left banks

of both experiments, whose amplitudes and distri-

butions along the channel matched the amplitudes and

distributions of planform change. From Figs. 7 to 10,

one can see that the highest degree of bank erosion

and highest gradient of sediment transport rate

occurred near the inflection points in Run 1, whereas

they occurred downstream near the apexes in Run 2.

Therefore, whether the sinuosity of a meandering

channel will increase or decrease is primarily

determined by distribution of the longitudinal gradient

of the sediment transport rate along the channel.

Temporal changes in longitudinal distribution of

the transverse bed slope in Run 2 are plotted in

Fig. 11. Eq. (9) is used to calculate the transverse bed

slope, and Fig. 11 verifies the applicability of Eq. (40).

As shown in Fig. 11, the transverse bed slope at each

cross-section increased with time, but the rate of
time step

Amax F Cf a b

41 2.02 0.43 0.082 0.21 K0.92

29 2.09 0.55 0.220 0.30 K0.55
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increase was reduced over time. At each time interval,

the maximum transverse bed slope occurred around

the apexes. Temporal changes in the longitudinal

distribution of local channel curvature are plotted in

Fig. 12. The local curvature was derived from the new

channel centerlines occurring at each time interval,

and migration rates of the new channel centerlines are

expressed with Eq. (38). The maximum channel

curvature located the apexes, and the zero curvature

located the inflection points. Fig. 12 indicates that the

inflection points migrated downstream as the channel

developed, but the apexes migrated first downstream
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and then upstream when the channel curvature

became higher. The apexes migrated in this manner

because the highest degree of bank erosion generally

occurs somewhere downstream from the apex;

however, the apex migrates upstream when the

curvature becomes higher. Development of both the

transverse bed slope and channel planform results

from of the interaction between channel flow and

boundaries, which inversely affect the forthcoming
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channel curvature (Run 2).
flow and sediment-transport fields. Therefore, it is

important for a width adjustment model to calculate

both flow and sediment–transport processes.
5. Conclusions

The analytical model described for the present

study was used to predict the time behavior of

width adjustment in meandering channels. Special

features of the model include (a) regarding the

phenomenon of bank erosion for non-cohesive

material, two consequent processes—basal bank

erosion and bank collapse—were recognized; (b)

the bank erosion model by Duan et al. (2001) was

modified by extending the control volume to half-

channel width and by accounting for bed-degra-

dation and bank-collapse processes; and (c) the

transverse bed slope was treated as a variable

increasing with channel sinuosity until reaching its

maximum value.

The following conclusions can be drawn from the

present study.

(A) The rate that non-cohesive materials retreat at

the top line of the bank was determined by the

rate of lateral erosion; rate of near-bank bed-

degradation; grain size of sediment particles;

and difference between flow depth and bank

height.

(B) The rate of basal erosion, including lateral

erosion and bed degradation, is a function of

the longitudinal gradient of sediment trans-

port rate and strength of secondary flow

rather than being proportional to the magni-

tude of excessive near-bank velocity or shear

stress.

(C) It is more adaptive to treat the parameter A as

a time variable rather than a constant. In the

present study, a parabolic time–distribution of

A value was selected, and calculated results

matched the experimental data well under

varying hydraulic conditions.

(D) Whether the sinuosity of a meandering channel

will increase or decrease is primarily deter-

mined by distribution of the longitudinal

gradient of sediment transport rate along the

channel.
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(E) The inflection points migrated downstream as

the channel developed, but the apexes first

migrated downstream and then migrated

upstream when the channel curvature became

higher.

In summary, the developed analytical model

reasonably simulated the evolution processes of

meandering channels. Natural rivers often have a

stratified bank surface, and bank material is non-

uniform. Further model development will consider

multiple-grain-sized sediment, multi-layered bank

surfaces, and deposition of debris and its subsequent

removal from the bank toe.
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Notation

A scour factor, which characterizes the transverse

bed slope

As parameter that represents the momentum redis-

tribution effect exerted by the secondary current

b width of control volume (in the transverse

direction) (m)

B width of channel (m)

C curvature of the channel centerline (mK1)

Cf Chezy friction coefficient

Cs ratio of qn to qs

Cd drag coefficient

CL lift coefficient

D mean grain size of sediment particles (m)

ds length of the control volume (in the streamwise

direction) (m)

DB distance of bank retreat (m)

DL distance of lateral erosion at bank toe (m)

DZ distance of bed degradation (m)

DT time interval (s)

F Froude number
g gravitational acceleration (m/s2)

h0 initial near-bank flow depth (m)

h flow depth (m)

H 0 bank height (m)

H reach-averaged flow depth (m)

H0 initial bank height (m)

k wave number (m)

d channel sinuosity

L meander length along centerline (m)

l meander wavelength (m)

n transverse coordinates (as a subscript)

N parameter that ranges from a negative unity at the

inner bank to a positive unity at the outer bank

P porosity of sediment

qs component volumetric bed load flux per unit

width in the s direction (m2/s)

qn component volumetric bed load flux per unit

width in the n directions (m2/s)

r local radius of curvature (m)

R radius of centerline curvature (m)

s longitudinal coordinates

t time variation (s)

m coefficient of the kinetic friction between particle

and bed

r density of flow (kg/m3)

rs density of sediment (kg/m3)

ts component flow shear stress in the s direction

(N/m2)

tn component flow shear stress in the n direction

(N/m2)

u depth-averaged velocity components in the

longitudinal directions (m/s)

U reach-averaged velocity (m/s)

v depth-averaged velocity components in the

transverse directions (m/s)

f angle of repose (rad)

x water surface elevation (m)

h bed elevation (m)

q0 value of q at the deflection point of two

consecutive meandering loops (rad)

q deflection angle between the down-channel

direction and the x-axis (rad)

u bank retreat rate (m/s)

u 0 lateral erosion rate at bank toe (m/s)

ub bed degradation rate at bank toe (m/s)

c ratio of kinetic friction coefficient to static

friction coefficient
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